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Abstract

Calculating the variance of a family of tensors, each represented by a symmetric positive semi-
definite second order tensor/matrix, involves the formation of a fourth order tensor R 4.y TO
form this tensor, the tensor product of each second order tensor with itself is formed, and these
products are then summed, giving the tensor R,,.ythe same symmetry properties as the elasticity
tensor in continuum mechanics. This tensor has been studied with respect to many properties:
representations, invariants, decomposition, the equivalence problem et cetera. In this paper we
focus on the two-dimensional case where we give a set of invariants which ensures equivalence of
two such fourth order tensors Rapzzand R.... In terms of components, such an equivalence means
that components R, of the first tensor will transform into the components R,,, of the second
tensor for some change of the coordinate system.

1 Introduction

Positive semi-definite second order tensors arise in several applications. For instance, in
image processing, a structure tensor is computed from greyscale images that captures the
local orientation of the image intensity variations [10, 17] and is employed to address

a broad range of challenges. Diffusion tensor magnetic resonance imaging (DT-MRI) [1,

5] characterizes anisotropic water diffusion by enabling the measurement of the apparent
diffusion tensor, which makes it possible to delineate the fibrous structure of the tissue.
Recent work has shown that diffusion MR measurements of restricted diffusion obscures the
fine details of the pore shape under certain experimental conditions [11], and all remaining
features can be encoded accurately by a confinement tensor [19].
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All such second order tensors share the same mathematical properties, namely, they are real-
valued, symmetric, and positive semi-definite. Moreover, in these disciplines, one encounters
a collection of such tensors, e.g., at different locations of the image. Populations of such
tensors have also been key to some studies aiming to model the underlying structure of the
medium under investigation [8, 12, 18].

Irrespective of the particular application, let R, denote such tensors, and we shall refer to
the set of ntensors as { R },. Our desire is to find relevant descriptors or models of such a

family. One relevant statistical measure of this family is the (population) variance

n n
1 i %) i n 1 0PN )
2 (R = Rp)(RY ~ R) = (n D RIRY| - RuRa.

i=1 i=1

where R,, = %ZT:IR,‘,’J is the mean. (For another approach, see e.g., [8]). In this paper, we are

interested in the first term, i.e., we study the fourth order tensor (skipping the normalization)

n
D @) 0]
Ry = Z Rz(zb d> by = 07 1)

i=1

where R{, > 0 stands for RY being positive semi-definite. It is obvious that R,,.yhas the
symmetries Rapcg = Rpacad= Rapae and Rapeg= Regap, 1.€., Rapeghas the same symmetries
as the elasticity tensor [14] from continuum mechanics. The elasticity tensor is well studied
[13], e.g. with respect to classification, decompositions, and invariants. In most cases this is
done in three dimensions. The same (w.r.t. symmetries) tensor has also been studied in the
context of diffusion MR [2].

In this paper we will focus on the corresponding tensor R,y in two dimensions. First, there
are direct applications in image processing, and secondly, the problems posed will be more
accessible in two dimensions than in three. In particular we study the equivalence problem,
namely, we ask the question: given the components £;j,and R, of two such tensors do they
represent the same tensor in different coordinate systems (see Sects. 2.1.2 and 4)?

Section 2 contains tensorial matters. We will assume some basic knowledge of tensors,
although some definitions are given for completeness. The notation(s) used is commented on
and in particular the three-dimensional Euclidean vector space V{4 is introduced.

In Sect. 2.1.2, we make some general remarks concerning the tensor R,,.yand specify the
problem we focus on. Section 2.1 is concluded with some remarks on the Voigt/Kelvin

notation and the corresponding visualisation in R3.

Section 2.2 gives examples of invariants, especially invariants which are easily accessible
from Rpcq Also, more general invariant/canonical decompositions of R,-yare given.

LFor the notation of tensors used here, see Sect. 2.1.
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In Sect. 3, we discuss how the tensor R,y Can (given a careful choice of basis) be expressed
in terms of a 3 x 3 matrix, and how this matrix is affected by a rotation of the coordinate
system in the underlying two-dimensional space on which Ry is defined.

In Sect. 4 we return to the equivalence problem and give the main result of this work.

In Sect. 4.1.1 we provide a geometric condition for equivalence, while in Sect. 4.1.2, we
present the equivalence in terms of a 3 x 3 matrix. Both these characterisations rely on the
choice of particular basis elements for the vector spaces employed. In Sect. 4.1.3 the same
equivalence conditions are given in a form which does not assume a particular basis.

2 Preliminaries

2.1 Tensor

In this section we clarify the notation and some concepts which we need. Section 2.1
deals with the (alternatives of) tensor notation and some representations. The equivalence
(and related) problems are also briefly addressed. Section 2.2 accounts for some natural
invariants, traces and decompositions of R4

We will assume some familiarity with tensors, but to clarify the view on tensors we recall

some facts. We start with a (finite dimensional) vector space V'with dual V*. A tensor

of order (p,q) is then a multi-linear mapping ¥ x V--- X V. x V* x --- x V* — R. Moreover, a
q p

(non-degenerate) metric/scalar product g: V' x V' — R gives an isomorphism from Vto \*

through v— g(Vv; -), and it is this isomorphism which is used to ‘raise and lower indices’,

see below. Indeed, for a fixed V€ V, g(Vv, ') is a linear mapping v — R, i.e., an element of

VA,

Notation and Representations

There is a plethora of notations for tensors. Here, we follow the well-adopted convention
[16] that early lower case Latin letters ( 7%5,) refer to the tensor as a geometric object, its
type being inferred from the indices and their positions (the abstract index notation). g,
denotes the metric tensor. When the indices are lower case Latin letters from the middle
of the alphabet, 7"//( they refer to components of 7%, in a certain frame. The super-index
/denotes a contravariant index while the sub-indices j, k are covariant. For instance, a
typical vector (tensor of type (1, 0)) will be written ¥ with components 1/, while the
metric gap (tensor of type (0, 2)) has components gj;. At a number of occasions, it will
also be useful to express quantities in terms of components with respect to orthonormal
frames, i.e., Cartesian coordinates. This is sometimes referred to as ‘Cartesian tensors’, and
the distinction between contra- and covariant indices is obscured. In these situations, it is
possible (but not necessary) to write all indices as sub-indices, and sometimes the symbol
= is used to indicate that an equation is only valid in Cartesian coordinates. For example
Ti= TjuSjinstead of 7= T/yg/k= 7% Often this is clear form the context, but we

will sometimes use = to remind the reader that a Cartesian assumption is made. Here, the
Einstein summation convention is implied, i.e., repeated indices are to be summed over,

so that for instance T' = Tg/k = T = ¥ _ | X} = 1 The/* = i = 1 T if each index ranges
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from 1 to 7. We have also used the metric gjrand its inverse 97 to raise and lower indices.
For instance, since g,-/-v’is an element of V*, we write g,-jl/: v

We also remind of the notation for symmetrisation. For a two-tensor T, = %(Ta,, + T,.), while

more generally for a tensor 7, 4.4, 0f order (0, /1) we have

1
Taay-an = FZ Lme——
3

where the sum is taken over all permutations  of 1, 2, ..., n. Naturally, this convention can
also be applied to subsets of indices. For instance, H,,, = %(Ha,,[ + H,).

2.1.1 The Vector Space of Symmetric Two-Tensors—In any coordinate frame a
symmetric tensor Ry (i.e., Rap = Rpg) is represented by a symmetric matrix £;;(2 x 2 or
3 x 3 depending on the dimension of the underlying space). In the two-dimensional case,
with the underlying vector space V' ~ R?, this means that R, lives in a three-dimensional
vector space, which we denote by V{as. V(ap) is equipped with a natural scalar product: <
Aap Bap>= AzpB7%, making it into a three-dimensional Euclidean space. Here A,,B% =
AaBeag?dPY, i.e, the contraction of A,B,,0ver the indices 4, cand b, @, and the tensor
product A8, itself is the tensor of order (0, 4) given by (AzpBen) VALPWFME = (ApVAb)
(BggnFm™ together with multi-linearity.

2.1.2 The Tensor Rypcq and the Equivalence Problem—As noted above, Rpcg
given by (1) has the symmetries Rapcg= Riat)cad = Racd) aNd Raped = Regarr and it is not
hard to see that this gives R,qySix degrees of freedom in two dimensions. (See also Sect.
2.1.3)) It is also interesting to note that Ry provides a mapping V(as) — V{ap through

Ryy— RabcdRCdv

and that this mapping is symmetric (due to the symmetry Rapcq = Regap). Given Rapqqthere
are a number of questions one can ask, e.g.,

. Feasibility—given a tensor R,y With the correct symmetries, can it be written
in the form (1)?

. Canonical decomposition—given Ry 0f the form (1), can you write Rap.y8s @
canonical sum of the form (1), but with a fixed number of terms (cf. eigenvector
decomposition of symmetric matrices)?

. Visualisation—since fourth order tensors are a bit involved, how can one
visualise them in ordinary space?

. Characterisation/relevant sets of invariants—what invariants are relevant from an
application point of view?

. The equivalence problem—in terms of components, how do we know if /;,and
R, represent the same tensor when they are in different coordinate systems?
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We will now focus on the equivalence problem in two dimensions. This problem can be
formulated as above: given, in terms of components, two tensors (with the symmetries
we consider) Rjjyand R, do they represent the same tensor in the sense that there is a
coordinate transformation taking the components £ into the components R,,.? In other
words, does there exist an (invertible) matrix 27;so that

Ryt = RpopP™. P, PO, PP

This problem can also be formulated when £, and R, are expressed in Cartesian frames.
Then the coordinate transformation must be a rotation, i.e., given by a rotation matrix ¢/ j €
SO(2). Hence, the problem of (unitary) equivalence is: Given Rjj;and R, both expressed
in Cartesian frames, is there a matrix (applying the ‘Cartesian convention’) @;; € SO(2) so
that

Rijkl = Rmm)meianQakal?

2.1.3 The Voigt/Kelvin Notation—Since (in two dimensions) the space V(4 is three-

X
. . . . X
dimensional, one can introduce coordinates, for example R; =( y) ~ |y|and use vector
y z

algebra on R3. This is used in the \Voigt notation [15] and the related Kelvin notation [6]. As

always, one must be careful to specify with respect to which basis in V{4 the coordinates

X X

y| are taken. For instance, in the correspondence R, = (x y) ~ | y|, the understood basis for
y z

z

00/\10)\01
are orthogonal (viewed as vectors in V) to each other, but not (all of them) of unit length.

Wan) (in the understood/induced coordinate system) is [(1 0), (0 1), (0 0)]. These elements

Since the unit matrix plays a special role, we make the following choice. Starting with an

orthonormal basis {£,7} for V, (i.e., (&%, 7% for /) a suitable orthonormal basis for Wan)
. 1 1 1 . .
IS {ei €iy, e} Where el = 56 = ), ey = 5+ i), ey = &S+ nam), 1.8, 1n the

induced basis we have

e(n_Ll 0 ~% e(z‘—LOIN" e(s)_LIONE @)
:/_\/50_1 911_210 Vs 11_\/501 .
In this basis, we write an arbitrary element Mz, € V(ap) as M,; = (Z X f ) which means

X
that M, gets the coordinates M, = /2| y|. Note that Mj;is positive definite if 2 - x2 - )2 =0

z

and z= 0. In terms of the coordinates of the Voigt notation, the tensor R,y corresponds to a
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symmetric mapping R* — R, given by a symmetric 3 x 3 matrix, which also shows that the
degrees of freedom for R .1 SiX.

2.1.4 Visualization in [R3—Through the Voigt notation, any symmetric two-tensor (in
two dimensions) can be visualised as a vector in R3. Using the basis vector given by (2), we
note that ¢’ and ¢’ correspond to indefinite quadratic forms, while ¢’ is positive definite.
We also see that ¢’ + ¢’ and e}’ + ¢}’ are positive semi-definite.

In Fig. 1 (left) these matrices are illustrated as vectors in R>. The set of positive semi-
definite matrices corresponds to a cone, cf. [4], indicated in blue. When the symmetric 2 x

2 matrices are viewed as vectors in R3, the outer product of such a vector with itself gives a
symmetric 3 x 3 matrix. Hence we get a positive semi-definite quadratic form on R3, which
can be illustrated by an (degenerate) ellipsoid in R>. In Fig. 1 (right) (e% + ¢5)(e® + ¢),

el + el + €f) and efel) are visualised in this manner. Note that all these quadratic forms
correspond to matrices which are rank one. (Cf. the ellipsoids in Fig. 2.)

2.2 Invariants, Traces and Decompositions

By an invariant, we mean a quantity that can be calculated from measurements, and which
is independent of the frame/coordinate system with respect to which the measurements are
performed, despite the fact that components, e.g., W)-kthemselves depend on the coordinate
system. It is this property that makes invariants important, and typically they are formed
via tensor products and contractions, e.g., 77 7%;¢/. Sometimes, the invariants have a direct
geometrical meaning. For instance, for a vector 1/, the most natural invariant is its squared
length Vv, For a tensor 77'jof order (1,1) in three dimensions, viewed as a linear mapping
R3 — R3, the most well known invariants are perhaps the trace 77;and the determinant

det( T"/). The modulus of the determinant gives the volume scaling under the mapping
given by 77; while the trace equals the sum of the eigenvalues. If 77;represents a rotation
matrix, then its trace is 1 + 2 cos ¢, where ¢ is the rotation angle. In general, however,

the interpretation of a given invariant may be obscure. (For an account relevant to image
processing, see e.g., [9]. A different, but relevant, approach in the field of diffusion MRI is
found in [20].)

2.2.1 Natural Traces and Invariants—From (1), and considering the symmetries of
R.pcq two (and only two) natural traces arise. For a tensor of order (1, 1), e.g., R/, it is
natural to consider this as an ordinary matrix, and consequently use stem letters without any
indices at all. To indicate this slight deviation from the standard tensor notation, we denote

e.g., R/ by R. Using [] for the trace, so that [R] = Tr(R) = R, we then have
T.=R.'= Y ROR" =Y RUR") @
=1 =1

and

Math Vis. Author manuscript; available in PMC 2023 May 22.



1duosnuepy Joyiny 1duosnuely Joyiny 1duosnue Joyiny

1duosnuen Joyiny

Herberthson et al.

Page 7

n
Su=R. = Y RIR. @
i=1

Hence, in a Cartesian frame, where the index position is unimportant, we have for the
matrices T =7, S = S,

ij1

n - -

RO QNS SR OF 70
- 3 R 5= 3

To proceed there are two double traces (i.e., contracting R,pqytwice):

T=T'=R = Z RVRY = Z (R (5)
i=1 i=1
and
noac N =)o
S=s/=R" =Y RIRY" = Y [(R")]. ®)

i=1 i=1

In two dimensions, the difference 7,,~Sap is proportional to the metric g5 Namely,

Lemma 1 With T, and Sz given by (3) and (4), it holds that (in two dimensions)

T goq 70
To—Su= Y, det(R )gu.
i=1

Proof By linearity, it is enough to prove the statement when 7= 1, i.e., when the sum
has just one term. Raising the second index, and using components, the statement then

is 7/ — 5/ = det(RM)/. Putting R = 4, we see that 7,/ - 5;/= A[A] - A2 while

det(R )5/ det(A)I, and by the Cayley-Hamilton theorem in two dimensions, A[A] — A2 is
indeed det(A)/. O

From lemma 1, it follows that T — S =2/_ ldet(l_i(i)) > 0. In fact the following inequalities
hold.

Lemma 2 With T and S defined as above, it holds that S< T< 2S. If T = S, all tensors R
have rank 1. If T= 2S5, all tensors RS are isotropic, I.e., proportional to the metric ggp.

=(1)

Proof Again, by linearity it is enough to consider one tensor R*~ = A. In an orthonormal

frame which diagonalises A, we have A = (g 0) (with 2= 0, ¢=0, a+ ¢> 0). Hence
c
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S=a2+02£02+c2+2ac=(a+c)2=T=2(a2+62)—(a—c)2525.

The first inequality becomes equality when ac =0, i.e., when A has rank one. The second
inequality becomes equality when a= ¢, i.e., when Ais isotropic. O

Definition 1 We define the mean rank, r;, by r,;; = 7/5, with 7and Sas above. Hence, in
two dimensions, 1 < 1, < 2.

2.2.2 A Canonical Decomposition—It is customary [3, 7] to decompose a tensor with
the symmetries of R,.yinto a sum where one term is the completely symmetric part:

Reoped = Hoped + Wapea, Where H ey = R(ahcd), W abea = Ravea = Hapea -

It is also customary to split A,y into a trace-free part and ‘trace part’. We start by

defining Hap = Hap, H= H,2and then the trace-free part of H,,: H,, = H,, — %Hg,,b so that

H,=H,+ %Hg,,,,. (These decompositions can be made in any dimension, but the actual

coefficients, e.g., % above and é and % et cetera below depend on the underlying dimension.)

It is straightforward to check that

iy 1 : 3
H ipea = Haped — avHeay + 3 Hguw8eay = Havea — 8avH cay — 3 Hgub8ea

is also trace-free. Hence we have the decomposition

1 i ° 3
Hipea = H apea + arH ey — 3 H guv8eay = H avea + &arH cay + 3 H gav8ea) -

Moreover, due to the symmetry of R4 We find that

1
Hpea = 3 (Rapea + Racsa + Raave)

and therefore that

W abea = % (2Rahcd — Rocpa — Radhz‘) (7)

which implies that H#,, = H,,.“ = %(T,,b +28S)and W, =W, = %(Ta,, — S,

The degres of freedom, which for R4 is Six, is distributed, where R, ~ (Hopets Hops Wasea)
as
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Rupea ~ {Hopeas Hops Wapea} ~ {Hogpots Hopy H W e}
© @ 3 @ @ @ M) ()

For H_p, (or the pair H,, H) this is clear. The total symmetry of H.,. leaves only
five components (in a basis), H,,11, Hyy, His, Hisss, Hans. However, the trace-free
condition H,,,g% =0 imposes three conditions. (In an orthonormal frame, Hym= — Hyy,

Haym = — Hyand Hyyp = — Hyp.) That Wpsghas only one degree of freedom follows from
the following lemma.

Lemma 3 Suppose that Wipey is given by (7), and put Wiy = Wipeag®®. W = Wapg?. Then
(in two dimensions)

w
W apea = e (28as8ca = 8ac8ba — Gad8bc)

Proof By linearity, it is enough to consider the case when R p.0= AzpAcq for some
(symmetric) Az, In terms of eigenvectors (to A%) we can write Ay = axzXp+ BYaVp

where xx@ = Y14 =1, X2 = 0. In particular gz, = XzXp + ¥V From (7) we then get

Wabcd = %(2Rubcd - Racbd - Radbc)

= L QAL — AcAi— AuAL)

8
= L @(axx, + By)axx, + fry) ©

— (ax.x. + py.y)ax,x, + By,y.)
— (ax.x, + By.y)ax.x. + By,y.) -

Expanding the parentheses, the components X xpXxxyand y.ysyVyVvanish, leaving

a

?ﬁ(Zxaxbycyd + 2V Y XXd — XX V3V
= VIVXXa = XaXayYe = VaVaXoXe) 9)
af

=3 (281800 = 8uc8oi — 8ais) »

where the last equality can be seen by inserting g5 = X2xp + V2V (for all indices) and

expanding. Taking one trace, i.e., contracting with g°? gives W, = 2%/7 g and another trace

4ap

gives W = =5 which proves the lemma. O

3 Rabcd @S a Quadratic Form on R?

Through the orthonormal basis for the space of symmetric two-tensors (in two dimensions)
given by (2), the tensor R,y Viewed as a quadratic form can be represented by a 3 x
3-matrix. Here, we will restrict ourselves to an orthonormal basis for V{4, namely the basis
{ely, ei7, el from Sect. 2.1.3, defined in terms of the orthonormal basis [£2, 77} for VE. Thus,
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given Rapeq We associate the symmetric matrix Mj; where (the choice of an orthonormal
basis justifies the mismatch of the indices /, /)

My, = R 4O, 1<i, j<3.

It is instructive to see how the various derived tensors show up in Mj;. In terms of the basis
(2) itiis natural to look at the various parts of Mj;as follows

X X|x AlD
M, = xxxi_t . (10)
x X|X via

This splitting is natural for reasons which will become apparent in the next sections. Note,
however, that with this representation it is tempting to consider coordinate changes in R?,
which is not natural in this case. Rather, of interest is the change of basis in \#and the
related /nduced change of coordinates in the representation (10). See Sect. 3.2.

3.1 Representation of the Canonically Derived Parts of Rgpcq

It is helpful to see how the components of the various tensors 74, Sap, 7, S, Hopsy Hi H

and Wshow up as components of Mj;. As for H., e.g. T, denotes the trace-free part of 7.
Immediate is Mas:

“ 1. 1 1
My = R el (@) = SR g8 = 5T.g = 5T a7
Similarly, for /=1, 2 we have
M. = L R” e(')gcd = LTabem = Lj’"abe‘” (12)
i3 = cd“ab. - ab — absy
) ) )

where the last equality follows form the trace-freeness of ¢{; and . This means that
the components of T, (properly rescaled) goes into Mj;as the components of & (and )
in (10). The same holds for S, and Hy, as S, = Ta, by Lemma 1, which then implies

that also H,, = T,, = S.,. This latter relation follows from the trace-free part of the relation

H, = %(T,m +25,,). Hence

, (13)
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- - -

where T = S = H encodes the two degrees of freedom in T,, = S,, = H.,,. The matrix A is
decomposed as A = %I + A where /is the (2 x 2) identity matrix and A is trace-free part of

A. In particular, [A] = o.

To investigate [Mj] = Myy + My, + Mag, i.e., the trace of Mj;we note that for a

. . b - .
general symmetric matrix R, = (: c) we have R e = “ﬁc, Rje? = %, Ryl = ”\7;. When
Mijis constructed from RgpcyWhich is an outer product R pRcqthe trace is given by

My + M, + My = (%)2 + (%)2 + ("\75"’)2 = a2 + 26> + 2 and from (6) this is S. Together

with linearity, this shows that [M] = My + Myy + M3z = Salso when Rgpqzis formed as in
(1). Taking trace in (13), this gives

- 1
S=o+§T, i.e., o-=S—§T.
In addition, the relations below Eq. (7) show that
H:%(T+2S) T=H+W .
) ie., S=H 1W sothato-=§H—W.
W=3(T-S5) -T2

The two degres of freedom in A corresponds to the two degrees of freedom in Hopa.

3.2 The Behaviour of Mj; Under a Rotation of the Coordinate System in V@

The components of Mj;are expressed in terms of the orthonormal basis tensors given by (2),
and these in turn are based on the ON basis {&, 7} for V. Putting the basis vectors in a row

matrix (£ 7) and the coordinates in a column matrix ('f) so that a vector u = &£ + jj = (& f;)(g)
n n

and considering only orthonormal frames, the relevant change of basis is given by a rotation
cosv —sinv

matrix Q(v) = Q, = ( ) i.e., we consider the change of basis

sinv cosv

~ PN ~ . [cosv —sinv PR
Ei—(E7)=¢ n)( ]=<¢ 7 ow).

sinv cosv

This means that for a vector u = (Z? ﬁ)(f) = (¢ ﬁ)(f), the coordinates transform as
7 Ul

(- off-tffof]

For the components of the basis vectors e, e, 5 we find (omitting the factor 1 / /2)
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10 cosv sinv){l 0 \fcosv —sinv cos2v —sin2v
—_ =
0 -1 —sinv cosv)\0 —1/\sinv coswv —sin2v — cos2v
1
N
0

0 cosv sinv\(0 1\{cosv —sinv sin2v cos2v
. . = . (14)
1 —sinv cosv/\1 O)\sinv cosv cos2v — sin2v
10 cosv sinv\(1 O)\(cosv —sinv 10
—_ =
01 —sinv cosv)\0 1){sinv cosv 01/

and this means that the components Aj;transform as

Alv — 0,,A Q,,| Q5,0
M, = » - M, = » . (15)
a U0, a
But this latter expression is just
0,[0)(45)(Q.[0
o |1\ |a)| 0" 1)

hence we have the following important remark/observation:

Remark 1 Viewing the matrix Mj;as an ellipsoid in R3, the effect of a rotation by an angle v
in V2 corresponds to a rotation of the ellipsoid by an angle 2varound the z-axis in R> (where
the zaxis corresponds to the ‘isotropic direction’ given by gzp).

4 The Equivalence Problem for Rypcqg

The equivalence problem for /4. can be formulated in different ways (for an account

in three dimensions, we refer to [3]). Given two tensors Rzyand R.,., both with the
symmetries implied by (1), the question whether they are the same or not is straightforward
as one can compare the components in any basis. However, Rap.yand R.,., could live in
different (but isomorphic) vector spaces, e.g. two tangent spaces at different points, and the
concept of equality becomes less clear. On the other hand, in terms of components £
and R, one could ask whether there is a change of coordinates which takes one set of
components into the other. If so, one can find a (invertible) matrix P"jso that

Rijit = RooyP™:P", PO PP,

and the tensors are then said to be equivalent. As already mentioned, it is convenient to
restrict the coordinate systems to orthonormal coordinates. This means that two different
coordinate systems differ only by their orientation, i.e., the change of coordinates are given
by a rotation matrix Q € SO(2). Under the ‘Cartesian convention’ that all indices are written
as subscripts, Rac0and R, are equivalent if there is a matrix Q € SO(2) so that (their
Cartesian components satisfy)
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Ri‘;kl = Rmm)meiQn/QakaI-

4.1 Different Ways to Characterize the Equivalence of Rypcq and Ra,,cd

In this section, we will discuss three ways to determine whether two tensors Rgpqyand R,
are equivalent or not. In Sects. 4.1.1 and 4.1.2 we present two such methods briefly, while
Sect. 4.1.3, which is more complete, contains the main result of this work.

As mentioned in Sect. 1.1, the results of Sects. 4.1.1 and 4.1.2, which may be used in their
own rights, rely on particular choices of basis matrices for V/{,. The formulation in Sect.
4.1.3 on the other hand, is expressed in the components of R,y (in any coordinate system)
directly.

4.1.1 Orientation of the Ellipsoid in R3—A necessary condition for R,,.yand R,
to be equivalent is that their corresponding 3 x 3-matrices Mj;and M ,, have the same
eigenvalues. On the other hand, this is not sufficient since the representation in R> should
reflect the freedom in rotating the coordinate system in V¢ ~ R2. With the coordinates
adopted, this corresponds to a rotation of the associated ellipsoid around the z-axis in

R> (see Remark 1 in Sect. 3.2). This is illustrated in Fig. 2 where three ellipsoids, all
representing positive definite symmetric mappings having identical eigenvalues, are shown.
The two first ellipsoids can be rotated into each other by a rotation around the zaxis. This
implies that the corresponding tensors R,pcyand R... are equivalent. The third ellipsoid can
also be rotated into the two others, but these rotations are around directions other than the
z-axis, which means that this ellipsoid represents a different tensor.

In the generic case, with all eigenvalues different, it is easy to test whether two different
ellipsoids can be transfered into each other through a rotation around the zaxis. This will
be the case if the corresponding eigenvectors (of A;;and M) have the same angle with
the zaxis. Hence it is just a matter of checking the z-components of the three normalized
eigenvectors and see if they are equal up to sign.

4.1.2 Components in a Canonical Coordinate System—In a sense, this is the
most straightforward method. In a coordinate system which respects ¢ as the z-axis in

Vi ~ R, tWO tensors Rypezand R, are equivalent if there is a rotation matrix (in two

dimensions) @such that

— -
A ‘ T| |0'A0|0'T
— =l - (16)
-1 - ~
T! 5T T10 %T
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- -
Hence, equivalence can be easily tested by first checking that 7 = T and that || T'|| = || T|.
—
If this is the case, (and if || T|| > 0) one determines the rotation matrix Q which gives
- - - -

T = O'T, and equivalence is then determined by if 4 = Q"AQ or not. If | T|| = || T|| = 0, the
equivalence of A and A can be determined directly, i.e., by checking whether [A] = [A] and

[42] = [A%] or not.

4.1.3 Equivalence Through (algebraic) Invariants of Rg,cq—If a solution is
found, this is perhaps the most satisfactory way to establish equivalence, in particular if the
invariants are constructed by simple algebraic operations only. (For instance, to a symmetric
3 x 3-matrix A one can take the three eigenvalues as invariants or else for instance the traces
of A, A% and A3. The former set requires some calculations, but the latter is immediate.)

Examples of invariants are 7= Rupe0?0°, S = Rapeag®gP? and the invariants H= Hgpg,
W= W,pg?°. To produce the invariants, we use the tensor R;.yand the metric g, However,
if we regard V¢ ~ RZ as oriented, so that the orthonormal basis (&,7} for VAalso is oriented,
then invariants can also be formed in another way. Namely, since the space of symmetric 2 x
2 matrices is 3-dimensional, and since the metric g, singles out a 1-dimensional subspace,
it also determines a 2-dimensional subspace L; all elements orthogonal to g, This subspace
is the set of all symmetric 2 x 2 matrices which are also trace-free. L can be given an
orientation through an area form, which in turn inherits the orientation from V£,

In general, with right-handed Cartesian coordinates x, x2, the area form e is given by e =
axt A dx® where (w A i) 5= wallp — wplz With the orthonormal basis {£,7} (for V4) also
right handed, we define, cf. (2),

(l)

~ 1 2~ A2
€y = \/—(é gb n.n,). e,(j,) = ﬁ(éanb +n8,). (17)

The area form on L is then e~ &b A d2), or

a1 @2 2) (1)
e~ E,u=epeq —eney . (18)

It is not hard to see that this definition is independent of the orientation of (&7}

We observe that 2E,,., = (€, — A,A)ER, + 1.&) — €A, + 1.E)EE, — AA,). By replacing & by
® =cosvE+sinvfand f by fi = — sinv&+ cos v, i.e., a rotated orthonormal basis, it is
straightforward to check that

(@0, = K@, + B®,) — (1, + L0,) (06, — 1L,

= G2 - n)ER, + 1) — G, + NE)EE, - if) )

so that Egpcyis well defined. We recollect that area form £y is defined, through the
induced metric, on the plane L (which in turn is also defined through the metric g,z) and the
orientation on V& Hence £,y Can be used when forming invariants.
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We will now state the result of this work, namely the existence of six invariants which can be
used to investigate equivalence of two tensors Rpcyand R,,... We start by defining

S = Rabctlgacgbd

T = Ryg®g*

Jo= RabcdRade (20)
J, =TT,

J. = Ry 7T
J,=TR,.E“T,, .

where £,.41s defined by (17) and (18). Similarly, we define S, T, J,, J,, 7, and J, as

the corresponding invariants formed from R,,... We make the remark that for most of these
invariants, their immediate interpretations still remain to be found. Rather, their value lie in
the fact that they form a set which can be used to establish the equivalence in Theorem 1
below. On the other hand, some interpretations are possible. In particular, the quotient 7/S
(see Definition 1) lies in the interval [1, 2] and has the meaning given by Lemma 2.

Theorem 1 Suppose that R... = Y, RuR:, with R, > 0 and that Ry are the components of
Raped i Some basis. Suppose also that R,,., = ¥"_ R,R.,, with R, > 0 and that R,,,, are the
components of R.,., in some, possibly unrelated, basis. If (and only if) S =5, T =T, J,= J,,

Ji=17T,, J,= T, Jy= J, then there is a transformation matrix P"/- such that

Riju = ﬁmnameiPanOka,.

Proof Since the invariants are defined without reference to any basis, it is sufficient to
consider the components expressed in an orthonormal frame, and in that case we must prove
the existence of a rotation matrix Q € SO(2) so that

Rijkl = EmnomeiQn/Qaka['

Since
Ry =M rjez(zib)ec(gi (21)
we can consider the invariants formed from the components of

Alu
M, =

ij —t
u,|c

u|c

—  [Ala
andM,,-z(ﬂ ) (22)

and we must demonstrate the existence of a rotation matrix Q= @ such that

A=0,AQ,, i=Q.i, C=c. @3)

We make the ansatz
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(24)

Through (21) it is straightforward to see that

S=0+c, T=2c JU=2(a2+b2)+c2+62/2+2(x2+y2),
I =22+ x2+ 2

S0ifS=8T=T, J,=TF, J,=7, itfollowsthat o =&, c =7, a2 + b*> = 3>+ b and

x2+ )2 = 5%+ 57 Since the isotropic part of A, i.e., %1 is unaffected by a rotation of the

a

) . b\ ~ (a b )
coordinate system, we consider the traceless parts A = (Z ) A= (i ) and the task is to
b —

assert a rotation matrix @ such that
a b _ 1
%)<

if also J, = J,, J; = J5. Again it is straightforward to calculate the remaining invariants, and
we find

S
|
2 T
Q
P
= =
<=
1]
QQN
<l X

J, =4bxy + 2a(x2 - y2) 1283+ (4ec+ 6)()(2 + y2)
J3 =4daxy — 2[)()c2 — y2) .

and similarly for 7,, 7. Hence, (since 6 = &, ¢ = ¢)

2= +b"

2+ =5 +5°

2_ 2 Py L w2 52
2bxy + a(x“—y“) =2bXy +a(x" —y°)
2axy — b(x% — y*) = 2aXy — 5(552 - 572) .

(25)

Suppose first that x2 + )2 > 0. The equality x2 + )2 = ¥~ + 7 then guarantees the existence
of the rotation matrix @ which is determined via the relation (x) = Qt(f). This can also
Y y

be expressed as Q;(x) = Q;(f) for some rotation matrices @y, &, where Q = Q,0}. We now

y y
choose the rotation matrix @y so that in the untilded coordinates, = 0. Similarly we choose
- so that for the tilded coordinates, we get a frame where 3 = 0. The equalities between the
invariants in (25) then become
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2

so that a = @, b = b. This proves the theorem when x2 + J2 > 0. When x2 + 2 = ¥% + 52 = 0,

A —_ _~ - . . - ~ . . . .
i.e, x=y=X% =75 =0, the remaining equality a2 + b> =G>+ b is sufficient since we can

again choose frames in which b=5 =0and a > 0, @ > 0. It then follows that « = 7. O

5. Discussion

In this work, we started with a family of symmetric positive (semi-)definite tensors in two
dimensions and considered its variance. This lead us to a fourth order tensor R,-gwith the
same symmetries as the elasticity tensor in continuum mechanics. After listing a number

of possible issues to address, we focused on the equivalence problem. Namely, given the
components of two such tensors R,yand R...., how can one determine if they represent the
same tensor (but in different coordinate systems) or not? In Sect. 4, we saw that this could be
investigated in different ways. The result of Theorem 1 is most satisfactory in the sense that
it is expressible in terms of the components of the fourth order tensors directly.

There are two natural extensions and/or ways to continue this work. The first is to apply

the result to realistic families of e.g., diffusion tensors in two dimensions. The objective is
then, apart from establishing possible equivalences, to investigate the geometric meaning of
the invariants. The other natural continuation is to investigate the corresponding problem in
three dimensions. The degrees of freedom of R,y Will then increase from 6 to 21, leaving
us with a substantially harder, but also perhaps more interesting, problem.
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Fig. 1.

Le?ft: the symmetric matrices iy, e, e (red) and el + el e + 5 (blue) as vectors in

R3. The positive semi-definite matrices correspond to vectors which are inside/above the
indicated cone (including the boundary). Right: the fourth order tensors (e!} + e5) (el + et
and (e} + e3)(el + €) depicted in blue, and efe) shown in red are viewed as quadratic
forms and illustrated as ellipsoids (made a bit “fatter’ than they should be for the sake of
clarity)
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Fig. 2.

Three identical (truncated) ellipsoids in R with different orientations. The two leftmost
ellipsoids can be carried over to each other through a rotation around the (vertical in the
figure) zaxis, which implies that they represent the same tensor R,.» (up to the meaning
discussed). The right ellipsoid, despite identical eigenvalues with the two others, represent
a different tensor since the rotation which carries this ellipsoid to any of the others is not
around the z-axis
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