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Abstract: Background: Mathematical studies exploring the impact of booster vaccine doses on the
recent COVID-19 waves are scarce, leading to ambiguity regarding the significance of booster doses.
Methods: A mathematical model with seven compartments was used to determine the basic and
effective reproduction numbers and the proportion of infected people during the fifth wave of
COVID-19. Using the next-generation matrix, we computed the effective reproduction parameter, Rt.
Results: During the fifth COVID-19 wave, the basic reproductive number in Thailand was calculated
to be R0 = 1.018691. Analytical analysis of the model revealed both local and global stability of the
disease-free equilibrium and the presence of an endemic equilibrium. A dose-dependent decrease in
the percentage of infected individuals was observed in the vaccinated population. The simulation
results matched the real-world data of the infected patients, establishing the suitability of the model.
Furthermore, our analysis suggested that people who had received vaccinations had a better recovery
rate and that the death rate was the lowest among those who received the booster dose. The booster
dose reduced the effective reproduction number over time, suggesting a vaccine efficacy rate of
0.92. Conclusions: Our study employed a rigorous analytical approach to accurately describe the
dynamics of the COVID-19 fifth wave in Thailand. Our findings demonstrated that administering
a booster dose can significantly increase the vaccine efficacy rate, resulting in a lower effective
reproduction number and a reduction in the number of infected individuals. These results have
important implications for public health policymaking, as they provide useful information for the
more effective forecasting of the pandemic and improving the efficiency of public health interventions.
Moreover, our study contributes to the ongoing discourse on the effectiveness of booster doses in
mitigating the impact of the COVID-19 pandemic. Essentially, our study suggests that administering
a booster dose can substantially reduce the spread of the virus, supporting the case for widespread
booster dose campaigns.

Keywords: COVID-19; mathematical modeling; Omicron; simulation; vaccination

1. Introduction

Coronavirus disease 2019 (COVID-19) is an infectious respiratory disease caused by the
novel coronavirus, SARS-CoV-2, which was first identified in Wuhan, China, in December
2019 [1–7]. It has been declared a global pandemic by the World Health Organization
(WHO) and has significantly impacted public health, economies, and daily life worldwide.
The virus spreads through respiratory droplets when an infected person talks, coughs, or
sneezes and can also be transmitted through close contact with an infected person or by
touching surfaces contaminated with the virus. Due to the severity and rapid spread of
the disease, public health officials and governments worldwide have implemented a range
of measures to control its spread. These measures include social distancing, wearing
masks, frequent hand washing, and vaccination campaigns. Several vaccines have been
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authorized for emergency use worldwide, and ongoing research is focused on improving
vaccine efficacy, developing treatments, and understanding the long-term health effects
of COVID-19 [8].

COVID-19 still remains a major problem in some countries, and the possibility of new
immunity-evading variations poses a hazard to global health, especially for immunosup-
pressed individuals [1,2]. Nonetheless, in several countries, COVID-19 has reached an
endemic stage; as of the beginning of 2022, Delta and Omicron are the two most prevalent
variants [3]. From the initial day of the COVID-19 outbreak until 6 December 2022, more
than 645 million confirmed infections and more than 6.6 million confirmed deaths have
been recorded globally [3,4].

Vaccination is considered an essential tool for the long-term management of the
COVID-19 outbreak [5,6]. Strategies for containing the virus include prohibiting travel
from highly infected areas, social isolation of infected people, lockdown policies, self-
quarantine of exposed people, mandatory use of face masks or face coverings, and strict
adherence to all socially conscious and prevention strategies. As of 6 December 2022,
68.5% of the world’s population had been vaccinated against COVID-19 with at least one
dose. Over 10 billion doses have been delivered worldwide [7]. However, in low-income
countries, the vaccination rate remains very low, and some people continue to doubt the
benefits and effectiveness of vaccines [8–10]. Because of these issues, independent studies
are specifically designed to offer evidence of the usefulness of vaccination programs.

Mathematical modeling provides valuable insight into the spread of the disease and
the effectiveness of potential responses. Indeed, understanding the epidemic and fore-
casting how long an epidemic will endure and how the disease will spread in general is
made possible by infectious disease modeling [11]. Essential characteristics, including the
dynamics of disease transmission, the number of people infected, the number of people
hospitalized, and the number of people who have recovered or died, can be estimated
using the compartmental modeling methodology [12].

Before the development of COVID-19 vaccines, mathematical models were used
to analyze the effects of non-pharmaceutical measures, such as social isolation, mask
usage, improved hygiene practices, quarantine, and lockdown. Since vaccines are now
widely available as a control tool, epidemiologists include this novel intervention in their
models to better explain the dynamic characteristics of the disease and to make clear policy
recommendations to public health authorities. Immunization of networks with limited
knowledge and temporary immunity can be effectively employed to model the spread of
infectious diseases through complex networks, i.e., a system of interconnected individuals
or entities that can transmit infectious diseases. The concept of immunizing a network
involves identifying specific individuals within the network who are the most likely to
transmit the disease and vaccinating them to reduce the overall spread of the disease.
However, there may be limited knowledge about the network in many cases, including
information about the individuals most likely to transmit the disease.

Additionally, the immunity generated by vaccination may be temporary, meaning that
individuals may become susceptible to the disease again over time. It is therefore important
that such models take into account the knowledge of the network and the temporary nature
of immunity. By developing and testing these frameworks through mathematical modeling,
a better understanding of the spread of infectious diseases and develop effective public
health interventions to limit their impact. The most popular models used to characterize
COVID-19 are community susceptible-infected-removal (SIR) models that involve a system
of differential equations or stochastic discrete mathematics [13]. Mixed SI(R) epidemic
dynamics in random graphs with general degree distributions could also be an effective
tool to simulate the spread of the disease in random graphs, which have varying degrees of
connectivity. Some agent-based models created to simulate COVID-19 involve stochastic
modeling of virus transmission via structured networks between people [14]. A recent
scoping review revealed that, although SEIR-based vaccines are mature and comprehensive,
vaccination and the emergence of mutant strains require further investigation [15].
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Similar to many other countries, Thailand is heavily dependent on tourism as a source
of foreign currency and economic growth. Even after COVID-19, when it comes to vacation
spots, Thailand has not lost any of its appeal [16,17]. This success may be partly attributed
to Thailand’s highly developed healthcare delivery system and almost universal health
insurance coverage [18]. As most countries and airlines have less stringent travel rules, it
is reasonable to assume that many people from all over the world will seek to come here,
vaccinated and unvaccinated. We infer that there is a dearth of rigorous scientific research
on the spread of COVID-19 in Thailand and that, to our knowledge, no studies have used
mathematical modeling to account for the latest wave of COVID-19 and the effect of the
booster vaccine dose.

This study aims at developing a mathematical model that can effectively predict
the COVID-19 progression dynamics in the setting of multiple vaccinations. To this end,
theoretical and numerical analysis of the dynamics of the COVID-19 epidemic has been
conducted to answer critical questions regarding the impact of different vaccination doses
on several outcomes associated with COVID-19. Finally, we tested our model in a real-
world data in Thailand and discussed the influence of vaccination on disease dynamics in
the fifth wave, analyzing the presence of endemic equilibrium points and the stability of
disease-free equilibrium.

2. Mathematical Model and Analysis
2.1. Model Descriptions

We propose a seven-compartment mathematical model to analyze the dynamics of the
COVID-19 pandemic (Figure 1).
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Figure 1. Schematic diagram of the model for disease transmission.

Here, the total population was divided into seven compartments, representing the
fraction of the susceptible population (S), the fraction of the vaccinated population (Sv), the
fraction of infectious individuals under home quarantine and self-care (I), the fraction of
hospitalized individuals (H), the fraction of critically infected individuals who are treated
in the ICU (C), the fraction of recovered population (R), and the fraction of dead population
(D), respectively. Susceptible individuals acquired infection when they came into contact
with an infectious individual at rate β, and parameter mi denotes the vaccine efficiency
of the ith dose of vaccination (Table 1). We assumed that individuals in the H and C
classes were isolated from the population and therefore would have a negligible role in
transmitting the disease. Due to the vaccine efficacy mi, individuals in Sv compartment
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are relatively less infected than the fully susceptible ones. The majority of vaccinations
authorized by the World Health Organization are administered in two doses, with an
average suggested time gap between doses. Individuals in I and H will recover from the
disease at the rate of γI and γH , respectively.

Table 1. Summary of model parameters and descriptions.

Parameters

mi Vaccine efficiency of ith dose of vaccination
β Infection rate
τi Vaccination rates of ith dose of vaccination
v Vaccine ineffectiveness rate

γI Recovery from infection
γH Recovery from infection while in hospital
ωI Hospital admission rate
ωH ICU admission rate of infected hospitalized individuals
γC The recovery rate from infection in the ICU, returning to the hospital
dC The death rate of the population admitted to the ICU.
dI The death rate of the infected population
dH The death rate of the hospitalized population

The total population is assumed to be close; therefore, the total population at time t is
denoted by N(t), where

N(t) = S(t) + Sv(t) + I(t) + H(t) + C(t) + R(t) + D(t) = 1

A system of nonlinear ordinary differential equations yields the following mathemati-
cal model.

dS
dt = vSv(t)− βS(t)I(t)− τiS(t)
dSv
dt = τiS(t)− (1−mi)βSv(t)I(t)− vSv(t)

dI
dt = βS(t)I(t) + (1−mi)βSv(t)I(t)− γI I(t)−ωI I(t)− dI I(t)
dH
dt = ωI I(t) + γCC(t)−ωH H(t)− γH H(t)− dH H(t)

dC
dt = ωH H(t)− γCC(t)− dCC(t)
dR
dt = γI I(t) + γH H(t)
dD
dt = dI I(t) + dH H(t) + dCC(t)

(1)

This model has initial conditions N(0) ≥ 0, S(0) ≥ 0, Sv(0) ≥ 0, I(0) ≥ 0,
H(0) ≥ 0, C(0) ≥ 0, R(0) ≥ 0 and D(0) ≥ 0.

All model parameters are listed in Table 1.

2.2. Disease-Free Equilibrium

Theorem 1. A disease-free equilibrium state (DFE) of the model (1) exists at the point

E0 =
(
S0, S0

v, I0, H0, C0, R0, D0) =
(

S0 = vS0
v

τi
, S0

v = S0
v, 0, 0, 0, 0, 0

)
and the endemic equilib-

rium point exists at (S∗, S∗v , I∗, H∗, C∗, R∗) =
(

S∗, S∗v , I∗, H∗ = (ωI+γI)I∗+γcC∗

(ωH+dH)
, C∗, R∗

)
, where

S∗, S∗v , I∗, C∗, R∗ > 0 are arbitrary.

Proof. The above expressions are deduced by equating all derivatives mentioned in the set
of system Equation (1) to zero. The detailed proof can be found in Appendix A.1. �
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2.3. Next-Generation Matrix and Basic Reproduction Number

The basic reproduction number is a crucial threshold for the analysis of infectious
diseases. It determines whether a disease will die or persist in the population [19,20].
The basic reproduction number ( R0) is defined as the average number of secondary cases
that one primary case of an infected individual would produce in an entirely susceptible
population. If R0 is more than 1, the DFE is unsustainable, which allows for the index
infection to culminate in several infections and the emergence of an epidemic. Contrarily,
if R0 is smaller than 1, the DFE is locally asymptotically stable, and the infection cannot
propagate throughout the population, the situation is sustained.

In this paper, we used the method of a next-generation matrix to determine R0 [21].
We let x =

(
I, H, C, )T , and dx

dt = F(x) − V(x), where F(X) represents the rate of new
infection, and V(x) represents the rate of movements into and out of each compartment.

F(x) =

 βSI + (1−mi)βSv I
0
0


and

V(X) =

 (γI + ωI + dI)I

−ωI I − γCC + (ωH + γH + dH)H

−ωH H + (γC + dC)C


If f and v represent the Jacobian matrices of F and V, as determined by the DFE,

respectively, we have

f =

β + (1−m)β 0 0
0 0 0
0 0 0


and

v =

γI + ωI + dI 0 0
−ωI ωH + γH + dH −γC

0 −ωH γC + dC


Then

v−1 =


1

γI+ωI+dI
0 0

ωI(γC+dC)
(γI+ωI+dI)(γC+dC)(ωH+γH+dH)

γC+dC
(γC+dC)(ωH+γH+dH)

γC
(γC+dC)(ωH+γH+dH)

ωI ωH
(γI+ωI+dI)(γC+dC)(ωH+γH+dH)

ωH
(γC+dC)(ωH+γH+dH)

ωH+γC+dC
(γC+dC)(ωH+γH+dH)


Therefore, the next-generation matrix fv−1 is

f v−1 =


βS*+(1−mi)βS*

v
γI+ωI+dI

0 0

0 0 0

0 0 0


R0 represents the spectral radius of the matrix f v−1,

ρ( f v−1) =
β

γI + ωI + dI
= R0

2.4. Stability Analysis

Initially, we performed a stability analysis at the disease-free and endemic equilibrium
points. The statement of the outcomes is as follows:
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Theorem 2. The disease-free equilibrium point, E0, is stable if R0 < 1, whereas E0 is unstable
if R0 > 1.

Proof. The Jacobian matrix of model (1) evaluated at E0 is. �

JE0 =


−τi v −β 0 0
τi −v 0 0 0
0 0 β− (γI + ωI + dI) 0 0
0
0

0
0

ωI
0

−(ωH + γH + dH)
ωH

γC
−(γC + dC)


and the characteristic polynomial is det(JE0 − λI) = 0. Solving this polynomial, the eigen-
values are given by

det(JDFE − λI) =


−τi − λ1 v −β 0 0

τi −v− λ2 0 0 0
0 0 β− (γI + ωI + dI)− λ3 0 0
0
0

0
0

ωI
0

−(ωH + γH + dH)− λ4
ωH

γC
−(γC + dC)− λ5


det(JDFE − λI) = (−τi − λ1)(−v− λ2)(β− (γI + ωI + dI)− λ3)(−(ωH + γH + dH)− λ4)(−(γC + dC)− λ5)

We get
λ1 = −τi < 0

λ2 = −v < 0

λ4 = −(ωH + γH + dH) < 0

λ5 = −(γC + dC) < 0

and

λ3 =
β

(γI + ωI + dI)
− (γI + ωI + dI)

(γI + ωI + dI)
= R0 − 1 < 0

All eigenvalues are zero or negative. Hence, E0 is stable.

Theorem 3. The endemic equilibrium point, E∗, of model 1 is stable if R0 > 1, in the case of no vacci-
nation rate, i.e., τi, v = 0, where 0 < Sv < 1 and βI+(dI+γI+ωI)

β < S <

I − (1−mi)(Sv − I).

Proof. The mathematical expression of eigenvalues of the Jacobian matrix of the model (1)
is tedious. The detailed derivation can be found in Appendix A.2. �

3. Numerical Simulations and Fitting
Parameter Estimation

Our analysis used information provided by the DDC [22]. Figure 2 shows the spread
of COVID-19 in Thailand. The fourth and fifth waves, as can be seen, had a very high
incidence rate. In the vaccination rates for the fourth wave, the first dose, second dose, and
third dose were 77%, 70%, and 11%, respectively. In the vaccination rates for the fifth wave,
the first dose, second dose, and third dose were 81%, 77%, and 42%, respectively.

Since the fifth wave had the highest immunization rate and we had information on
the first, second, and third doses, we concentrated on modeling the fifth wave progression.
The estimation of the model parameters is fundamental for obtaining accurate numerical
results. In this study, the parameter estimation was based on actual data from COVID-19
patients confirmed in Thailand during the fifth wave from 3 January to 9 July 2022. Some of
the parameters were calculated from the data as follows: The total population of Thailand
is approximately N = 66,000,000. Furthermore, at the beginning of the fourth wave of
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the epidemic in Thailand, there were 2927 symptomatic patients, 33,114 hospitalizations,
and 704 admissions to the ICU. Therefore, assuming the initial number is 65,960,334, the
initial population is assumed to be N(t) = 1. Some of the remaining parameters were
evaluated using the mathematical model (1). In our study, we also used scientifically re-
ported information regarding COVID-19 transmission mechanisms. DDC [22,23] provided
information about γI , γH , ωH , γC, dC, dH , and τi. ωI was obtained from the data provided
by Chulalongkorn Hospital [24]; mi was obtained from the UK Health Security Agency
briefing [25]; β, v, and dI were obtained by model fitting. Therefore, the parameters used
in this study were derived from the assumptions, calculations, and model adjustments as
listed in Table 2. With the parameters in Table 2, the basic reproductive number in Thailand
was calculated as R0 = 1.018691.
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Table 2. Values of model parameters corresponding to COVID-19 cases in Thailand.

Parameters Value Unit Source

mi Vaccine efficacy % [25]
β Infection rates in the population 1.95 Per day fitted
τi Vaccination rates of risk populations Per day [22]
v Vaccine ineffectiveness rate 8.55 Per day fitted

γI Rate of recovery from infection Per day [22,23]
γH Rate of recovery from infection 1/10 Per day [22,23]
ωI Rates of hospital admissions from infected groups 1/3 Per day [24]

ωH
The rate of admission to the ICU from the group of infected people admitted

to the hospital 1/10 Per day [4,23]

γC The rate of recovery from infection in the ICU, returning to the hospital 1/20 Per day [22]
dC Death rate of the population admitted to the ICU. 1/20 Per day [22,23]
dI Death rate of the infected population 1.51 Per day fitted
dH Death rate of the hospitalized population 1/10 Per day [22,23]

4. Effect of Vaccination on Disease Dynamics

The effects of different vaccination doses on the COVID-19 outcomes were also studied
(Figure 3). It can be seen that vaccination significantly decreased the percentage of infected
individuals, as well as hospitalization and mortality rates. These effects can be attributed to
the ability of vaccines to stimulate the immune system and generate an effective response
against the virus. Moreover, it is also clear that the impact of vaccination on infection rates
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varied depending on the number of doses received. The difference between the first and
second doses was not significant, while there was a noticeable decline in the proportion of
infected people after the third dose. Interestingly, the timing of the peak for infections and
hospitalizations did not differ significantly between those who received one, two, or three
vaccine doses. This suggests that the overall effect of vaccination is to reduce the severity
of illness rather than alter the timing of the disease progression. It is important to note that
the timing of the peak may depend on other factors, such as the level of virus transmission
in the community and the effectiveness of non-pharmaceutical interventions.
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In terms of survival and mortality, the study found that those who received vaccina-
tions had better recovery rates than those who did not. Additionally, the death rate was
lowest among those who received the third dose. This supports the notion that multiple
doses of vaccination can provide additional protection against severe outcomes of the
disease. Finally, the study found that the peak periods of ICU and hospital admission were
longer for individuals who received one or two vaccine doses than those who received the
third dose. This may be due to the increased protection provided by the third dose, which
may lead to faster recovery and shorter hospital stays. Of note, in the case of COVID-19 vac-
cines, booster doses are intended to provide additional protection against the SARS-CoV-2
virus and its variants. The initial vaccine doses provide a strong immune response against
the virus, but over time the protection provided by the vaccine may decline due to various
factors, such as waning antibody levels or the emergence of new virus variants that are less
susceptible to the immune response generated by the original vaccine. Booster doses are
designed to re-stimulate the immune system’s memory of the initial response generated by
the primary doses of the vaccine. By introducing an additional antigen, the booster dose can
enhance and extend the body’s immune response against the virus. Overall, these findings
provide valuable insights into the effectiveness of vaccination in reducing the severity of
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COVID-19 and suggest that multiple doses of vaccination may provide additional benefits
in terms of reducing hospitalization and mortality rates.

5. Effective Reproduction Number and Simulation Outcome

If the susceptible population varies over time, it is preferable to use the effective
reproduction number (Rt). It is the average number of secondary cases arising from
an infected case at a given point during the epidemic. Table 3 lists the vaccination rates
and efficacies of the different doses. The vaccination rates were marginally higher at dose
two but lower at dose three. Vaccination efficacy, however, improved dramatically after the
third dose; of note, m1, m2 and m3 were 0.58, 0.64, and 0.92, respectively. The effects of each
dose on Rt are shown in Figure 4a. There was an apparent decrease in Rt with increasing
dose. The results show that Rt decreases with time and starts to cross the threshold on
day 78 after the start of wave 5. The findings of our simulation show that the pandemic
will eventually fade under the current control, with a decline beginning on day 78, which
corresponds to Rt < 1 (Figure 4b). Figure 4c shows the daily number of new active cases in
Thailand and the numerical results of the proposed model. Between days 75 and 95, the
daily increase in confirmed COVID-19 cases peaked. Our model predicts a peak during the
same period. After 78 days, the number of cases steadily declined. These results confirm
the suitability of the model for confirmed cases of COVID-19, as shown in Figure 4c.

Table 3. Vaccination rates and efficacy at different doses.

Parameters Value Parameters Value

τ0 0 m0 0
τ1 0.004574 m1 0.58
τ2 0.004966 m2 0.64
τ3 0.00299 m3 0.92
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6. Discussion

This study employed a mathematical model to assess the efficacy of vaccination during
the fifth wave of the COVID-19 outbreak in Thailand. The model incorporated key dynamic
factors of COVID-19, specifically the transmission originating from infected individuals and
the mitigation arising from vaccination. The modeling results indicated that vaccination
effectively reduced the spread of the virus during the fifth wave. Moreover, the findings
underscored the importance of receiving multiple vaccine doses in reducing COVID-19
cases and fatalities. Specifically, individuals who received three vaccine doses exhibited
a lower infection incidence than those who received only one or two doses. These results
further reinforce the widely accepted notion that a two- or three-dose vaccine regimen
provides enhanced protection against COVID-19.

More than 200 studies are available on compartment-based modeling of COVID-19;
however, most of these studies lack the effect of vaccination [15]. As shown in Table 4, the
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booster dose was not included in most previous studies. In a previous study in Thailand,
Riyapan et al. used a seven-compartment model and concluded that consistent use of
face masks could play a significant role in managing the pandemic [26]. Although this
model could generate peaks obtained from the actual data, there was no close overlap in
the peak onset. Similarly, in a recent study in Thailand, Photphanlo et al. included both
low- and high-risk groups and both pharmaceutical and non-pharmaceutical measures [27].
Although their model was very promising, comparison with real-world data was not
evident, and the authors did not present vital parameters, such as specific analysis for
hospitalization, recovery, and deaths, as in our study. Suphanchaimat et al. did include
booster vaccine doses, but their study, though it made impressive forecasts, lacked the effect
of individual vaccine doses and validation with real-world data [28]. In our study, keeping
the model as simple and straightforward as possible was a primary concern because math-
ematical models are known to use a plethora of convoluted and superfluous parameters
and equations. We examined the effects of vaccination separately for each of the five
compartments (I, H, C, R, and D), regardless of whether there was no vaccination, one dose,
two doses, or three doses. Despite comparable patterns at both ends, the peak region be-
tween the vaccinated and unvaccinated individuals revealed significant disparities. Similar
trends are observed for I, H, C, and D. With both the presence and lack of vaccination, the
number of affected people increased simultaneously. The model is theoretically examined
to demonstrate the existence and positive invariance of the system solutions and to identify
DFE and EE. We used the next-generation matrix method to obtain the whole reproduction
number, R0, and we examined the local stability of the DFE. We parameterized our model
for Thailand using data from 3 January to 9 July 2022. We predicted daily confirmed cases
using numerical simulations and data analyses and compared the model predictions with
the existing data. Our model predicted that the percentage of vaccinated people who were
unwell, severely ill, hospitalized, or died in the fifth wave would be lower, whereas the
percentage of vaccinated people who had recovered would be higher. Here, we underline
our theoretical findings from Theorem 1, which imply that the DFE is stable if Rt < 1.
This result was in agreement with the simulation results. In our model, we highlight that
vaccinated individuals may be infected with or without symptoms.

By the fifth phase of COVID-19, approximately 81% of the Thai population received
at least one vaccination, 73% received two vaccinations, and 36% received a third vaccina-
tion [29]. However, coverage has been inconsistent throughout Thailand, with much lower
vaccination rates among people living in remote areas [23]. The way people feel about
vaccinations plays a direct role in the transmission of infections and their development
into epidemics [24,30]. Moreover, there is a possibility that a section of the population did
not receive vaccination because of skepticism regarding the efficacy and side effects of the
vaccine [31]. Our findings, which show that three vaccine doses significantly minimized the
number of negative outcomes related to COVID-19, are exciting and can help spread posi-
tive sentiments regarding booster doses. It is vital to remember that a significant proportion
of people worldwide continue to resist vaccinations. In Thailand, in the fourth wave, 77%
of patients received the first dose of the vaccine, 70% received the second dose, and 11%
received the third dose. In the fifth wave, 81% of the participants received the first dose,
77% the second dose, and 42% the third dose. The Thai government must continue to
increase vaccination rates to maintain the health of its tourism industry. High vaccination
rates will greatly reduce the effective reproduction number. For instance, despite its high
transmission rate, Saudi Arabia has an effective reproduction rate of less than 1, which
may be attributed to its high immunization rate and booster dose [32]. In Thailand, public
health strategies that include the ongoing monitoring of viral variants are also crucial. New
variants may be immune to blood-based neutralizing antibodies, but vaccination is still
effective in preventing serious diseases and death. It is unclear whether the Thai population
has access to and is open to vaccinations for children. Furthermore, developing a reliable
method to estimate how often booster shots are necessary will help plan and address the
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concerns of the general population regarding the financial and moral costs of the chosen
government policy.

Table 4. Different studies on mathematical modeling of vaccination and COVID-19 progression.

Ref Control Measure Model Country

[32] Vaccination SEIR + Quarantined + Hospitalized
SAIR Saudi Arabia

[33] Full dose vaccination SIR Bangladesh
[34] Vaccination two-strain mode/SEIARD USA
[35] Vaccination SEIR+ Asymptotic Senegal
[36] Double dose vaccination SEIR Ghana
[37] Quarantine with treatment, SEIR Ethiopia
[38] Double dose vaccination SEIR Tanzania

[27]
Low- and high-risk

populations with pharmaceutical and
non-pharmaceutical measures

SEIR+ vaccination Thailand

This study Double dose vaccination + Booster dose SEIR+ vaccination Thailand

As with any compartmental modeling framework, the present study has certain inher-
ent limitations. For instance, the rate of vaccine ineffectiveness incorporated in the model
is an average value for the entire population, which can differ depending on various demo-
graphic and clinical factors, as well as vaccine-related aspects such as age, type of vaccine
administered, and the strain of the virus. Therefore, the accuracy of the findings could
be improved by utilizing more granular data on the vaccine effectiveness rate for specific
subgroups of the population. Additionally, the current understanding of the immunologi-
cal response of humans to emerging SARS-CoV-2 variants and cross-immunity is limited.
Consequently, there may be uncertainties in the model’s ability to accurately predict the
effectiveness of the vaccine for new strains of the virus, particularly given the rapid emer-
gence of new variants globally. It is also important to highlight that other approaches, such
as linear algebra, can also solve this model. Exploring alternative approaches to yield the
highest efficiency, versatility, robustness, and accuracy will be interesting. Future studies
may provide a more comprehensive analysis of vaccine efficacy for specific subgroups,
taking into account the evolving nature of the virus and emerging variants, which could
improve the performance and accuracy of the model. For example, certain pre-existing
medical conditions, age groups, and socioeconomic factors may contribute to higher rates of
COVID-19 infection and mortality, but these factors may not be fully captured in compart-
mental models. An in-host viral infection model with time-inhomogeneous rates could be
more effective in capturing different phases of the pandemic. Overall, while the modeling
approach employed in this study was useful in elucidating the effectiveness of the vaccine
during the fifth wave of the COVID-19 outbreak in Thailand, there is still scope for im-
provement in terms of accounting for the complexities associated with the immunological
response of individuals and the evolution of the virus. Thus, further research is necessary
to refine the model’s assumptions and enhance its ability to provide accurate predictions of
vaccine effectiveness.

However, the major strength of our model lies in this degree of simplicity. The
adaptable structure of the model makes the modeling of vaccines and immunological
responses straightforward. We were able to predict the different effects of the different
vaccine doses. There was almost a small processing overhead associated with running
the model. Additionally, the versatility of our model lies in its ability to provide a wide
range of solutions for critical parameters, including populations in hospitalized, recovered,
and intensive care units. In future work, the model developed in this study will be used
for COVID-19 outbreaks in other nations, and additional factors, such as viral strain,
vaccination efficacy, age, and population diversity, will be included in the model.
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7. Implications

Vaccination, particularly the booster dose, has been a subject of debate, and still,
ambiguity persists regarding the beneficial effect of the booster dose. Moreover, although
several mathematical models have been proposed for COVID-19 progression, their applica-
bility to real-world data has been an area of concern, mainly because of the emergence of
new variants and heterogeneous prevention measures such as masks, vaccinations, and
social distancing, which are difficult to estimate reliably and thus lead to variability in the
model outcome.

This study presented a simple and efficient model with the potential to accurately
predict disease progression and several outcomes of interest. Our model was a good fit
for the COVID-19 fifth-wave data from Thailand and established the effectiveness of the
vaccination and booster doses. These results will help clinicians, policymakers, and the
general public to have a more informed assessment of COVID-19 progression dynamics
and vaccination effectiveness.

Further research is required to test the generalizability of our model under diverse circum-
stances. Particular attention should be paid to factoring in the virulence of novel variations and
vaccination efficacies as well as capturing such dynamic aspects in mathematical models.

8. Conclusions

We introduced a new seven-compartment mathematical model for COVID-19 that
considers the dynamics of propagation in vaccinated and unvaccinated populations. Our
results confirmed the beneficial effects of vaccines in terms of infection control and reduction
of the adverse effects of COVID-19. The results showed that vaccination is vital to reduce
COVID-19 and the pandemic in Thailand. A similar trend was observed in the proportion
of hospitalized patients and those in the intensive care unit (ICU). In particular, the dose
administered did not significantly alter the peak time. There was an apparent decrease in
Rt with an increase in dose, and Rt crossed the threshold on day 78 after the start of the
fifth wave. We provided an analytical expression for the effective reproduction number,
which is a critical factor in determining the necessary conditions for endemic and DFE. Our
theoretical findings and numerical analysis were applied to the fifth wave of the pandemic
in Thailand, and a good overlap between real-world and simulated data was obtained. We
offered mathematical proof that the vaccine reduced the transmission rate, and our results
indicate that the vaccine helps reduce infections, hospitalizations, and critical conditions.
We recommend that more studies be conducted to capture the uncertainty inherent in the
dynamic nature of the disease and incorporate risk assessment.
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Appendix A

This appendix provides technical details supporting the analysis in the manuscript.

Appendix A.1. Proof of Theorem 1

By equating all derivatives mentioned in the set of the system in model (1) to zero and
then solving the equations considering all components being positive, we get

0 = vSv − βSI − τiS (A1)

0 = τiS− (1−mi)βSv I − vSv (A2)

0 = βSI + (1−mi)βSv I − γI I −ωI I − dI I (A3)

0 = ωI I + γCC−ωH H − γH H − dH H (A4)

ωH H − γCC− dCC (A5)

0 = γI I + γH H (A6)

0 = dI I + dH H + dCC (A7)

and
Sv + S + I + H + C + R + D = 1 (A8)

At disease-free equilibrium, we have
(
S*, S*

v, I*, H*, C*, R*, D*) = (S*, S*
v, 0, 0, 0, 0, 0

)
0 = vSv − βSI − τiS (A9)

0 = τiS− (1−mi)βSv I − vSv (A10)

From (A8) and I*, H*, C*, R*, D* = 0, we have

Sv + S = 1

Then
S = 1− Sv

Substitute S = 1− Sv in (9), and we get

vSv − β(1− Sv)I − τi(1− Sv) = 0

Rearranging above equation, we have

Sv =
τi(1− Sv)

v
=

τiS
v

S =
vSv

τi

Therefore,
(
S0, S0

v, I0, H0, C0, R0, D0) = (S0 = vS0
v

τi
, S0

v = S0
v, 0, 0, 0, 0, 0

)
.
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Similarly, for the endemic equilibrium, we equate all derivatives mentioned in the set
of the system in model (1) to zero which become Equations (A1)–(A7) and then solve the
equations considering all components being positive.

From (A8), we get

D = 1− (Sv + S + I + H + C + R) (A11)

Take (A4) + (A6), we get

0 = ωI I + γCC−ωH H − dH H + γI I = (ωI + γI)I + γcC− (ωH + dH)H

Thus, H* = (ωI+γI)I*+γcC*

(ωH+dH)

Therefore, we have endemic equilibrium as (S*, S*
v, I*, H*, C*, R*) = (S*, S*

v, I*, H* =
(ωI+γI)I*+γcC*

(ωH+dH)
, C*, R*) where S*, S*

v, I*, C*,R* > 0 are arbitrary.

Appendix A.2. Proof of Theorem 3

The Jacobian matrix of model (1) evaluated at E∗ is

JE∗ =


−(β + τi) v −βS∗ 0 0

τi −(1−mi)βI∗ − v −(1−mi)βS∗v 0 0
βI∗ (1−mi)βI∗ βS∗ + (1−mi)βS∗v − (γI + ωI + dI) 0 0
0
0

0
0

ωI
0

−(ωH + γH + dH)
ωH

γC
−(γC + dC)



det(JE∗ − λI) =



−(βI∗ + τi)− λ1 v −βS∗ 0 0

τi −((1−mi)β + v)− λ2 −(1−mi)βS∗v 0 0

βI∗ (1−mi)βI∗ βS∗ + (1−mi)βS∗v − (γI + ωI + dI )− λ3 0 0

0

0

0

0

ωI

0

−(ωH + γH + dH)− λ4

ωH

γC

−(γC + dC)− λ5



We get

(λ2 + (dc + dH + γC + γH + ωH)λ + dcdH + dcγH + dcωH + dHγC + γCγH)(−λ3

− λ2((dI + γI + ωI + τi + v)− β((1−m)(Sv − I) + (S− I)))

− λ
{
(1−mi)β

(
−I2β + IβS+ ISvβ− Iτi + Svτi + Svv− I(d I + γI + ωI)−Iβ(d I + γI + ωI)− Iβv + Sβτi+

Sβv− τi(dI + γI + ωI)−v(d I + γI + ωI)}

+ (1−m)(−I 2β2dI − I2 β2γI − IβdIτi − Iβγτi − IβωIτi − I2β2ωI
)
−Iβv(d I + γI + ωI)

The equation can be expressed as
(
λ2 + bλ + c

)
(−1)

(
λ3 + eλ2 + f λ + (−g

))
= 0, where

b = dc + dH + γC + γH + ωH > 0

c = dcdH + dcγH + dcωH + dHγC + γCγH > 0

According to the Routh–Hurwitz criteria [39], the first term has negative real parts.
Consider the second term that can be expressed as

(
λ3 + eλ2 + f λ + (−g

))
We have

e = (dI + γI + ωI + τi + v)− β((1−mi)(Sv − I) + (S− I))

f = (1−mi)β
(
−I2β + IβS + ISvβ− Iτi + Svτi + Svv− I(d I + γI + ωI

)
)−Iβ(d I + γI + ωI)− Iβv + Sβτi+

Sβv− τ(dI + γI + ωI)−v(d I + γI + ωI)
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−g = −((1−mi)Iβ(−IβdI − IβγI − dIτi − γτi −ωIτi − IβωI) −Iβv(d I + γI + ωI))

According to the Routh–Hurwitz criteria [39], we need to show that e > 0, g > 0 and
e f > g so that the solution of the polynomial has negative real parts.

Consider e = (dI + γI + ωI + τi + v)− β((1−mi)(Sv − I) + (S− I))
Given the condition that S < I − (1−mi)(S v − I)andI > Sv, we have

e = (dI + γI + ωI + τi + v)− β((1−m)(Sv − I) + (S− I)) > 0

Now consider

−g = −((1−mi)Iβ(−IβdI − IβγI − dIτi − γτi −ωIτi − IβωI)− Iβv(d I + γI + ωI))
= (1−mi)Iβ(Iβ(dI + γI + ωI) + τI(dI + γI + ωI)) + Iβv(dI + γI + ωI)

Hence, −g > 0,
We want to show that e f > −g, which means we need to prove that e f + g > 0
We used Maple 2018 to help us calculate the algebraic expressions, and for convenience

we set W = dI + γI + ωI and N = τi + v, so we have

e f = ((1−mi)β(−I2β + ISβ + ISvβ− IW − Iτi + NSv)−WIβ−WN − Iβv
+SβN)(W + N − β((1−mi)(Sv − I) + S− I))

e f + g = β
(
−I2β + ISβ + ISv β− IW − Iτi + NSv)N + β

(
−I2β + ISβ + ISv β− IW − Iτi

+ NSv)W −WN2 −W2 N + WIβ2S + WIβ2Sv − 3WIβN + 2WNSβ + WNSv β
+ I2β2vmi + Iβ2vS− 2IβvW + Iβ2vSv − IβvN + 2Sβ2 NI − Sβ2 NSv
−IWβτi − 3β

(
−I2β + ISβ + ISv β− IW − Iτi + NSv

)
Iβmi

+ 2β
(
−I2β + ISβ + ISv β− IW − Iτi + NSv

)
Sv βmi

+ β
(
−I2β + ISβ + ISv β− IW − Iτi + NSv

)
m2

i Iβ
− β

(
−I2β + ISβ + ISv β− IW − Iτi + NSv

)
m2

i Sv β
+ β

(
−I2β + ISβ + ISv β− IW − Iτi + NSv

)
miSβ

+ 2β
(
−I2β + ISβ + ISv β− IW − Iτi + NSv

)
Iβ

− β
(
−I2β + ISβ + ISv β− IW − Iτi + NSv

)
Svβ−W2 Iβ + 2β2Wmi I2

−WIβ2Svmi + WNIβmi −WNSvβmi − Iβ2vSvmi − Sβ2 NImi + Sβ2 NSvmi
+ IWβmiτi − β

(
−I2β + ISβ + ISv β− IW − Iτi + NSv

)
Sβ

− β
(
−I2β + ISβ + ISv β− IW − Iτi + NSv

)
mi N − S2β2 N + SβN2 − 2I2β2v

− β
(
−I2β + ISβ + ISv β− IW − Iτi + NSv

)
miW − 3β2WI2

For convenience, we let F = β
(
−I2β + ISβ + ISvβ− IW − Iτi + NSv

)
e f + g = FN+FW −WN2 −W2N + WIβ2S + WIβ2Sv − 3WIβN + 2WNSβ + WNSvβ + I2β2vmi + Iβ2vS

− 2IβvW + Iβ2vSv − IβvN + 2Sβ2NI − Sβ2NSv − IWβτi − 3FIβmi + 2FSvβmi + Fm2
i Iβ

− Fm2
i Svβ + FmiSβ + 2FIβ− FSvβ−W2 Iβ + 2β2Wmi I2 −WIβ2Svmi + WNIβmi

−WNSvβmi − Iβ2vSvmi − Sβ2NImi + Sβ2NSvmi + IWβmiτi − FSβ− Fmi N − S2β2N
+ SβN2 − 2I2β2v− FmiW − 3β2WI2

e f + g = (1−mi)FN + (1−mi)FW −WN2 −W2N + WIβ2S + (1−mi)WIβ2Sv + (mi − 1)WNIβ + (S
− I)2WNSβ + (1−mi)WNSvβ + Iβ2vS− 2IβvW + (1−mi)Iβ2vSv − IβvN
+ (1−mi)Sβ2NI + ISβ2NI + (mi − 1)Sβ2NSv + (mi − 1)IWβτi + (2−mi)(1−mi)FIβ
+ (2−mi)(1 + mi)FSvβ− FSvβ−W2 Iβ + (mi − 1)FmiSβ + (N − Sβ)SβN
+ (mi − 2)I2β2v + (2mi − 3)β2WI2

If mi = 1 and τi = 0, v = 0, then we have

e f + g = WIβ2S + 2FSvβ− FSvβ−W2 Iβ− β2WI2

= WIβ2S + FSvβ−W2 Iβ− β2WI2

= WIβ2S− β3 I2 + ISβ3 + ISvβ3 − IWβ2 −W2 Iβ−β2WI2
(A12)

If F > 0, then β
(
−I2β + ISβ + ISvβ− IW − Iτi + NSv

)
= −β2 I2 + ISβ2 + ISvβ2 −

IWβ− Iτiβ + NSvβ > 0
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Note that τi = 0, v = 0, we then get

ISβ2 + ISvβ2 > β2 I2 + IWβ (A13)

Hence, from (A13), we multiply β with both sides, and we get(
ISβ3 + ISvβ3

)
> β3 I2 + IWβ2 (A14)

From (A12), we get

e f + g = WIβ2S− β3 I2 +
(

ISβ3 + ISvβ3)− IWβ2 −W2 Iβ−β2WI2

> WIβ2S− β3 I2 +
(

β3 I2 + IWβ2)− IWβ2 −W2 Iβ−β2WI2

= WIβ2S−W2 Iβ−β2WI2= WIβ(βS− βI −W)

Given that other parameter values are not equal to zero, term WIβ(βS− βI −W) = 0
if and only (βS− βI −W) = 0

As a result,

S >
βI + (dI + γI + ωI)

β
(A15)

Consider again F > 0, and we have

Sβ + Svβ > βI + (dI + γI + ωI) = Sβ

Svβ > 0, which means Sv > 0.
Thus, if R0 > 1, then the endemic equilibrium point, E∗ of the model (1) is stable

under the condition that 0 < Sv < I where βI+(dI+γI+ωI)
β < S < I − (1−mi)(Sv − I).
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