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Abstract

We study the nuclear quantum effects (NQE) on the thermodynamic properties of low-density 

amorphous ice (LDA) and hexagonal ice (Ih) at P = 0.1 MPa and T ≥ 25 K. Our results are based 

on path-integral molecular dynamics (PIMD) and classical MD simulations of H2O and D2O using 

the q-TIP4P/F water model. We show that the inclusion of NQE is necessary to reproduce the 

experimental properties of LDA and ice Ih. While MD simulations (no NQE) predict that the 

density ρ(T) of LDA and ice Ih increases monotonically upon cooling, PIMD simulations indicate 

the presence of a density maximum in LDA and ice Ih. MD and PIMD simulations also predict a 

qualitatively different T-dependence for the thermal expansion coefficient αP(T ) and bulk modulus 

B(T) of both LDA and ice Ih. Remarkably, the ρ(T), αP(T ), and B(T) of LDA are practically 

identical to those of ice Ih. The origin of the observed NQE is due to the delocalization of the H 

atoms, which is identical in LDA and ice Ih. H atoms delocalize considerably (over a distance ≈ 
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20−25% of the OH covalent-bond length) and anisotropically (preferentially perpendicular to the 

OH covalent bond), leading to less linear hydrogen bonds HB (larger HOO angles and longer OO 

separations) than observed in classical MD simulations.

Graphical Abstract

1. INTRODUCTION

Water is one of the most important substances on Earth. It plays a central role in numerous 

scientific and engineering applications,1–3 and most biological process in nature occur in 

liquid water. Curiously, water is also one of the most complex substances known. For 

example, there are more than 20 forms of ice4–7 and two different liquid states of water at 

low temperatures.8,9 In the out-of-equilibrium glassy state, water exhibits polyamorphism; 

the two most common forms of glassy water being low-density and high-density amorphous 

ice (LDA and HDA, respectively).10–12 Interestingly, the most common form of water in the 

universe is LDA (more specifically, amorphous solid water, ASW).13–15 In the laboratory, 

LDA can be prepared at P = 0.1 MPa and approximately T < 130 by different routes, 

including hyperquenching the liquid14,16 and by vapor deposition on a cold substrate.17

Most computational studies of water usually focus on the liquid state, with emphasis on 

thermodynamic, dynamic, and/or structural properties. Studies of water at low temperatures, 

in the ice Ih and glassy states, are also available but are less common. Yet, understanding 

the behavior of glassy water and ice Ih is important for cryogenic applications, including 

X-ray diffraction experiments of protein crystals18,19 and cryopreservation techniques. For 

example, in the cryopreservation of biomolecules and cells, a major problem is the formation 

of ice crystals which can damage the sample of interest.20 In such cases, any water volume 

in the sample needs to be kept in a glassy state.21 Most computational studies of glassy 

water have been performed employing (i) classical MD simulations using (ii) rigid water 
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models, such as SPC/E,22 ST2,23,24 and TIP4P/2005.25,26 In these studies, the properties 

of LDA/HDA and the phenomenology associated with the LDA-HDA transformation are 

reproduced qualitatively well, relative to experiments, but differences among the studied 

water models can be relevant.27,28 Importantly, classical MD simulations neglect the 

quantum fluctuations due to the nuclear quantum effects (NQE; i.e., delocalization of 

atoms) at low temperatures. This can be troublesome because the H atoms of water have 

a small mass and, hence, they are susceptible to NQE even at moderate temperatures.29 

For example, NQE are responsible for the difference in the melting temperature of H2O and 

D2O (δT ≈ 4 K) as well as in the corresponding temperature of maximum density (δT ≈ 7 K) 

and the glass transition temperature (δT ≈ 10 K).30 In addition, computer simulations of 

water-like models, show that the inclusion of NQE can have a significant impact on the 

thermodynamic, dynamical, and structural properties of the low-temperature liquid as well 

as the glass state.31–33 At present, the role of NQE on LDA and HDA remains poorly 

understood.

In this work, we perform path-integral molecular dynamics (PIMD) and classical MD 

simulations of LDA and ice Ih using the q-TIP4P/F model,34 a realistic water model that 

has been explicitly parametrized for PIMD simulations. The main goal of this work is (i) 

to determine the role of NQE (due to atoms delocalization) on the thermodynamic and 

structural properties of LDA and ice Ih, for both H2O and D2O, and (ii) to interpret the 

different results obtained from classical MD/PIMD simulations (without/with the inclusion 

of NQE) at the molecular level. Briefly, we show that the inclusion of NQE is necessary to 

reproduce the structural and thermodynamic properties of ice Ih [specifically, density ρ(T), 
thermal expansion coefficient αP(T ), and bulk modulus B(T)]; similar conclusions hold for 

LDA. For example, PIMD simulations are consistent with the presence of a weak density 

maximum in LDA and ice Ih for both H2O and D2O, which is absent in the classical MD 

simulations. A density maximum in ice Ih was reported in experimental35,36 and theoretical/

computational studies37–39 of H2O and D2O ice Ih; at the present time, a density maximum in 

LDA has not been observed in experiments. Interestingly, the ρ(T), αP(T ), and B(T) of LDA 

at low temperatures are very similar, if not identical, to those of ice Ih. The discrepancies 

found between classical MD and PIMD simulations are due to the delocalization of the H 

atoms. At T = 25 − 150 K, the uncertainty in the H location is approximately 0.20−0.25 Å, 

i.e., 20−25% of the OH covalent-bond length. The H delocalization occurs preferentially 

along the direction perpendicular to the corresponding OH covalent bond. This leads to less 

linear hydrogen bonds (HB; larger HOO angles and longer OO separations) than found in 

classical MD simulations. These NQE are not only evident in the thermodynamic properties 

studied, but also in the structure of water, as quantified by the radial distribution functions. 

However, the H atom delocalization barely affects the local tetrahedral order of ice Ih

and LDA. This study complements previous works34,37,40–42 that explore the NQE on the 

thermodynamic, dynamics, and structural properties of q-TIP4P/F water, H2O and D2O, in the 

liquid state. Compared to the NQE reported in liquid water at T > 240 K (P = 0.1 MPa),40,41 

the NQE reported here for LDA and ice Ih are profound.
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This work is organized as follows. In section II we present the computer simulation details. 

In section III we discuss the results of our PIMD and classical MD simulations for H2O
using the q-TIP4P/F water model. The corresponding results for D2O are included in the 

Supporting Information. A summary is included in section IV.

II. SIMULATION METHOD

We perform classical molecular dynamics (MD) and path-integral molecular dynamics 

(PIMD) simulations of ice Ih and LDA at P = 0.1 MPa; simulations are performed 

for both H2O and D2O. All MD/PIMD simulations are based on the q-TIP4P/F water 

model,34 a flexible water model based on the rigid TIP4P/2005 model,43 which has been 

used extensively in classical MD simulations. The q-TIP4P/F water model incorporates 

intramolecular flexibility by modeling the O−H covalent bond potential energy with a 

fourth order polynomial expansion of a Morse potential and a simple harmonic potential 

to model the potential energy of the HOH angle. The q-TIP4P/F water model has been 

optimized to be used in PIMD simulations, and it reproduces remarkably well the properties 

of liquid water and ice Ih at P = 0.1 MPa.34,40,42,44 All of our MD/PIMD simulations 

are based on a rectangular or cubic system (ice Ih and LDA, respectively) with periodic 

boundary conditions at constant temperature and pressure; simulations are performed using 

the OpenMM (version 7.4.0) software package.45

Our PIMD simulations of ice Ih are based on a system composed of N = 1024 molecules, 

where each atom is represented by a ring-polymer composed of nb beads. Most of the results 

reported here are for the case nb = 128, but additional simulations at low temperatures are 

also performed at nb = 32 − 300 (see below). PIMD simulations of ice Ih are performed at 

temperatures in the range T = 25 − 300 K (at P = 0.1 MPa). This temperature range includes 

the equilibrium and metastable states of q-TIP4P/F ice Ih since the melting temperature of 

q-TIP4P/F water reported from PIMD simulations is TM = 251 K.34 A stochastic (local) 

path integral Langevin equation (PILE) thermostat46 is used to keep the temperature 

of the system constant, while a Monte Carlo barostat is used to maintain the pressure 

at P = 0.1 MPa. The thermostat collision frequency used during the equilibration and 

production runs is set to γ = 1.0 ps−1. Short-range (Lennard-Jones pair potential) interactions 

are calculated using a cutoff rc = 1.0 nm and long-range electrostatic interactions are 

computed using the reaction field technique47 with the same cutoff rc. In the reaction field 

technique, the dielectric constant (relative permittivity) of the continuum beyond the cutoff 

radius rc is set to 78.3. The expression for the reaction field equation implemented in the 

OpenMM software package to model electrostatic interactions is given in eq 18.6.3 of ref 45. 

At a given T , the system is equilibrated for 0.5 ns, followed by a production run of 1.5 ns; 

the simulation time step is 0.25 fs (nb ≤ 128) and 0.10 fs (nb > 128).

In order to generate LDA, we perform MD/PIMD cooling simulations starting from 

equilibrium liquid water configurations obtained at T = 240 K and P = 0.1 MPa. Specifically, 

in these simulations, liquid water is cooled isobarically at P = 0.1 MPa down to T = 25 K. 

During these cooling runs, the thermostat temperature is reduced linearly with time, with 
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a cooling rate of qT = 10 K/ns. This cooling rate is 3 orders of magnitude faster than the 

estimated slowest experimental rate 0.01 K/ns48 used to prepare hyperquenched glassy 

water (HGW),16 a low-density glass that belongs to the LDA family.7,20 Cooling rates of 

qT = 10 K/ns have been used previously in classical MD simulations of water to generate 

LDA.25,26,49 To control the temperature, the thermostat collision frequency parameter is set 

to γ = 1.0 ps−1. As for the case of ice Ih, the time step used in the cooling runs is set to 0.25 

fs, and nb = 128. For the isobaric cooling runs, we use a system composed of N = 512 water 

molecules. PIMD simulations are performed for both H2O and D2O.

PIMD simulations can be sensitive to technical details, in particular, to the number of 

beads per ring-polymer employed. In order to test the robustness of our results to variations 

in nb, we perform additional PIMD simulations using nb = 32, 72, 128, 256, and 300, for 

H2O ice Ih and nb = 32, 72, and 128 for H2O LDA. Briefly, we find that the reported 

structural properties and most of thermodynamic properties studied, including the density 

and thermal expansion coefficient, are robust to variations in nb. However, minor differences 

in some of the properties studied, including ρ(T), may remain sensitive to nb at the lowest 

temperatures studied, T = 25 K. Our results for the enthalpy and, hence, the isobaric heat 

capacity are sensitive to nb [see Supporting Information (SI)]. Similar effects of nb on the 

various properties studied in this work were reported previously for the case of equilibrium 

liquid water in ref 40, and additional details can be found there.

All of our classical MD simulations are performed by setting nb = 1 in the PIMD simulations. 

The same computational details described above hold for the classical simulations except 

that the time step is increased to dt = 0.5 fs.

III. RESULTS

Our results are organized as follows. In section IIIA, we discuss the thermodynamic and 

structural properties of ice Ih and LDA for the case of H2O from classical MD and PIMD 

simulations, and compare the simulation results with available experimental data. Section 

IIIB focuses on the local order and hydrogen bonding of H2O in the LDA and ice Ih

states, including the local tetrahedrality of the corresponding HB-network and geometrical 

properties of the HBs. The delocalization of water O and H atoms in LDA and ice Ih is 

discussed in section IIIC. The corresponding results for D2O are included in the SI.

A. Thermodynamic and Structural Properties of LDA and Ice Ih.

A.1. Density.—Figure 1 shows the densities of ice Ih at P = 0.1 MPa and T = 25 − 300 K
obtained from PIMD and classical MD simulations using the q-TIP4P/F water model (blue 

circles). For comparison, also included are the experimental densities of ice Ih from ref 35 

(brown circles). The densities of ice Ih obtained from PIMD simulations are in remarkably 

good agreement with the experiments (Figure 1a). The deviations between the PIMD 

simulations and experiments are less than 0.5%. Instead, the densities of ice Ih from classical 

MD simulations are off relative to the experimental values by 4% (Figure 1b). In particular, 

we note that only the PIMD simulations, which include NQE, predict an apparent saturation 
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in the density of ice Ih at low temperatures, consistent with experiments.35 Instead, classical 

MD simulations misleadingly predict a monotonic increase in density upon cooling.25,26 Our 

results for ice Ih in Figure 1a are fully consistent with the studies of Herrero and Pamuk37,38 

who studied the density of ice Ih using PIMD simulations with the q-TIP4P/F water model. 

In the experiments of ref 35 (brown circles in Figure 1a) and the simulations of refs 37 and 

38, a very weak density maximum in ice Ih is identified at low temperatures for both H2O and 

D2O. Our results in Figure 1a for H2O and Figure S5(a) for D2O are also consistent with the 

presence of a weak density maximum in ice Ih at T ≈ 100 K.

The red circles in Figure 1a,b are the densities of q-TIP4P/F water upon cooling the liquid 

from T = 240 K down to T ≤ 35 K, into the glass (LDA) state (cooling rate of qT = 10 K/ns). 
During the isobaric cooling process, both classical MD and PIMD simulations show that 

the density of liquid water initially decreases down to approximately T = 180 – 200 K while 

at lower temperatures H2O vitrifies into LDA.25,26,50 The experimental densities of LDA at 

T = 80 and 140 K reported in refs 12 and 51, are also included in Figure 1a,b (magenta and 

orange squares). Importantly, as for the case of ice Ih, only the PIMD simulations are able to 

reproduce the experimental densities of LDA.

The densities for LDA predicted by the PIMD and classical MD simulations are 

considerably different at low temperatures. Specifically, during the isobaric coolings of 

H2O, classical MD simulations indicate that the density of q-TIP4P/F water increases 

monotonically at T < 180 K, while water remains in the LDA state. Instead, PIMD 

simulations show that the density of LDA saturates at low temperatures. Indeed, a very weak 

density maximum can be observed in H2O LDA at T ≈ 100 K, i.e., at the same temperature at 

which H2O ice Ih seems to exhibit a density maximum. Note that the ρ(T) for LDA and ice 

Ih, are remarkably close to one another. This is probably due to the highly tetrahedral local 

structure of ice Ih and LDA (see section IIIB). Interestingly, our PIMD simulations of D2O
are also consistent with the presence of a density maximum in LDA and ice Ih at T ≈ 100 K; 

see Figure S5(a) of the SI.

A.2. Thermal Expansion Coefficient and Bulk Modulus.—The thermal expansion 

coefficient and bulk modulus are among the most important thermodynamic response 

functions used to characterize solids. We discuss first the thermal expansion coefficient 

of LDA and ice Ih, and then, we focus on the corresponding bulk modulus.

The thermal expansion coefficient is defined as

αP(T ) = 1
V

∂V
∂T P

(1)

The αP(T ) of ice Ih obtained from PIMD and classical MD simulations using the q-TIP4P/F 

water model are shown in Figure 2a at P = 0.1 MPa (solid red and blue lines, respectively).52 

Also included is the experimental αP(T ) of ice Ih from ref 35 (brown circles). PIMD 

simulations (red solid line) are able to reproduce remarkably well the experimental αP(T )
of ice Ih at T < 200 K and almost exactly at T < 50 K. Instead, the αP(T ) obtained from 
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classical MD simulations are considerably off from the experimental values. It follows 

that the inclusion of NQE is necessary to reproduce the experimental thermal expansion 

coefficient of ice Ih.

To the best of our knowledge, the experimental αP(T ) of LDA is not known. Figure 2(a) 

shows the αP(T ) of q-TIP4P/F water obtained during the isobaric cooling runs at P = 0.1 MPa
where the equilibrium liquid is vitrified into LDA. Interestingly, both PIMD and classical 

MD simulations indicate that the αP(T ) of LDA and ice Ih are remarkably similar to each 

other. However, the results from classical MD and PIMD simulations are considerably 

different implying that, consistent with Figure 1, NQE should not be omitted when studying 

the thermodynamic properties of ice Ih/LDA.

As shown in Figure 1, experiments and PIMD simulations (but not classical MD 

simulations) are consistent with ice Ih exhibiting an anomalous density maximum at 

Tρ, max ≈ 75 K and Tρ, max ≈ 100 K, respectively. Accordingly, it must be that αP(T ) = 0 at 

T = Tρ, max, while αP(T ) > 0 at T > Tρ, max and αP(T ) < 0 at T < Tρ, max. Indeed, this is confirmed by 

the αP(T ) obtained from experimental and PIMD simulations shown in Figure 2a. The same 

conclusions follow from the PIMD simulations of LDA for which Tρ, max ≈ 100 K (again, the 

maximum density in LDA and ice Ih occurs at roughly the same temperature).

We note that, from the statistical mechanics point of view, the thermal expansion coefficient 

is a measure of the correlations between the entropy and volume fluctuations, i.e., 

αP(T ) = ΔSΔV
V kBT

53 It follows from Figure 2a that, at T < Tρ, max, the correlations between 

the volume and entropy of ice Ih and LDA are anomalously negative. Therefore, at these 

temperatures, a fluctuation in H2O, in either the ice Ih or LDA state, that increases the volume 

of the system should be accompanied by an entropy fluctuation that decreases the entropy 

of system and vice versa. This anomalous anticorrelation between the entropy and volume 

fluctuations for ice Ih and LDA is reminiscent of the behavior found in liquid water, for 

which the density maximum temperature is Tρ, max = 277 K.53 Again, the origin of such an 

anticorrelation in the entropy-volume fluctuations of ice Ih and LDA is a consequence of 

NQE since this kind of anticorrelations in entropy-volume fluctuations is not found in the 

classical MD simulations (using the q-TIP4P/F water model).

Next, we turn our attention to the bulk modulus of ice Ih and LDA,

B(T) = − V ∂P
∂V T

(2)

Since B(T) = 1/κT(T ), where κT(T ) is the isothermal compressibility of the system, it follows 

that B(T) is related to the volume fluctuations of the system.54 Specifically,

B(T) = kBT V
V 2 − V 2 (3)
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where ⋯  indicates the average over configurations and kB is the Boltzmann’s constant. In 

this work, we calculate B(T) (at P = 0.1 MPa) using eq 3.

The B(T) of ice Ih obtained from PIMD and classical MD simulations using the q-TIP4P/F 

water model are shown in Figure 2b. For comparison we have also included in Figure 2b, 

experimental values of B(T) for ice Ih from ref 55 (brown circles). The values of B(T)
from PIMD simulations for ice Ih overlap with the experimental B(T) throughout the entire 

temperature interval. Instead, the B(T) calculated from classical MD simulations agrees with 

the experimental values at only T ≥ 150 K. At lower temperatures, classical MD simulations 

overestimate B(T) by approximately 5 GPa. This is another indication that NQE cannot be 

omitted when studying the thermodynamic properties of ice Ih at low temperatures.

It follows from eq 3 and Figure 2b that only PIMD simulations are able to reproduce 

the volume fluctuations of ice Ih at all temperatures. In other words, only when the 

delocalization of water atoms are included, the experimental volume-fluctuations of ice Ih

are reproduced. It may seem counterintuitive that the same conclusions do not hold for the 

case of liquid water (P = 0.1 MPa). As we showed in ref 40, PIMD simulations of q-TIP4P/F 

liquid water at T < 250 K are considerably underestimated, relative to real water.

To the best of our knowledge, the experimental bulk modulus of LDA is not known. Figure 

2b shows the bulk modulus of q-TIP4P/F water obtained during the cooling-induced liquid-

to-LDA transformation. Interestingly, the B(T) obtained during the cooling runs performed 

using MD and PIMD simulations are in full agreement with one another. The main point of 

Figure 2b is that the B(T) of LDA and ice Ih overlap (see Figure 2b for T < 180 K).

A.3. Radial Distribution Function.—In order to further explore the role of NQE on 

ice Ih and LDA, we discuss next the radial distribution function (RDF) of H2O obtained from 

the MD and PIMD simulations. The oxygen−oxygen (OO) RDF of q-TIP4P/F water in the 

ice Ih and LDA states are shown in Figure 3. Included are the RDF from PIMD and classical 

MD simulations, as well as experiments. The OO RDF from PIMD/MD simulations are very 

similar to each other and are in good agreement with experiments. The main differences are 

found at r = 2.8 Å, where the first peak of the OO RDF is located. Specifically, relative to 

the experiments, both PIMD and classical MD simulations overestimate the height of the 

OO RDF first peak, predicting a more structured ice Ih and LDA than found in experiments. 

However, the PIMD simulations do a better job than the classical MD simulation, i.e., the 

inclusion of NQE leads to a reduction in the OO RDF first peak, closer to the experimental 

observations. Also shown in Figure 3, are the OH and HH RDF of H2O obtained from MD 

and PIMD simulations for LDA and ice Ih. Similar to the OO RDF, the OH and HH RDF 

maxima become smaller once NQE are included; however, the corresponding peak positions 

are not changed.

The reduction of the OO RDF maxima is known to occur when NQE are included.40 For 

example, in liquid water at T = 220 K and P = 0.1 MPa, the height of the OO RDF first 

peak is g1
C = 4.6, from classical MD simulations, while g1

Q = 4.0 from PIMD simulations (see 

Figure 9(a) in ref 40). Hence, including NQE leads to a reduction in the height of the 
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OO RDF first peak of RC/Q = g1
C /g1

Q = 1.15. For comparison, we note that RC/Q = 1.49 in the 

case of ice Ih (Figure 3b), and RC/Q = 1.38 in the case of LDA (Figure 3a). Therefore, as 

one may expect, the inclusion of NQE on the OO RDF becomes more pronounced at low 

temperatures. We note that, as shown in the SI (Figure S6), the inclusion of NQE has similar 

effects in the OO RDF of D2O, leading to less structured ice Ih and LDA relative to classical 

MD simulations.

B. Local Structure and Hydrogen Bonds in LDA and Ice Ih.

B.1. Local Order Parameters.—In this section, we characterize the local structure of 

LDA and ice Ih from classical MD and PIMD simulations of H2O (q-TIP4P/F model) using 

two local order metrics, the tetrahedral order parameter q ,58 and the dfs  order parameter 

introduced in ref 59. The local order parameter q  depends only on the first hydration 

shell of the water molecules; the parameter dfs  quantifies the local order of a given water 

molecule at distances in between its first and second hydration shells.

The local order parameter qi of molecule i is given by,58

qi = 1 − 3
8 ∑

j = 1

3
∑

k = j + 1

4
cos Ψijk + 1

3
2

(4)

where Ψijk is the angle formed by the lines joining the O atom of molecule i and the O 

atoms of its nearest neighbors j and k. In classical MD simulations, the average local order 

parameter of the system, q , is obtained by averaging qi over all molecules i = 1, 2, …, N and 

over time. In the PIMD simulations, the local order parameter for molecule i is calculated by 

averaging over all replicas in the system, i.e.,

qi = 1
nb

∑
k = 1

nb

qi, k (5)

where qi, k is given by eq 4 with all O atoms belonging to replica k (nb is the number of 

beads per ring-polymer, it is also the number of replicas in the system). The tetrahedral order 

parameter of the system, q , is the average of qi over all molecules i = 1, 2, …, N and over 

time, as done in the case of classical MD. We note that q = 1 for a perfect tetrahedral 

network such as the case of ice Ih; instead, q = 0 for a random distribution of molecules.

Figure 4a shows q  as a function of temperature for H2O in ice Ih and during the isobaric 

cooling of liquid water into LDA. The results from PIMD and classical MD simulations are 

very close to one another. The only (minor) differences in Figure 4a between classical MD 

and PIMD simulations are observable in the case of ice Ih at low temperatures; specifically, 

the local tetrahedral order for ice Ih (red/blue circles) is slightly smaller when NQE are 

introduced.

Classical MD and PIMD simulations show that the q  of both ice Ih and LDA increase as 

the system is cooled, indicating that the water molecules are in increasingly more tetrahedral 
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environments as the temperature decreases. As expected, at very low temperatures 

(T < 50 K), ice Ih is almost perfectly tetrahedral, with q = 0.96 − 0.98. LDA is also highly 

tetrahedral, but slightly less than ice Ih, with q = 0.87 − 0.88 (T < 50 K).

Next, we focus on the local order of water molecules about their second hydration shell, 

as quantified by the order parameter dfs .59 For a given molecule i, di, fs is defined as the 

difference between (a) the (OO) distance from molecule i to its 5th neighbor, and (b) the 

(OO) distance from molecule i to its 4th neighbor. In classical MD simulations, dfs  is 

obtained by averaging di, fs over all molecules i = 1, 2, …, N and over time. Similarly to the 

tetrahedral order parameter q , the definition of dfs  can be easily generalized to the case 

of PIMD simulations by first calculating di, fs over the replicas of the system. Specifically, in 

the PIMD simulations, the order parameter for molecule i is calculated by averaging over all 

replicas in the system, i.e.,

dfs
i = 1

nb
∑

k = 1

nb

dfs
i, k

(6)

where ds
i, k is calculated from all O atoms belonging to replica k = 1, 2, …, nb. As for the 

classical MD case, dfs  is the average of dfs
i  over all molecules i = 1, 2, …, N and over time. 

We note that the minimum value of dfs  for water is 0, corresponding to the full migration 

of a water molecule from the second hydration shell to the first hydration shell of a given 

water molecule. Accordingly, small values of dfs  imply that water molecules are in a HDL/

HDA-like local environment. The largest value of dfs  is ≈1.5 Å corresponding to empty 

first interstitial shells. Accordingly, large values of dfs  (e.g., dfs > 0.6 Å) indicate that water 

molecules are in an LDL/LDA-like arrangement.

The values of dfs  obtained from PIMD and classical MD simulations for H2O are shown 

in Figure 4b. The temperature dependence of dfs  and q  are remarkably similar. Briefly, 

for both ice Ih and LDA, dfs  increases as the temperature decreases, which indicates that 

the separation between the first and second hydration shells of the water molecules become 

more pronounced at low temperatures. The introduction of NQE in the PIMD simulations 

leads to slightly smaller values of dfs  relative to the classical MD simulations, for both 

ice Ih and LDA. Interestingly, in the PIMD simulations, dfs  seems to reach a plateau at 

T < 100 K, i.e., at the same temperature at which ρ(T) of LDA and ice Ih saturates (Figure 

1a). It follows that at T < 100 K, and in the presence of NQE, the distance between the first 

and second shells of the water molecule remains approximately constant. Instead, classical 

MD simulations show a monotonic increase dfs  upon cooling at low temperatures, which is 

consistent with the monotonic increase of ρ(T) at T < 100 K.

B.2. Hydrogen Bonds.—Water molecules in the liquid or solid state form 

approximately four hydrogen bonds (HB) with their nearest neighbors. Here, we 

characterize the HB between water molecules in ice Ih and LDA. Specifically, for a 

given pair of water molecules forming a HB, we study (i) the OO distance between the 

corresponding O atoms, dOO
HB(T ), and (ii) the HOO angle, θHOO

HB (T ), formed by the corresponding 
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O-to-H covalent bond (associated with the donor O atom) and the vector pointing from the 

donor O atom to the acceptor O atom. In this work, we use the geometrical definition of HB 

from ref 60, where two water molecules form a HB if the corresponding OO distance is less 

than 3.5 Å and the HOO angle is less than 30°.

Figure 5a shows the dOO
HB(T )  during the cooling-induced liquid-to-LDA transformation 

at P = 0.1 MPa from PIMD (red lines) and classical MD simulations (blue lines) and 

experiments (black squares). PIMD simulations are able to reproduce remarkably well the 

experimental values of dOO
HB(T ), while classical MD simulations predict a slightly shorter 

OO distance, off by ≈0.02 Å from the experimental value. Accordingly, the inclusion of 

NQE brings the simulation results closer to the corresponding experimental observations. 

The main differences between the PIMD and classical MD simulations occur at low 

temperatures. The inclusion of NQE leads to a saturation in dOO
HB(T )  at approximately 

T < 100 K while, instead, classical MD simulations predict a monotonic decrease of the 

dOO
HB(T )  upon cooling. One would expect that the density of ice Ih/LDA increases as dOO

HB(T )
decreases, (and vice versa), i.e., as the molecules forming a HB get closer to one another. 

A comparison of Figures 1 and 5a shows that this is indeed supported by our classical 

MD/PIMD simulations. Specifically, in the case of classical MD, dOO
HB(T )  decreases, while 

ρ(T) increases, monotonically upon cooling at low temperature. Instead, in the case of PIMD 

simulations, dOO
HB(T )  saturates at low temperatures. A minimum in the dOO

HB(T )  of LDA 

cannot be resolved within the resolution of our data.

Consistent with these conclusions, the OO distance between hydrogen-bonded water 

molecules in ice Ih differs in MD and PIMD simulations; see the blue and red solid circles 

in Figure 5a. Specifically, upon cooling, classical MD (blue lines) predicts that dOO
HB(T )

decreases monotonically upon cooling while, instead, PIMD simulations (red lines) indicate 

that dOO
HB(T )  exhibits a very weak, wide minimum in the dOO

HB(T )  at T ≈ 80 K, close to the 

temperature at which the density ρ(T) of ice Ih shows a very weak maximum. This strongly 

suggests that the density maximum in ice Ih, and possibly LDA, is due to the NQE on the 

HB of water, which leads to a minimum in the OO distance at low temperature. The density 

maximum in ice Ih, can also be explained by the existence of low frequency vibrational 

modes in ice Ih that have a negative Grüniesen parameter.39,61

Figure 5b shows the HOO angle between two water molecules in ice Ih and during the 

cooling-induced vitrification of liquid water into LDA (P = 0.1 MPa). In both cases, the 

qualitative behavior of θHOO
HB (T )  is similar to the behavior of dOO

HB(T )  shown in Figure 5a. 

Specifically, for both ice Ih (red circles) and LDA (red lines), introducing NQE increases the 

values of θHOO
HB (T )  by a factor of ≈2 relative to the classical MD simulations prediction (blue 

circles and lines). Hence, including the delocalization of the H atoms leads to less linear HB 

(larger θHOO
HB (T ) ) between water molecules. Interestingly, we note that these NQE on the HB 

network of water do not alter the local tetrahedrality order of the system (see Figure 4a).

It also follows from Figure 5b that the qualitative behavior of θHOO
HB (T )  is different in 

classical MD and PIMD simulations. As for the case of dOO
HB(T ) , classical MD simulations 
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predict that the θHOO
HB (T )  decreases monotonically with decreasing temperature, in both ice 

Ih and during the vitrification of liquid water into LDA. Instead, PIMD simulations indicate 

that θHOO
HB (T )  saturates at around T ≈ 100 K. Again, the different behaviors in the θHOO

HB (T )
obtained from MD/PIMD simulations are consistent with the corresponding behaviors in 

ρ(T) for both ice Ih and during the vitrification of liquid water into LDA.

C. Delocalization of the Ring-Polymers of Ice Ih and LDA.

In order to quantify the quantum delocalization of the water O and H atoms in ice Ih and 

LDA, we calculated the average radius of gyration of the corresponding ring-polymers Rg. 

The radius of gyration for a given ring-polymer is defined as

Rg = 1
nb

∑
i = 1

nb

rc − ri
2

(7)

where rc is the center of mass (centroid) of the given ring-polymer and ri is the position of 

the ring-polymer bead i; the ⋯  indicate an average over time and over all ring-polymers in 

the system. It can be shown within the PI formalism of statistical mechanics that the Rg of 

a given ring-polymer is related to the quantum mechanics uncertainty in the position of the 

associated atom.63

The Rg of the O and H atoms of water in ice Ih and during the cooling-induced liquid-

to-LDA transformation (P = 0.1 MPa) are shown in Figure 6b. Consistent with previous 

computational studies performed on water-like models,32 Rg(T ) increases as the temperature 

is decreased (i.e., the O and H atoms become increasingly delocalized upon cooling at lower 

temperatures). The delocalization of the H atoms in ice Ih and LDA is considerable. For 

example, at T = 80 K, Rg is approximately 0.20 Å, which corresponds to 20% of the OH 

covalent bond length. Not surprisingly, the O atoms are less delocalized than the H atoms 

since NQE are less important for heavy atoms.

Interestingly, the Rg values obtained from our PIMD simulations for the O and H ring-

polymers in ice Ih and liquid/LDA overlap throughout the entire temperature range, implying 

that the delocalization of the H and O atoms in LDA and ice Ih are identical. This can be 

understood by noticing that LDA and ice Ih have a similar local tetrahedral structure (see 

Figure 4a). To test whether the delocalization of the O and H atoms is a property of the 

water molecules, i.e., independent of the local molecular environment, we also calculate the 

Rg of the O and H atoms in the low density vapor phase (magenta triangles). As shown in 

Figure 6b, the O and H atoms are more delocalized in the vapor phase than in ice Ih or 

LDA and hence, the delocalization of the water atoms does depend on the local environment 

(P = 0.1 MPa).

The radius of gyration Rg quantifies the average spread of the O and H ring-polymers, 

but it provides no information on whether such a spreading is anisotropic. In order to 

elucidate whether there is a preferential direction for the O and H atom delocalization, 

we also calculate the delocalization of the atoms along specific axes that are fixed at the 
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corresponding water molecules. Specifically, for a given molecule, we define the x-, y-, and 

z-axes indicated in Figure 6a. In Figure 6a, the origin of the x-y-z reference frame associated 

with the given water molecule is located on the O centroid (ring-polymer center of mass). 

The z-axis is perpendicular to the plane containing the centroids of the H1, O, and H2 atoms 

and the x-axis is along the R OH1 vector direction; the y-axis is perpendicular to the x- and 

z-axis, as shown in Figure 6a, and it is slightly off the R OH2 vector direction. In order to 

quantify the O and H atoms delocalization along the x-, y-, and z-axis, we define,

Rg, α
2 = 1

nb
∑
i = 1

nb

r c, α − r i, α
2

(8)

where r c and r i are the vector position of the ring-polymer centroid and bead i, 
respectively, and α indicates the corresponding vector component α = x, y, and z. It follows 

that Rg
2 = Rg, x

2 + Rg, y
2 + Rg, z

2 . Figure 6c,d shows Rg, x
2  and Rg, z

2  for the O and H1 ring-polymers in 

ice Ih and during the cooling-induced liquid-to-LDA transition (P = 0.1 MPa). Results for H2

are, as expected, identical to those found in H1. We do not show Rg, y
2  in Figure 6 because, in 

all cases, it is found that Rg, y
2 ≈ Rg, x

2 .

We focus first on the delocalization of the O atoms. As we show next, the O atoms 

experience a mild, isotropic delocalization, independently of whether water is in the ice Ih, 

liquid/LDA, or vapor state.64 The Rg, x
2  and Rg, z

2  of the O atoms in ice Ih are indicated by the 

red triangles in Figure 6c,d; the corresponding results for the O atoms during the liquid-to-

LDA transition (red lines) and in the vapor phase (green triangles) are also included. The 

fact that the red triangles, red lines, and green triangles in Figure 6c,d overlap with one 

another implies that the delocalization of the O atoms is identical in all these phases of water 

(vapor, liquid, LDA, and ice Ih). The delocalization of the O atoms is rather small, with Rg, x, 

Rg, z ≤ 0.07 Å (7% of the OH covalent bond length), and increases weakly upon cooling. In 

particular, a comparison of Figure 6c,d, shows that Rg, x
2 ≈ Rg, z

2  in all cases, meaning that the 

delocalization of the O atoms is isotropic for water in the vapor, liquid, LDA, and ice Ih

states. To confirm this, we include in Figure 7 the snapshots of water molecules obtained 

from PIMD simulations in ice Ih at different temperatures (snapshots of water molecules 

in the LDA state are included in Figure S3 of the SI). The beads of the ring-polymer 

associated with the O atom are distributed isotropically, forming a spherical (red) cloud that 

increases in size upon cooling. Similarly, Figure 8 shows the contour map for the probability 

distribution to find the O ring-polymer beads. The contour maps for the O atoms in Figure 8 

are circular at all temperatures considered, consistent with the isotropic delocalization of the 

O atoms (see also section II of the SI).

Next, we focus on the delocalization of the H atoms. Briefly, we find that the H atoms 

experience a considerable, anisotropic delocalization. The delocalization of the H atoms is 

identical in the liquid, LDA, and ice Ih states but H atoms are less delocalized than in the 

low-density vapor phase. The Rg, x
2  and Rg, z

2  of the H atoms in ice Ih are indicated by the 

blue triangles in Figure 6c,d, while the corresponding Rg, x
2  and Rg, z

2  during the liquid-to-LDA 

transition are indicated by blue lines; the results for the H atoms in the vapor phase are 
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represented by the magenta triangles. The fact that the blue triangles and blue lines overlap 

in Figure 6c,d implies that the delocalization of the H atoms is identical in the ice Ih and 

in the liquid/LDA states. In addition, the values of Rg, x
2  and Rg, z

2  in the ice Ih/liquid/LDA 

(blue lines/circles) are smaller than the corresponding values in the vapor phase (magenta 

triangles), indicating that H delocalization is largest in the vapor phase (P = 0.1 MPa). It 

follows that the delocalization of the H atoms is not a property of the water molecule, but it 

depends on the molecular local environment. By the same token, the similar delocalization 

of the H atoms in the liquid, LDA, and ice Ih state at P = 0.1 MPa can be understood by 

noticing that, in these cases, water molecules are located in a rather tetrahedral structure (at 

approximately T < 240 K).

An important point from Figure 6c,d is that the H atoms are delocalized anisotropically. 

Specifically, for all phases of water considered (vapor, liquid, LDA, and ice Ih), Figure 6c,d 

indicates that the H1 atoms of water (Figure 6a) delocalize preferentially along the z-axis, 

i.e., Rg, z > Rg, x. Hence, since Rg, z > Rg, x, the H atoms delocalization is preferentially along 

the directions perpendicular to the corresponding HB. This is confirmed from the snapshots 

of water in ice Ih shown in Figure 7. The (white) cloud of beads associated with the H 

atoms are stretched preferentially along the directions perpendicular to the corresponding 

OH covalent-bond direction, and it is centered at the OH covalent-bond direction. Not 

surprisingly, the anisotropic delocalization of the H atoms becomes more pronounced at 

low temperatures. Our conclusions are also consistent with Figure 8, which includes the 

contour map for the probability distribution to find the H1 ring-polymer beads at a given 

position. The contour maps for the H1 atoms in Figure 8 are circular when projected on 

the y − z plane, but are ellipsoidal when projected on the x − y plane (see reference frame 

in Figure 6a). Figure 8 shows that the H atoms can be delocalized by up to ≈0.5 Å along 

the covalent-bond direction and up to ≈0.4 Å along the direction perpendicular to the OH 

covalent-bond direction.

The results presented in this section are helpful to understand the differences in the HB 

properties discussed in section IIIB, as observed in the classical MD and PIMD simulations. 

Specifically, the inclusion of NQE leads to the delocalization of the H atoms along the 

direction perpendicular to the OH covalent bond, which results in a larger θHOO
HB (T ), relative 

to the classical MD case (Figure 5b). Interestingly, we note that a similar preferential 

delocalization is found in D2O for the D atoms; see Figures S10–S12 of the SI.

IV. SUMMARY AND DISCUSSION

In this work, we studied the NQE on the thermodynamic and structural properties of H2O
in LDA and ice Ih (the results for D2O are in the SI). Our results obtained from PIMD 

simulations using the q-TIP4P/F water model, where NQE are included, are in remarkably 

good agreement with available experimental data. Instead, our classical MD simulation 

results (based on the same water model) not only deviate from the experimental observation, 

but predict the qualitatively wrong thermodynamic behavior of ice Ih and LDA at low 

temperatures. This is evident in the densities of LDA and ice Ih predicted by PIMD/MD 

simulations shown in Figure 1. Including NQE leads to a weak maximum in the density 
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of LDA and ice Ih at Tρmax ≈ 100 K (a weak maximum density in ice Ih has been reported 

in experiments35,36). Instead, classical MD simulations misleadingly predict a monotonic 

increase in the density of LDA and ice Ih upon cooling (see also refs 37 and 44).

An important result of this work is that the thermodynamic properties of ice Ih and LDA 

are remarkably similar. Specifically, the density, thermal expansion coefficient, and bulk 

modulus of ice Ih and LDA overlap within error bars at T < 150 K. These observations are 

of practical relevance since the available experimental data on the thermodynamic properties 

of LDA at low temperatures is rather limited. The thermodynamic properties of LDA at 

low temperatures play a fundamental role in ultrafast heating experiments that may be used 

to identify the liquid−liquid critical point in water. In such experiments, LDA is subject 

to ultrafast heating using a laser, and the final state of the system after heating depends 

on the thermodynamic properties of LDA.8,65 Interestingly, our PIMD simulations are 

consistent with the presence of a density maximum in LDA at T ≈ 100 K. Such a maximum 

is intriguing and requires experimental confirmation. The density maximum in ice Ih and 

LDA is remarkably weak and requires a high resolution in the density values, on the order 

of ≈0.0025 g/cm3 (see Figures 1a and S1(a), and refs 35–38). For comparison, the density 

maximum in liquid water from experiments and computer simulations extends over a larger 

density interval, >0.02 g/cm3.40 In this regard, it would be useful to perform additional 

PIMD simulations at T < 50 K to reproduce the density maximum reported for ice Ih
37–39 

and LDA with a much larger number of beads per ring-polymer than employed here, e.g., 

nb ≥ 1000.

We stress that our simulations are based on a flexible water model, and hence, our results 

strongly suggest that it is the atoms delocalization, and not just the water flexibility, that 

is key when studying the thermodynamics of ice Ih and LDA at low temperatures. This 

is particularly important in the case of glassy water, since most computational studies 

of amorphous ice have been performed using classical MD simulations of rigid water 

models.22–26,49,50,66

In order to understand the origin of the different thermodynamic behaviors in ice Ih/LDA
with and without the inclusion of NQE, we also studied the corresponding structure 

(OO, OH, and HH RDF) and local order of water. The OO-RDFs obtained from PIMD 

simulations for H2O LDA and ice Ih are in excellent agreement with the experimental data. 

Consistent with previous studies of water in the ice and liquid states, including NQE (PIMD 

simulations) reduces the height of the RDFs maxima of ice Ih and LDA, relative to the 

corresponding RDF calculated from classical MD simulations, and brings the computer 

simulation results closer to the experimental observations. However, the location of the RDF 

extrema, which specify the hydration shells of water molecules, are not affected by the 

inclusion of NQE. Similarly, local order metrics, such as the local tetrahedral order of water 

molecules, are unaffected by the inclusion of atoms delocalization.

Our results indicate that the differences in the thermodynamic and structural properties 

of ice Ih and LDA predicted by PIMD and classical MD simulations can be traced 

down to the HB between water molecules. Specifically, the delocalization of the H 
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atoms becomes important in ice Ih and LDA at low temperatures, with the H atoms 

delocalizing preferentially along the directions perpendicular to the corresponding OH 

covalent bond. This results in less linear HB (larger HOO angles, Figure 5b) and larger OO 

separations (Figure 5a) than found in classical MD simulations. The larger OO separations 

between hydrogen-bonded molecules, when NQE are present, is consistent with the smaller 

density on ice Ih/LDA in the PIMD simulations, relative to the classical MD simulations. 

Importantly, in the case of ice Ih, we observe a minimum in dOO
HB(T )  at temperatures close 

to the corresponding density maximum. The less linear HB when NQE are present explains 

why ice Ih and LDA are less structured (see Figure 5b) in PIMD simulations than in classical 

MD simulations. We also note that the similar thermodynamic properties of ice Ih and 

LDA are fully consistent with the practically identical HB properties in ice Ih/LDA. The 

remarkably similar delocalization of the H atoms in ice Ih and LDA can be understood by 

noticing that, in both cases, water molecules are arranged in highly tetrahedral environments 

with roughly four HB per water molecule.

We conclude this section by commenting on the role of NQE in the properties of liquid 

water. Interestingly, while PIMD simulations of q-TIP4P/F water in the solid state (ice 

Ih and LDA) are in remarkably good agreement with experiments, this is not the case 

in supercooled liquid water. As shown in refs 40 and 41, the isothermal compressibility 

of water κP(T ) = 1/B(T) from PIMD simulations is considerably smaller than observed in 

experiments. It follows from refs 40 and 41 that the inclusion of NQE cannot reproduce the 

volume fluctuations (i.e., κP(T )) in liquid water. Yet, NQE are sufficient (and necessary) to 

reproduce such fluctuations in ice Ih and LDA.

Supplementary Material

Refer to Web version on PubMed Central for supplementary material.
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Figure 1. 
Density ρ(T) of H2O at P = 0.1 MPa from (a) PIMD and (b) classical MD simulations using 

the q-TIP4P/F water model. Green circles are the densities of water in the equilibrium liquid 

state; red circles are the densities upon cooling liquid water from T = 240 K into the glass 

(LDA) state using a cooling rate of qT = 10 K/ns. The magenta and orange squares are the 

experimental densities of LDA from refs 12 and 51. The blue circles are the densities of 

q-TIP4P/F water in the ice Ih state; the brown circles are the experimental densities of ice 

Ih reported in ref 35. While the densities of LDA and ice Ih are remarkably well reproduced 

by the PIMD simulations in (a), classical MD simulations overestimate considerably the 

corresponding densities. PIMD simulations (which include NQE) are consistent with the 

presence of a very weak density maximum in LDA and ice Ih. A very weak density 

maximum is also present in the experimental data of ice Ih (brown circles).35
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Figure 2. 
(a) Thermal expansion coefficient αP(T ) and (b) bulk modulus B(T) of ice Ih and during 

the liquid-to-LDA transformation at P = 0.1 MPa. Results are from PIMD (red lines) and 

classical MD simulations (blue lines). Dashed-lines are the results for H2O during the 

isobaric cooling process from T = 240 K (liquid) into the LDA state (qT = 10 K/ns). The solid 

lines correspond to H2O in the equilibrium ice Ih state. For comparison, also included are the 

experimental values of αP(T ) and B(T) for H2O ice Ih (brown circles) from refs 35 and 55. 

Only the PIMD simulations (which include NQE) are able to reproduce approximately the 

behavior of αP(T ) and B(T) for ice Ih. B(T) is calculated using eq 3; the orange square in (b) 

corresponds to the value of B(T) at T = 125 K obtained using eq 2.
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Figure 3. 
(a), (c), and (e) are the oxygen−oxygen, oxygen−hydrogen, and hydrogen−hydrogen RDF 

of H2O for LDA. (b), (d), and (f) are the OO, OH, and HH RDF of H2O for ice Ih at 

T = 80 K and P = 0.1 MPa. Red and blue lines are the RDF obtained from PIMD and MD 

simulations, respectively, using the q-TIP4P/F model for water; black lines in (a) and (b) 

are the experimental OO RDF from ref 56 (ice Ih) and ref 57 (LDA). The inclusion of NQE 

reduces the maxima in the OO, OH, and HH RDF, leading to a less structured LDA and ice 

Ih.
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Figure 4. 
(a) Tetrahedral order parameter q(T) , and (b) dfs(T )  order parameter, for H2O at 

P = 0.1 MPa. Circles are the order parameters for ice Ih; lines are the order parameters upon 

cooling the equilibrium liquid from T = 240 K into the glass state (LDA) using a cooling 

rate of qT = 10 K/ns. Red and blue colors are results from PIMD and MD simulations using 

the q-TIP4P/F model for water. The similar values of q(T)  and dfs  in the MD and PIMD 

simulations suggest that the inclusion of NQE on the local order of water are rather weak.
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Figure 5. 
(a) Average distance between two oxygen atoms forming a hydrogen-bond, dOO

HB(T ) , as a 

function of temperature and at P = 0.1 MPa. Circles are the dOO
HB(T )  for ice Ih; lines are 

the dOO
HB(T )  for water upon cooling the equilibrium liquid from T = 240 K into the glass 

state (LDA) using a cooling rate qT = 10 K/ns. Red and blue colors are results from PIMD 

and classical MD simulations using the q-TIP4P/F model for water. Experimental values 

of dOOO
HB (T ) in LDA from IR spectroscopy experiments are indicated by black squares (from 

ref 62).(b) Average HOO angle formed between two hydrogen-bonded watermolecules, 

θHOO
HB (T ) , as a function of temperature at P = 0.1 MPa. Same symbols and colors as in (a) are 

used. The inclusion of NQE leads to slightly longer hydrogen-bond lengths (larger dOO
HB(T ) ) 

and less linear hydrogen-bonds (larger θHOO
HB (T ) ) than predicted by classical MD simulations.
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Figure 6. 
Delocalization of the O and H atoms in ice Ih and during the isobaric cooling of liquid 

water into LDA (P = 0.1 MPa). Results are from classical MD and PIMD simulations using 

the q-TIP4P/F water model. (a) Schematic diagram showing a water molecule and the 

corresponding reference frame used in (b)−(d). For a given water molecule, the reference 

frame origin is located on the O centroid. R OHj is the vector pointing from the O centroid 

to the centroid of Hj(j = 1, 2). The x-, y-, and z-axis are defined as indicated in the figure. 

(b) Radius of gyration Rg(T ) of the ring-polymers associated with the O and H atoms as a 

function of temperature. Red and blue lines are the Rg(T ) for the H and O during the cooling 

process from T = 240 K (liquid state) to T = 25 K (LDA) using a cooling rate qT = 10 K/ns; 
the red and blue triangles are the Rg(T ) of the O and H in ice Ih. The delocalization of 

the O and H atom is identical for water in the liquid/LDA and ice Ih states, probably 

due to the similar local structure. O and H atoms are more delocalized in the low-density 

vapor state (magenta triangles), particularly at low temperatures. (c, d) Delocalization of 
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the ring-polymers associated with the O and H1 atoms along the x- and z-axis, respectively 

(similar results are obtained along the y- and z-axis). Rg, x
2  and Rg, z

2  are the x- and z-radius of 

gyration (see text). Same symbols as in (b) are used. For the O atoms, Rg, x
2 ≈ Rg, z

2 , meaning 

that the O delocalization is isotropic. Instead, for the H1 atoms, Rg, z
2 > Rg, x

2 , i.e., the H atoms 

are more delocalized along the directions perpendicular to the corresponding OH covalent 

bonds than along the OH bond direction; see Figure 7.
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Figure 7. 
Snapshots of an H2O molecule obtained from PIMD simulations of ice Ih at P = 0.1 MPa and 

T  = 25, 80, 150, and 250 K (similar results hold for H2O in the LDA state, see Figure S3 

of the SI). In (a)−(d), the water molecule is laying on the x-y plane defined in Figure 6a. 

The O and H ring-polymer beads are shown by small red and white spheres, respectively; 

all ring-polymers are composed of nb = 128. (e−h) Snapshot of the water molecule shown 

in (a)−(d), showing the O atom and only one of the H atoms; the view is along the 

corresponding OH covalent bond. The delocalization of the O atom is rather isotropic, i.e., 

the red cloud of ring-polymer beads is rather spherical. The delocalization of the H atoms 

is anisotropic; the white cloud of ring-polymer beads are spread preferentially along the 

directions perpendicular to the OH covalent bond direction (than along the OH covalent 

bond direction). Similar results are also obtained for D2O in ice Ih and LDA, see Figures S10 

and S12 of the SI.
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Figure 8. 
Contour maps for the probability distribution to find a ring-polymer bead. P = 0.1 MPa and 

T  = 25, 80, 150, and 250 K. (a)−(d) Ring-polymer bead probability distribution associated 

with the O (top) and H (bottom) atoms in ice Ih (similar results hold for the case of 

LDA, see Figure S4 of the SI); see also Figure 6a–d. Contour maps are projected on the 

x-y plane shown in Figure 6a; see also Figure 7a–d. (e)−(h) are the contour maps for the 

probability distribution associated with the H atoms projected on the plane perpendicular 

to the corresponding OH covalent bond (i.e., viewed along the OH covalent bond; see also 

Figure 7e–h). All probability distributions are averaged over time and over all atoms in the 

system. Similar results are obtained for D2O in the ice Ih and LDA states; see Figures S11 

and S13 in the SI.
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