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Abstract

X-ray fluorescence emission tomography (XFET) is an emerging imaging modality that images
the spatial distribution of metal without requiring biochemical modification or radioactivity.

This work investigates the joint estimation of metal and attenuation maps with a pencil-beam
XFET system that allows for direct metal measurement in the absence of attenuation. Using
singular value decomposition on a simplified imaging model, we show that reconstructing metal
and attenuation voxels far from the detector is an ill-conditioned problem. Using simulated

data, we develop and compare two image reconstruction methods for joint estimation. The first
method alternates between updating the attenuation map with a separable paraboloidal surrogates
algorithm and updating the metal map with a closed-form solution. The second method performs
simultaneous joint estimation with conjugate gradients based on a linearized imaging model. The
alternating approach outperforms the linearized approach for iron and gold numerical phantom
reconstructions. Reconstructing an (8 cm)2 object containing gold concentrations of 5 mg/cm?3
and an unknown beam attenuation map using the alternating approach yields an accurate gold
map (NRMSE = 0.19) and attenuation map (NRMSE = 0.14). This simulation demonstrates an
accurate joint reconstruction of metal and attenuation maps, from emission data, without previous
knowledge of any attenuation map.
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. INTRODUCTION

X-ray fluorescence tomography is an emerging class of imaging modalities used to
image the spatial distribution of trace metals [1]-[4], especially high-Z metals with
theranostic and biomedical applications. Platinum-based chemotherapy agents like Cisplatin
are used in cancer therapy [5], and gold nanoparticles are currently under investigation
for photothermal ablation therapy of superficial cancer [6], as well as for metal-mediated
radiation therapy due to their radiosensitization properties [7], [8]. Imaging the spatial
distribution of other lower-Z metal is of interest in earth, material, and life sciences.
Although conceptually similar to emission tomography, X-ray fluorescence tomography
does not rely on radioactivity of a tracer molecule. Rather, an external X-ray source
stimulates metal atoms to emit characteristic X-rays, which are then imaged by energy-
sensitive detectors.

We distinguish between two major approaches to metal mapping: X-ray fluorescence
computedtomography (XFCT), and X-ray fluorescence emissiontomography (XFET).
XFCT is an emerging modality that uses a pencil beam of X-rays to stimulate fluorescence
in a material [2], [9], [10]. Those rays are detected by a non-imaging energy-sensitive
detector placed perpendicularly to the sample. In the absence of attenuation, the
measurement gives a line integral through the metal density map of the material. XFCT
uses first-generation CT acquisition, scanning the pencil beam and rotating the sample

at each position to obtain a complete sinogram, which must be reconstructed to obtain

an image. In contrast, XFET utilizes a slit geometry seen in Figure 1. The object is
translated perpendicularly through the beam without rotation, and metal atoms along the
illuminating beam will emit fluorescence isotropically. The slit encodes position information
by allowing a column of pixels within the position-sensitive detector to detect fluorescence
only from a specific axial segment of the beam. With this geometry, XFET allows for

direct measurement of the metal without the need for tomographic image reconstruction,
reducing noise amplification, albeit with loss of geometric efficiency. Although several
XFCT geometries have been explored [1], [4], [9], to our knowledge, our group is the first
to consider a dose-efficient pencil beam and slit aperture geometry for the direct imaging of
metal and estimation of attenuation correction.

Because in the absence of attenuation XFET is a direct imaging modality with a closed-form
solution, in the presence of attenuation, emission data alone can potentially be used to
reconstruct the attenuation map. In this paper, we aim to build an algorithm for XFET that
simultaneously estimates the metal density map and the attenuation map at the fluorescent
energy, without transmission measurements or previous knowledge of an attenuation map at
any energy. Reconstructing accurate metal density maps is the primary aim of XFET; we

are interested in obtaining only the attenuation information needed to reconstruct accurate
metal densities. Therefore, the attenuation map can be viewed as a nuisance parameter: a
parameter not of immediate interest, but that must be estimated to analyze the parameter of
primary interest.

Although the attenuation map is a nuisance parameter, correcting for attenuation is critical
to obtain accurate metal density maps in both XFET and XFCT, especially for high
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metal densities that cause significant self-absorption. At least two attenuation maps are
needed for attenuation correction: one at the beam energy and one at the energy of the
emitted fluorescent rays. If there are many elements being imaged simultaneously, there are
potentially many attenuation maps that are needed at various fluorescent X-ray energies.
Although XFCT allows for reconstruction of the beam attenuation map through the use

of simultaneous transmission measurement, it is tedious and difficult to obtain attenuation
maps at the characteristic X-ray energies. Previous attempts at image reconstruction in
XFCT without pre-measured fluorescent attenuation maps include correcting for uniform
attenuation of known materials [9]-[11], using transmission information to correct for
self-absorption [12], using iterative algorithms [13]-[15], and expressing the unknown
attenuation map in terms of known quantities and the unknown element densities [16].
Similar problems arise in emission tomography, and in time-of-flight positron emission
tomography (PET), attenuation sinograms can only be determined up to a constant [17].
Previous attempts at reconstructing attenuation maps with emission data include using
iterative methods [18]-[21], approaches based on consistency conditions [22]-[24], and an
inverted Radon transform followed by iterative refinement [25]. In PET joint estimation,
several approaches have been developed to overcome the scale problem, including the use
of information from scatter coincidences [26], [27], MR-based priors [28] and transmission
sources [29].

In our previous work, we showed that an alternating approach that makes use of separable
paraboloidal surrogates to update the attenuation map outperforms filtered backprojection
(FBP) in XFCT image reconstruction [30]. However, the present work includes the first
alternating approach to incorporate a closed-form solution for the metal density map. The
use of a closed-form solution in this work incorporates a direct solution to half of the
reconstruction problem and decreases computation time.

As discussed above, XFCT attenuation correction is an ongoing research problem with
no single conventional approach. One of the iterative methods to correct for attenuation
and self-absorption is conjugate gradients: Schroer used conjugate gradients for XFCT
image reconstruction [13], and Shi et al. examined a nonlinear conjugate gradients

with regularization and found that it outperformed both maximum likelihood expectation
maximization (MLEM) and FBP algorithms [31]. Therefore, the comparison of our novel
alternating approach to conjugate gradients adds a relevant and valuable comparison to
XFCT attenuation correction and image reconstruction literature.

In the XFET geometry, one or more pixelated detectors are placed parallel to the beam.
During measurement, fluorescent emissions probe a variety of line integrals through the
attenuation map, as visualized in Figure 2, where metal along the line of illumination
allows for a large number of attenuation line integrals to be measured. The metal acts as a
X-ray source in an interior-source tomography problem, and its spatial distribution heavily
determines what section of the attenuation map is probed and can be reconstructed. We have
previously shown the proposed pencil-beam geometry to be feasible in imaging element
maps with attenuation corrections obtained through CT transmission scans [32] or through
estimation based on updated element densities [3], but it remains to be seen if accurate
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density and attenuation maps can be reconstructed without previously obtained transmission
measurements.

In this work, we investigate the joint estimation of metal and attenuation maps in pencil-
beam XFET, using a simplified discrete forward model and simulated data, to demonstrate
the feasibility of XFET geometry and the proposed image reconstruction methods. We

first investigate the conditioning of the problem with singular value decomposition (SVD)
analysis of a linearized imaging model. A large condition number (i.e., the ratio of the
largest to smallest singular values) indicates that the problem is ill-conditioned. An ill-
conditioned matrix cannot be inverted easily and requires the use of inverse methods such
as regularized iterative algorithms. To solve the inverse problem, we develop and compare
two iterative image reconstruction methods to jointly estimate metal and attenuation maps:
1) a simultaneous joint estimation with conjugate gradients based on linearization, and 2)
an alternating joint estimation without linearization. We performed reconstructions of metal
density and attenuation maps for two numerical phantoms representing a geological iron
sample and a soft tissue sample with gold. We used qualitative and normalized root mean
squared error (NRMSE) comparisons to evaluate performance of the two algorithms. We
present a final demonstration of the alternating approach for an (8 cm)3 object containing
concentrations of gold as low as 5 mg/cm3, without knowledge of an attenuation map at any
energy.

[I. MetHops

A. Forward model

Figures 3 and 4 display the imaging geometry of XFET. XFET can use one or more
detectors; in this work, we considered a pair of opposing detectors placed on either side of
the object. First, the monochromatic X-ray pencil beam of photon flux I, and area A, travels
through the object with a beam attenuation map u(E»). Here, the discrete attenuation map
vector u(E») € RV, where N is the number of attenuation voxels, contains elements of linear
attenuation coefficients, x."”, for each object voxel indexed by k. X-rays of energy E, will
interact with metal of density £, primarily through photoelectric interactions. Isotropically
emitted fluorescent photons with energy E; travel through the attenuation map at their

energy, u(Er) € RN, and are measured at one or more opposing energy-sensitive detector
planes behind central slits. The presence of the slit for a fixed pencil beam location encodes
spatial information: a given column of pixels on the detector receives photons from a
specific axial segment of the pencil beam of length 4,. The slit also limits the angular range
for measurement and therefore limits Compton scatter contamination. For simplicity of the
model, we choose 4, to be equal to 4,, and slit width to be half the object voxel width,

to allow for a 1:1 mapping between each object voxel and detector column. The object is
translated perpendicularly through the fixed X-ray pencil beam to acquire data for the entire
object.

The fluorescence from object voxel i measured at detector j, p,, can be modeled as
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R, is the distance from the object voxel i to detector pixel j. The cubing of this distance

dl; % p, is the area of detector pixel j. t is

1

incorporates 1/r2 falloff and the obliquity factor,

the exposure time, and

§ = %(Es)éKCOKVK (2

is the product of %(EB), the photoelectric cross section at the beam energy Ej; &, the

probability that the photoelectric interaction will occur within the K shell; wy, the fluorescent
yield of the K shell; and v, the branching ratio of the K, line. The factor exp(— Y, L[/k/,{,((EF))

describes attenuation of the fluorescent rays, where L., denotes the intersection length of
the line connecting object voxel i to detector pixel j with the pixel k. The attenuation of the

(Ep)

X-ray beam is accounted for in the term (— >k Lty ) where L, denotes the intersection

length of the line connecting the object face (where the beam is incident on the object for
voxel i) and voxel i with voxel k of u(Es).

We can combine some known terms of (1) into a single term, ¢, = (d‘;d” I,A,Dydyst, Which

ij

leads to the forward model

(E
P = ql/fiexp(_ Z Lijpy ’
k

) exp(— > L,-’kuiE”)) : ®
k

This equation represents fluorescent measurements, p € RM™N (where M is the number
of detector pixels) in terms of the unknown metal density map f € R" and unknown
attenuation maps u(E%) and p(E»),

B. Linearization and singular value decomposition

The forward model in (1) can also be reformulated by defining two new unitless terms,

: d+d k
q; = %I oA Dyt exp(— ; LWMLEB))’ Q)

ij

and
n=dsf, (5)

such that (1) becomes
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/ (Ep)
P = qijniexp(_ Z Lijp, F) . (6)
k

Both sides of (6) can be divided by g, and if n, # 0 V i, this new forward model can be
linearized,

1

ln(p—f’) =1In(n) — ; L, . @

Then, defining y, = ln(%

1]

) and g = In(n,), (7) becomes

Vi =8 — Z Ljty - 6)
k

In order to reexpress (8) as a matrix vector equation, we introduce data vector y € RVM
with elements y,, where m = i N + j. Likewise, we introduce a matrix L of size NM x N with
elements L,,. g has no j dependence, so a repetition matrix R is introduced, also of size

NM X N,
700 - 0
0r,0 - 0
R=[00r - 0], ©)
000 - r,

where r, isa M x 1 vector of ones. When N x 1 vector g is multiplied by R, the resulting
vector will be the same dimension as y, with repeated values of In(r,) for every j. The vector
q' € RMN containing elements g, incorporates the term L, which becomes extended in a

similar way as g. (8) can now be rewritten in matrix notation as

where g € R is a vector that includes linearized metal densities, and u € RY is a vector
of attenuation coefficients, both indexed lexicographically. To avoid scale-variance in the
imaging model, we normalize L by voxel size, L., and define y’ = uL,,,, such that (10)

becomes
L ,
y=Rg-7 H @
This can be written as
y = Ax, (12)
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L

where the block matrix A = [R | -7—

], with 4 € RVM X 2N combines the repetition matrix

RZN

and the matrix of normalized intersection lengths, and x is a vector concatenating

!
”/
To gain insight into estimability of the metal densities and attenuation map, we began our
investigation of the inverse problem by performing SVD on the linearized imaging system A
for a toy 5x5 object with one detector on the left-hand side of the object. Object size impacts

the dimensions of A; however, the SVD of 4 is general for any 5x5 object (i.e., the presence
of a null space revealed by the SVD will be characteristic of any object transformed by A).

terms that contain all unknown metal densities and attenuation coefficients: x =

The decomposition 4 = UD(/Z)V'T gave the left and right singular vectors (columns of U
and Vv, respectively) and their corresponding singular values, 1. We examined right singular
vectors for patterns that indicate estimability, and singular values were plotted to examine
the presence of a null space and ill-posedness. Before examination, right singular vectors
corresponding to the density mapping were exponentiated, to bring them from linearized
space to object space.

C. Inverse model algorithms

In the absence of attenuation, a column of detector measurements can be averaged to obtain
one fluorescent measurement per object voxel, which gives a direct measurement of metal in
the object without tomographic image reconstruction. The estimates from multiple detectors
can be averaged to improve noise and perhaps reduce the effect of attenuation. However, this
approach will underestimate the metal density of an attenuating object. Therefore, we use
the mean of opposing views as a point of comparison for our more complete joint estimation
algorithms, discussed in this section.

This section first considers reconstruction in the case of a known beam and fluorescent
attenuation map. We then consider the case of an unknown fluorescent attenuation map and
a known beam attenuation map, and finally consider a case in which neither map is known.

1) Known beam and fluorescence attenuation maps: If both the attenuation map
at the beam energy and fluorescent energy are known, there is a closed-form solution for
the metal densities. First, the known term g, in (3) can be combined with the known beam
attenuation factor to form a new known term,

(13)

g o (Ep)
q; = qrjexp(_ Z L:kﬂk ’ .
k
(3) becomes:
g (Ep)
b= qufzexp(_ z Lijk,uk F) . (14)
k

Assuming that p, are Poisson random variables, this model will have a Poisson likelihood
function,
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quf ,CXP(— Z Lukﬂk)
k

Lp: fow = Z{puln

i,J

(15)
_(qu iexp(_ Z Lukﬂk) s
k

where p is shorthand for u(E¥), £ is the metal density map, and p is the vector of
measurements. In Appendix A, we take the derivative of the Poisson likelihood function
and reveal a closed-form solution for the metal densities,

~ p1

fi= 20, (16)

Zj q,;exp(— Zk Lijkl’lk) .

This result states that to obtain the maximum likelihood estimate for the metal map in (16),
columns of detector pixels should be summed and divided by the column sum of their
associated attenuation factors, exp(— X ;. L), multiplied by the known term g;,.

2) Known beam attenuation map, unknown fluorescence attenuation

map: For the case of a known attenuation map at the beam energy, which can be obtained
through previous transmission measurements, we develop and compare two iterative
algorithms to jointly estimate the metal map f and the fluorescent attenuation map p.

a) Linearized conjugate gradients approach: For the linearized imaging model
developed in (12), we choose the likelihood function &(x; y) to be a least squares objective
function, and the total objective function as

d(x;y) = L(x;y) +yxTx

7)
=(y—Ax) (y— Ax) + yxTx,

where y is the regularization parameter associated with Tikhonov regularization. Tikhonov
regularization was used to aid in the reconstruction of this ill-conditioned problem. We
chose to minimize this objective function with conjugate gradients. First, we constructed
avector I' € R?N that contained elements equal to y, so that the regularization term could
be applied to the attenuation portion of x alone. Because conjugate gradients relies on

a symmetric imaging matrix and because we applied Tikhonov regularization, we define
H=ATA+1Trand y = ATy for use as the system matrix and data vector, respectively, in
the conjugate gradients algorithm.

b) Non-linear alternating approach: The second image reconstruction method avoids
linearization and alternates between updating 1) the attenuation map at the fluorescence
energy with a separable paraboloidal surrogates (SPS) algorithm, and 2) the metal map
with the closed form solution of (16). This alternating approach monotonically increases
the objective function, which is the Poisson likelihood function with an additional quadratic
roughness penalty function weighted by roughness parameter g,
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¢(:f, )= Y. {p,In

m

el 50
k

_q/”nfmexp(_ Z Lmkﬂk)
k

1 2

_pz Ew,( Z c,kyk) )
r k

(18) uses the combined index m = i N + j. Remaining terms used in (18) are defined in

(18)

Appendix B. The alternating approach begins with an initial estimate of the density map f(o)
equaling the mean of opposing views, and a constant fluorescence attenuation map u© =0
for the first iteration. It also assumes a known beam attenuation map, incorporated into term
g, While holding the current estimate of f fixed, the attenuation map at the fluorescent
energy is updated with (19), which is the SPS algorithm derived in Fessler [37] with a
roughness penalty,

5 L ferpl= Ty L)
N 2:’/1 ! L.L.c; + /32:: 1 |C,klc,w,
- Zmy Lmkpm - ﬁz:(: 1 Crkwrzlljn =1 ck”rﬂ[(::))

(n+1) _ (n)

M [Hk +

(19)

S LuLc? + BY5 ledew,

The [], enforces non-negativity. All remaining variables used in (19) are defined in
Appendix B.

Holding x* D fixed, the closed-form solution found in (16) can be used to update the
metal density map. Rewriting (16) for clarity with original indices i and j, the metal densities
will be updated with

An+1) — iji/
‘ Zj q[,exp(— 2k L:/k:“/in " ”) .

(20)

The metal density elements 7, in (20) become £, in (19) by the index transformation
m = iN + j. In each iteration of this algorithm, (19) and (20) are alternated.

3) Unknown beam and fluorescence attenuation maps: For an unknown beam
and fluorescent attenuation map, the twostep alternating approach can still be employed for
the gold object: for a pencil beam energy at the K-edge of the metal, Figure 5 shows that z"”

is related approximately to " by a simple linear transformation,
w by + a, (1)

for gold concentrations between 0 and 2% by weight in soft tissue. a and » are constants that

(Ep)

are known a priori for a given beam energy. Using (21), ¢, = qmexp(— >k Loty ) becomes
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4, = q,exp 22)

- % cufoul" 4|

When the beam attenuation map is unknown, we first assume a known density map and
constant fluorescent attenuation map. Then, (19) and (20) are alternated to update the
attenuation map and density map respectively, using (22) for g, terms everywhere they
appear (see Appendix B).

When transmission measurements are available, it is simple to acquire a beam attenuation
map and use (21) to solve for a fluorescent attenuation map. However our ultimate aim is
to build an algorithm that jointly estimates the metal and attenuation maps without previous
knowledge of attenuation maps at any energy, to save time and dose.

D. Gold and iron phantoms

Two 20%20x20 numerical phantoms were constructed. The first was a 4 um voxel size iron
phantom with densities of 0.01, 0.70, and 1.05 g/cm? in a background of a carbon, oxygen,
and silicon mixture, meant to represent a geological sample. The second was a 4 mm voxel
size gold phantom with densities of 0.0005, 0.0050, and 0.0220 g/cm3 in a soft tissue
background, meant to resemble a biological sample similar to those used in pre-clinical
imaging. Voxel sizes were chosen to maintain similar relative attenuation levels between
the two phantoms, while keeping both phantoms at size 20 x 20 x 20. The metal map for
the gold object is shown in Figure 6; both iron and gold objects had the same shape, an
adaptation of the phantom considered in Golosio et al. [14], but contained varying levels
of their respective metals. The physical factors in (2) are given in Table I below for both
objects.

We calculated attenuation maps for iron (6.4 keV) and gold (68.8 keV) K., energies. We
constructed additional attenuation maps for the K-edge energies of gold (80.7 keV) and
iron (7.11 keV) to simulate attenuation maps at the pencil beam energy to account for
beam attenuation. We will extend these benchtop monochromatic sources at 80.7 keV and
7.11 keV, respectively, to realistic, polychromatic sources in future work. In realistic data
collection, the energy of the beam and the fluorescence X-rays are known, allowing for
the linear relationship in (21) to be utilized. We assumed a Poisson noise model when
simulating XFET data for these objects. Compton scatter was considered negligible due
to the combination of using a monochromatic source, energy-sensitive detectors, and the
limited angular range provided by the slit. However we will model Compton scatter in future
investigations.

E. Simulation studies

After simulating data collection with the discrete forward model given in (1), for both iron
and gold numerical phantoms, we reconstructed both objects using the linearized approach
assuming a known beam attenuation map. Reconstructions with conjugate gradients used
250 iterations for both iron and gold objects, and convergence was verified by the magnitude
of the gradient of the objective function, (17), reaching zero within numerical precision. The
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regularization vector I was nonzero only for the attenuation portion of the unknown vector
in conjugate gradients, since empirically, regularization helps stabilize that estimate. We first
empirically optimized y, the elements of I, to 1000 for both phantoms; we minimized this
value while still avoiding the checkerboard effect seen when y was too small. A vector of
ones was the initial estimate for conjugate gradients for both iron and gold, and any negative
values in the final attenuation map reconstructions were clipped and set to zero.

We also reconstructed iron and gold objects using the penalized alternating approach ((19)
and (20)), assuming a known beam attenuation map. Iterations continued until the root mean
square relative change in the density map fell below 5E-4, that is,

zi(fl(nﬂ) _ f:m)Z
>y

< 0.0005. (23)

This criterion resulted in 20 iterations for gold and 91 iterations for iron. We first optimized
B empirically to 1E-6 for iron and 1E-4 for gold. We compared the results from the
alternating approach to the results from the linearized approach. The mean of opposing
views was used as the initial density map estimation, and a vector of zeros was used

as the initial attenuation map estimation for all alternating reconstructions. For the iron
object reconstructed with the alternating approach, we also report attenuation factor maps
consisting of the average attenuation factor, exp(— Y L), seen by all detectors for a given

object voxel.

Finally, we reconstructed the gold object with the alternating approach ((19) and (20)), using
the convergence criterion given in (23), assuming unknown beam and fluorescent attenuation
maps. We first optimized g to 1E-4.

Additional factors in the forward model included the beam photon flux (1018 photons/cm?2s
for iron, 1012 photons/cm?s for gold), beam cross sectional area and detector pixel area
(both (4 um)? for iron, (4 mm)?2 for gold), exposure time (1.0 s for iron, 0.1 s for gold),
fluorescence yield, probability, and other physical parameters outlined in (1). 4, and d, were
set to 80 um, and slit width was 2 um for iron. For gold, 4, and 4, were set to 8 cm, and

slit width was 2 mm. NRMSE between reconstructed and true objects, as well as qualitative
comparisons, were used to evaluate the accuracy of each method. NRMSE was defined to be
the RMSE divided by the mean of the true object.

[Il. ResuLts

A. SVD

Figure 7 displays a representative sample of right singular vectors corresponding to the
density and attenuation maps, reshaped to object space. These singular vectors span the
space of recoverable objects when the data have no noise and we use no priors. Singular
values corresponding to the singular vectors are also displayed. The last 15 singular
values trend downward a few orders of magnitude, indicating poor conditioning and ill-
posedness, but do not reveal a null space for this discreteto-discrete model. The singular
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vectors corresponding to the largest singular values are a uniform density map coupled to
attenuation pixels close to the detector. Singular vectors associated with the smallest singular
values display groupings of metal density and attenuation pixels far from the detector.

B. Comparison of algorithms with known beam attenuation

Figure 8 compares reconstructions of the iron metal map for four slices of the 3D object.
Slices are normal to the illumination beam’s propagation direction. Included in Figure 8 is
the arithmetic mean of the opposing detectors’ views, without beam attenuation correction.
NRMSE values calculated for each reconstruction are listed in Table Il. The penalized
alternating approach outperformed the linearized approach visually and quantitatively for
both the iron and gold objects. The NRMSE values of the iron and gold maps estimated with
the linearized approach were 196% and 438% greater, respectively, than the values obtained
with the alternating approach.

Similarly, Figure 8 compares reconstructions of the attenuation map for the iron object,

for four slices of the 3D object. The alternating approach visually outperformed the
linearized approach, and the linearized approach resulted in NRMSE values 39% and

278% greater than those from the alternating approach for iron and gold, respectively. The
linearized approach generally underestimated the attenuation maps. The attenuation maps
reconstructed with both approaches are oversmoothed and are not as qualitatively accurate as
the reconstructed density maps. However, the attenuation map is a nuisance parameter that
serves only to enable accurate density reconstructions. So while the oversmoothing itself is
not a critical issue, it could cause inaccuracies in the metal density estimate. The attenuation
reconstruction with the alternating approach still provided accurate values for the average
attenuation factors seen by each detector, as evident in the attenuation factor map slices in
Figure 9.

C. Demonstration of alternating approach with unknown beam attenuation and noise

Figure 10 displays the density and attenuation alternating reconstructions of the gold object
with an unknown beam attenuation map. The alternating approach provided accurate metal
densities, resulting in NRMSE values similar to those for the alternating approach with

a known beam attenuation map. The attenuation map was not as visually accurate as

the density map reconstruction, but still provided NRMSE values similar to those for the
alternating approach with a known beam attenuation map.

IV. Discussion ano CoNcLUSIONS

The SVD of the linear imaging model did not reveal a null space for this discrete-to-discrete
model, indicating that we are working in a regime with estimable pixel values. However,

the last 15 singular values trended downward several orders of magnitude, indicating ill-
conditioning of the inverse, with particular difficulty recovering some object vectors. The
singular vectors corresponding to these low values were groupings of metal pixels coupled
with attenuation pixels, both far from the detector. These results indicate that metal and
attenuation pixels far from the detector are least estimable and difficult to reconstruct.
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1duosnuen Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

DeBrosse et al. Page 13

Though the SVD was performed on the linearized imaging model, any null space found
would have characterized a set of indistinguishable objects in our non-linear model.
Analogously, we expect from these SVD results that metal density and attenuation voxels far
from the detector are difficult to reconstruct in both linear and non-linear models.

In addition to the ill-conditioning revealed by the SVD, XFET has another limitation: only
attenuation voxels that lie between a point of fluorescence emission and detection will

be probed and have the potential to be recovered. Therefore, the spatial distribution of
metal heavily impacts what portion of the attenuation map can be recovered. We aim to
systematically study this relationship in future work, and optimize detector position such
that the largest portion of the attenuation map can be reconstructed. Given the SVD results
and this limitation, it is straightforward to recognize the difficulty in recovering the metal
and attenuation maps in XFET. Therefore, it is significant that we are able to jointly and
accurately reconstruct both maps with our newly developed alternating approach.

The alternating approach outperformed the linearized approach for both the iron and gold
objects, evident qualitatively in Figure 8 for the iron object and in calculated NRMSE
values for both iron and gold objects. Furthermore, the attenuation estimate of the linearized
approach produced non-physical negative values, which were clipped in the final step, as
enforcing non-negativity with conjugate gradients is nontrivial. As previously discussed,
attenuation correction is critical to obtain accurate metal maps. However exact attenuation
map accuracy depicted in Figure 8 is desirable but not required: attenuation maps are
nuisance parameters, serving mainly to reconstruct accurate metal density maps. As
evident in the attenuation factor maps for the iron object (Figure 9), the attenuation map
reconstruction still provided accurate values for the average attenuation factor seen by each
detector, which is the critical piece of information needed to reconstruct accurate density
maps. So while the attenuation map itself can be regarded as a nuisance parameter, its
estimation heavily aids the performance of the density reconstruction.

Linearizing the model is not ideal for implementation, as one cannot take the natural log
of an object containing voxels of zero metal. Taking the log transform of the data moves
zeros to — oo, Which could be accounted for by artificially setting those values to very
large negative numbers. However, this numerical manipulation destabilizes the conjugate
gradients algorithm. The alternating approach does not rely on linearizing the imaging
model, which is advantageous, and further emphasizes the superiority of the alternating
approach for image reconstruction in pencil beam XFET.

The reasons for the alternating approach outperforming the linear approach are multi-fold.
First, the two approaches assume different models: the conjugate gradients approach is linear
with a least squares objective function, and the alternating approach is non-linear with a
Poisson likelihood function. These inherent differences lead to a contrast in performance,
especially considering the information lost with linearizing (namely, zeros in the metal
density map). Second, we use different image reconstruction algorithms in each approach.

In the linearized approach, we are not maximizing our knowledge of a priori information, as
some known parameters (s and d,) must be included in the estimated term for mathematical

IEEE Trans Radiat Plasma Med Sci. Author manuscript; available in PMC 2024 February 01.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

DeBrosse et al. Page 14

consistency. The alternating algorithm not only maximizes our knowledge of a priori
information, but also incorporates a direct solution for half the reconstruction problem.

In this model, there is a potential for cross-talk between the metal density and

attenuation map, as these variables are dependent. However, the density map reconstruction
demonstrates stability in the face of error in the attenuation map, as seen by Figure 8. In
our future investigations, we will study the extent of this cross-talk and its impact on the
accuracy of the joint reconstruction.

We also observe that with a known beam attenuation map, most attenuation reconstructions
were qualitatively more accurate towards the axial center of the objects compared to the
outer slices. This is likely because ray paths pass through central object voxels more
frequently than outer ones, providing more information about central voxels. The results
of the SVD also support the explanation that these outer-slice voxels, which are more
distant from the detector, are more difficult to reconstruct. However, if metal were placed
in these outer slices, the number of X-rays passing through outer-slice voxels will increase,
increasing estimability, so long as the fluorescence emitted from those voxels is not fully
attenuated. Furthermore, as long as fluorescence X-rays are not fully attenuated, XFET is
robust to imaging all attenuation structures, and is not limited to imaging geometrically
matched attenuation and metal maps like those included here.

Using the alternating reconstruction approach on a dataset without knowledge of the beam
attenuation map resulted in surprisingly accurate reconstructions. The NRMSE of the
reconstructed attenuation and density maps were similar to the NRMSE values produced

by the alternating approach with a known beam attenuation map. Instead of impairing the
reconstruction, accounting for beam attenuation possibly provides valuable axial information
about the attenuation map at the fluorescent energy, since the two attenuation maps are
coupled in our formulation. By solving for the attenuation map at the beam energy in

every iteration, more information was obtained about the attenuation map at the fluorescent
energy, making the inverse problem better determined.

One limitation of this work was the use of a monochromatic beam and the lack of
consideration of scatter. First, monochromatic beams at lower energies have been used for
XFCT in benchtop settings [3], and we have previously demonstrated the functionality

of this geometry with monochromatic synchroton radiation [32]. Polychromatic beams

at energies necessary to cause K fluorescence in gold will be considered in future
investigations, as these sources may affect our ability to reconstruct the attenuation map
without any priors; this study was an introductory demonstration of the feasibility of our
geometry and image reconstruction methods. Second, when using a monochromatic source,
energy-sensitive detectors, and a slit with limited angular range, scatter should be minimal
for our system. With the transition to polychromatic sources in future work, it will be
necessary to model Compton scatter contamination to ensure its negligibility, especially for
large objects. In preliminary Monte Carlo studies using a 120 kVp polychromatic source
spectrum, we observe that the X-ray fluorescence signal is easily distinguished from the
Compton scatter background. Additionally, in our future simulations, we intend to use
mismatched voxel sizes in the forward and inverse models to better model the continuous-to-
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discrete mapping of a real system. Finally, we recognize that the beam flux used for the iron
object would give prohibitive dose to the object in a medical context, however this object
does not model an organism. Rather, the gold and soft tissue object is more representative of
a phantom that could be used in a clinical context, and the beam flux used for this object was
much lower and would likely not be dose limited. Our preliminary studies show that a beam
flux an order of magnitude lower still provide accurate metal map estimates.

In summary, this work compared two image reconstruction methods: 1) a simultaneous
joint estimation with conjugate gradients based on linearization, and 2) an alternating

joint estimation without linearization. SVD on the linearized imaging model revealed that
reconstructing metal and attenuation voxels far from the detector was an ill-conditioned
problem, and that coefficients closer to the detector were less ill-conditioned and more
easily recovered. Because the alternating approach outperformed the linearized approach
for both iron and gold objects, and because linearizing the data posed additional problems
for implementation, the alternating approach was considered superior for XFET image
reconstruction. Final reconstructions with the alternating approach of a noisy (8 cm)3 object
containing concentrations of gold as low as 5 mg/cm3 resulted in very accurate gold maps,
with NRMSE values on the same order of magnitude as the model that considered a known
beam attenuation map. This simulation demonstrates a successful joint reconstruction of
metal and attenuation maps, using emission data only and without previous knowledge of
the beam or fluorescent attenuation map.
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ArprenDix A

For the non-linearized imaging model, the log likelihood function is the Poisson likelihood
associated with transmission tomography [37],

q;'jf,-'eXP(_ Z Li'jkl’lk)
k

—lI,”//f ,,exp(— Z Li'jkﬂk)
k

where i’ indexes object voxels, j indexes detector pixels, ¢;; are elements of the vector q”,
which is given by (13), and the remaining variables in (24) are defined in Appendix B.
Taking the derivative of & with respect to the density map entries yields

ZL@:t.w =) {pn
iy
(24

>
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. of
It is apparent that = 8., S0 (25) becomes
o0& 1
W = Z & — q,lexp( Z L,,kﬂk) (26)
t

Setting (26) equal to zero, a closed-form solution for the density map is revealed, assuming
the attenuation map is known:

}?‘= i szij ‘
' Zj‘IijeXP(_ZkLijkﬂk)

@7

(27) is the same as (16) and (20), which are used in the alternating approach to update the
metal density map given a current guess of the attenuation map. Alternately, to maximize the
Poisson likelihood in (24) for a fixed density map, the SPS algorithm can be used, which is
described and derived in [37].

Arrenpix B
Summary of all terms in (19):
. f.. = metal density.
. = detected measurements, after reindexing i and detector pixel j index into one

mdex m=iN+j.

. L., = intersection lengths from the intersection of a line traveling from object
pixel i to detector pixel j with the attenuation map g,, after consolidating detector
index j and object pixel i, m = iN + j.

. u, = linear attenuation coefficient. x” is the attenuation estimation for the "
voxel on the »'" iteration.
. p = scalar roughness parameter.

. ¢4 Or ¢, = elements of penalty matrix C, discussed further in [37]. This C only
affected the attenuation map estimation.

. w, = weights for the difference between neighboring pixels in the roughness
penalty. For vertical and horizontal neighbors, w, = 1, for diagonal neighbors,
w, = 1/4/2, and w, = 0 otherwise.
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. _ (n) 2 (1))
_,hO h(1;, )erh(lm I i 1> 0, ' ) o
o = (") . where 4, h and h are derivatives of the
[-A()], I =0.
log likelihood, and given below.
. 19 = ¥ L is the m™ line integral through the attenuation map at the nth
iteration.
. (1) = pmln(q; me—lfn")) - (q,”,, fme"(m")), is the log likelihood for the mt™h measurement.
* A(IY)=q,fe " — p, is the first derivative of the log likelihood.
. A(LY) = —q, f.e~ln"is the second derivative of the log likelihood.
. &= X kCur-
d L,= ZkLmk .
. N, = number of object-detector pixel pairs.
. K = N x number of neighbors considered in the penalty matrix C.
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Fig. 1.
Comparison of XFCT and XFET geometry.

IEEE Trans Radiat Plasma Med Sci. Author manuscript; available in PMC 2024 February 01.

Pixelated Detector

Page 20



1duosnuey Joyiny 1duosnuepy Joyiny 1duosnuepy Joyiny

1duosnuey Joyiny

DeBrosse et al. Page 21

Line of
metal
densities

Pixelated Detector

Fluorescence probes
the attenuation map

Fig. 2.

Example of an object containing a line of metal opposing the detector: measured fluorescent
emissions have probed the attenuation map of the object.
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Fig. 3.
Full three-dimensional pencil beam XFET geometry used in this work, utilizing two
opposing detectors.
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Fig. 4.
Illustration of imaging geometry, showing only one detector in two dimensions, with
definition of notation. Note that the index k' is used in this figure instead of « to distinguish

between attenuation at the beam energy and attenuation at the fluorescence energy.
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Fig. 5.

The attenuation map at the beam energy displays a linear relationship with the attenuation
map at the fluorescent energy for concentrations of gold in soft tissue. The linear fit has a
slope of » = 2.5556 and a y-intercept of a = — 0.3355. (Data source: [38] and [33]).
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Fig. 6.
Gold object. A) volumetric view of gold densities, B) slices of gold density object showing

buried regions of dense gold. The attenuation map is not shown, but resembles the shape of
this object and includes a cubic soft tissue background.
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Fig. 7.
Right singular vectors of the system matrix A for the left detector, corresponding to the

density map and attenuation map, reshaped in object space. Top: Eigenvalues corresponding
to the displayed singular vectors.
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Fig. 8.

A)g. Slices through reconstructed density maps and true iron object. From left to right: true
density map, mean of opposing views without attenuation correction, linearized approach
(250 iterations, 4 = 1000), alternating approach (penalized, 91 iterations, g = 1E - 6). B).
Slices through reconstructed iron attenuation maps and true attenuation map. From left to
right: true attenuation map, linearized approach, alternating approach. From top to bottom:
slice 4 of 20, slice 7 of 20, slice 12 of 20, slice 15 of 20.
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Fig. 9.
Slices through true and estimated average attenuation factor maps. Each displayed voxel
contains the average attenuation factor, exp(— X.x Li«u), Seen by every detector for that

emission voxel. Reconstructions were completed with the penalized alternating approach
(p = 1E - 6, 91 iterations). From top to bottom: slice 4 of 20, slice 7 of 20, slice 12 of 20,
slice 15 of 20.
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Left: Slices through reconstructed gold metal maps and true metal maps. Right: slices
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through reconstructed and true attenuation maps. All reconstructions were completed with
the penalized alternating approach (8 = 1E — 4, 78 iterations). From top to bottom: slice 4 of

20, slice 7 of 20, slice 12 of 20, slice 15 of 20.
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TABLE |

PHYSICAL FACTORS OF (2) FOR IRON AND GOLD OBJECTS

| Iron | Gold

T ) 4059 | 85
S(E)|enm?lg]

& 0.88 | 0.82

wy 036 | 0.96

Vi 0.60 0.50

Data were taken from [33], [34], [35], and [36]
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TABLE Il

NRMSE VALUES FOR IRON AND GOLD DENSITY AND ATTENUATION MAPS, FOR COMPARED RECONSTRUCTION METHODS

NRMSE
Object Linearized | Alternating

Iron model, known beam attenuation
Density Map 0.77 0.26
Attenuation Map 1.04 0.75

Gold model, known beam attenuation
Density Map 0.70 0.13
Attenuation Map 0.68 0.18

Gold object, unknown beam attenuation

Density Map a 0.19
Attenuation Map .a 0.14

a - .
Dashes indicate reconstructions not explored.

1duosnuey Joyiny 1duosnuen Joyiny

1duosnuen Joyiny

IEEE Trans Radiat Plasma Med Sci. Author manuscript; available in PMC 2024 February 01.



	Abstract
	Introduction
	Methods
	Forward model
	Linearization and singular value decomposition
	Inverse model algorithms
	Known beam and fluorescence attenuation maps:
	Known beam attenuation map, unknown fluorescence attenuation map:
	Linearized conjugate gradients approach:
	Non-linear alternating approach:

	Unknown beam and fluorescence attenuation maps:

	Gold and iron phantoms
	Simulation studies

	Results
	SVD
	Comparison of algorithms with known beam attenuation
	Demonstration of alternating approach with unknown beam attenuation and noise

	Discussion and Conclusions
	Appendix A
	Appendix B
	References
	Fig. 1.
	Fig. 2.
	Fig. 3.
	Fig. 4.
	Fig. 5.
	Fig. 6.
	Fig. 7.
	Fig. 8.
	Fig. 9.
	Fig. 10.
	TABLE I
	TABLE II

