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ABSTRACT: Fourier transform nonlinear optics (FT-NLO) is a
powerful experimental physical chemistry tool that provides
insightful spectroscopic and imaging data. FT-NLO has revealed
key steps in both intramolecular and intermolecular energy flow.
Using phase-stabilized pulse sequences, FT-NLO is employed to
resolve coherence dynamics in molecules and nanoparticle
colloids. Recent advances in time-domain NLO interferometry
using collinear beam geometries makes determination of molecular
and material linear and nonlinear excitation spectra, homogeneous
line width, and nonlinear excitation pathways straightforward.
When combined with optical microscopy, rapid acquisition of
hyperspectral images with the information content of FT-NLO
spectroscopy is possible. With FT-NLO microscopy, molecules and nanoparticles colocated within the optical diffraction limit can
be distinguished based on their excitation spectra. The suitability of certain nonlinear signals for statistical localization present
exciting prospects for using FT-NLO to visualize energy flow on chemically relevant length scales. In this tutorial review, descriptions
of FT-NLO experimental implementations are provided along with theoretical formalisms for obtaining spectral information from
time-domain data. Select case studies that illustrate the use of FT-NLO are presented. Finally, strategies for extending super-
resolution imaging capabilities based on polarization-selective spectroscopy are offered.
KEYWORDS: Fourier transform spectroscopy, super-resolution imaging, multidimensional spectroscopy, interferometry,
hyperspectral imaging, second harmonic generation, photoluminescence, nonlinear optical microscopy, nanoparticles, 2D materials

1. INTRODUCTION
Nonlinear optical spectroscopy and microscopy have been
adopted in the life and materials sciences1−3 thanks to their
superior selectivity and contrast compared to linear optical
signals, where variations in structure and composition cause
relatively small changes in the linear absorption or scattering of
a sample. Nonlinear optical signals are very sensitive to
changes to the material structure and resonances, offering a
probe of local symmetry and chemical composition. In this
review we will discuss Fourier transform nonlinear optical (FT-
NLO) spectroscopy and imaging, a family of measurements
which combine the advantages of nonlinear optics and time-
domain spectroscopy.
The detected signal in FT-NLO spectroscopy arises from a

nonlinear polarization PNL induced in the sample by the
exciting electric field E:

P E E E( ...)NL 0
(2) 2 (3) 3 (4) 4= + + +

Information about the material’s interaction with light is
encoded in the nonlinear susceptibility, χ(n), which is an n + 1
rank tensor. Analysis of the elements of the tensor through
polarization-resolved spectroscopy can provide insight into

material symmetry and structural ordering.4−6 The nonlinear
susceptibility is also a frequency-dependent quantity, reflecting
resonances in the nonlinear medium. Fourier-transform
nonlinear optical spectroscopy uses the nonlinear emission
from a sample as an action spectrum to reconstruct the
frequency dependence of the χ(n) tensor. The nonlinear optical
action spectrum can be based on χ(2) effects like second
harmonic generation and χ(3) phenomena like coherent anti-
Stokes Raman scattering and two-photon fluorescence, along
with higher-order effects. Some of the types of nonlinear
emission used in FT-NLO including second harmonic
generation (SHG), sum frequency generation (SFG), third
harmonic generation (THG), coherent anti-Stokes Raman
scattering (CARS), and multiphoton photoluminescence
(MPPL) are depicted in Figure 1.
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Fourier transform nonlinear optical spectroscopy first
emerged as a method for obtaining nonlinear optical spectra
where the spectral resolution was not limited by the bandwidth
of the exciting laser pulse. Femtosecond laser pulses increase
the practicality of nonlinear optical spectroscopy, since high
peak powers can be obtained while keeping the average power
relatively low, increasing the probability of a nonlinear
response in proportion to an undesired linear response.
However, a transform-limited sub-100 fs pulse will have a
bandwidth exceeding ∼10 nm, limiting the resolution of a
spectrum obtained by laser wavelength scanning. In FT-NLO
spectroscopy, however, the spectral resolution is not affected
by the laser bandwidth.7 This advantage was first demonstrated
in FT-NLO based on CARS, where rotational modes separated
by less than 1 cm−1 were resolved using 3 cm−1 bandwidth
lasers.8

Researchers have demonstrated that variations on FT-NLO
spectroscopy can be used beyond providing high resolution
nonlinear optical spectra. In fact, in many instances, FT-NLO
has been used to obtain molecular dynamics insights that
would not have been gleaned from linear optical or steady-state
NLO measurements. Fleming and co-workers first used
fluorescence-detected measurements to resolve vibrational
wavepackets in order to understand the role of nuclear
dynamics in intramolecular energy relaxation.9 FT-Raman has
improved our understanding of solvation phenomena by
identifying intermolecular vibrational modes and microscopic
potential energy surfaces of common solvents.10 These same
measurements implicate intermediate “solvent transients”, that
are likely undetectable by other methods, for mediating
solvation. FT-NLO has had similar impacts in materials
dynamics. For example, FT-NLO has been used to measure
solid-state optical phase modulation as a probe of energy

dissipation due to photoabsorption.11 FT-NLO has also been
used to resolve plasmon dynamics,12−19 including the
influences of surface overcoating and structure on material
quality factors,20−23 and for elucidating the photophysical
mechanisms behind nonlinear optical emission, including
energy flow within multicomponent systems.20,21 Recently,
FT-NLO-based hyperspectral and super-resolution imaging
methods have emerged.17−20 In particular, the use of FT-NLO
derived excitation spectra to resolve nanoparticles with
subdiffraction spatial resolution is notable.22 This advance
suggests it may be possible to spectroscopically resolve
molecular and materials dynamics on chemically relevant
(i.e., microscopic) length scales.
In this tutorial, we will introduce the experimental and

theoretical basis of FT-NLO spectroscopy before discussing
some of these recent variations on the technique. The
principles of FT-NLO spectroscopy are conceptually similar
to time-resolved coherent multidimensional spectroscopy,23,24

such as 2D electronic and vibrational spectroscopy. However,
our discussion is limited to techniques that use interferometric
detection of nonlinear optical signals, which can increase both
spectral and spatial resolution, allowing subdiffraction imaging.
The remainder of this tutorial is organized as follows:
experimental implementations are described in section 2;
theoretical descriptions for determining linear and nonlinear
excitation spectra are given in sections 3 and 4; case studies
demonstrating the use of FT-NLO to distinguish nonlinear
excitation pathways and determine photon orders are
summarized in section 5; examples of spectroscopically
enabled subdiffraction “super”-resolution imaging are given in
section 6, and conclusions and outlook for future research is
provided in section 7. In particular, new strategies to leverage
FT-NLO interferometry techniques to achieve polarization-
dependent super-resolution imaging are presented.

2. EXPERIMENTAL IMPLEMENTATIONS
The basic components of an FT-NLO spectrometer are
depicted in Figure 2a. Laser pulses from the excitation source
are used to generate a pulse pair which excites the sample to
generate nonlinear signal, which is detected as a function of the
interpulse time delay, Δτ. For excitation, a broadband,
femtosecond pulse is preferred to maximize the spectral
range and temporal resolution of FT-NLO while limiting the
average powers needed to generate nonlinear signals. FT-NLO
can be used to study material resonances at the fundamental
wavelength or at its harmonics, expanding the range of
materials that can be studied with a single fundamental laser.
Generally, Ti:sapphire oscillators have been used to generate
NIR pulses for FT-NLO spectroscopy with pulse durations as
low as 5 fs.25 However, a range of laser gain media have been
employed, depending on the spectral range and coherence
times of the transitions of interest.8,26

Performing FT-NLO spectroscopy relies on the ability to
generate a pair of pulses with a controllable interpulse time
delay. This can be accomplished in a Mach-Zender or
Michelson interferometer, where a 50/50 beamsplitter is
used to split the parent pulse into two pulses, and a variable
delay line on one of the arms is used to delay one of the pulses
with respect to the other before the pulses are recombined to
the same beam path (Figure 2b). Active phase stabilization
techniques can be used to ensure the stability of the time delay
between the pulse pair.27−29 Another approach using only a
single beam is the translating-wedge-based identical pulses

Figure 1. Examples of nonlinear signals commonly detected in FT-
NLO, including parametric, wave-mixing processes such as second
harmonic generation, sum frequency generation, and third harmonic
generation and nonparametric processes including coherent anti-
Stokes Raman scattering and multiphoton photoluminescence. See
section 5 for a more detailed discussion of parametric and
nonparametric signals in FT-NLO.
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encoding system (TWINS) method.17,30 The TWINS method
is based on the Babinet-Soliel compensator and uses a series of
birefringent optics to generate the phase-locked pulse pair
(Figure 2c). To generate the pulse pair, the parent pulse is
polarized at 45° with respect to the lab frame before entering
the first block, made of α-BBO and labeled A in Figure 2c,

which splits the parent pulse into its x- and y-polarized
components with a fixed time delay between them. A second
block, B, is made from a set of α-BBO wedges, one of which
has its crystal axis aligned along the x-axis, delaying the x-
polarized pulse. Block B is positioned on a motorized stage to
translate the block perpendicularly to the beam propagation
direction. As the block is moved, the thickness of the crystal
aligned along the x-axis in the beam path changes, allowing for
adjustment of the time delay between the two pulses. The
resulting interpulse time delay is controlled by the transmission
path length of blocks A and B (dA and dB) and is given by

d d
v v

( )
1 1

A B
ge go

i
k
jjjjjj

y
{
zzzzzz=

where vge and vgo are the extraordinary and ordinary group
velocity, respectively. The pulse pairs travel through a final
block, C, which corrects for angular dispersion before a
polarizer is used to project both pulses back to the same
polarization plane. The single-beam TWINS method offers
advantages in phase stability over interferometers since both
pulse replicas travel along a common path and encounter the
same optics.
The design and stability of the pulse replica generator is

crucial for FT-NLO since the temporal parameters of the pulse
pair, depicted in Figure 3a,b, determine the spectral resolution
and range of the Fourier transform spectrum (Figure 3c,d).
The total range of times delays, T, that are sampled in the
interferogram (Figure 3a) will affect the spectral resolution of

Figure 2. Experimental implementations of FT-NLO spectroscopy.
(a) Basic components required for FT-NLO spectroscopy include an
coherent excitation source, a pulse replica generator able to vary the
time delay between pulses, a sample capable of generating nonlinear
emission, a filter to spectrally or spatially separate the nonlinear signal
from the excitation laser, and a detector. The pulse replica generator
can be based on a Michelson interferometer (b), in which a
beamsplitter separates the pulse into two components which travel
different length paths before recombining collinearly, introducing a
time delay. The pulse replica generator can also consist of a set of
birefringent optics known as TWINS (c) which split a pulse into x-
and y-polarized components and vary the time delay between them
using a translating birefringent wedge, as described in the text. Various
detection schemes are used in FT-NLO spectroscopy (d), including
point source detectors measuring only the emission intensity,
dispersive spectrometers which can resolve the spectrum of the
nonlinear emission, and array detectors which provide spatial
resolution of the nonlinear signal. Panel c adapted with permission
from ref 22. Copyright 2022 AIP Publishing.

Figure 3. Relationship between temporal and frequency ranges and
resolution in Fourier transform spectroscopy. (a) An example
interferogram over the full range of time delays, T. (b) the portion
of the interferogram highlighted in blue in panel a. Each dark blue
marker represents an experimental data point at a given interpulse
delay time, Δτ. The separation between each data point defines the
sampling frequency, fs. The temporal parameters determine the
frequency resolution and range of the Fourier transform spectrum
(c,d). The highest energy resolved is given by fs/2 (c). Panel d,
showing the region of panel c highlighted in pink, depicts the
separation between data points in the Fourier transform spectrum
which is given by 1/T.
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the resulting Fourier transform spectrum, which is given by 1/
T (Figure 3d). The sampling rate ( fs) of the interferogram
(Figure 3b), which is limited by the precision of the delay stage
and phase stability of the pulse pair, is another important
parameter. The highest energy that can be resolved in the
Fourier transform spectrum will be given by the Nyquist limit
as half of the sampling rate ( fs/2), as shown in Figure 3c.
After the pulse pair is generated, the excitation source is

focused onto the sample to generate a nonlinear optical
response, such as multiphoton photoluminescence or harmon-
ic generation. This nonlinear signal is spectrally filtered to
isolate it from the excitation pulse sequence and detected using
either a point source detector, dispersive spectrometer, or
camera (Figure 2d). A point source detector such as a
photomultiplier tube or avalanche photodiode offers the
highest sensitivity for measurements with low photon counts.
Fourier transformation of the time-delay-dependent NLO
signal intensity registered by a point source detector yields the
sample excitation spectrum. With a dispersive spectrometer,
the nonlinear emission spectrum can be collected as a function
of interpulse time delay, which allows excitation/detection
frequency correlation maps to be measured. Finally, imaging of
the nonlinear emission offers a route to wide-field hyper-
spectral imaging of heterogeneous materials and spatial super-
resolution microscopy. Each detection scheme has advantages
for obtaining different types of information about the sample of
interest, as we will discuss in more detail in later sections.
We next turn to discussing the information that can be

obtained through FT-NLO. Primarily, FT-NLO spectroscopy
is used to obtain nonlinear excitation spectra of the sample of
interest. However, as we will discuss below, variations on FT-
NLO can also be used to quantify temporal coherences,
elucidate the pathways leading to nonlinear emission from a
sample, and obtain hyperspectral nonlinear optical images.

3. DETERMINING NONLINEAR SPECTRA
FT-NLO can be used to determine the resonant response
spectrum of a nonlinear sample through comparison with a
reference sample. FT-NLO has been demonstrated for
nonlinear signals including coherent anti-Stokes and stimulated
Raman spectroscopy,8,31 four-wave mixing,25 second harmonic
generation,32 sum frequency generation,33 and two-photon
photoluminescence34 to resolve electronic, vibrational, and
rotational resonances. The theoretical formalism for extracting
the resonance response of the sample varies according to the
type of nonlinear signal.
Generally, in FT-NLO spectroscopy, the electric field of the

pulse pair, E(τ), induces a nth -order nonlinear polarization,
P(n) (t, τ), in the sample, given by

P t t t t R t t t

E t t E t t t E t t t t

( , ) d d ... d ( , , ... )

( , ) ( , ) ( , )

n
n n

n
n n

n n n n n

( )

0 0
1

0
1

( )
1 1

1 1 1

=

where R(n) (tn, tn‑1,...t1) is the nth-order response function of
the material. The electric field of the pulse pair is given by

E t A t e A t e( , ) ( ) ( )i t i t( )0 0= +

where A(t) is the pulse envelope and ω0 is the laser center
frequency. This nonlinear polarization leads to the detected
nonlinear signal:

S P t t( ) ( , ) dn n( ) ( ) 2= | |

The goal of FT-NLO spectroscopy is to reconstruct the optical
response function based on the measured nonlinear signal. In
this section, we will give a brief overview of how nonlinear
optical spectra are obtained for SHG- and TPPL-detected
interferograms under different resonance conditions.
In the first case, we will consider the case where 2ω0 is

resonant with a real state of the sample, but there is no such
resonance at 1ω0. Because the transition to 2ω is
instantaneous, owing to the virtual resonance at 1ω, the
second-order response function can be simplified to

R t t R t t( ) ( )n( )
1 2

(2)
1=

The nonlinear signal can now be written as

S t R t t E t t( ) d ( ) ( , ) d(2)

0

(2)
1 1

2
1

2

=

The second-order nonlinear interferogram S(2)(τ) will
contain components oscillating at ω0 and 2ω0, along with a
non-oscillatory (dc) component. Through further analysis, it
can be shown that, after Fourier transformation, the 2ω0
component is related to the second-order response function as

S R E( ) ( ) ( )(2) (2) 2 (2) 2= | | | |
|E(2)(ω)|2 is known as the second harmonic power spectrum
and is given by

E

E E i

( )

( ) ( ) exp( ( ) ( ) d

(2) 2

1 1 1 1 1

2

| |

= | || | [ + ]

where φ is the spectral phase. Despite its complexity, |E(2)(ω)|2
can be obtained experimentally by the Fourier transform of the
nonlinear interferogram of a nonresonant reference sample,
such as a thin β-BBO crystal or two-photon photodiode. Figure
4a shows an example of the Fourier transform signal S(2)(ω)
obtained from detecting SHG from two fluorescent proteins
(SeBFP and Venus) along with the signal from a nonresonant
BBO crystal.35 Once |E(2)(ω)|2 has been determined, the
response function of the resonant sample can be obtained
through the division of S(2)(ω) by the second harmonic power
spectrum, as shown in Figure 4b. This method has also been
applied to determine the two-photon excitation spectra of a
number of nonlinear molecules.32,34,35

FT-NLO spectroscopy can also be used to study materials
with resonances at ω0. One common example is plasmonic
metal nanoparticles with localized surface plasmon resonances
near ω0. Although in the case of noble metal nanoparticles the
2ω0 frequency is also generally resonant with interband
transitions in the metal, excitation of the plasmon can generate
a plasmon field which drives nonlinear emission and dominates
over contributions from the two-photon interband resonance.
Thus, although a nonlinear signal is detected, the resonant
response function obtained by FT-NLO is linear. The validity
of this approach has been demonstrated through power-
dependent measurements demonstrating that the signal
intensity is linear with respect to either the pump or probe
power.18

Under these conditions, the linear response function,
R(1)(ω), is encoded in the Fourier transform spectrum near
ω0. The ω0 component of the spectrum can be written as
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S P( ) ( )n( ) (1) 2= | |

where P(1)(ω) is the linear polarization induced by excitation
of the plasmon mode:

P R E( ) ( ) ( )(1) (1)=
Because the detected nonlinear optical signal is determined by
the linear response function, the induced polarization is
proportional to the spectrum of the excitation laser, E(ω),
which can be obtained from the Fourier transform of the
fundamental autocorrelation.
An example of the process for extracting the response

function of a single gold nanorod (AuNR) is shown in Figure
4c−f.22 The AuNRs in this example have a longitudinal surface
plasmon resonance (LSPR) which is resonant with the laser
fundamental (Figure 4c). The interferometric autocorrelation
based on the MPPL emission from a single AuNR and an
autocorrelation of the laser pulse were collected (Figure 4d)
and Fourier transformed to obtain S(ω) and E(ω), respectively
(Figure 4e). Using the equations above, the linear response
function reflecting the LSPR of a single AuNR can be
deconvolved from the nonlinear FT spectrum (Figure 4f).

4. FT-NLO WITH FEMTOSECOND TEMPORAL
RESOLUTION

As discussed above, FT-NLO has been a useful method for
extracting the response functions of plasmonic materials, which
contain not only plasmon frequencies but also temporal
information about the plasmon resonance. In the case where
the plasmon mode is resonant with the fundamental, the linear
response function can be determined in the frequency domain
from deconvolution of the Fourier transform spectrum. In the
limit of a single particle without inhomogeneous broadening,
the response function can be described by

R a
i

( )
N

n

n
n

n n

=
+

where N is the number of resonant plasmon modes, a is the
amplitude, ωn is the plasmon frequency, and γ is the line width
of the resonance. From the line width, the dephasing time T2
can be determined using

T 2 /2 =

The response function for the AuNR in Figure 4d could be
fit with a single Lorentzian, as expected, with a fwhm width of
124 ± 3 meV, corresponding to a dephasing time of 10.6 ± 0.3
fs.22 This approach has been used to describe the effects of
interband scattering and interfacial scattering on plasmon
dephasing times occurring on tens of femtosecond time
scales.18,19 In this way, the FT-NLO method can be used to
obtain important structure−property correlations for colloidal
nanoparticles and other materials.
Dephasing times for one-photon resonant plasmonic

particles can also be obtained directly in the time-domain
through analysis of the interferograms prior to Fourier
transformation. This approach, related to interferometric
autocorrelation methods used for characterization of ultrafast
laser pulses,36 uses the interferometric signal to determine the
temporal properties of the field generated by the plasmon. In
this time-domain view, the nth-order interferometric autocor-
relation driven by the plasmon field, Epl, is

S E t E t( ) ( ( ) ( ))n n( )
pl pl

2

= +

Figure 4. Obtaining resonance spectra using FT-NLO. (a) the
second-harmonic detected FT-NLO spectra of two-photon resonant
fluorescent proteins SeBFP and Venus and a reference nonresonant
BBO crystal. (b) Two-photon excitation spectrum of SeBFP and
Venus are obtained by division of the FT-NLO spectrum (a) by the
BBO reference spectrum. Resonance spectra can also be obtained for
one-photon resonant materials, such as plasmonic gold nanorods (c−
f). The ensemble extinction spectrum of gold nanorods exhibits a
transverse and longitudinal surface plasmon resonance (TSPR and
LSPR). The LSPR is resonant with the laser fundamental. The MPPL-
detected interferogram is collected for a single gold nanorod, along
with the interferogram of the laser pulse (d). The interferograms are
Fourier transformed (e), and the FT spectrum of the nanorod is
deconvolved from the laser spectrum to give the resonant response of
the particle (f), which is consistent with a single Lorentzian peak.
Panels a and b adapted with permission from ref 25. Copyright 2008
American Physical Society. Panels c−f adapted with permission from
ref 22. Copyright 2022 AIP Publishing.
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The plasmon field is in turn driven by the applied field, Elaser:

E t a
t

T
t E t t t( ) exp

2
cos( ) ( )dppl
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2
1 laser 1 1
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k
jjjjj
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{
zzzzz=

With the formalisms above and knowledge of the laser field,
which can be obtained from interferometric autocorrelation
with a nonresonant sample, the dephasing time of the plasmon
can be determined from SHG, THG, or TPPL measurements
in the time-domain.12−14,26,37,38 Through a manor analogous
to the expansion of interferometric autocorrelations for pulse
characterization into frequency-resolved optical gating
(FROG) traces,39 spectral resolution of the nonlinear signal
(as in Figure 2d) can transform the 1D interferogram into a 2D
map which allows the phase of the plasmon response function
to be determined.12

In addition to resolution of the femtosecond dephasing of
one-photon resonant plasmon modes, analysis of the time-
domain interferometric signal can also be used when the
resonance is at the harmonic energy. In this case, the system is
often modeled as a few-level system and treated with a density
matrix or optical Bloch equation approach. The temporal
evolution of the density matrix, ρ, is described by the Liouville
von Neumann equation:

t
i H

t
1/ ,

rel

i
k
jjj y

{
zzz= [ ] +

where H is the Hamiltonian for the equilibrium system and the
light−matter interaction. The relaxation term ( )t rel

includes

the population (on-diagonal) and polarization (off-diagonal)
dynamics of the system. The time evolution of a N-level system
can then be written as a set of N2 coupled differential equations
which can be solved numerically. The nonlinear optical signal
can be modeled from the relevant population or polarization
term of the density matrix. By using the density-matrix
approach and comparing the modeled and experimental
interferograms, femtosecond dephasing dynamics of plasmonic
and semiconducting systems have been deduced.16,20,40

5. NATURE OF THE NONLINEAR SIGNAL
Fourier transform spectroscopy can also give insights into the
photon order and photophysical mechanism, or pathways, of
the nonlinear signal. Specific examples of nonlinear mecha-
nisms include parametric and nonparametric pathways (Figure
1). Parametric transitions correspond to nonlinear processes
that conserve the energy of the excitation field in the detected
nonlinear signal and proceed through a real-valued suscepti-
bility. Examples of parametric processes include perturbative
harmonic generation (e.g., SHG, SFG, THG). In contrast,
nonparametric transitions are typically complex-valued and the
excitation energy is not directly correlated with that of the
nonlinear signal. Multiphoton absorption and subsequent
photoluminescence are an example of a nonparametric
pathway. The insights from FT-NLO can reveal coupling in
multicomponent structures, elucidate the effects of molecular
dopants, and unravel the contributions of multiple competing
nonlinear optical pathways.20,21,41,42

Unlike parametric harmonic generation signals, the non-
linear photon order of multiphoton luminescence is not
discernible based on the emission spectrum. Determining the
photon order, n, of these signals can clarify band structures and
field enhancement effects. Typically, the photon order is

determined based on the power dependence of the nonlinear
emission. The power dependence of the nonlinear signal can
be described by a power law, INLO = Iexn, where INLO is the
intensity of the nonlinear signal and Iex is the excitation
intensity. These conventional steady-state power dependent
measurements report on the average photon order of the
signal, however, which can result in fractional photon orders
for photoluminescence from complex systems where multiple
excitations may contribute to the signal.
The nonlinear photon order can also be determined from

FT-NLO spectroscopy in a single measurement that does not
require accurate measurement of the excitation intensity,
minimizing the potential for error. Instead of fitting the power
law dependence on the excitation intensity, the photon order is
characterized by the contrast ratio of the interferometric
autocorrelation, given by the ratio between the signal intensity
at τ0 to the intensity at long interpulse time delays. The
interferometric autocorrelation is given by

E t E t tIAC ( ) ( ) ( ) dn n( ) 2= |{ + + } |

As τ approaches infinity, the pulses are well separated in
time and the electric fields do not interfere. Therefore,

E t E t t( ) ( ) dn 2|{ + + } | c a n b e w r i t t e n a s

E t E t t( ) ( ) dn n2 2| | + | + | = E t E t t( ) ( ) dn n2 2+ and

the limit as τ → ∞ is E t t2 ( ) dn2 . Meanwhile, for τ = 0, the

amplitude of the autocorrelation is E t t2 ( ) dn n2 2 . Therefore,

the contrast ratio, IAC (0)

IAC ( )

n

n

( )

( )
is given by

ratio 2 n2 1=
While using the contrast ratio to determine n is more robust
since it does not require measurement of the input power,
fractional photon orders indicating the presence of multiple
excitation pathways can still result.42 The fractional n is
reflective of the average photon order; therefore higher-order,
multiphoton absorption can be obscured when lower-order
MPA also occurs. To circumvent this issue, the Fourier
transform spectrum can be analyzed to obtain additional
information about the excitation mechanisms that result in
nonlinear emission. While the contrast ratio uses the amplitude
at two points in the interferogram to characterize the nonlinear
signal, the rest of the interferogram also contains information
about the photon order of the signal. Figure 5a illustrates how
the photon order affects the line shape of the interferogram,
with lower n resulting in wider peaks compared to higher n
interferometric autocorrelations. These changes in the
interferogram with changing photon order can also be
visualized in the Fourier transform spectrum. Figure 5b,
which shows the spectra associated with the interferograms in
Figure 5a, demonstrates that the Fourier transform spectrum of
an n-photon process will contain peaks at each harmonic of ω0,
up to n.
The Fourier transform spectra can also be used to determine

the highest photon order in the case of mixed photon orders.
Figure 6 shows an example using the Fourier transform
spectrum of redox-exfoliated MoS2.

41 Because multiple photon
orders contribute to the nonlinear signal, conventional power-
dependent measurements indicated a photon order of only 2−
6 for MPPL (Figure 6b). FT-NLO, however, revealed that
10th-order MPPL was present in this system (Figure 6d). The
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SHG-detected FT spectrum of redox-exfoliated MoS2 (Figure
6c) also revealed higher-order effects which were not observed
in the power-dependent measurements (Figure 6a). Modeling
of the interferometric signal with a density matrix formalism
suggested that mixed-order multiphoton absorption and
saturated SHG contributed to the higher-order features

observed through FT-NLO spectroscopy. Further work
implicated charged polyoxometalate (POM) clusters in the
high-order MPPL and saturated SHG, and demonstrated that
this effect can be generalized to other nanomaterials with
POMs.41 Since the 10th-order MPPL was obscured in power-
dependent measurements by the presence of lower photon
order processes, the use of FT-NLO spectroscopy may reveal
that very high-order multiphoton absorption is more common
than previous work has suggested.
While FT-NLO spectra reveal the highest-order process

contributing to nonlinear emission, to date, no method for
determining which lower-order MPA processes are present has
been reported. While the relative amplitudes of the nω0 peaks
may offer insights into the relative contributions of each
photon order, no methods to determine the lower photon
orders without prior knowledge of the system have been
developed.
FT-NLO can also be used to distinguish different types of

nonlinear emission. For a given photon order multiple
processes may be present and may also have spectrally
overlapping emission. Characterization of the nonlinear signal
can be enhanced by spectrally resolving the nonlinear emission,
as illustrated in Figure 7a−c. Based on the spectrally resolved
interferogram and resulting Fourier transform spectra which
contain excitation/detection frequency correlations, parametric
and nonparametric nonlinear optical phenomena can be
distinguished.20 For signals such as harmonic generation,
where all transitions are instantaneous and the population of
the system is unchanged by the interaction, the emission
frequency should be correlated with the excitation frequency.
As a result, oscillations in the signal change with detection
energy as observed in the spectrally resolved interferogram in
Figure 7b which shows SHG in redox-exfoliated MoS2.

41 In the
2D excitation/detection correlation maps generated by Fourier
transformation along τ (Figure 7d), the signal occurs along
diagonal lines at 2ωdet = ωex and ωdet = ωex. In contrast, signals
such as nonparametric multiphoton absorption must occur
through real states and the final population is different from
the initial state. In MPPL, the excitation energy reflecting the
MPA process and the detection energy associated with the
emissive state are not necessarily correlated. Therefore, as
shown in Figure 7c,e, the spectrally resolved interferograms
and Fourier transform maps exhibit no dependence on the
detection energy. Therefore, different contributions to the
nonlinear signal can be distinguished even when their signals
spectrally overlap.20,41

The 2D excitation−detection correlation maps can also be
used to distinguish different types of wave-mixing signals.
When a broadband excitation laser is used for nonlinear optics,
second-order parametric signals can include both SHG with
mixing of degenerate frequencies and SFG from mixing of
near-degenerate frequencies in the excitation spectrum. While
SHG signals appear along the diagonal of the 2D excitation/
detection maps, as discussed above, near-degenerate SFG
signal manifests as a splitting of the diagonal signal, where
multiple excitation frequencies contribute at a single detection
frequency. Near-degenerate SFG has been observed in a hybrid
gold/ZnO nanostructure, as shown in Figure 8.21 The 2D FT-
NLO maps revealed that SFG was enhanced at detection
frequencies near the ZnO exciton resonance. Based on this
observation, the mechanism of coupling between the gold
plasmon and ZnO exciton resonance was deduced. Linear
excitation of the gold plasmon generates a field which drives

Figure 5. Simulated data demonstrating the effect of photon order on
the time-domain interferogram (a) and Fourier transform spectrum
(b) for photon orders of 2, 5, and 10. Adapted from ref 41. Copyright
2022 American Chemical Society.

Figure 6. FT-NLO resolves nonlinear pathways obscured in
conventional nonlinear spectroscopy. Power-dependent measure-
ments of SHG (a) and MPPL (b) from redox-exfoliated MoS2
exhibit slopes of 2 and 2−6, respectively. FT-NLO of the SHG (c)
and MPPL (d) exhibited signatures of higher-order nonlinearities
obscured in the conventional measurements. Adapted from ref 41.
Copyright 2022 American Chemical Society.
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the nonlinear emission from the ZnO exciton. The ability to
distinguish different types of nonlinear emission through
resolution of the emission frequency is a key advantage in FT-
NLO spectroscopy.

6. DIFFRACTION- AND SUBDIFFRACTION-LIMITED
SPATIAL RESOLUTION WITH FT-NLO

Spatial resolution in FT-NLO spectroscopy can be obtained
through imaging the position of the nonlinear emission as a

function of the interpulse time delay through wide-field
detection with an array detector, as depicted in Figure 2d.
The interferometric data set can then be Fourier transformed
along the time delay axis to generate a 3D data set akin to a
hyperspectral image cube. The Fourier transform data set
contains a set of images at each Fourier transform energy,
allowing structures with a particular resonance frequency to be
observed. The Fourier transform data set can also be used to
extract the resonance spectrum at a given pixel of the image.
An example of this approach to hyperspectral imaging is

shown in Figure 9. Figure 9a is an MPPL-detected image of
two gold nanorods with longitudinal plasmon modes which are
resonant with the broadband laser fundamental centered at
1.55 eV.22 As shown in Figure 9a, the nonlinear optical images
at a series of interpulse time delays were collected to generate
an interferometric video. A Fourier transform along the time
axis resulted in the 3D hyperspectral data set, with slices at
several Fourier transform energies shown in Figure 9a. From
these images, it is clear that nanorod 1 has a lower resonance
frequency than nanorod 2. The resonance spectra of these two
particles can also be extracted from the hyperspectral data set
and are compared in Figure 9b.22

FT-NLO microscopy can also be used to image nanostruc-
tures with subdiffraction spatial resolution. While the
diffraction of light limits the resolution of conventional optical
microscopy to λ/2NA, where λ is the wavelength and NA is
the numerical aperture of the imaging optics, super-resolution
microscopy techniques based on the localization of individual
emitters have been demonstrated with photoswitchable
fluorophores. FT-NLO microscopy can achieve subdiffraction
spatial resolution without labeling by capitalizing on differ-
ences, such as those arising from heterogeneity, in the

Figure 7. Spectrally resolved FT-NLO enables excitation/detection correlations in MoS2. (a) Steady-state emission spectrum of redox-exfoliated
MoS2 exhibits a large peak at 3.1 eV, as well as a broad emission at lower energies, which are attributed to SHG and MPPL, respectively. The
emission spectra of the SHG (b) and MPPL (c) are collected as a function of interpulse time delay to generate the spectrally resolved
interferograms. The interferograms are Fourier transformed along the time axis to generate excitation/detection correlation maps (d,e). These
maps confirm that the signal at 3.1 eV is parametric, due to the diagonal dependence of the signal (d), while the signal at 1.9 eV is nonparametric
and has no dependence on the excitation energy (e). Adapted from ref 41. Copyright 2022 American Chemical Society.

Figure 8. Distinguishing SFG and SHG using spectrally resolved FT-
NLO. The excitation/detection map of the nonlinear signal from a
hybrid gold/ZnO nanostructure demonstrates the existence of both
SFG (evident by the off-diagonal signal at a detection axis of 4.8 fs−1)
and SHG (observed in the on-diagonal signal at lower energies).
Reprinted with permission under a Creative Commons Attribution
4.0 International License from ref 21. Copyright 2020 Springer
Nature.
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resonance response of a set of nanostructures. Figure 10a
shows the diffraction-limited MPPL-detected image of three
nanorods colocated within the optical diffraction limit of the
emission wavelengths. Emission photons from all three
particles sum to generate the Figure 10a image. As a result,
the nanostructures are not separable using this standard type of
image acquisition.22 In the interferometric data set, however,
the emission from individual particles is modulated according
to their resonance frequency. For example, when the time
delay between two exciting laser pulses most closely matches
the resonance of one particle within the excitation area, the
MPPL image center of mass will be shifted toward the location
of that object. This allows the center of emission from each
particle to be determined from localization, or centroid fitting,
of each point spread function present in the Fourier transform
data set through a global fitting algorithm (Figure 10b). The
localization results for three different nanorods agree well with
positions determined through electron microscopy (Figure
10c). The resonance response of each particle is also resolved,
as shown in Figure 10d. Therefore, FT-NLO combined with
statistical localization can take advantage of differences in the
spectroscopic response of nanostructures to achieve spatial

resolution that exceeds the diffraction limit. This approach is
general and should be applicable to any NLO-active system.
Subdiffraction spatial resolution can also be achieved

through scanning near-field optical microscopy (SNOM),
which allows the observation of plasmon mode structure
within a single nanoparticle. The realization of FT-NLO in a
near-field optical measurement is technically difficult because
of the dispersion resulting from focusing short laser pulses on
the tip of the SNOM probe. Pulse elongation can be overcome
by using a combination of pulse compressors and shapers to
correct for high-order dispersion effects.43−46 Interferometric
SNOM has been used to demonstrate distinct dephasing times
for multiple plasmon modes within a single nanoparticle,47 as
well as interference of multiple modes resulting in wave packet
dynamics.48

Figure 9. Performing hyperspectral imaging of gold nanorods with
FT-NLO microscopy. (a) Spatial resolution of the nonlinear signal
allows the generation of a 3D data set consisting of an image of the
sample at each Fourier energy. In this example, selected slices of the
3D data set for two gold nanorods are shown. (b) Resonance
spectrum of the two rods are obtained from the data set in panel a.
Reprinted in part with permission from ref 22. Copyright 2022 AIP
Publishing.

Figure 10. FT-NLO microscopy used to obtain subdiffraction spatial
resolution. (a) Far-field MPPL-detected image of three gold
nanorods. The red circle indicates the approximate diffraction limit.
The positions of the particle are obtained through FT-NLO
microscopy (b) which shows good agreement with positions
determined through electron microscopy (c). FT-NLO microscopy
also determines the resonance spectra of each particle (d). Adapted
with permission from ref 22. Copyright 2022 AIP Publishing.
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7. CONCLUSIONS AND OUTLOOK
In this review, we have described the implementation and use
of multimodal FT-NLO spectroscopy and imaging. The FT
approach has several advantages over conventional NLO
methods. Fourier transformation of the excitation-energy axis
allows clear assignment of the excitation photon order.
Additionally, inspection of 2D excitation-detection energy
correlation maps allows for parametric and nonparametric
nonlinear pathways to be distinguished. These two distinctions
are important because they aid understanding of photophysical
and photochemical mechanisms that underlie the NLO signals.
As described in sections 3−5, the FT-NLO method is

especially well-suited for resolving electron dynamics and
charge transfer processes in nanoparticles and material
heterostructures. One example where single-nanoparticle FT-
NLO microscopy has been impactful is in understanding
structural influences on localized surface plasmon dynamics. In
the case of gold nanorods, FT-NLO accurately resolves the
effects of interband scattering on plasmon coherence times.18

FT-NLO spectroscopy has also been used to quantify the
effects of silica passivation on nanorod plasmon dynamics; the
formation of the SiO2/gold nanorod heterostructure reduces
interfacial scattering and increases plasmon coherence times.49

Therefore, single-nanoparticle FT-NLO imaging is a proven
method for understanding plasmon dynamics. In future
research, FT-NLO can be used to understand mode-selective
plasmon dynamics and nonlinear signal amplification in
multicomponent nanostructures and nanoparticle assemblies.
Complex interparticle resonances are formed when plasmon-
supporting nanoparticles are assembled into a network.50−53

Previous research has shown different modes can result in
distinct nonlinear photon orders.54,55 The use of mode-specific
excitation detection correlations provided by FT-NLO spec-
troscopy of selected nanostructures could provide key insights
for understanding plasmon-mediated nonlinear excitation
pathways.
As described in section 5, the FT-NLO method has also

been used to resolve nonequilibrium semiconductor-to-
molecule (MoS2 to polyoxometalates) charge transfer. Charge
transfer at heterostructure interfaces is critically important for
many applications such as solar energy conversion, catalysis,
photonic circuits, and many others. In the case of the MoS2−
polyoxometalate heterostructure, interfacial charge transfer
resulted in saturable second harmonic generation. Although
not readily apparent by conventional SHG microscopy, the
saturable SHG effect was unambiguously detected in FT-NLO
interferograms.41 Saturable nonlinear optical processes are
important elements of photonics applications like laser pulse
shaping and modulation, as well as optical limiting
technologies. As materials synthesis and fabrication continues
to advance to produce increasingly complex heterostructures,
measurement techniques capable of providing more detailed
photophysical and photochemical mechanisms, such as FT-
NLO, will be needed to move materials physical chemistry
forward.
In section 6, we demonstrated the use of FT-NLO for label-

free super-resolution imaging.22 In this case, Fourier excitation
spectra were used to distinguish three different nanorods
colocated within the optical diffraction limit of the microscope.
This method could be extended to any NLO medium in
resonance with the laser excitation field. As described in
section 2, excitation energies greater than 15 eV and with

resolutions of 6 meV can be achieved based on laser pulse time
sequencing. Therefore, FT-NLO should be an effective probe
of environmental influences on molecular and nanoparticle
resonance energies.
An exciting prospect for future FT-NLO development is

super-resolution imaging based on excitation polarization
differences. The pulse replica generator can function as a
wave plate if the temporally delayed pulses are kept in
orthogonal planes.56 For an 800 nm excitation carrier wave, a
670 as delay generates a circularly polarized excitation field.
The excitation field can be switched between right and left
circular polarization states by choosing either positive or
negative delays for the pulse sequence. Elliptical and linear
polarization states can also be selected by incrementing the
interpulse time delay to appropriate values. This approach has
been used to quantify circular dichroism difference ratios for
many chiral nanostructures.57−59 Thus, additional information
about the polarization-response of the sample may be available
in addition to the frequency-dependent response function
provided by FT-NLO. In combination with statistical local-
ization analysis, chiroptical and variable-polarization based
super-resolution imaging should be possible.
In addition to methodological advances, new prospects on

the horizon include the application of FT-NLO to new areas of
study. Nearly all examples of FT-NLO thus far have focused on
material systems. This is despite the impact that NLO methods
including MPPL, SHG, CARS, and SRS have had on the
biological sciences in imaging and sensing platforms.1,2,4,60,61

The components of the FT-NLO experiment, which we
described in section 2 (Figure 2), should be readily adaptable
to conventional multiphoton microscopy platforms, requiring
only the addition of a pulse replica generator. We anticipate
that as in the materials sciences, the advantages of FT-NLO for
characterizing the nonlinear pathways and photon order of the
signal will prove useful to researchers in the life sciences.
Particularly, the ability to perform wide-field hyperspectral
nonlinear imaging through FT-NLO, as discussed in section 6,
may offer opportunities to image multiple nonlinear signals
simultaneously within a single field of view and to visualize
spectral shifts corresponding to changes in local chemical
environments.
In summary, FT-NLO spectroscopy provides an incisive

experimental tool for studying photophysical and photo-
chemical processes in complex molecules, nanoparticles, and
multicomponent materials. In many instances, the FT
component unambiguously resolves mechanistic details that
would be obscured by conventional methods. Recent break-
throughs in statistical localization of interferometric NLO data
sets open exciting new possibilities for multiparameter and
label-free super-resolution imaging.
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