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Abstract
The paradoxical phenomena that excitatory modulation does not enhance but reduces or inhibitory modulation not sup-

presses but promotes neural firing activities have attracted increasing attention. In the present study, paradoxical phe-

nomena induced by both fast excitatory and inhibitory autapses in a ‘‘Fold/Big Homoclinic’’ bursting are simulated, and the

corresponding nonlinear and biophysical mechanisms are presented. Firstly, the enhanced conductance of excitatory

autapse induces the number of spikes per burst and firing rate reduced, while the enhanced inhibitory autapse cause both

indicators increased. Secondly, with fast-slow variable dissection, the burst of bursting is identified to locate between a fold

bifurcation and a big saddle-homoclinic orbit bifurcation of the fast subsystem. Enhanced excitatory or inhibitory autapses

cannot induce changes of both bifurcation points, i.e., burst width. However, width of slow variable between two suc-

cessive spikes within a burst becomes wider for the excitatory autapse and narrower for the inhibitory autapse, resulting in

the less and more spikes per burst, respectively. Last, the autaptic current of fast autapse mainly plays a role during the

peak of action potential, differing from the slow autaptic current with exponential decay, which can play roles following

the peak of action potential. The fast excitatory autaptic current enhances the amplitude of the action potential and reduces

the repolarization of the action potential to lengthen the interspike interval (ISI) of the spiking of the fast subsystem,

resulting in the wide width of slow variable between successive spikes. The fast inhibitory autaptic current reduces the

amplitude of action potential and ISI of spiking, resulting in narrow width of slow variable. The novel example of the

paradoxical responses for both fast modulations and nonlinear mechanism extend the contents of neurodynamics, which

presents potential functions of the fast autapse.
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Introduction

The nervous system processes information through com-

plex nonlinear electrical activities, which are involving in

sensory, cognitive, and motor control functions (Glass

2001; Ma et al. 2021; Yang et al. 2018; Mondal et al.

2019). Bursting behavior is one of the most important

electrical activities, which is suggested as the basic unit of

information processing (Lisman 1997). The transitions or

bifurcations of bursting modulated by different factors such

as temperature, blood, and ion concentration are related to

the information encoding (Braun et al. 1994; Gu and Pan

2015; Duan et al. 2020). In addition, different bursting

patterns have been found in different neurons (Izhikevich

2000; Duan et al. 2021; Liu and Liu 2020; Liu et al. 2020)

or in different states of a same neuron. For example,

bursting in the lateral habenula neuron is related to

depression (Yang et al. 2018) and in the stomatogastric

ganglion (STG) to digestive function (Cazalets et al. 1987).

In appearance, bursting alternates between a burst
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containing multiple spikes and a long quiescent state. In

theory, bursting often appears in the nonlinear system

containing fast variables and a slow variable (Negro et al.

1998; Izhikevich et al. 2003; Gu and Pan 2015). When the

slow variable is regarded as a control parameter, the fast

subsystem (fast variables) often exhibits the coexistence of

stable equilibrium point and limit cycle related to bifur-

cations, which can be used to characterize the dynamics of

the bursting. For example, for the ‘‘Fold/Homoclinic’’

bursting pattern, the burst begins and terminates respec-

tively via fold and saddle-homoclinic orbit bifurcation,

respectively. Many bursting patterns are identified

according to different bifurcations. In the real nervous

system, the neurons with bursting patterns receive inhibi-

tory and/or excitatory currents through synapses (Bacci and

Huguenard 2006; Yin et al. 2018; Kim and Lim 2020). In

general, excitatory and inhibitory modulations respectively

promote and inhibit the neuronal electrical activities

(Goldwyn et al. 2018; Gu et al. 2021; Vida et al. 2006).

Under the regulation of inhibitory or excitatory synapses,

the electrical activities of nervous system achieve dynamic

balance to ensure the stability of physiological function.

Except for the various electrical activities consistent

with the general viewpoint, there are many investigations

on the paradoxical electrical responses opposite to the

general viewpoint (Satterlie 1985; Beiderbeck et al. 2018;

Li et al. 2019; Wu and Gu 2020; Cao et al. 2021; Wang

et al. 2020), which enrich the contents of neurodynamics.

For example, an inhibitory stimulus instead of excitatory

stimulus induces a spike from the resting state, i.e., a post-

inhibitory rebound (PIR) spike, which is prevalent in many

nervous systems and plays important roles in the infor-

mation processing and motor control (Satterlie 1985; Zhao

et al. 2018). In addition, an inhibitory stimulus applied

prior to an excitatory effect can lead to the enhancement of

electrical activities, which is called post-inhibitory facili-

tation (PIF) and plays important roles in the spatial local-

ization of auditory nervous system (Beiderbeck et al. 2018;

Dodla and Rinzel 2006). As the firing frequency of the

inhibitory neuron increases, the stimulation of the inhibi-

tory neuron to pyramidal neuron becomes strong. However,

the behavior of the pyramidal neuron changes from tonic

firing to depolarization block corresponding to spread

depression, which may be related to migraine (Auffenberg

et al. 2021; Chever et al. 2021). In addition, anticipated

synchronization is another interesting paradoxical phe-

nomenon, which is observed in a system composed of a

sender neuron with unidirectional excitatory synapse to a

receiver neuron stimulated by an inhibitory neuron (Matias

et al. 2011). In common viewpoint, the response of the

receiver neuron appears after the stimulation of the sender

neuron, which corresponds to delay synchronization.

However, the response of the receiver neuron appears

before the stimulation of the sender neuron, which corre-

sponds to the anticipated synchronization. Recently, the

anticipated synchronization is simulated population neu-

rons and observed in electroencephalogram in different

brain regions (Matias et al. 2015; Carlos et al. 2020). In the

theoretical models, it has been found that the excitatory

effects can impede the generation of spikes (Wu and Gu

2020; Cao et al. 2018) and inhibitory effects can promote

the generation of spikes (Dodla and Rinzel 2006; Dodla

et al. 2006) in single neurons, excitatory synapse induces

the disappearance of the firing activity (Uzuntarla et al.

2019) and inhibitory synapse promotes the synchronization

or firing rate of the neuronal networks (Elson et al. 2002;

Jia et al. 2018). These results suggest that paradoxical

phenomena and their regulatory mechanisms are important

to understand the complex dynamical behaviors of the

nervous system.

Recently, autapse (a synapse beginning and terminating

at a same neuron) in various neurons (hippocampus (Cobb

et al. 1997), neocortex (Bacci and Huguenard 2006), and

visual cortex (Tamás et al. 1997)) has received a lot of

attention. The excitatory autapse is identified to evoke

persistent firing (Saada et al. 2009) or promote bursting

activity (Yin et al. 2018). The inhibitory autapse inhibits

the action potential (Bacci et al. 2003). On the contrary, the

inhibitory self-feedback can induce PIR spike (Tikidji-

Hamburyan et al. 2015). In networks, inhibitory autapse

induce Gamma synchronization (Deleuze et al. 2019).

Except for the above experimental results, firing activities

of single neurons (Wang et al. 2014; Guo et al. 2016; Song

et al. 2019; Xu et al. 2017; Zhao and Gu 2017) and spa-

tiotemporal dynamics of networks (Ge et al. 2018; Ma

et al. 2015; Yang et al. 2017; Wang et al. 2011; Yilmaz

and Ozer 2015; Uzun et al. 2017; Yilmaz et al. 2016; Ge

et al. 2019) induced by autapse have been studied in the-

oretical models such as the Hodgkin–Huxley (HH) model,

Morris-Lecar (ML) model, Hindmarsh–Rose (HR) model,

FitzHugh–Nagumo (FHN) model, Wang–Buzsaki (WB)

model, which contain the complex and paradoxical phe-

nomena. For example, autapse can induce the bifurcation

and chaos in the HR model (Xu et al. 2017) and the tran-

sition between class I and II excitabilities in the ML model

(Zhao and Gu 2017). In addition, inhibitory autapse can

induce PIR spiking in the HH model when time delay is

suitable (Zhao et al. 2020a), which presents theoretical

explanation to the experimental observation in the Ref.

Tikidji-Hamburyan et al. (2015). Recently, the enhanced

coherence resonance of single neurons or networks with

spiking behaviors induced by inhibitory autapse (Ding

et al. 2021; Jia et al. 2021; Yao et al. 2019) or by electrical

autapse (Yilmaz et al. 2016; Baysal et al. 2021) is identi-

fied. Excitatory autapse suppresses neural spiking activity

near subcritical Hopf bifurcation when time delay is
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propriate in the Hodgkin–Huxley (HH) model (Zhao et al.

2020b).

Except for the spiking activity, paradoxical phenomena

for different bursting patterns induced by autapses have

attract much attention. On one hand, time delay is con-

sidered in many studies on the autapse (Cao et al.

2021, 2018; Ding and Li 2016). For the ‘‘Fold/Homo-

clinic’’ bursting, inhibitory autapse promotes firing fre-

quency (Ding and Li 2016), and excitatory autapse can

induce less spikes per burst but higher firing frequency in

the Rulkov model (Cao et al. 2018). For other two bursting

patterns (‘‘Homoclinic/Homoclinic’’ bursting in the modi-

fied FHN model (Hua et al. 2020) and ‘‘Circle/Fold cycle’’

bursting in the modified ML model (Cao et al. 2021)), the

excitatory autapse can induce less spikes and lower firing

rate. However, for ‘‘Fold/Big Homoclinic’’ bursting in the

modified FHN model, excitatory modulation can induce

less spikes per burst for suitable time delay and strength of

autapse (Cao et al. 2021). On the other hand, time delay is

not considered for the autapse (Li et al. 2019; Wang et al.

2020; Chay 1985; Li et al. 2021; Lu et al. 2021). For the

‘‘Fold/Homoclinic’’ bursting, the responses to the autapses

exhibit model-dependent. In the Chay model (Chay 1985),

inhibitory autapse can induce paradoxical phenomenon (Li

et al. 2019, 2021), while the excitatory autapse just induce

the common response (Li et al. 2021). However, in the

modified ML model, inhibitory autapse can induce para-

doxical phenomenon (Lu et al. 2021) and excitatory

autapse can suppress the bursting activity (Wang et al.

2020).

More importantly, with help of bifurcations of the fast

subsystem, the dynamical mechanisms for the paradoxical

phenomena of bursting patterns are acquired. For the

condition of autapse with time delay (Cao et al.

2021, 2018; Ding and Li 2016), the autaptic current is not

contained in the fast subsystem, and the autaptic current

pulse is regarded as a disturbance, which plays a role at a

phase determined by the time delay. When the phase is

near the boundary between the attraction domains of

coexisting behaviors and the pulse is strong enough (de-

termined by the autaptic conductance) to induce the phase

trajectory of bursting run across the boundary, paradoxical

phenomenon is induced. For the case of autapse without

time delay (Li et al. 2019; Wang et al. 2020; Li et al. 2021;

Lu et al. 2021), the fast subsystem contains the autaptic

current. The bifurcation points or bifurcation types of the

fast subsystem change with respect to the change of the

autaptic conductance, resulting in the changes of burst

duration or spike number per burst (Li et al. 2019; Wang

et al. 2020; Li et al. 2021; Lu et al. 2021), i.e., the para-

doxical phenomenon. All these indicate that fast-slow

variable dissection method can be effectively used to

identify the underlying dynamics of the paradoxical

phenomena of bursting behaviors. In addition, the different

roles of ionic or autaptic currents in modulating the

dynamics or bifurcations of the fast subsystem are acquired

(Wang et al. 2020; Li et al. 2021), which is the biophysical

mechanism for the paradoxical phenomena. Up to now,

complex and various dynamics and mechanisms of the

paradoxical phenomena have been acquired for only sev-

eral bursting patterns, which exhibit dependence to the

bursting patterns or theoretical models (Li et al. 2019; Cao

et al. 2021; Wang et al. 2020; Cao et al. 2018; Ding and Li

2016; Li et al. 2021; Lu et al. 2021). Considering that there

exist many different bursting patterns in the real nervous

system, to present comprehensive viewpoints of the para-

doxical phenomena of bursting patterns induced by

autapses is important for the neurodynamics and nonlinear

physics such as the paradoxical phenomena, the potential

functions of the autapse, and the measures to modulate the

brain neurons.

In the present study, we present a novel example and

mechanism of paradoxical phenomenon induced by exci-

tatory autapse and inhibitory autapse respectively in the

‘‘Fold/Big Homoclinic’’ bursting pattern. Different from

the previous study (Cao et al. 2021), inhibitory autapse and

no time delay are considered in the present study. And

different from the previous study (Li et al. 2019; Wang

et al. 2020; Li et al. 2021; Lu et al. 2021), excitatory and

inhibitory autapses induce the paradoxical responses in a

same model. Firstly, excitatory or inhibitory self-feed-

backs/autapses induce paradoxical responses. For the

excitatory autapse, less spikes per burst and lower firing

rate are induced. For the inhibitory autapse, the spike

number per burst increases and the firing rate enhances.

Secondly, the dynamical mechanisms of the paradoxical

responses are acquired with the bifurcations of the fast

subsystem. Different from the results of previous investi-

gations wherein the bifurcation types or points change with

respect to the autaptic conductance (i.e., the burst width

changes) (Li et al. 2019; Cao et al. 2021; Wang et al.

2020; Ding and Li 2016; Li et al. 2021; Lu et al. 2021), the

bifurcation points remain nearly unchanged in the present

paper. However, the interval between spikes within burst

changes with respect to the autaptic conductance, resulting

in the change of spike number per burst. The spike number

per burst decreases and increases for the excitatory and

inhibitory autapses, respectively, which are the cause for

the paradoxical phenomena. Last, the roles of the autaptic

current in modulating the interval between the spikes are

identified. The results present a novel example that exci-

tatory and inhibitory autapses respectively induce para-

doxical responses of an identical bursting pattern and novel

dynamical mechanisms for the paradoxical phenomena,

which enrich the contents of neurodynamics, provide
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practical feedback measures to modulate neuronal bursting

activities, and present potential functions of the autapse.

The rest of the present paper are organized as follows.

Sections ‘‘Theoretical model and methods’’, ‘‘Results’’,

and ‘‘Conclusion and discussion’’ present model and

method, results, and conclusion, respectively.

Theoretical model and methods

Modified FitzHugh–Nagumo model

Considering the autapse, the modified FitzHugh–Nagumo

(FHN) model (Izhikevich 2000; Cao et al. 2021) is

described as follows:

dV

dt
¼V � V3

3
� x; ð1Þ

dx
dt

¼eð�uþ V � SðxÞÞ; ð2Þ

du

dt
¼lðup þ VÞ: ð3Þ

where V is the membrane potential, x is the recovery

variable, and u is a slow variable to modulate the bursting

activity via the regulation to x (Eq. 2). The parameter l
and up are used to control the values of the slow variable u.

The parameter l is a feedback coefficient, and up plays a

role like the ‘‘reversal potential’’. The expression of func-

tion SðxÞ is given by:

SðxÞ ¼ b= 1þ e
c�x
d

� �
ð4Þ

In the present paper, the effect of autapse on ‘‘Fold/Big

Homoclinic’’ bursting is studied in the modified FHN

model. To simulate the ‘‘Fold/Big Homoclinic’’ bursting,

except for the parameter up, other parameter values are

chosen from the Refs. Izhikevich (2000) and Cao et al.

(2021) and shown as follows: e = 0.15, l = -0.0005, b =

1.75, c = -0.5, and d = 0.1. The up is chosen as control

parameter to modulate the bursting patterns.

Synapse model

There are multiple theoretical models to describe the

dynamics of synapse, among which a fast threshold mod-

ulatory synapse model (Wang and Rinzel 1992) and a-
dynamical synapse model with exponential decay charac-

teristic (Wang and Buzsöki 1996; Van Vreeswijk et al.

1994) are widely studied. The fast threshold modulatory

synapse is described by the Boltzmann function, which is

given by:

Isyn ¼ �gSðVpostðtÞ � VSÞCðVpreðtÞÞ ð5Þ

where Isyn is the synapse current, gS represents the con-

ductance of synapse, VpostðtÞ is the membrane potential of

the postsynaptic neuron, VS is the reversal potential of

synapse, and VpreðtÞ is membrane of presynaptic neuron

(Zhao et al. 2020b).

CðVpreðtÞÞ ¼ 1=ð1þ e�kðVpreðtÞ�hSÞÞ ð6Þ

where hS is the threshold of synapse current, which mainly

determines the pulse duration. The parameter k means the

release rate of the transmitter, which determines the

changing speed of the pulse current. Fast threshold mod-

ulatory synapse is a remarkable model of a realistic fast

synapse (Rubin and Terman 2000), such as that in the leech

heart center pattern generator (Cymbalyuk et al. 2002), as

it yields a nearly instantaneous response from the synapse

on the postsynaptic neuron. The synaptic current of fast

threshold modulatory autapse does not exhibit exponential

decay following a spike.

However, many physiological synapses have a slower

rate of neurotransmitter dynamics than that of the channels,

generally referred to as the slow synapses (Debanne et al.

2011). The slow synaptic current of slow synapse exhibit

exponential decay following a spike, which is described by

the ordinary differential equation, for example, the a-dy-
namical synapse with exponential decay (Wang and Buz-

söki 1996; Van Vreeswijk et al. 1994), which is given by:

Isyn ¼� gSðVpostðtÞ � VSÞs ð7Þ

ds

dt
¼aSð1� sÞCðVpreðtÞÞ � bSs ð8Þ

CðVpreðtÞÞ ¼1=ð1þ e�kðVpreðtÞ�hSÞÞ ð9Þ

where Isyn is the synapse current, gS represents the con-

ductance of synapse, VpostðtÞ is the membrane potential of

the postsynaptic neuron, VS is the reversal potential of

synapse, and VpreðtÞ is membrane of presynaptic neuron.

The variable s is the gating variable. aS and bS denote the

rise and decay constants of the autaptic current, respec-

tively. The rise constant aS determines the rising speed of

the autaptic current. The larger the value aS is, the faster

the autaptic current rises. The decay constant bS determines

the decay speed of the autaptic current. The smaller the

value bS is, the slower the autaptic current decays. For a

relatively small bS, the autaptic current exhibits exponen-

tial decay following a spike. CðVpreðtÞÞ ¼ 1=ð1þ
e�kðVpreðtÞ�hSÞÞ is an active function, where the parameter hS
is the half-activation value, and k is the activation rate.

For an autapse model, VpostðtÞ = VpreðtÞ = V(t). In the

previous studies, fast autapse and slow autapse have dif-

ferent effects on the depolarization block near a Hopf
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bifurcation. Slow autapse can induce firing from depolar-

ization bock (Zhao et al. 2016) and fast autapse induce

subthreshold oscillations (Jia 2018). In the present paper,

the autaptic current of fast threshold modulatory autapse is

studied.

Modified FitzHugh–Nagumo model with autapse

Because the fast threshold modulatory autapse is consid-

ered in the present paper, the autaptic current Iaut ¼
�gautðVðtÞ � VautÞCðVðtÞÞ with CðVðtÞÞ ¼ 1=ð1þ
e�kðVðtÞ�hautÞÞ is added to Eq. (1) to form the model with

autapse, which is described as follows:

dV

dt
¼V � V3

3
� xþ Iaut; ð10Þ

dx
dt

¼eð�uþ V � SðxÞÞ; ð11Þ

du

dt
¼lðup þ VÞ: ð12Þ

Iaut ¼� gautðVðtÞ � VautÞCðVðtÞÞ; ð13Þ

CðVðtÞÞ ¼1=ð1þ e�kðVðtÞ�hautÞÞ ð14Þ

In the present paper, we mainly consider fast autapse.

Then, a large value of k, k = 30, to ensure that autapse is

fast is considered. For fast autapse, nonzero pulse current

appears when V[ haut and zero current appears for V\
haut. Considering that the membrane potential of an action

potential of the modified FHN model is between -1.87 and

1.89, and haut should be a value within the range of the

membrane potential of an action potential, a middle value

between -1.87 and 1.89 is considered in the present paper.

Then, haut = 0 to ensure a relative narrow pulse current is

considered in the present paper. In the following sections,

Iaut is labeled as Isume and gaut as gaute for the excitatory

autapse, and Iauti and gauti for the inhibitory autapse. Due to

that the membrane potential V of spiking of the modified

FHN model is between-1.87 and 1.89, the autaptic current

is excitatory for Vaut
e = 2 to ensure the nonnegative values

of Iaute and inhibitory for Vaut
i =-2 to ensure the nonpositive

values of Iauti . The modified FHN model with Iaut = 0 (gaut =

0) corresponds to the condition without autapse.

Method

The ordinary differential equations were solved by

numerical integration method of the fourth-order Runge-

Kutta (integration time step: 0.001). A spike is thought to

generate if the membrane potential reaches 0 from below.

The software XPPAUT 8.071 is used to calculate the

bifurcations (Ermentrout 2002).

Results

Bursting behaviors for no autapse (Iaut = 0Þ

When Iaut = 0 (gaut = 0), the modified FHN model exhibits

bifurcation process with the decrease of up, as shown in

Fig. 1a and b, which is characterized by the interspike

intervals (ISIs) of the firing pattern. Figure 1b is the

enlargement of the part within the box of Fig. 1a. The ISI

means the time interval between two successive spikes. For

example, the period-4 bursting exhibits 4 values of ISI in

turn, as shown in Fig. 1c. The ISIs mean the series of ISI,

which can be used to characterize bifurcations of ISI, as

shown in Fig. 1a and b. For a fixed parameter, 100 ISI

values are used.

With the decrease of up from up = 0.8, period-4 bursting

changes to period-5 bursting, to period-6 bursting, to per-

iod-7 bursting, ..., eventually to period-16 bursting, and to

tonic spiking via a shrink. The membrane potentials of

period-4 bursting (up = 0.8), period-6 bursting (up = 0.6),

period-12 bursting (up = 0.4), and period-16 bursting (up =

0.35) are shown in Fig. 1c–f, respectively. The membrane

potentials with many spikes in a burst (up = 0.345) and

period-1 spiking (up = 0.2) are shown in Fig. 1g and h,

respectively. There is a saddle-homoclinic orbit bifurcation

at up � 0.808. The resting state appears when up [ 0.8.

To clearly characterize the detailed dynamics of the

periodic bursting, some concepts in a period of bursting are

defined, such as the period-8 bursting for up = 0.5, as

shown in Fig. 2. The membrane potential is represented by

black curve and the variable u is denoted by blue curve.

The 1st to 8th ISIs within a period are defined as ISIðkÞ (k =

1, 2, � � �, 8), where k is the sequential number within a

period. The maximal value and minimal value of u for the

kth (k = 1, 2, � � �, 8) spike within a period are labeled as umax
ðkÞ

and umin
ðkÞ , respectively. The changes of ISIðkÞ, u

max
ðkÞ , and umin

ðkÞ
with respect to the sequential number k can be used to

characterize the dynamics of the bursting modulated by

autapse.

Bursting activities for the excitatory
and inhibitory autapses

In the present paper, up ¼ 0:5 is used as a representative to

discuss the effect of autapse on bursting activity. In the

absence of autapse (gaute ¼ gauti ¼ 0), the spike trains of

period-8 bursting (black) for up ¼ 0:5 and zero autaptic

current (Iaut = 0, red) are shown in Fig. 3a.

For the excitatory autapse, the period number of burst-

ing decreases with increasing gaute , as shown by the left

column of Fig. 3. Bursting patterns change from period-7
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(gaute = 0.2), to period-5 (gaute = 0.6), to period-4 (gaute =

0.62), as illustrated in Fig. 3b1, c1 and d1, respectively,

showing the reduced bursting activities.

For the inhibitory autapse, the period number of bursting

increases within a range of gauti . Firing pattern changes

from period-9 bursting (gauti ¼ 0:05), to period-10 bursting

(gauti = 0.18), as illustrated in Fig. 3b2 and c2, respectively.

The results indicate that the bursting activity induced by

inhibitory autapse is enhanced at first. However, as gauti

increases to 0.23, the bursting pattern recovers to period-8,

as illustrated in Fig. 3d2, showing that strong inhibitory

autapse induces the bursting activities reduced again.

For the excitatory autapse, the ISIs (black) of bursting

patterns show an inverse period-adding bifurcation process

with increasing gaute , as illustrated in Fig. 4a. ‘‘P8, P7, P6,

P5, and P4’’ represent period-8, period-7, period-6, period-

5, and period-4 bursting patterns, respectively, as shown in

Fig. 4a. The mean firing frequency (rate) refers to the ratio

of the spike number in a period to the time length of the

period. The mean firing frequency (red) manifests a

decreasing trend, as shown in Fig. 4a. For the inhibitory

autapse, the number of spikes per burst is from 8, to 9, to

10, to 9, and to 8 with increasing gauti , as illustrated by ISIs

(black) and denoted by ‘‘P8, P9, and P10’’ in Fig. 4b.

Correspondingly, the firing rate (red) increases at first and

then decreases. In the present paper, we mainly emphasize

the enhanced bursting activity at low conductance of

inhibitory autapse (gauti \ 0.18).

Fig. 1 The dynamics of firing

pattern in the modified FHN

model without autapse. a
Bifurcations characterized by

ISIs with respect to up; b The

enlargement of the rectangular

box in Fig. (a); c The period-4

bursting for up = 0.8; d The

period-6 bursting for up = 0.6; e
The period-12 bursting for up =

0.4; f The period-16 bursting for

up = 0.35; g The bursting with

many spikes in a burst for

up ¼ 0:345; h The period-1

spiking for up ¼ 0:2

Fig. 2 ISIðkÞ and the local maximum (umax
ðkÞ ) and minimum (umin

ðkÞ )

values of the slow variable u within a period of period-8 bursting in

absence of autapse (gaute ¼ gauti ¼ 0). Membrane potential V and slow

variable u are represented by black and blue, and k is the sequential

number within a burst (k ¼ 1; 2; . . .; 8)
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As defined in Fig. 2, a period-k bursting has k ISIs

labeled as ISIðkÞ in a period. At different levels of gaute ,

different periodic bursting patterns appear. For example,

period-8, period-7, period-6, and period-5 bursting patterns

appear for gaute = 0, 0.2, 0.4, and 0.6, respectively. Then,

there exists 8, 7, 6, and 5 ISIs a in period. the changes of

ISIðkÞ with respect to k (sequential number in a burst) for

period-8 (black), period-7 (green), period-6 (red), and

period-5 (blue) are depicted in Fig. 5. For the excitatory

autapse, the number of ISIs in a period decreases with

Fig. 3 (Color online) The

membrane potential of bursting

(black) and the autaptic current

(red) for up ¼ 0:5. a Period-8

bursting for gaute ¼ gauti ¼ 0; b1
Period-7 bursting for gaute ¼ 0:2;
b2 Period-9 bursting for

gauti ¼ 0:05; c1 Period-5

bursting for gaute ¼ 0:6; c2
Period-10 bursting for

gauti ¼ 0:18; d1 Period-4

bursting for gaute ¼ 0:62; d2
Period-8 bursting for

gauti ¼ 0:23

Fig. 4 (Color online) The changes of ISIs (black) and firing rate (red)

with respect to the autaptic conductance for up = 0.5. a Excitatory

autapse; b Inhibitory autapse. ‘‘P8, P7, P6, P5, and P4’’ represent

period-8, period-7, period-6, period-5, and period-4 bursting patterns,

respectively; ‘‘P8, P9, P10’’ represent period-8, period-9, and period-

10 bursting patterns, respectively
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increasing gaute , as shown in Fig. 5a. Especially, the ISIs

corresponding to the same sequential number increase to a

certain extent. Therefore, less spikes per burst is the

dominant factor to induce the reduced bursting activity. For

the inhibitory autapse with small values of gauti , the number

of ISIs in a period increases with increasing gauti , as shown

in Fig. 5b, and the ISIs corresponding to the same

sequential number decrease to a certain extent, which

shows that the change of spike number is the dominant

factor of the enhanced bursting activities.

For the excitatory autapse, the firing patterns at higher

autaptic conductivities are very different from the bursting

patterns without autapse. For the inhibitory autapse, the

subthreshold oscillations appear. Then, in the present

paper, the membrane voltage behavior at higher autaptic

conductivities have been discussed in the Appendix B.

The dynamics of the slow variable
u of the bursting activity

It is well known that the changes of bursting dynamics are

related to the slow variable u. To show the dynamics of the

slow variable u, the projections of phase trajectory (u, V) at

different values of autaptic conductance are depicted in

Fig. 6. The phase trajectory runs along the direction

depicted by the arrows. For the period-8 bursting corre-

sponding to gaut ¼ 0 (i.e., gaute ¼ gauti ¼ 0), the phase tra-

jectory (u, V) is illustrated in Fig. 6a.

For the excitatory autapse, the trajectory (u, V) of per-

iod-7 bursting (gaute ¼ 0:2) is depicted in Fig. 6b1 and of

period-5 bursting (gaute ¼ 0:6) in Fig. 6c1. The range of u of

a burst remains nearly unchanged at different values of gaute .

For the inhibitory autapse, the trajectories (u, V) of period-

9 bursting (gauti ¼ 0:05) and period-10 bursting

(gauti ¼ 0:18) are shown in Fig. 6b2 and c2, respectively.

The range of u of a burst slightly changes with increasing

gauti . Therefore, the spike number per burst is mainly

determined by the width of u between continual spikes. For

example, the excitatory autapse, from period-7 (gaute = 0.2,

Fig. 6b1) to period-5 (gaute ¼ 0:6, Fig. 6c1), the width of u

between continual spikes becomes longer, resulting in less

spikes per burst.

The width of u between continual spikes for excitatory
autapse

For a period-k bursting, the maximal value and minimal

value of u in a period of bursting is labeled as umax
ðkÞ and

umin
ðkÞ , respectively, as shown in Fig. 2. At different values of

gaute , the changes of umax
ðkÞ and umin

ðkÞ with respect to k are

illustrated in Fig. 7a1 and b1, respectively. For each gaute ,

the changes of umax
ðkÞ and umin

ðkÞ exhibit nearly slope lines,

such as the black line for gaute = 0, red line for gaute = 0.2, and

green line for gaute = 0.6. With increasing gaute , the slopes of

the lines increase, i.e. the widths of u between continual

spikes become longer. Considering that the range of u for a

burst is nearly independent of gaute , as shown by the left

panels of Fig. 6, the increase of width of u between con-

tinual spikes leads to less spikes per burst. Similarly, the

changes of umin
ðkÞ shown in Fig. 7b1 exhibit similar result.

Therefore, the increase of width of u between continual

spikes with increasing gaute is the cause for the less spikes

per burst.

The width of u between continual spikes for inhibitory
autapse

At each of different values of gauti , the change of umax
ðkÞ and

umin
ðkÞ with respect to k manifests nearly linear line, as shown

by black (gauti = 0), red (gauti = 0.05), and green (gauti = 0.18)

in Fig. 7a2 and b2. With increasing gauti , the slopes of lines

for both umax
ðkÞ and umin

ðkÞ get more negative, which show that

the width of u between continual spikes decreases. This is

the cause for the enhanced number of spikes per burst with

increasing gauti .

Fig. 5 (Color online) The

changes of ISIðkÞ with respect to

the sequential number k of ISIs

in a period of bursting induced

different types autapse. a
Excitatory autapse: the black,

red, green, and blue represent

gaute ¼ 0, 0.2, 0.4, and 0.6,

respectively; b Inhibitory

autapse: the black, red, and

green represent gauti ¼ 0, 0.05,

and 0.18, respectively
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Fig. 6 (Color online) The

projections of the phase

trajectories (u, V) at different
levels of autaptic conductance

(corresponding to Fig. 3). a
Period-8 bursting for gaute = gauti

= 0; b1 Period-7 bursting for

gaute ¼ 0:2; b2 Period-9 bursting

for gauti ¼ 0:05; c1 Period-5

bursting for gaute ¼ 0:6; c2
Period-10 bursting for

gauti ¼ 0:18. The phase

trajectory runs along the

direction labeled with arrow

Fig. 7 (Color online) The local

maximum (umax
ðkÞ ) and minimum

(umin
ðkÞ ) values of the slow

variable u at different values of

autaptic conductance. umax
ðkÞ : a1

Different levels of gaute ; a2

Different levels of gauti ; umin
ðkÞ : b1

Different levels of gaute ; b2
Different levels of gauti . Left:

gaute ¼ 0; 0:2, and 0.6 are

represent by black, red, and

green, respectively. Right: gauti =

0, 0.05, and 0.18 are represented

by black, red, and green,

respectively
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The bifurcations underlying the bursting
patterns

The dynamics of the bursting patterns can be acquired by

using the fast-slow variable dissection. The equations of

the fast subsystem are shown as follows:

dV

dt
¼V � V3

3
� xþ Iaut; ð15Þ

dx
dt

¼eð�uþ V � SðxÞÞ: ð16Þ

where u is the bifurcation parameter. The autaptic current

Iaut is contained in the fast subsystem, which is different

from the autapse with time delay (wherein the Iaut is not

contained in the fast subsystem (Ding and Li 2016)).

The bifurcations of the fast subsystem

For each of the different values of gaute and gauti , the fast

subsystem exhibits a ‘‘S’’-shaped curve of equilibrium, as

depicted in Fig. 8(a1) and (a2), respectively, which con-

tains the upper (unstable focus, dot curve; stable focus,

bold curve), middle (saddle, dash curve), and lower

(stable node, bold curve) branches. For the excitatory

autapse, the black, red, and green curves in Fig. 8a1 rep-

resent gaute = 0, 0.2, and 0.6, respectively. For the inhibitory

autapse, the black, red, and green curves in Fig. 8a2 rep-

resent gauti = 0, 0.05, and 0.18, respectively. For each

conductance of either autapse, the middle and lower

branches intersect to form a saddle-node (fold) bifurcation,

which is labeled as SN (bold triangle). A stable limit cycle

around the upper branch emerges via a Hopf bifurcation

(bold dot), and evolves to the left with increasing gaute or

gauti , as illustrated in Fig. 8b1 and b2. The spiking behavior

corresponds to the stable limit cycle.

The dynamics of the spiking

Fig. 8c1 and c2 represent the local enlargement of Fig. 8b1

and b2 around the SH (saddle-homoclinic orbit) point,

respectively. For the excitatory autapse, at different values

of autaptic conductance, the SH points have nearly equal-

ing u values, which means that the stable limit cycles

disappear at a nearly fixed u value, as shown in Fig. 8c1.

For the inhibitory autapse, the SH points move to right

slightly with increasing autaptic conductance, i.e., the

disappearance of the stable limit cycles exhibits a slightly

elevation of u value, as shown in Fig. 8c2.

Vmax and Vmin of the spiking change with respect to the

autaptic conductance. For the excitatory autapse, Vmax

values increase slightly with increasing gaute , whereas Vmin

values decrease slightly, as shown in Fig. 8b1 and c1,

resulting in the increased amplitude of the spiking. For the

inhibitory autapse, Vmax values decrease with increasing

gauti , whereas Vmin values elevate, as illustrated in Fig. 8b2

and c2, resulting in the reduced amplitude of the spiking.

The ‘‘Fold/Big Homoclinic’’ bursting pattern

For each panel of Fig. 8, the corresponding projection of

phase trajectory of the bursting is superimposed to the

plane (u, V) to form Fig. 9. The (u, V) trajectory (bold solid

curve) for gaute = 0 (black) is depicted in Fig. 9a. For the

excitatory autapse, the (u, V) trajectories (bold solid

curves) for gaute = 0.2 (red) and 0.6 (green) are illustrated in

Fig. 9b1 and c1, respectively. For the inhibitory autapse,

the (u, V) trajectories of the burstings (bold solid curves)

for gauti = 0.05 (red) and 0.18 (green) are illustrated in

Fig. 9b2 and c2, respectively. In each panel of Fig. 9, the

burst starts from the fold (SN) bifurcation and terminates at

the SH bifurcation (a big saddle-homoclinic orbit), show-

ing a ‘‘Fold/Big Homoclinic’’ pattern (More details please

refer to the Appendix A)(Izhikevich 2000).

Changes of bursting dynamics with respect to autaptic
conductance

For the excitatory autapse, fold (SN) point and SH point are

nearly fixed and independent of gaute . Then, the ranges of u

values for the burst are nearly fixed. As shown in Figs. 6

and 9, the width of u between successive spikes becomes

wider with the increase of gaute , which is the cause for less

spikes per burst and lower firing rate with increasing gaute .

For the different levels of gauti , the fold (SN) points are

nearly fixed. SH point are nearly fixed at small gauti .

However, u values of SH points slightly increase with the

increase of gauti at strong gauti . Thus, with increasing gauti , the

range of u value for the burst decreases slightly. The width

of u between successive spikes becomes narrower with the

increase of gauti (Figs. 6 and 9). Therefore, more spikes per

burst appear (gauti = 0.05 and gauti = 0.18), resulting in the

enhancement of bursting activity.

ISI of spiking of the fast subsystem

ISI of spiking is another important characteristic of the fast

subsystem. For the excitatory autapse, the ISI for gaute = 0

(black), 0.2 (red), 0.6 (green) is shown in Fig. 10a1. For a

fixed gaute , ISI decreases with respect to the increase of u.

For different values of gaute , the stronger the gaute is, the

longer the ISI value is. For the inhibitory autapse, the ISI of

spiking for gauti = 0 (black), gauti = 0.05 (red), and gauti = 0.18

(green) are depicted in Fig. 10a2. For a fixed gauti , ISI

decreases with respect to the increase of u. For a fixed u
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value, from gauti = 0 (black), to 0.05 (red), and to 0.18

(green), ISI decreases. The distribution of ISI values (color)

on the plane (u, gaute ) for the excitatory autapse is illustrated

in Fig. 10b1. The left boundary of the color region corre-

sponds to the SH point, and the vertical pink line represents

the SN point. At a fixed value of u, the stronger the gaute is,

the longer the ISI value is. For the inhibitory autapse, the

distributions of ISI on the plane (u, gauti ) is illustrated in

Fig. 10b2. At a fixed value of u, the value of ISI becomes

shorter with the increase of gauti . If u is below the SH point,

the membrane voltage behavior of the fast subsystem

exhibits resting state.

Such distributions can be used to explain the changes of

width of u between continual spikes within a burst of the

bursting patterns with respect to gaute or gauti . For the exci-

tatory autapse, the basic idea is as follows: for a bursting

pattern with a stronger gaute , a larger width of u between

continual spikes within a burst is induced by the longer

period of spiking at the stronger gaute , which is the cause

that less spikes per burst are evoked between the SN and

SH points at the stronger gaute . Such a result can be found

from Fig. 11a, which represents the u value (black) at the

peak of kth spike of the bursting superimposed to the dis-

tribution of ISI values (color) on the plane (u, gaute ). The

width of u between two continual spikes increases with

increasing gaute , resulting in less spikes per burst. If umax or

umin instead of u value at the spike peak is used, the result

is similar (not shown here to avoid possible repetitions).

The result for the inhibitory autapse is shown in Fig. 11b.

The ISI values of spiking decrease with increasing gauti ,

resulting in short width of u between two continual spikes

within a burst. Therefore, more spikes per burst appear

with increasing gauti .

Current dynamics of the fast subsystem

As mentioned above, in the fast subsystem, three measures

for the stable limit cycle, the range of u, the amplitude

related to Vmin and Vmax, and the ISI of spiking, play

important roles in the bursting activity modulated by the

autapse. In the present section, the current mechanisms for

the changes of Vmin and Vmax and the ISI of spiking are

Fig. 8 (Color online) The

bifurcations of the fast

subsystem respect to different

values of autaptic conductance.

The bifurcations of equilibrium

points: a1 Excitatory autapse;

a2 Inhibitory autapse; The

bifurcations of the limit cycles

are added to the first row: b1
Excitatory autapse; b2
Inhibitory autapse; The

enlargement: c1 corresponding

to Fig. (b1); c2 corresponding to

Fig. (b2). The ‘‘S’’-shaped

curves represent the equilibrium

point curves at different values

of autapse. SN (bold triangle),

SH (pink line), and H (bold dot)

represent the saddle-node,

saddle-homoclinic orbit, and

Hopf bifurcations, respectively.

Vmax (Vmin) represents the

maximal (minimal) value of the

stable limit cycle, respectively.

Excitatory autapse: black, red,

and green represent gaute = 0, 0.2,

and 0.6; Inhibitory autapse:

black, red, and green represent

gauti = 0, 0.05, 0.18
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acquired. The relationships between V and the currents

such as the Iaut (autaptic current), the total current

(Isum ¼ dV
dt ¼ V � V3

3
� xþ Iaut), and other current exclu-

sive the autaptic current (Isum � Iaut ¼ V � V3

3
� x) are

studied.

As shown in Fig. 8 (Vmax and Vmin) and Fig. 10 (ISI), for

a fixed u value locating between the fold (SN) bifurcation

and the saddle-homoclinic orbit (SH) bifurcation, the

changing trends of Vmax, Vmin, and ISI of the fast subsystem

with respect to gaut are the same. Then, any a fixed u value

between the SN bifurcation and SH bifurcation can be used

as a representative to show the dynamics of spiking.

Without losing generality, u = -1.2 is chosen as a repre-

sentative in the present paper.

Spiking behavior before and after application of autapse
to the fast subsystem

In the present section, spiking (black) corresponding to the

stale limit cycle for u = -1.2 is chosen as a representative,

which corresponds to the behavior before the pink arrows

depicted in Fig. 12a and b. An excitatory autapse with gaute

= 0.2 (red) and gaute = 0.6 (green) is respectively applied at

the pink arrow, as illustrated in Fig. 12a. With increasing

gaute , Vmax becomes larger and Vmin becomes lower, which is

consistent with Fig. 8, and the ISI of spiking becomes

longer, i.e. the pulse of the action potential becomes longer,

which is consistent with Fig. 10. An inhibitory autapse

with gauti = 0.05 (red) and gauti = 0.18 (green) is respectively

applied at the pink arrow, as depicted in Fig. 12b. With

increasing gauti from 0 to 0.18, Vmax decreases and Vmin

elevates, which is consistent with Fig. 8. From gauti = 0, to

0.05 (red), and to 0.18 (green), the ISI of spiking decreases

slightly, which is consistent with Fig. 10.

The relationship between the membrane potential (V)

and the autaptic current Iaut ¼ �gautðVðtÞ � VautÞCðVðtÞÞ
containing CðVðtÞÞ ¼ 1=ð1þ e�kðVðtÞ�hautÞÞ and the thresh-

old of autapse haut has been clearly introduced in the

Section model and method. haut = 0 is used in the present

paper. The excitatory current exhibits positive pulse when V

[ haut and zero value when V \ haut, showing that the

excitatory autaptic current plays a role around the peak of

Fig. 9 (Color online) The phase

trajectory (u, V) of bursting
plotted with bifurcations of the

fast subsystem at different

values of autaptic conductance

(Fig. 8). a Period-8 bursting for

gaute = gauti = 0; b1 Period-7

bursting for gaute = 0.2; b2
Period-9 bursting for gauti =

0.05; c1 Period-5 bursting for

gaute = 0.6; c2 Period-10 bursting

for gauti = 0.18. The arrows

represent the direction of the

phase trajectory of bursting, and

the blue bold triangle represents

the SN point. SH represent the

saddle-homoclinic orbit

bifurcation
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Fig. 10 (Color online) ISIs of

spiking. Changes of ISIs of

spiking with respect to u at

different values of autaptic

conductance: a1 Excitatory

autapse: black, red, and green

represent gaute = 0, 0.2, and 0.4,

respectively; a2 Inhibitory

autapse: black, red, and green

represent gauti = 0, 0.05, and

0.18; The distributions of ISI

values (color) on the parameter

plane for different types of

autapse. b1 The plane (u, gaute )

for the excitatory autapse; b2
The plane (u, gauti ) for the

inhibitory autapse. The left

boundary of the color region

represents the SH point and the

vertical pink line represents the

SN point

Fig. 11 (Color online) The u value at peak of spike of the bursting

(black) plotted with the values (color) of ISI of spiking on the

parameter plane for different types of autapse. a The plane (u, gaute ) for

the excitatory autapse; The horizontal red lines represent gaute = 0.2

and 0.6 for Fig. 9. b The plane (u, gauti ) for the inhibitory autapse. The

horizontal red lines represent gauti = 0.05 and 0.18 for Fig. 9

Fig. 12 (Color online) Spike

trains of the fast subsystem at u
= -1.2. Autapse with different

values of conductance is

respectively applied at the pink

arrow. a Excitatory autapse: gaute

= 0 (black), 0.2 (red), 0.6

(green); b Inhibitory autapse:

gauti = 0 (black), 0.05 (red), and

0.18 (green)
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the action potential or spike to enhance the amplitude of

the action potential. The larger the gaute is, the stronger the

Iaute is, and the higher the amplitude of the action potential

is. For the inhibitory autapse, the inhibitory autaptic current

exhibits negative pulse when V[haut and zero value when

V\ haut, i.e., the inhibitory autaptic current plays a role

around the peak of the action potential or spike to reduce

the amplitude of action potential. The larger the gauti is, the

stronger the Iauti is, and the lower the amplitude is. The

autaptic current of the fast subsystem mainly plays a role

during the peak of the action potential (V[ haut, i.e., 0),
differing from the well-known slow autaptic current, which

plays a role following the peak of the action potential. It is

the fast dynamics of the fast autaptic current that induces

the paradoxical phenomenon. The slow autaptic current

should induce common phenomenon of bursting activity,

which should be studied in future.

The current mechanism for the excitatory autapse

To explain the amplitudes of spikes at different values of

gaute , the total current Isume ¼ dV
dt ¼ V � V3

3
� xþ Iaut is

considered. The trajectories (V, Isume ) at gaute = 0 (black), 0.2

(red), and 0.6 (green) are shown in Fig. 13a1. For conve-

nience, four phases are considered, which are the minimal

value of V (phase A), V = 0 on the ascending branch of

spike (phase B), maximal value of V (phase C), and V = 0

on the descending branch of spike (phase D). V = 0 cor-

responds to the threshold of the autapse haut = 0. The

detailed results are as follows:

From phase B to C (the ascending branch of action

potential with V [ 0): with increasing gaute , Isume becomes

larger, resulting in larger maximal value of V at phase C,

i.e., the higher Vmax.

From phase C to D (the descending branch of action

potential with V [ 0): the stronger the gaute is, the weaker

the Isume is, resulting in slower repolarization of V, i.e., the

pulse of action potential becomes longer, which is con-

sistent with that of Fig. 12.

From phase D to A (the descending branch of action

potential with V\ 0): with increasing gaute , Isume becomes

more polarization, resulting in the lower maximal value of

V at phase A, i.e., the lower Vmin.

Fig. 13 (Color online) Currents

vs V at different values of

autaptic conductance of the fast

subsystem for u = -1.2. a1 Isume ;

a2 Isumi ; b1 Iaute ; b2 Iauti ; c1
Isume � Iaute ; c2 Isumi � Iauti . Left

column: the excitatory autapse.

Black, red, and green represent

gaute = 0, 0.2, and 0.6,

respectively; Right column: the

inhibitory autapse. Black, red,

and green represent gauti = 0,

0.05, and 0.18, respectively
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From phase A to B (the ascending branch of action

potential with V\ 0): Isume between different values of gaute

exhibits little difference, resulting in the larger maximal

value of V at phase C, i.e., the higher Vmax. Therefore, the

trajectories (V, Isume ) manifest little difference.

The total current Isume ¼ dV
dt ¼ V � V3

3
� xþ Iaut contains

two parts, the autaptic current (Iaute ) and other current

exclusive the autaptic current (Isume � Iaute ). The roles of two

parts of current are considered. The trajectories of (V, Iaute )

at gaute = 0 (black), 0.2 (red), and 0.6 (green) are shown in

Fig. 13b1, and the trajectories of (V, Isume � Iaute ) are shown

in Fig. 13c1. It should be noticed that across phase B or D,

Isume changes drastically due to that V runs across haut = 0.

The detailed results are as follows:

From phase B to C (the ascending branch of action

potential with V [ 0): The autaptic current Iaute is positive

due to V[ 0. With increasing gaute , positive Iaute becomes

larger, while Isume � Iaute remains nearly unchanged.

Therefore, a higher Vmax appearing at the stronger gaute is

mainly evoked by the autaptic current Iaute .

From phase C to D (the descending branch of action

potential with V [ 0): With increasing gaute , positive Iaute

becomes larger, and negative Isume � Iaute becomes stronger.

As a result, negative Isume becomes weaker. Therefore,

Isume � Iaute determines the sign of Isume , and Iaute determines

the strength of Isume . For a fixed gaute , the larger the Iaute is,

the higher value the Isume is. The result shows that the

autaptic current Iaute plays a dominant role, compared with

Isume � Iaute .

From phase D to A (the descending branch of action

potential with V\ 0): The autaptic current Iaute approxi-

mates zero due to V\ 0. With increasing gaute , Iaute remains

nearly unchanged to be 0, and the negative Isume � Iaute

becomes stronger, resulting in lower Isume , which shows that

Isume � Iaute plays a dominant role.

From phase A to B (the ascending branch of action

potential with V\ 0): For different values of gaute , the

autaptic current Iaute is 0, and Isume � Iaute exhibits little

difference.

The current mechanism for the inhibitory autapse

The trajectories of (V, Isumi ), (V, Iauti ), and (V, Isumi � Iauti ) at

gauti = 0 (black), 0.05 (red), and 0.18 (green) are shown in

Fig. 13a2, b2, and c2, respectively. Different from the

excitatory autapse, Iauti for the inhibitory autapse when

V [ 0 is negative. The detailed results are as follows:

From phase B to C (the ascending branch of action

potential with V [ 0): With increasing gauti , positive

Isumi � Iauti becomes lower, and negative Iauti becomes

stronger, resulting in a lower positive Isumi . Therefore, Vmax

at phase C becomes lower.

From phase C to D (the descending branch of action

potential with V [ 0): The stronger the gauti is, the more

negative the Iauti is, and the higher the positive Isumi � Iauti is,

resulting in a slightly lower level of the negative Isumi .

Therefore, the period of the spiking slightly decreases.

From phase D to A (the descending branch of action

potential with V\ 0): The autaptic current Iauti approxi-

mates zero due to V\ haut = 0. With increasing gauti ,

negative Isumi � Iauti and Isumi are elevated, resulting in an

elevated Vmin.

From phase A to B (the ascending branch of action

potential with V\ 0): Iauti approximates zero, and Isumi �
Iauti between different values of gauti exhibits little differ-

ence. Therefore, Isumi between different values of gauti

exhibits little difference, resulting in little difference of the

trajectory (V, Isumi ) between different values of gauti .

Summary

The distinction of the dynamics of bursting of full system

and spiking of fast subsystem between the excitatory and

inhibitory autapse is shown in Table 1. For the excitatory

autapse, the excitatory autaptic current is positive around

the peak of the action potential of the fast subsystem. Then,

the larger excitatory autapse induces the larger positive

current around the peak of the spike. The spike amplitude

enhances and the repolarization becomes weak, resulting in

longer ISI of spiking. The longer ISI induces wider width

of slow variable u between two successive spikes. Due to

that the burst width of the slow variable u remains

unchanged, corresponding to the unchanged bifurcation

points of fold (SN) and saddle-homoclinic orbit (SH), the

number of spikes within a burst becomes smaller, which

presents the cause for the reduced number of spikes per

burst and firing frequency for the excitatory autapse.

For the inhibitory autapse, the inhibitory autaptic current

is negative around the peak of the action potential of the

fast subsystem. Then, the larger inhibitory autapse induces

the stronger negative current around the peak of the spike.

The spike amplitude reduces, resulting in shorter ISI of

spiking. The shorter ISI induces narrower width of slow

variable u between two successive spikes. Due to that the

burst width of the slow variable u remains nearly

unchanged, corresponding to that the bifurcation points of

fold (SN) and saddle-homoclinic orbit (SH) remains nearly

unchanged, then, the number of spikes with a burst

becomes larger, which presents the cause for the enhanced

number of spikes per burst and firing frequency for the

inhibitory autapse.
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Conclusion and discussion

In the real nervous system, bursting regulated by the

inhibitory or excitatory effects plays important roles in

multiple aspects (Glass 2001; Ma et al. 2021; Yang et al.

2018; Mondal et al. 2019; Lisman 1997; Braun et al. 1994;

Gu and Pan 2015; Duan et al. 2020; Yang et al. 2021; Xu

et al. 2020). Therefore, it is of great significance to reveal

the dynamics and regulation mechanism of different

bursting patterns for the nonlinear science and neuro-

science. Recent studies have revealed the mechanisms of

paradoxical phenomena in the neural electrical activities

under the actions of various regulatory factors, especially

the self-feedback/autapse, which enrich the connotation of

neurodynamics (Beiderbeck et al. 2018; Li et al. 2019; Wu

and Gu 2020; Cao et al. 2021; Wang et al. 2020; Cao et al.

2018). In the present paper, it is revealed that both fast

excitatory and inhibitory self-feedbacks/autapses can

respectively induce the paradoxical phenomena for the

‘‘Fold/Big Homoclinic’’ bursting pattern, which have sig-

nificances in the following aspects.

Firstly, the types of bursting for paradoxical phe-

nomenon are extended. In previous studies (Li et al. 2019;

Wang et al. 2020; Lu et al. 2021), for the ‘‘Fold/

(small)Homoclinic’’ bursting (small is added to be distin-

guished with big, and the burst terminates via a saddle-

homoclinic orbit bifurcation with a small amplitude of

homoclinic orbit), paradoxical phenomena are induced by

excitatory or inhibitory autapses. In the present paper, the

‘‘Fold/Big Homoclinic’’ bursting with burst terminating via

a saddle-homoclinic orbit bifurcation with a large ampli-

tude of homoclinic orbit is considered (Please refer to the

Appendix A). Both excitatory and inhibitory autapses

respectively induce paradoxical phenomena for the ‘‘Fold/

Big Homoclinic’’ bursting, showing a new example of the

paradoxical phenomenon.

Secondly, a novel nonlinear mechanism for the para-

doxical phenomenon is given, which is based on the

dynamics of the fast subsystem. In the present paper, both

the Fold and the Big Homoclinic orbit bifurcation points

change little with changing the autaptic conductance,

resulting in that u (slow variable) range of a burst is nearly

fixed. Under the action of autaptic current, the ISI of

spiking of the fast subsystem changes, which induces dif-

ferent widths of u between spikes within a burst. Excitatory

autapse induces large width of u for a spike, resulting in

less spikes per burst. Inhibitory autapse induces small

range of u for a spike, leading to the enhanced spike

number per burst. Such results are different from those of

previous studies on other bursting patterns (Li et al. 2019;

Cao et al. 2021; Wang et al. 2020; Cao et al. 2018; Ding

and Li 2016; Li et al. 2021; Lu et al. 2021), wherein the

values of bifurcation points or types of bifurcation change.

Finally, paradoxical phenomena and regulatory mecha-

nisms are extended. The paradoxical phenomena in the

present paper are different from not only those induced by

autapse without time delay in previous studies (Li et al.

2019; Wang et al. 2020; Li et al. 2021; Lu et al. 2021) but

also with time delay for bursting (Cao et al. 2021, 2018;

Ding and Li 2016) and spiking (Zhao et al. 2020a, b). It is

found that inhibitory autapse can enhance bursting activity

or excitatory autapse can reduce bursting activity at

appropriate time delays (Zhao et al. 2020b; Ding and Li

2016). The time delay can change the action phase of

autapse current pulse applied to the fast subsystem (Cao

et al. 2018; Ding and Li 2016). The influence of time delay

is important, due to that the time delay of autapse must be

crucial. The excitatory autapse with relatively large time

delay can induce less spikes per burst (paradoxical phe-

nomenon) of the bursting in the modified FitzHugh–

Nagumo model, while with relatively time delay induce

more spikes per burst (the common phenomenon) (Cao

et al. 2021) . If the pulse plays a role at a suitable phase, the

paradoxical phenomenon is induced.

Reviewing the literatures, it can be found that the

paradoxical phenomena are dependent on the firing pat-

terns, excitation or inhibition effects, diverse measures

such as the stimulation, autapse, memristor, and ionic

current (Zhao et al. 2020b; Ding and Li 2016; Hua et al.

2020; Chay 1985; Li et al. 2021; Lu et al. 2021; Wang and

Rinzel 1992; Jia 2018; Xu et al. 2020; Wang and Shi

2020). The paradoxical phenomena induced by the autapse

Table 1 Summary for the distinction of bursting and spiking of fast subsystem between the excitatory and inhibitory autapse

Dynamics of bursting or spiking Excitatory autapse Inhibitory autapse

Bursting (Full system) Number of spikes per burst Reduced Enhanced

Firing frequency Reduced Enhanced

Fast-slow variable dissection Bifurcation points (burst width) Unchanged Nearly unchanged

Width of slow variable u between two successive spikes Enhanced Reduced

Spiking(Fast subsystem) ISI of spiking Enhanced Reduced

Autaptic current(Depolarization and repolarization) Enhanced (Positive) Reduced (Negative)

Amplitude of spike Enhanced Reduced
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in the present paper are dependent of neruon model and

autapse model, compared with Refs (Wang et al. 2020; Li

et al. 2021). In addition, the model used in the present

paper is not based on ion channels, then, the practical

significance of these paradoxical phenomena awaits future

experimental demonstration. In future, the paradoxical

phenomena and underlying mechanism should be studied

comprehensively and deeply. In the present paper, a theo-

retical model of fast autapse (Wang and Rinzel 1992) is

studied. The autaptic current does not exhibit exponential

decay following a spike and induces paradoxical phe-

nomenon of bursting activity. Another important synapse

model, the exponential decay model (Elson et al. 2002;

Moss and Smart 2001; Barbero-Castillo et al. 2021), is also

widely studied. The autaptic current exhibits exponential

decay following a spike, which may have different effects

on the bursting activity. Furthermore, fast autapse and slow

autapse have different effects on the depolarization block

near a Hopf bifurcation (Zhao et al. 2016; Jia 2018).

Therefore, the effect of slow synapse or autapse on bursting

activity should be investigated in the future.

Appendix A: Big homoclinic orbit bifurcation

For gaute = gauti = 0, a big homoclinic orbit and a saddle-

homoclinic orbit (SH) bifurcation appear at u = u2 � �
1.21419, as shown in Fig. 14a. For u = u1 = -1.22 (u\�

Fig. 14 (Color online) The

dynamics related to saddle-

homoclinic orbit bifurcation and

a big homoclinic orbit in the

modified FHN bifurcation for

up ¼ 0:5 and gaute ¼ gauti ¼ 0. a
Bifurcation diagram of V with

respect to u; SH represents a

saddle-homoclinic orbit

bifurcation; b1 Dynamics of

stable node at u = u1 = -1.22 in

phase plane. b2 Partial

enlargement around the saddle

and node in Fig. 14b1; c1
Dynamics of a big homoclinic

orbit in phase plane at u =

u2 ¼ �1.21419. c2 Partial

enlargement around the saddle

in Fig. 14c1; d1 Dynamics of

coexistence of stable node and

limit cycle in phase plane for

u ¼ u3 ¼ �1.2. d2 Partial

enlargement around the lower

part of the limit cycle in

Fig. 14d1. The cyan curve and

the magenta curve represent the

nullclines of V (dV=dt ¼ 0) and

w (dw=dt ¼ 0), respectively.

The red dot, red square, and red

half bold dot represent the

unstable focus, stable node, and

saddle, respectively

Cognitive Neurodynamics (2023) 17:1093–1113 1109

123



1.21419), the dynamics in phase plane is shown in

Fig. 14b1 and b2. Fig. 14b2 is the enlargement around the

node and saddle in Fig. 14b1. The blue curve and the

magenta curve represent the nullclines of V (dV=dt = 0)

and w (dw=dt = 0), respectively. There is a stable node (red

square), a saddle (red and white dot), and an unstable focus

(red dot). For u = u2 � � 1.21419, a big homoclinic obit

(black solid line) appears, which begins from and termi-

nates at the saddle and contains the stable node and

unstable focus, as shown in Fig. 14c1 and c2. Figure 14c2

is the enlargement around the saddle in Fig. 14c1. When

-1.17800 [ u[� 1.21419, for example, u = u3 = -1.2,

the big homoclinic orbit disappears and changes to a

stable limit cycle containing the unstable focus, saddle, and

a stable node, as shown in Fig. 14d1 and d2. Figure 14d2 is

the enlargement around the lower part of the limit cycle in

Fig. 14d1.

Appendix B: The membrane voltage
behavior at higher autaptic conductivities

The membrane voltage behavior at higher autaptic con-

ductivities for the excitatory autapse are shown in Fig. 15.

With increasing gaute , the duration of burst increase and

spikes within a burst decreases. Due to that the bursting

patterns are different from those of the lower gaute , we do

not further investigate these bursting patterns and the

dynamical mechanism underlying the bursting patterns.

For the inhibitory autapse, when gauti [ 0.23, the mem-

brane voltage behavior exhibits the subthreshold oscilla-

tions (the resting state), such as gauti = 0.24 (Fig. 16).

Fig. 15 The membrane potential

(black) and autaptic current

(red) for the excitatory autapse.

a gaute ¼ 0:7; b gaute ¼ 0:8; c gaute

= 1.1; d gaute = 10; e gaute = 100; f
gaute = 200

Fig. 16 The membrane potential (black) and autaptic current (red) for

inhibitory autapse gauti = 0.24
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