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Abstract

Graphical modeling of multivariate functional data is becoming increasingly important in a

wide variety of applications. The changes of graph structure can often be attributed to external
variables, such as the diagnosis status or time, the latter of which gives rise to the problem of
dynamic graphical modeling. Most existing methods focus on estimating the graph by aggregating
samples, but largely ignore the subject-level heterogeneity due to the external variables. In this
article, we introduce a conditional graphical model for multivariate random functions, where we
treat the external variables as conditioning set, and allow the graph structure to vary with the
external variables. Our method is built on two new linear operators, the conditional precision
operator and the conditional partial correlation operator, which extend the precision matrix and
the partial correlation matrix to both the conditional and functional settings. We show that

their nonzero elements can be used to characterize the conditional graphs, and develop the
corresponding estimators. We establish the uniform convergence of the proposed estimators and
the consistency of the estimated graph, while allowing the graph size to grow with the sample size,
and accommodating both completely and partially observed data. We demonstrate the efficacy of
the method through both simulations and a study of brain functional connectivity network.

Keywords

Brain connectivity analysis; Functional magnetic resonance imaging; Graphical model; Karhunen—
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1. Introduction

Functional graphical modeling is gaining increasing attention in the recent years, where
the central goal is to investigate the interdependence among multivariate random functions.
Applications include time course gene expression data in genomics (Wei and Li 2008),
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multivariate time series data in finance (Tsay and Pourahmadi 2017), electrocorticography,
and functional magnetic resonance data in neuroimaging (Zhang et al. 2015), among many
others.

Our motivation is brain functional connectivity analysis based on functional magnetic
resonance imaging (fMRI). Functional MRI measures brain neural activities via blood
oxygenlevel-dependent signals. It depicts brain functional connectivity network, which is
shown to alter under different disorders or during different brain developmental stages.
Such alterations contain crucial insights of both disorder pathology and development of

the brain (Fox and Greicius 2010). The fMRI data are often summarized in the form of a
location by time matrix for each individual subject. The rows correspond to a set of brain
regions, and the columns correspond to time points that are usually 500 msec to 2 sec

apart and span a few minutes in total. From the fMRI scans, a graph is constructed, where
nodes represent brain regions, and links represent interactions and dependencies among the
regions (Fornito, Zalesky, and Breakspear 2013). Numerous statistical methods have been
developed to estimate functional connectivity network. Most of these methods treat the
fMRI data as multivariate random variables with repeated observations, where each region
is represented by a random variable and the time-course data are taken as repeated measures
of that variable (e.g., Bullmore and Sporns 2009; Wang et al. 2016b). There are recent
proposals to model the fMRI data as multivariate functions, where the time-course data of
each region are taken as a function (e.g., Li and Solea 2018). Given the continuous nature
and the short-time interval between the adjacent sampling points of fMRI, we treat the data
as multivariate functions, and formulate the connectivity network estimation as a functional
graphical modeling problem in this article.

Nearly, all existing graph estimation methods tackle the problem by aggregating samples,
sometimes according to the diagnostic groups. However, there is considerable subject-level
heterogeneity, which may contain crucial information for our understanding of the network,
but has been largely untapped or ignored by existing methods (Fornito, Zalesky, and
Breakspear 2013). Heterogeneity could arise due to a subject’s phenotype profile; for
example, in our study in Section 7, the brain connectivity network may vary with an
individual’s intelligence score. It could also arise due to a time variable, for example, the
subject’s age, and the connectivity network may vary with age, which leads to dynamic
graphical modeling. In this article, we introduce a conditional functional graphical model
for a set of random functions, by modeling the external variables such as the phenotype or
age as the conditioning set. Our proposal thus extends two lines of existing and relevant
research: from conditional and dynamic graphical modeling of random variables to that

of random functions, and from unconditional functional graphical modeling to conditional
functional graphical modeling.

The first line of relevant research is the class of graphical models of random variables.
Within this class, there is a rich literature on unconditional graphical models (Yuan and Lin
2007; Friedman et al. 2008; Peng et al. 2009, among others). There are extensions to joint
estimation of multiple graphs, which arise from a small number of groups, typically two

or three, according to an external variable such as the diagnostic status (Danaher, Wang,
and Witten 2011; Chun, Zhang, and Zhao 2015; Lee and Liu 2015; Zhu and Li 2018).
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There have also been some recent proposals of dynamic graphical models (Kolar et al. 2010;
Xu and Hero 2014; Zhang and Cao 2017). However, they only considered a discrete-time
setting, in which the network is estimated only at a small and discrete number of time
points. The most relevant work to ours is Qiu et al. (2016), who also targeted estimation

of the individual graph according to an external variable, for example, age. Although both
Qiu et al. (2016) and our method are designed for graph estimation at the individual level,
the two solutions differ in many ways. Particularly, Qiu et al. (2016) assumed that the
repeated observations of each individual come from the same Gaussian distribution, whose
dependency was required to follow a certain stationary time series structure. By contrast, we
treat the repeated measurements as realizations from a random function, and do not impose
any structural or relational assumption on the entire function. More importantly, compared
to the random variable setting in Qiu et al. (2016), our functional setting involves an utterly
different and new set of modeling techniques and theoretical tools.

The second line of relevant research is the class of unconditional graphical models of
random functions, which appeared only recently. Qiao, Guo, and James (2019) introduced
a functional Gaussian graphical model, by assuming that the random functions follow a
multivariate Gaussian distribution. Li and Solea (2018) relaxed the Gaussian assumption,
developed a precision operator that generalizes the concept of precision matrix to the
functional setting, and used it to estimate the unconditional functional graph. However,
their precision operator is nonrandom, and their graph dimension is fixed. By contrast, we
introduce a conditional precision operator (CPO), which is a function of the conditioning
variable and is thus random, and we allow the graph dimension to diverge with the sample
size. These differences bring extra challenges in analyzing the operator-based statistics.
Moreover, because the relation between the CPO and the conditioning variable can be
nonlinear, its estimation requires the construction of a reproducing kernel Hilbert space
(RKHS) of the conditioning variable, which leads to a more complex asymptotic analysis
than that of Li and Solea (2018). We also derive a number of concentration bounds and
uniform convergence for our proposed estimators, while such results are not available in Li
and Solea (2018).

To address the problem of conditional graphical modeling of random functions, we
introduce two new linear operators: the CPO, and the conditional partial correlation operator
(CPCO), which extend the precision matrix and the partial correlation matrix from the
random variable setting to both the conditional and functional settings. We show that, when
the conditional distribution is Gaussian, the conditional graph can be thoroughly captured
by the nonzero elements of CPO or CPCO. This property echoes the classic result where

a static graph can be inferred by the precision matrix or the partial correlation matrix

under the Gaussian assumption. We note that, some early works, such as Lee, Li, and Zhao
(20164a,b), also estimated the parameters of interest through linear operators. However, we
studied utterly different problems: Lee, Li, and Zhao (2016b) targeted variable selection in
classical regressions, Lee, Li, and Zhao (2016a) targeted unconditional graph estimation for
random variables, while we target conditional graph estimation for random functions. Both
the methodology and theory involved are thus substantially different.
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Our proposal makes useful contributions at multiple fronts. On the method side, it offers

a new class of statistical models to study conditional graph estimation for multivariate
functional data, a problem that remains largely unaddressed. We investigate the parallels
between the random variable-based and random function-based graphs, and between the
unconditional and conditional graphs. On the theory side, our work develops new tools

for operator-based functional data analysis. We establish the conditional graph estimation
consistency, along with a set of concentration inequalities and error bounds, for our
proposed method. To our knowledge, very little work has investigated function-on-function
dependency at such a level of complexity that involves estimating the linear operators under
a conditional framework. The tools we develop are general, and can be applied to other
settings in high-dimensional functional data analysis. On the computation side, under a
properly defined coordinate system, the proposed operators are functions of the sample
covariance operator of dimension 1 x 1, with 77being the sample size. It is relatively easy to
calculate, and the accompanying estimation algorithm can be scaled up to large graphs.

The rest of the article is organized as follows. We begin with a formal definition of
conditional functional graphical model in Section 2. We introduce a series of linear operators
in Section 3, develop their estimators in Section 4, and study their asymptotic properties in
Section 5. We report the simulations in Section 6, and an analysis of an fMRI dataset in
Section 7. We relegate all proofs and some additional results to the supplementary appendix.

In this section, we formally define the conditional functional graphical model. Let (Qx, %)
be a measurable space. Suppose £, is a Hilbert space of R-valued functions on an interval

T cR,for/i=1, ..., p,and Qxis the Cartesian product £, x --- x £, . Suppose X'= (X1,
Xp)T is a p-dimensional random element on Q x. Let G = (V, E) be an undirected graph,
where V = {1, ..., p} represents the set of vertices corresponding to the p random functions,
and E={(/, ) €V x V, /= j} represents the set of undirected edges. A common approach to
modeling an undirected graph is to associate the separation on the graph with the conditional
independence; in other words, nodes /and jare separated in G if and only if X;jand Xjare
independent given the rest of X; that is,

(l,.]) ¢ E < X, J-l- XllX*(lvl)’ (1)

where X, represents X with its th and jth components removed, and 1L represents
statistical independence. Based on Equation (1), Qiao, Guo, and James (2019) proposed
a functional graphical model, which assumed that X follows a multivariate Gaussian
distribution.

Next, we introduce a conditional functional graphical model that allows the graph links to
vary with the external variables. We focus on the univariate external variable case, but our
method can be generalized to multivariate external variables, or external functions. Let Y'be
a random element defined on Qy, and %, be the Borel o-field generated by the open sets
inQy. Let#, - Rand Py ,(- | -):Fxx 2, — R be the distribution of Y'and conditional
distribution of X| Y, respectively. We next give our formal definition.

J Am Stat Assoc. Author manuscript; available in PMC 2024 January 01.
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Suppose a random graph EY for each y € Qy is defined via the mapping Qy — 2V*V| y
— EY, where 2Y*V is the power set of V x V. We say X follows a conditional functional
graphical model with respect to EY if and only if, for y € Qy,

G,HeE o X LX|[Xw,Y=y] (@)

We note that Li, Chun, and Zhao (2012) introduced the notion of conditional graphical
model. However, our notion of conditional functional graphical model is considerably
different, in that our model extends theirs not only from the setting of random variables to
random functions, but also from the setting of static graphs to random graphs. Specifically,
letting X= (X3, ..., X)) T and ¥'= (Y3, ..., ¥, T denote two random vectors, Li, Chun, and
Zhao (2012) considered the model,

(.)eE o X WX |[X_ Y=y
for all y € RY. In this model, EC € 2V*V is a fixed graph, and does not change with the value

of Y. In comparison, our model in Equation (2) allows Xto be a p-variate random function,
and the graph EY to vary with Y.

3. Linear Operators

In this section, we first introduce a series of linear operators, based on which we then
formally define the CPO and the CPCO. Finally, we study the relation between these two
operators and the conditional functional graph.

We adopt the following notation throughout this article. For two generic Hilbert spaces
Q,Q’, let B(2, 2') and B,(2, 2') denote the class of all bounded and Hilbert-Schmidt
operators from Q to Q’, respectively. We abbreviate %(2, 2) and %,(2, Q) as %(£2) and
%,(£2) whenever they are appropriate. Moreover, let II-Il and II-Ilyg be the operator norm in
(£2) and Hilbert-Schmidt norm in %,(2). Moreover, let ker(A), range(A), range(A) denote
the null space, the range, and the closure of the range of an operator A, respectively.

3.1. Conditional Covariance and Correlation Operators

We first define three covariance operators, By, By,x, and By, . We then define the
conditional covariance operator 8%y, and the conditional correlation operator €%y, which is
the building block of CPO and CPCO.

Let xy: 2, x Q, — R be a positive-definite kernel, #, be its corresponding RKHS, and
L,(Py) be the collection of all square-integrable functions of Yunder Py. The next
assumption ensures the square-integrability of Xj;under Py, and that %, is a subset of

Ly(Py).

J Am Stat Assoc. Author manuscript; available in PMC 2024 January 01.
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Assumption 1.—There exist My > 0 and My > 0 such that
sup{E(||X,-||§2X’ | y):y IS .Qy} <M, fori=1, ..., pand x‘y(Y, Y)< My.

We comment that, we choose RKHS as the modeling space, so that the relation of X on

Y can be very flexible, and the kernel matrix of Y'is of dimension 7% 5, an attractive
feature when the dimension of Y'is large compared with 7. In addition, a good number

of asymptotic tools for RKHS operators have been developed (see, Bach 2009; Lee, Li,
and Zhao 2016a). That being said, our theoretical development can also be easily extended
to the spaces beyond RKHS. In fact, our population development only requires that 5,

is a proper subset of Ly(Py), which can be ensured by the square-integrable condition,
var[h(Y)] = M || h |5, for an M> 0 and every h € #.

Let ® denote the tensor product; then x (-, ¥) ® x(-, ¥), X;® Xjand x(-, ¥) ® X;®
Xjare random elements in By(7y), B2y, 2x,), and B, B2y, ). Z v|, respectively. Their

expectations uniquely define the covariance operators,
B,y = E[,(-,Y) ® k,(-,Y)], via

<h1, §8)/)']72) = E[hl(Y)hz(Y)],
By, = E(X,® X)), via

i

(f Brxg) = E(f, X){(g X)), @®)
By, = Elx(-,Y)® X, ® X, via

(. By (f ® 8)) = E[{X.. f)(X. ©)h(Y)].

forall f e @,, g € 2, and A, M, h, € #,. The next proposition justifies the existence of B,,,
DBy,x, and By, .

Proposition 1.—If Assumption 1 holds, then there exist linear operators B,y, B,x, and
By x,, satisfying the relations in Equation (3).

We next introduce a regression operator, M, ,, through the relation, M,y = B}, By, ,
where T is the Moore—Penrose inverse. We first need an assumption on the ranges of %B,, and
By, and # is sufficiently rich in Ly(Py).

Assumption 2.—For every (/, /) €V XV, range(Byx,) C range(B,,). Moreover, #y is dense
in Ly(Py).

By Assumption 2, for any 4 € range(B,y), there exists a unique 2’ € range(Byy) such that

h = B,,h’. Therefore, the inverse B}, is defined as B, : range(B,,) — tange(B,y), 11— 1,
which implies that 9y, ,, is well-defined. The range condition that range(%B,y, ) C range(Byy)
is satisfied generally. For instance, it holds when the rank of %,(2, . ©,,) is finite, which is
reasonable, because in practice ,, can often be approximated by the spanning space of a
few leading eigenfunctions of By,

J Am Stat Assoc. Author manuscript; available in PMC 2024 January 01.
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The next proposition shows that 9, maps every (f.g) € 2, x 2, to (7, X} (g, X)) |

), that is, the conditional expectation, and thus this operator can be viewed as a regression
operator.

Proposition 2.—If Assumptions 1 and 2 hold, then for all y € Qy-and (f, g) € 2y, x 2, We
haVe [mx,.j\y(f ® g)] ° (y) = E((fa Xi><g’ XJ) I y)

Now we are ready to define the conditional covariance operator, whose existence is justified
by Proposition 2 and Riesz representation theorem.

Definition 2.—For each y € Qy, the bilinear form, 2, x 2, — R,

(f+8) = My, (f ® &) = (»), uniquely defines an operator By x, € B(L2y, 2y,), Via

(f, mf([x/g>9)([ = E{f, X:){g. X)) | y) forall (f,¢) € 2y, x Q. We call B}y, the conditional
covariance operator.

Note that the mapping @, — %(2y, 2y, y — B, defines a random operator. If the
conditional expectations £({7, X})| ») = 0, then B} ,, induces the conditional covariance
cov({7 Xp, {g. Xj) | ). When X;and Xjare random vectors, Fukumizu, Bach,

and Jordan (2009) introduced the homoscedastic conditional covariance operator, which
induces Afcov({7 X?, {g. X} | Y)]. Our conditional covariance operator is different
from that of Fukumizu, Bach, and Jordan (2009), as it extends the classical conditional
covariance to the functional setting, and it deals directly with cov({% X}, (9, X} |

), instead of its expectation. We write the joint operator 8%, : 2, — 2y as the block
matrix of operators whose (/ j)th element is By, ,1 < /, f< p, or more explicitly,

By f = (T0- By fr o Xoei B f) | forany £= (£, ..., £)T €Qyx

Given the conditional covariance operator By, we next define the conditional correlation
operator, €y, 2y, — £y, for each y € Qyvia,

)1/2

y ¥y 1/2 ey y : y
By, = (Bio) 7Gx (B, with |G [l < 1. @)

Its existence and uniqueness are ensured by Baker (1973). Similar to the construction of
B, We write the joint operator G, : 2, — 2y as the block matrix of operators whose (4, j)th
element is G}, 1 </ j< p. Let Dy denote the block diagonal matrix [Dy],, = By.x, for /€ V.

We then have B, = [4]'/ 26 [D5]">.

Next, we impose the distributional assumption on X| y.

Assumption 3.—Suppose X| y follows the conditional functional graphical model as
defined via (2), and the conditional distribution of X= (X1, ..., Xp)T given Y= yfollows a
centered Gaussian distribution.

The zero-mean condition is imposed to simplify both methodological and theoretical
development, and can be relaxed with some modifications. Moreover, we require the

J Am Stat Assoc. Author manuscript; available in PMC 2024 January 01.
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conditional distribution X| y'to follow a Gaussian distribution. It is possible to relax
this Gaussian assumption, by extending the notion of functional additive conditional
independence (Li and Solea 2018), or the copula graphical model (Liu et al. 2012).
However, we feel that the Gaussian case itself is worthy of a full investigation, and we
leave the non-Gaussian extension as future research.

Assumption 3, together with Definition 2, imply that, for f= (£, ..., I;,)T €EQy
E(exp X/_ (/o X)ay, | ¥) = exp (172X, - (£ B, [ )ax, ), Where 1 = /- 1.

3.2. Conditional Precision and Partial CorrelationOperators

We next formally define the operators CPO and CPCO, then establish their relations with
the conditional functional graph. We introduce two assumptions, which ensure that 6%,

is Hilbert-Schmidt and €%, is invertible. We present some intuitions here, but relegate the
detailed technical discussion to Section S.3 in the appendix.

Assumption 4.—For each y€ Qyand i€V, let {(4*, 7"}, denote the collection of
eigenvalue and eigenfunction pairs of B%.,.. Let N) = {a € N: 4" > 0}. There exists ¢; >0
such that,

cov2({m", Xy, (", X)) | )
max 3 e YT
LJEV.IF e N pen VA (', X.) | yyvar*((n", X,) | y)

3, a,b

2
=  max Z (p,,, ) <g¢.
LIEVI#] eN beN]

®)

Assumption 5.—For each y € Qy; ker(B%x) = 0.

Assumption 4 characterizes the level of smoothness for the underlying distributions of the

random functions. Assumption 5 is to prevent the existence of a constant function consisting

of linear combination of nonconstant functions. It can be viewed as the generalization

of the nonexistence of collinearity in linear models, or the empty concavity space in

generalized liner models (Hastie and Tibshirani 1990). Assumption 4 ensures that €% 4, is

Hilbert-Schmidt, and thus compact. Mean-while, Assumptions 4 and 5 together ensure that
%x I8 lower-bounded by a strictly positive constant. This implies that %, is invertible, and

that ¥ = [Cx]

Uis bounded, which justifies the following definition.

Definition 3.—Define the CPO as the inverse of the joint conditional correlation operator,
P = [Ch] ! € B(), forany yEQy.

The operator Y generalizes the precision matrix to the functional and conditional settings.
We should clarify that, unlike the standard definition where the precision matrix is defined
as the inverse of the covariance matrix (Cai, Liu, and Luo 2011), our CPO is defined as
the inverse of the conditional correlation operator. This is to avoid taking inversion on

the covariance operator, which is usually not invertible because of its compactness. Next,
we develop an operator that generalizes the partial correlation matrix to the functional

J Am Stat Assoc. Author manuscript; available in PMC 2024 January 01.
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and conditional setting. Similar to the definition for B%,, we define B, x, for any subsets
A, B C V. Therefore, for any subsets A € V\{/, j/}, We define an intermediate operator,
Byx, 1 x, Ly, — 2, through the relation, By x| x, = By, — %;IXA[QQAXA]T%QAXI, forany (7 j) €
V x V. We then have the following result if A= —(/, /).

Proposition 3.—There uniquely exists R, x_,, € B(2x, 2x,) Which satisfies that

172 172
| |

y — y y y y
EBXrXﬂX—(u) - [mxixilx—(m ERX:'X/'IX—(u)[m%xﬂx—u,n »and ”mxilex—w)” <L

Its proof is similar to that of (Lee, Li, and Zhao 20164, theo. 1) and is thus omitted. It
justifies the definition of the following operator.

Definition 4.—We call the operator R3.x,x_, , in Proposition 3 the CPCO between Xjand

iJ)

Xjgiven X_(;)and Y.

3.3. Relation With Conditional Functional Graph

We first show that the conditional covariance operator can be constructed by the

functions of conditional covariances between the Karhunen-Loéve coefficients and the
associated eigenfunctions. This simple form provides a convenient way to estimate the
conditional covariance operator later. Let {(4/, %)}, denote the collection of eigenvalue and

eigenvector pairs of By, with A/ > 47 > --- > 0. Then Xjcan almost surely be represented as

a€N

X, =Y, o, where of = (X, %), for all a € N. This expression is known as the Karhunen-
Loéve (K-L) expansion (Bosq 2000).

Proposition 4.—Suppose the same conditions in Proposition 2 hold. Then we have

B,x, = Z E(afa) | y)(nf ® 1)), for each y € 2y,
a,beN

where (af, 1) and (!, #}) are from the Karhunen-Loéve expansion.

We next show that CPO and CPCO fully characterize the conditional functional
independence, and are thus crucial for our estimation of conditional functional graph.

Theorem 1.—If Assumptions 1-5 hold, then we have, for any y € Qy,

XX | [XpY =y & [P, =0

where [”], , denotes the (/ j)th element of 7.

Under the Gaussian distribution, the equivalence between the conditional independence and
the zero element of a nonrandom precision matrix is well known in the classical random
variables setting. By contrast, Theorem 1 extends to the setting of random functions and also
allows the precision operator to vary with Y.

J Am Stat Assoc. Author manuscript; available in PMC 2024 January 01.



1duosnuey Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Leeetal. Page 10

Theorem 2.—If Assumptions 1-3 hold, then we have, for any y € Qy,

XX | [Xop Y =3] & Riy, 0.

1 X—Gij) =

Theorems 1 and 2 suggest that one can estimate the conditional functional graph E in
Equation (2) through the proposed operators, CPO or CPCO. In the following, we primarily
focus on the graph estimation based on CPO, and investigate the corresponding asymptotics.
The results based on CPCO can be derived in a parallel fashion, which we only briefly
discuss in Section S.4 in the Appendix.

4. Estimation

In this section, we first derive the sample estimate of CPO and the conditional graph at the
operator level. We then construct empirical bases and develop coordinate representations for
the functions observed at a finite set of time points. Using these coordinate representations,
we are able to compute our estimated linear operators. Last, we provide a step-by-step
summary of our proposed estimation procedure.

4.1. Operator-Level Estimation

We first derive the sample Karhunen-Logve expansion. We and then sequentially develop the
estimators of B, G4, P, and finally EY.

Let (Y4, ..., ¥") denote iid samples of Y, and (X, ..., X”) denote iid samples of .X; with
xk = (X1, ...,Xﬁ)T, for k=1, ..., n. Let £, denote the sample mean operator; that is, for a
sample (o?, ..., @) from Q, E(w) = Y _, o*/n. We estimate the covariance operators, B,
DBy, and By, by

ﬁx,x,- = En(Xr ® X;)7
By, = Efxr(-.Y)® X, ® X,

ﬁyy =E[v(-,Y) Q@ ky(-,Y)],

forany () EV x V. For i€V, let {(47,77)} _ denote the collection of eigenvalue and

eigenfunction pairs of By, Then, we have X! = ¥, @ “7:, where & = (X}, 7! is the ath
coefficient from the K-L expansion of X} for the Ath subject. Furthermore, we use the
leading d'terms to approximate X/; in other words, we have, X! ~ ¥¢_ a7, forall k=1,
.., mand FiEV.

By its definition, we estimate the regression operator My, by

J Am Stat Assoc. Author manuscript; available in PMC 2024 January 01.
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o~

mx,-, | Y(€Y) = (%Y}' + €YI)_1/§ﬁYX,j, (6)

where ey > 0 is a prespecified ridge parameter, and it imposes a level of smoothness on
the regression structure. Next, by Propositions 2 and 4, given y;, d, /, j, we estimate the
conditional covariance operator By,y, by

d

B (d, ) = bZ ] [P, ()] (it ® 75) - G @ 7))} ™)

~b

where 7 and 7" are from the sample Karhunen-Loéve expansion. Let B,(d, ¢,) denote the
block matrix of operators B.(d, ;) = {B(d. &)}, - Similarly, we can define By, 4,(d, e,),
forany A,BC V.

Therefore, by Equation (4), we estimate the conditional correlation operator €y, by

Cunfdeene) = [Bin(da) +el| | Bry(d.a)Br(dee) et . ®
for iz j i, j€V, and @;‘-x, = I, for /€ V, which is the identity mapping from @, to Q,,
and e is a ridge regularization parameter imposed on the inverses of ﬁyxix, and ﬁﬁjxj. Let
Cx(d, e, €;) denote the block matrix of operators €,,(d, e, &) = [€,x(d, &, )], .- The next
result shows that the norm of @;,x/(i ey, €) is bounded by one, which resembles the property
of the correlation in the classical setting.

Proposition 5.—If xy{}1, J») 2 0 for any y1, y» € Qy; then ||[€i(d. &, )] || < 1, for any
(LNEVXV.

Finally, we estimate the conditional precision matrix operator -~ by
~ ~ -1
sny(ds €y, €, €2) = I:(gi(X(d7 €y, €l) + €ZI] s (9)

where e > 0 is another ridge parameter. Using $°(d, &, e, e,), for each y € Q; we estimate
the graph EY by

o~y
Ecpo(d, €y, €1, €3, pCPO)

={G.)eVxV:||Pd.e.ee) (10)

us > Poros | F J},

)

where pcpo > 0 is a thresholding parameter. That is, we can obtain an estimator
of the conditional graph by hard thresholding. For notational simplicity, hereafter we

abbreviate /m\zx,ﬂ y(e}'): /gﬁﬁ(,xj(d, eY)v ﬁj()((d! 6'}'): /@ﬁ(,-x,(d, €y, 51): @;X(ds €y, 51)1 ﬁy(d, €y, €1, 52): and

Nt = P o A s S ~y .
ECPO(d’ €y, €1, €2, Pcpo)v by mx,vjl Yy §B)(,x,a Bxx, Cgx,-xjy Cxx, P and Ecpo, reSDECUV@W-
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4.2. Empirical Bases and Coordinate Representation

We next introduce a set of empirical bases and the corresponding coordinate representations.
We adopt the following notation. Let Q be a Hilbert space of functions of 7, spanned by

a set of bases % = {b.. ....b,}. Forany w € Q, let (o], = (|@]s ..., |®],) " denote its
coordinate with respect to 9. Then w can be represented as 3" | |@]..,b, = B o], Let

Kg = [{b,b),];,_, denote the Gram kernel matrix, which implies that, for any (wq, ) €

Q, the inner product (w;, w,), = || Ks| @], Throughout the article, we use the symbol L-1
exclusively for a chosen coordinate system. Let Q and Q" be two Hilbert spaces spanned by
B = {b,...b,} and B' = [b,,....b,}, respectively. Let A: Q — Q" be a linear operator. Then
the coordinate representation of A with respect to % and %' is {|Ab\| 4» ..., | Abu| 5} = o | Al 4
For a third Hilbert space Q” with base %", and another linear operator A" : Q" — Q” it is
easy to see that .| A’A], = (& |A'] 4 )(=| A] ). FOr simplicity, we use LAl instead of , |A],,
when there is no confusion.

Note that the random function X} can only be observed at a finite set of points.
To enable computation, we need to approximate the random functions using the
partially observed data. We adopt the construction used in Li and Solea (2018),
which assumes the sample path of XX lies on an RKHS of the time variable 7

with a finite basis. Specifically, suppose X} is observed on a finite set of time

POINtS T, = {Thrs .., Ton k=1, oo DLt T = Ty oo Tons oo Tt eon o) = (T 1o T
which pools together all the unique time points across all subjects, and N is the

length of 7. Letting «,: T x T — R be a positive-definite kernel, then @,, can be
constructed through @~ = span{x;(-, 7)), ....k:( -, T w)} = span{B(- ):t = 1,..., N}, for / €
V. Let K7 = [k:(T,, T)]%, -, be the N x N Gram matrix of x7 and its eigen-decomposition,
K, = ULDNUY) " + UsDY(UY)T, where U3Dj(U}) T is associated with the /77 leading eigenvalues,
and USDY(UY) " associated with the last A/~ 7 eigenvalues. Here we require m< A,
Therefore, we can construct an orthonormal basis of Q" via

-1/2
(

B ) =[B(), o B ] = (D)2 R, (12

where B(-) = [BI(), ..., B - )]T. Then X} can be represented as

X )= X0 | XL, B = BT ()| X!, Note that for the Ath individual, the function is
observed at /7 time points, which implies that XA(T}) = [XA(T,), ..., X(T},)] " = (93")T | xt].,,

where %* is the m x ny matrix [B(Ty), ..., B(T.,)]. Therefore, for a given ridge parameter
e, the coordinate | x|, can be estimated by

|x!) = [#4(#4) + eTIm]_l%k[Xf(Tk)] . 12)
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We next derive the coordinate representations of By, ﬁyx,.,, B,,, which then lead to the
coordinates of By, Cxy, and B”. Recall x,: 2, x 2, — R is the kernel used to build the

RKHS of Y. Let Ky = [x,(Y*,Y’)| , _, be the corresponding /7 x /7 Gram matrix of xy; and

Hy = span{Ky( . ,Yl), (- ,Y”)} = span{By(-)}.

Proposition 6.—For (£, g) € QVx QN | By | = E(1X ] X T), |By] = n~'K,, and
1By @) = 1[(117 [0 el T (L T L) T )]

Moreover, for each 7 € V, let {(if, Lﬁfj)}::] denote the collection of eigenvalue and
eigenvector pairs of | By |; that is | B, | [7i/] = Z7|7;]. Then for each /€ V, k=1, ...,

n, the sample Karhunen-Loéve expansion of X} is of the form,

d

d d
xi= Y am=Y (xhii= Y | X A 13)
a=1 a=1

a=1

Proposition 7.—Let %, = {7, ....7;}, for each /€ V. For y € Qy, the coordinate

representation of %ﬁ(,xj with respect to %; and %, is
o T 5]
B; L%xiij P [(ai) C(J’)a;]“: B (14)

where o(y) = diag[£)] with £ () = (K, + &/1,) " B,(y), and a = (ar,.... &)T Moreover, if
%* is the collection {%;:i € V}, then,

B = [ B
2[’_—1/2.0* ;ﬁy ‘ *2[—1/2 ) "
oG] ] = | LBl wnen i }

1, when i = j,

AR = (o [E] ren
where 2, = By, | .- + el and /yis the d'x didentity matrix.

Finally, we compute the squared Hilbert-Schmidt norm of || as

9] ,= £ ()57

a=1

d
i Z:1 U5 | [, Lo 9], J s

- 2 > 2
Mol = N0,

i [%]
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for (4, ) €V x V with 7# j, and Il - IF is the Frobenius norm.

4.3. Algorithm

We now summarize our conditional functional graph estimation algorithm based on CPO.
The algorithm based on CPCO is similar and is thus omitted. Let 1{A) be the #h largest
eigenvalues of an ax amatrix A, for /=1, ..., a

1 Choose the kernel function x7 Some commonly used kernel functions include
the Brownian motion function x7(s, ) = min(s, 2, or the radial basis function
(RBF) x7(s, & = exp[-y7(5- H?], (s.1) € R*. For RBF, the bandwidth y7is
determined by (35 < /|7, — 7)) %y = NAN — 1)%/4.

2. Compute the A/x N Gram matrix K7of x7, and let U;D;(U;) be its eigen-
decomposition associated with its /77 leading eigenvalues. Then use (11) to
construct the reduced basis <( - ), and the matrix %*. We suggest choosing
mby min{m': 3" A(K:)/ Y, 4(Kr) > 0.99}, in the sense that the cumulative
percentage of total variation of K7explained exceeds 99%.

3. Calculate the coordinate | X;|,i =1,...,p,k = 1,...,n, using (12) with a given er.
We choose e7= N"Y514(K7) (see, for example Lee, Li, and Zhao 2016a).

4. Perform eigen-decomposition of |, for /€ V, and obtain the ath eigenvector
[7#7¢], and the ath K-L coefficient a;* using (13), a=1, ..., d. Stack &"“, ..., a;"" to
formal,a=1,....d,i=1,...,p,a=1,...,d /=1, ..., p. We choose daccording to
min{d": T A |Buw | )/ 200 A B ]) 2 0.99).

5. Choose the kernel function «y, and compute the corresponding /77 x 1 Gram
matrix Ky. Compute the coordinate ;| B, | ,; using (14), with the ridge

parameter ey = 7 514(Ky).

6. Compute the representation of B” using (15), for a given y € Qy-and the ridge

parameters e, = n~Smax{4(|Byx|): i € V], and & = n154(| %)

7. Estimate the conditional functional graph for a given y € Qy by
B o) = (1)) € Vx V2| 8% 9] ¢
pcpo- We determine pcpo by minimizing the following generalized cross-
validation (GCV) criterion over a set of grid points,

> porori # j}, with a given threshold

iJ

)4
GCVY(p) = Z GCV¥(p), with
i=1

o
||,@,- l%"m ' XN,%)J B

[1 - DF(p)/n]>

2

/n
F

GCVi(p) =
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where B, .., Xy 18 the sample estimate of B, xypn @nd its coordinate
representation is derived in Section S.4 of the appendix, and DF {p) = & card
[NA0)], with card(:) being the cardinality and N:(p) = {j € V:(, j) € E'(p)} the
neighborhood of the ith node in E’(p).

Our graph estimation algorithm involves multiple tuning parameters, and their choices are
given in the above algorithm. We further study their effects in Section S.6 of the appendix.
In general, we have found that the estimated graph is not overly sensitive to the tuning
parameters as long as they are within a reasonable range.

We also remark that, the above algorithm assumes the zero-mean condition. In practice, if
this does not hold, we can easily modify the algorithm. Specifically, from the coordinates
of the estimated conditional covariance operator, we can estimate E(«/ | y) by (a,")Tc(y)ln,
where 1, is the n-dimensional vector with all ones. By redefining the conditional
covariance operator as By, = Y. ,en| E(@'a; | y) — E(a | y)E(a; | y)|(n’ ® #;), we can estimate
the coordinates of By, by ; @ﬁ},xjj :%7 = [(a?)Tc’(y)aﬁ]d . where ¢ (y) = diag[{))] - {))
£))T. We then replace . @LXJJ a in Step 5 of the algorithm, and all subsequent procedures,

by B} [ﬁiiX/J w;'

5. Asymptotic Theory

We begin with some useful concentration inequalities and uniform convergence for several
relevant operators. We next establish the uniform convergence of the CPO, and the
consistency of the estimated graph. For simplicity, we first assume that the trajectory of

the random functions X(9 = [X1(9, ..., Xp(z)]T is fully observed for all € 7. We then
discuss the setting when Xjis only partially observed in Section 5.3. We also remark that, all
our theoretical results allow the dimension of the graph to diverge with the sample size.

5.1. Concentration Inequalities and Uniform Convergence

We first derive the concentration bound and uniform convergence rate for the sample
estimators By, Byy,,, and B,,. For two positive sequences {a,} and {6}, write a,< b,

if a,= o(by), a, = b,if a,= O(by), and a,= b, if a,= byand b, = a,; moreover, let a,V b, =
by if a,= b, Similarly, if ¢, is a third positive sequence, then we let a, Vv b,V ¢,=(a,V b))
Vv ¢y

Theorem 3.—If Assumptions 1 and 3 hold, then there exist positive

constants Cy to Cg, such that, (i) P([[ B, = B ||, > ) < Ciexp|—Can(t A 12)];

(1) P([|Byx, = By, s > 0 < Ciexp|—Cunlt A 2)]; (i) P(1Byy = Byvllus > 1) < Coexp(—Conr?),
forany =0 and any (/, ) € V x V. Moreover,
if log pln— 0, then (iv) max, ,cv|[ B, — By,

= OP[(logp/n)l/z]i v)

us OP[(IOgP/n)l/Z]; (VI) ”/gﬁw - mYY”HS = Op(n_”z), asn

By, = mYXU”HS =By,

max; jev

—00,
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Forany (4 /) €V x Vand y € Q, let B, (d) be the truncated version of
Yo, B (d) = Ya,- 1 E(afa) | y)(n' @ 7). Next, we establish the uniform convergence rate
for || By, — B, (@)|),- We define the exponent of a compact and self-adjoint operator as

AP = 3w M(n, ®n,), for any g> 0, where {(4.,7,)}, . is the collection of eigenvalue and
eigenfunction pairs of A. We need another assumption.

Assumption 6.—For any (4, /) € V x V, there exist S € (0, 1), ¢, > 0, and
M), € B[BAKR,, 2), 7] such that M, |, = B3, M, with || M| < c..

This assumption regulates the complexity of (Xj; X/)T given Y. To see this, note that,

as Bincreases, the regression relation from (X, Xj)T on Yare more concentrated

on those eigenfunctions corresponding to larger eigenvalues of B,,. Also, we define

;= minf{|A7 - A]:1 <a < b <d+1,i € V} as the minimal isolation distance among all &'+
1 leading eigenvalues of B,.x, for all /€ V. Note that we allow d'to grow with 7.

Theorem 4.—If Assumptions 1-3 and 6 hold, €y < 1, and (logp/n) < 3, then
B, = B (D], = O] a7 logp/m) 2 + d%e;'n= 112 + déf)|

max; jev

Next, we establish the uniform convergence of the estimated conditional correlation operator
Gx. We need an assumption on the tail behavior of random functions.

Assumption 7.—There exists y, > 0 such that max,ev{ ZZLG,HE[((X:‘)2 | y]} <d ", forany y
€EQy.
Assumption 7 is on the decaying rate of the tail eigenvalues of B ,,, which, in a sense,

characterizes the smoothness of the distribution of X;given Y.

Theorem 5.—If Assumptions 1-4, 6, and 7 hold, €y; e; <1, and

dZG;IK;](Ing/n)UZ + dze;]n_l/2 + d2€,ﬁ, <1, then, for any y € Qy,

i,;néxvn[@ix]"«f - [Gi{,X]"'j”Hs = p(éy)’

where §, = €f3/2[d2€;]r<,}l(logp/n)1/2 + dze;ln_”2 + dzef, + d_yy] +a”.

To better understand Theorem 5, suppose d = O(n*/2), & = O(n~%), & = O(n~2%), and

k,= O(n=%), for &, ..., 4 > 0. Then we have

~ 1/2 1 1
. f?‘aXVH[@yXX]f./ _ [@y“]u”m -0, 1- n') 7, =5y + 305 4y af+ ar+3asy = +a+ ar+ 3a;
i,j € i

(logp/n

—a
+n 93,
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where T =2(a, + & + a,) + 6a3 < 1. This implies that the graph dimension p can diverge
with the sample size n7at an exponential rate. In comparison, in the classical random variable
setting, the uniform convergence rate of the sample covariance is (log p/n)}/2 (Bickel and
Levina 2008). Theorem 5 thus can be viewed as an extension to both the functional and
conditional settings where the parameter of interest 6%, is a random RKHS operator.

5.2. Uniform Convergence of CPO and Graph Consistency

We next derive the convergence of the estimated CPO, $8°. We need an assumption to
regulate the relation between Xjand X;when conditioning on X_(;; and Y.

Assumption 8.—There exists ¢3 > 0 such that, max; ;cv.i 4[| €., x < ¢;, Where

(i.j)”HS

-1 Yo xp fOrany y€Qy

y — € _ & y
Gx,x,\x,“_,) - GX:’XJ YXiX—n./)[GX—(me(i,j)]

The following proposition provides a condition under which Assumption 8 is satisfied. Its
proof is similar to Proposition S2 and is omitted.

Proposition 8.—Suppose Assumptions 1, 3-5 hold. Then, for any y € Qy, there exists ¢3
> 0 such that, max, ;e v.i 4, 1C%x, 1 x_. llus < ¢ if there exists ¢4 > 0 satisfying that

max Z Csz((fﬁf”", Xi)s (fﬁib, X/) | X .5 Y) <,

i’jev’i#jaefije’Nv’f (16)
i Y

where ¢ = w,y"’/(y.y"’)”z, and {(w"“, ")}, are the pairs of eigenvalue and eigenfunction of

i i

B v, aNd N = {a e N: " > 0}, forany /€ Vand y € Qy.

Both conditions (5) and (16) introduce certain levels of smoothness on the conditional
distribution of X'given Y. Nevertheless, they target different subjects: Equation (5) is about
the relation between X;and Xjgiven Y; which is required for the consistency of ¢, ,,,

whereas Equation (16) is about the relation between Xjand Xjgiven X_(; and Y; which is
required for the consistency of [p”], .

Theorem 6.—If Assumptions 1-8 hold, €y, 1 < 1, and

d%e;'; ' (logp/m) "% + d?e;'n= V12 + d%¢l < 1, then for any Y€ Qy,

i,j Gm\éllj(i * j||[$y]“ - [s’ny]"«/”l-ls = Op(€{]p5y + €2).

Moreover, if pepo = min{||[$7] llus: (. ) € VX V,i # j, [BY]., # 0}/2, and peo > (€' p5, + €2),
then,

P[/E\ép0=Ey:|_>1, asn— oo.
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We make a few remarks. First, Li and Solea (2018) established the consistency of their
precision operator, as well as the unconditional graph estimation consistency. Note that
their operator is nonrandom, and their results were derived with the graph size p fixed. By

contrast, Theorem 6 establishes the uniform convergence of the operator [%”], , which is

random, and the graph estimation consistency is obtained with a diverging p. For instance,
if & O(n‘”llz) with " > 0, then Theorem 6 says that the uniform convergence rate of the
estimated CPO depends on p(log o/~ )2, This implies that we allow pto grow at the
polynomial rate of 7.

Second, a careful inspection of our proof reveals that, the convergence rate of the empirical
CPO depends on the difference [|& — 6% |ls, whose order, by Theorem 5, can be no
faster than p(log p/nl‘”/)llz. We note that, under the classical random variable setting, the
convergence rate of the hard thresholding sample covariance matrix in terms of Frobenius
norm is [pcy(p) log plrY/2, where the term ¢y(p) imposes a sparsity structure on the
covariance matrix and satisfies that 37_, 1[cov(X,, X)) # 0] < ci(p), for 7= 1, ..., p, with 1(’)
being the indicator function (Bickel and Levina 2008, theo. 2). We feel our rate of p(log
plm~m)Y2 is reasonable and is comparable to the classical result. We also note that there is
a difference between pand g2 in our rate and the rate of (Bickel and Levina 2008, theo.
2). This difference is mainly due to different sparsity settings imposed by our method and
by Bickel and Levina (2008). Note that we do notimpose any sparsity structure on the
conditional correlation operator G%,. This means we need to estimate all the off-diagonal
elements of 6%, whose cardinality grows in the order of 2. In comparison, Bickel and
Levina (2008) imposed a sparsity structure on the covariance matrix and the cardinality of
nonzero covariances grows only in the order of pcy(p). Moreover, we are dealing with a
more complicated setting of random functions and random operators. On the other hand,
we show in Section S.5 in the appendix that, if we introduce additional sparsity and
regularization, we can further improve the rates in Lemma S8 in the appendix and Theorem
6, so that p can grow at an exponential rate of 7. Actually, we have developed a theoretical
platform that is not only limited to the present setting. The concept of using vanishing CPO
to identify the conditional independence between random functions in a conditional graph
can have divarication beyond the scenarios studied in this article; for example, when there
are additional sparsity or bendable structures.

Finally, in our theory development, we have imposed a series of technical conditions, which
are commonly imposed in the literature, and are usually easy to satisfy.

5.3. Consistency for Partially Observed Random Functions

We next derive the consistency under the scenario when the random functions are only
partially observed. Partially observed functions are collected via a dense or a non-dense
measurement schedule; see Wang, Chiou, and Muller (2016a) for more discussion on
measurement schedule. To avoid digressing from the main context, in this article, we do not
go after any specific measurement schedule or regularity setting on the partially observed

random function. For partially observed functions X(#), suppose X(1) = [X,@). ... Xp(t)]T is
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the estimate of X(#) using the empirical bases developed in Section 4.2. We then estimate the
series of the operators and the graph by

ﬁx,-x,- = En(/’YvI ® Y{)’ ﬁYx,j = En[KY( LY®X,® /’\7/],

d
By, = O [P, (il @ )]0 (7 ® 1),
a,b=1

6?(,)(, = (ﬁﬁ(,-x,- + 611)_1/2§§(,-xj(m§(/x,- + 51])

fori # j, and I fori = j,

-1/2

P = (@uret)

B o) =i e VxVI[F] > pi# ).

.

where My, v = (B + eyI)_l'ﬁyxij, it is the eigenfunction of B, ,, and G, is the block matrix

of operators with (/, j)th element being @ﬁ%.

Theorems 5 and 6 show that the convergence of the estimated CCO and CPO depends on
the uniform convergence of the sample covariance operators in Theorem 3. In particular,

it relies on the convergence rates of max, ;e vl|Bx,x, = By llus aNA max, ;e vl By, — B, lls.
When the random functions are completely observed, both rates, by Theorem 3, are equal to
(log pln)Y2. When the random functions are only partially observed, we let the convergence
rates of max, ,c vl By, — Brxllus AN max, ;< v[|Byx, — By, llus 10 be slower than (log p/n)L/2.
More specifically, as specified in Equation (17), we introduce a quantity athat reflects how
dense the time points are observed in the random functions. The denser the time points are,
the closer ais to zero. Correspondingly, the next theorem extends Theorem 6 to partially
observed functions. Its proof is similar to that of Theorem 6, and is thus omitted.

Theorem 7.—If Assumptions 1-8 hold, €y, 1 < 1, and there exists a €€
[0, 1) such that dze;licjllogp/n(l —a)2 d2€§ln_1/2 + dzefi <1, [e{lpé;' + ez] < pepo With

8, = 6[3/2{d2€;11(;llogp/n(l —a)2 4 dze;ln_ 172 4 dze,’i + d_y"] +¢?, and

max ||§x,-x,- - EBx,-x,-“HS = OP[Ing/n(l B a)/2]’
ijev _
max [|Byx, — By, |l = Op[logp/n(1

-/, an
iLjeV
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Then, max{[I["] = [$”]. Il .: G.)) € VX Vi # j} = O,]e'ps; + ], and P[E’ (pero) = BY| — 1,

forany y€ Qy, as n—oo,

The first condition of Equation (17) is satisfied if the tail of ||'i3x,.x, — By ||, behaves as

a sub-Exponential distribution. That is, when there exist ¢/, ¢” >0 and a € [0, 1), such
that P([|By,x, — Byl > 1) < c'exp(—c;nt = @/2), for any £2 0. A similar condition also
holds for the second condition of Equation (17). Recall in Theorem 3, we have shown that,
for completely observed functions, ||§xm — By |l > 7 and ||§YXU. —Byy, |l > t behave as
a sub-Gaussian distribution for a small £ As such, Equation (17) is more appropriate for
partially observed functions.

6. Simulations

Next, we study the finite-sample performance of our method through simulations.
Specifically, we consider three graph structures of E: a hub, a tree, and a random graph,

as shown in Table 1. We consider p= 10 nodes with the sample size n= 100 first, and
consider larger graphs later. Given the graph structure E and the conditional variable y, we
generate X() and its parent nodes based on the following model:

Xwly= 3 [ -] xxm+ o xe,
i EP,

where X(9) | y=[X1() | ¥, ..., Xp(D) | AT is constructed sequentially via the given graph,
Pjis the set of the parent nodes of /, and ¢;is the scale parameter as specified in Table

1. We generate the error function, e{?) as Y/ _, & x:(t. 1), where &, ..., &;are iid standard
normal variables, #, ..., f;are equally spaced points between [0, 1] with /=50, and «ris a
RBF or a Brownian motion covariance function. We then generate the conditioning variable,
Y4, ..., Y7 asiid Uniform(0, 1). We generate each X*, k=1, ..., n,i=1, ..., p, with 17,

= 50 time points. In this model, there are two types of edge patterns: when v ;= 1, the
strength of edges grows with ; and when v ;= 0, the strength of edges decays with y. The
tuning parameters are determined by the rules suggested in Section 4.3. In Section S.6 of the
appendix, we discuss in detail the effect of the tuning parameters, and show that our method
is relatively robust to a range of tuning parameters.

We compare our method with three alternative solutions, all of which are variants
of graphical Lasso (Friedman et al. 2008, gLASSO). The first solution, which we
refer as “Average,” is similar to Kolar et al. (2010). It first estimates the conditional

covariance matrix by S = ¥ _ k(. Yk)’ ° Xk(Tj)[Xk(Tj)]T/SOI/Z::IK},(y, v¥), where
XMr) = [X4T), ... x4T)]", j=1, ..., 50, k=1, ..., 1. It then estimates the

conditional precision matrix @” by applying gLASSO to £%,. The second solution,
which we refer as “Majority,” is similar to a procedure in Qiao, Guo, and
James (2019). It first estimates the covariance matrix at each time point by

SuT) = Ti k(v Yk){Xk(Tj)[Xk(Tj)]T]/ZLlrcy(y, v¥). It then estimates the conditional
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precision matrix at each time point, by applying gLASSO to 5(T)). It selects those
edges that are detected by the majority of the estimates among all the estimated graphs.
The third solution, referred as “Unconditional,” is similar to the naive procedure in Qiu
et al. (2016), which, without using the information of Y; estimates the covariance matrix

by =3, Xk(T/)[Xk(T/)]T/SO. It then estimates the conditional precision matrix by
applying gLASSO to 5« For the penalty parameter in gLASSO, we adopt the empirical

rule suggested by Rothman et al. (2008), and set it to (log o/)/2. We use the RBF kernel for
both x7and xyin all simulations.

We evaluate the accuracy of the estimated graph using the area under ROC curve (AUC). We
first compute the false positive (FP) and true positive (TP) as,

Yi<i<j<plin e e

pr,ﬂz o
215i<j5p1[(i,j)eE ]

Yi<i<j<plin e eE0)
Zi<i<j gpl[(i,j) ¢ EO]

FPY:P =

for a given pand y € Qy, and EC is the true graph. We then compute the pairs of (TPY,
FPYP) over a set of values of p, which we set to be the sorted norms of empirical CPO.

Figure 1 reports the AUC for the estimated graph with respect to the external variable Y,
under three graph structures, and by the four methods. It is seen that the methods “Majority”
and “Unconditional” perform consistently the worst, while “Average” and our proposed
CPO methods perform similarly in this example.

We next extend our simulations to larger graphs, where we set the graph size p= {30, 50,
100}, with the sample size 7= 30 and 77, = 30 time points, k=1, ..., n. We then generate
the graph in a similar way as before. Specifically, for the hub structure, we generate p/5
independent hubs, and within each hub, two edges have their strength growing with y; and
two edges decaying with y. For the tree structure, we expand the tree until the graph reaches
the designated size, and in each subsequent layer of the tree, one edge has growing strength
and the other has decaying strength with y. For the random structure, we select the edges
randomly following a Bernoulli distribution with probability 1/(p-1), and also randomly
select half of the selected edges to have growing strength and the other half to have decaying
strength. Due to the poor performance of “Majority” and “Unconditional” in the previous
simulation setting, we only compare our CPO method with “Average” in the large-graph
setting. Figure 2 reports the AUC. It is seen that our CPO method clearly outperforms the
“Average” method in some settings, and is comparable in other settings. In particular, for

a large graph with p= 100, the improvements of CPO over “Average” in both the hub and
random structures are substantial.
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7. Application

In this section, we illustrate our conditional functional graph estimation method with a

brain functional connectivity analysis example. We analyze a dataset from the Human
Connectome Project (HCP), which consists of resting-state fMRI scans of 549 individuals.
Each fMRI scan has been processed and summarized as a spatial temporal matrix, with rows
corresponding to 268 brain regions-of-interest, and columns corresponding to 1200 time
points (Greene et al. 2018). Additionally, each subject is collected with a score of the Penn
Progressive Matrices, which is a nonverbal group test typically used in educational settings
and is generally taken as a surrogate of fluid intelligence. It is of scientific interest to unravel
the connectivity patterns of the brain regions conditioning on the intelligence measure.

We apply our conditional functional graphical modeling approach for the whole brain of
268 x 268 connectivity network. Applying the hard thresholding approach would yield a
sparse estimate of the conditional graph at each value of Y= y. To identify edges that

vary along with the conditional variable Y; we further employ a permutation test approach.
Specifically, we permute the observations of Y five hundred times. For each permuted
sample, we compute the Hilbert-Schmidt (H-S) norm of the sample CPO for each edge.
We then compute the variance of the H-S norms based on 500 permutations. We treat those
edges whose corresponding variances above 95% percentile as significant, since in this
context a nonzero variance implies that the CPO varies with the conditional variable. In
addition, those 268 brain regions have been partitioned into eight functional modules: medial
frontal, frontoparietal, default mode, motor, visual, limbic, basal ganglia, and cerebellum
(Finn et al. 2015). We count the number of significant edges from the permutation test
within each functional module, then use the Fisher’s exact test to determine if a module is
significantly enriched.

We have found that the medial frontal module is significantly enriched with numerous
significant edges that vary along with the intelligence score. Figure 3 shows the identified
significant edges. This finding agrees with the literature, as this module has been reported to
contribute to high-level cognitive functions such as emotional responses (Smith et al. 2018)
and learning (Zanto and Gazzaley 2013). Moreover, this module was found to have more
impact on fluid intelligence compared to other modules (Finn et al. 2015). We have also
observed more cross-lobe and inter-hemisphere interactions, which suggests the importance
of these edges in cognitive functions. This again complies with the existing literature in
neuroscience that the altered interhemispheric interactions of prefrontal lobe is closely
related to higher level cognitive traits such as the Internet gaming disorder (Wang et al.
2015). Figure 4 reports the changes of the identified significant edges for the medial frontal
module at five different values of the intelligence score. We see from the plot that both
increasing and decreasing patterns exist for the strength of the significantly varying edges.

As an independent validation, we replicate the analysis using another resting-state fMRI
data of 828 individuals in HCP. We report the changes of the identified significant edges
for the medial frontal module from the new dataset in Figure S6 of the appendix. We again
find that the medial frontal module is enriched. Hearne, Mattingley, and Cocchi (2016)
identified positive correlations between functional connectivity and intelligence in general.
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Song et al. (2008) reported that most of the brain regions whose connectivity patterns are
negatively correlated with the intelligence are around medial frontal gyrus, or part of motor
regions, which are part of medial frontal module. Combined with our findings, it suggests
that the medial frontal module may play a unique role in intelligence compared to other
brain modules.

Supplementary Material

Refer to Web version on PubMed Central for supplementary material.
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Figure 3.
Medial frontal network, with significant edges. Different colors of nodes indicate the ROIs

in different lobes: prefrontal, motor, parietal, temporal, limbic and cerebellum. Red lines
indicate inter-lobe edges and cyan ones for inner-lobe edges.
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Figure 4.
Medial frontal network changes, with respect to the intelligence score at 7, 11, 15, 19, 23.

Blue color represents the small H-S norm value of CPO, green the medium norm value, and
red the high H-S norm value.
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