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Abstract 

Background:  Single-cell sequencing (sc-Seq) experiments are producing increas‑
ingly large data sets. However, large data sets do not necessarily contain large amounts 
of information.

Results:  Here, we formally quantify the information obtained from a sc-Seq experi‑
ment and show that it corresponds to an intuitive notion of gene expression het‑
erogeneity. We demonstrate a natural relation between our notion of heterogeneity 
and that of cell type, decomposing heterogeneity into that component attribut‑
able to differential expression between cell types (inter-cluster heterogeneity) 
and that remaining (intra-cluster heterogeneity). We test our definition of heteroge‑
neity as the objective function of a clustering algorithm, and show that it is a useful 
descriptor for gene expression patterns associated with different cell types.

Conclusions:  Thus, our definition of gene heterogeneity leads to a biologically mean‑
ingful notion of cell type, as groups of cells that are statistically equivalent with respect 
to their patterns of gene expression. Our measure of heterogeneity, and its decompo‑
sition into inter- and intra-cluster, is non-parametric, intrinsic, unbiased, and requires 
no additional assumptions about expression patterns. Based on this theory, we 
develop an efficient method for the automatic unsupervised clustering of cells from sc-
Seq data, and provide an R package implementation.

Background
Advances in single-cell sequencing (sc-Seq) technologies have enabled us to profile 
thousands of cells in a single experiment [43]. In combination with advances in unsuper-
vised analysis methods, particularly specialised clustering algorithms and dimensional-
ity reduction techniques, these technologies have allowed us to dissect cellular identities 
in unprecedented detail and discover novel, functionally important, cell types [48]. The 
goal of most sc-Seq studies (except those focused on methodology development) is to 
extract biological information, often concerning the mix of cell types present in the tis-
sue sample, from the data obtained. Yet, data is not the same as information; and large, 
complex, data sets do not necessarily convey useful or usable information. Notably, cur-
rent single-cell profiling technologies typically produce noisy data for numerous techni-
cal reasons, including low capture rate, sparsity due to shallow sequencing, and batch 
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effects [17, 19]. Consequently, the relationship between biological information and sc-
Seq data is complex and incompletely understood. There is, therefore, a need for formal, 
quantitative methods to evaluate this relationship.

To address this challenge, we propose an information-theoretic framework that quan-
tifies the amount of information contained in a sc-Seq data set, and leads to a natural 
definition of gene expression heterogeneity. Our measure of gene expression heteroge-
neity decomposes into that which is explained by a given grouping of cells—a proposed 
clustering into cell types, for example—and that which remains unexplained.

Our framework differs from other approaches to heterogeneity decomposition 
(e.g. [14, 27]) by formally quantifying the information, in terms of gene expression heter-
ogeneity, gained from a sc-Seq experiment concerning the mix of cell types present. The 
resulting measure of heterogeneity, and its decomposition into inter- and intra-cluster 
heterogeneity, is non-parametric, intrinsic, unbiased, and requires no a priori assump-
tions about gene expression patterns.

Our approach is mathematically precise, biologically intuitive and computationally 
simple to implement, enabling a practitioner to quickly assess the information content of 
a sc-Seq data set, in terms of gene expression heterogeneity, identify highly informative 
genes, and determine the extent to which observed patterns of gene expression variabil-
ity are explained by the presence of a mixture of cell types in a cellular population. Fur-
thermore, we provide an efficient unsupervised clustering algorithm of cells from sc-Seq 
data based on heterogeneity and an implementation as an R package.

Results
High-throughput single-cell analysis methods, such as single-cell sequencing, typically 
view cells as the objects of study and seek to compare cell identities with each other [4, 
12, 14, 20, 24, 25, 35, 47]. However, this cell-centric view is less well suited to quantifying 
gene expression heterogeneity, which is concerned with patterns of variation that arise 
from the mixing of cell types within a population, and may vary from gene to gene. For 
instance, variance, the standard measure of heterogeneity in the cell-centric view, may 
not be informative in multi-modal distributions [39].

In the context of sc-Seq, heterogeneity results from differential expression between 
cell types. In the simplest case, where one cell type expresses a gene highly and another 
lowly, such differential expression introduces bimodality in the cell-centric expression 
distribution. In a bimodal distribution, the population mean is no longer characteristic 
of either of the two subpopulations, making variance, as a measure of the spread about 
the mean, also misleading (see Smith and MacArthur [39]).

To meet these challenges, we introduce a novel gene-centric probabilistic view that 
seeks to more formally specify what is meant by gene expression homogeneity and het-
erogeneity. We show that this gene-centric view is better suited to quantifying gene 
expression heterogeneity in the context of a multimodal population, and formalises the 
biological intuition of expression homogeneity and heterogeneity.

Quantifying gene expression heterogeneity

Consider the expression pattern of a single gene g of interest in a population of N dis-
tinct cells. Assume that in total M transcripts of g are identified in the cell population 
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(i.e. across all N cells profiled). Note that M represents the observed transcript count, 
which may differ from the true count due to technical artefacts. Now consider the 
stochastic process of assigning the M identified transcripts of gene g to the N cells 
profiled. Intuitively, the population is homogeneous with respect to expression of g if 
all the cells are statistically the same with respect to its expression. Mathematically, 
this means that the M transcripts of g will be assigned to the N cells independently 
and equiprobably—i.e.  each transcript will be assigned to each cell with probability 
1/N. Conversely, if the population is heterogeneous with respect to expression of g 
(that is, it consists of a mix of cell types, each expressing the gene differently), then 
transcripts will not be assigned uniformly, but rather will be assigned preferentially to 
distinct subsets of cells. Heterogeneity in experimentally observed patterns of expres-
sion can, therefore, be assessed in terms of deviation from this hypothetical homoge-
neous null model.

The Kullback–Leibler divergence (KLD, also known as the relative entropy) is a 
measure of the information encoded in the difference between an observed and null 
distribution [22]. In the sc-Seq context, the KLD of an experimentally observed gene 
expression distribution from the homogeneous null model, described above, meas-
ures the amount of information that is lost by assuming that the gene is homogene-
ously expressed in the sequenced cell population. We will denote this quantity I(g) 
and refer to it as the heterogeneity of g (see Fig. 1 for a schematic). Formally,

Fig. 1  An information-theoretic view of sc-Seq data. Transcripts, or more generally counts, of a given gene 
(shown here as horizontal bars) are assigned to cells after sequencing. If the cell population is homogeneous 
with respect to the expression of g, then the heterogeneity I(g) will be zero (top left population, I(g) = 0 ). 
In practice, the transcript assignment process is stochastic, and so there will always be some deviation 
from this ideal (bottom left population, I(g) small). (Note that the technical effects of this stochasticity on 
the information obtained may be reduced by using a shrinkage estimator to determine the distribution of 
transcripts (see “Methods” Section)). If the population is heterogeneous, then transcripts may be preferentially 
expressed in a subset of cells and the information obtained from the experiment, as measured by I(g) will 
be larger (top right population, I(g) large), reaching a maximum at log(N) , where N is the number of cells 
sequenced, when only one cell expresses the gene (bottom right population, I(g) = ln(5) ≈ 1.61 largest).
Note that the population heterogeneity I(g) is independent of any decomposition of the cell populations 
into subpopulations (shown here as yellow and purple cells, for illustration). However, given any grouping of 
the cells into subpopulations, I(g) can be formally decomposed as the sum of the heterogeneity explained 
by within and in-between subpopulations (see “Results” Section and Fig. 3). This decomposition, but not the 
overall value of I(g), does depend on the chosen assignment of cells to subpopulations
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where xgi  is the fraction of transcripts of gene g expressed by cell i, for each 1 ≤ i ≤ N  , 
and H(g) is the entropy of the expression of g in the population (see “Methods” Section 
for full details). For technical reasons, explained in the “Methods” Section, we will use 
natural logarithms in all calculations; I(g) therefore has units of nats.

Intuitively, if the cell population is unstructured with respect to the expression of g 
(i.e.  if the cells are approximately interchangeable with respect to the expression of g) 
then the assumption of homogeneity is correct and I(g) ≈ 0 . Conversely, the theoreti-
cal maximum for I(g) is log(N ) , which is achieved when H(g) = 0 and all transcripts of 
the gene are assigned to the same cell (see Fig. 1). Note that: (1) we do not need to know, 
or model, the particular expression distribution of g in the population, so no a priori 
assumptions about expression patterns are required to calculate I(g); (2) I(g) is agnostic 
concerning missing readings or counts so long as they are distributed uniformly at ran-
dom; (3) since it quantifies the deviation from the homogeneous null model, I(g) meas-
ures the information obtained from the experiment concerning the expression of g.

In practice, I(g) is associated with cellular diversity: the more distinct cell sub-popula-
tions present in a sample, and the more those sub-populations differ from one another 
with respect to their expression of g, the larger I(g) will be. Thus, I(g) is a parsimoni-
ous measure of expression heterogeneity that makes minimal assumptions concerning 
expression patterns and, therefore, imposes minimal technical requirements on data col-
lection methodology or quality. As such, it can be used as the basis for numerous aspects 
of the sc-Seq pipeline, including feature selection and unsupervised clustering.

To validate these uses, we considered a series of single-cell RNA-sequencing bench-
marking data sets: Svensson, a technical control [42]; Tian, a mixture of three cancer-
ous cell lines [46]; Zheng, a set of FACS separated peripheral blood mononuclear cells; 
Stumpf, a sampling of cells from mouse bone marrow [41]; and the Tabula Muris, a 
mouse cell atlas with cells from twelve organs [44]. Fig. 2a–e shows plots of I(g) for each 
gene profiled in these experiments. These plots confirm the intuition that the more dis-
tinct types present in a sample, and the more those cell types differ from one another 
with respect to their gene expression patterns, the greater the population heterogeneity 
will be, as measured by I(g).

These results indicate that heterogeneity (as defined here) can be used for feature 
selection. For example, heterogeneously expressed genes can be identified by 1) order-
ing them in descending ordering by I(g), and selecting the top n (where n is user-deter-
mined) or 2) finding those genes for which I(g) greater than some user-defined threshold 
(note that 0 ≤ I(g) ≤ logN  , with I(g) ≈ 0.7 indicating the gene g is expressed in approx-
imately half of cells).

As a measure for use in feature selection, I(g) identifies gene sets largely distinct from 
those based on Highly Variable Gene selection (the mean overlap of selected genes—for 
listed data sets excluding Svensson—was 0.36, with the number of genes selected deter-
mined by scran, based on an false discovery rate threshold of 0.05). For instance, I(g) 
identifies Hbb-bs, a marker of erythrocyte maturation, as informative in the Stumpf et al. 
[41] data set (high I(g) value), whereas scran does not, instead attributing the observed 

(1)I(g) =

N

i=1

x
g
i log Nx

g
i = log(N )−H(g),
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variance to technical sources (see Additional file 1: Fig. S1)[27]. Critically, information-
theoretic heterogeneity is more mathematically precise and computationally simpler 
to implement than variance-based approaches, making no distributional assumptions 
(e.g. use of the negative binomial model) and having no free parameters to fit. Further-
more, it may be easily modified to account for the presence of multiple homogeneous 
cell subpopulations, and thereby act as a measure of cluster quality.

Inter‑cluster heterogeneity

Let S be a discrete clustering of a population of cells—i.e.  an assignment of the cells 
to a finite set of C non-intersecting sub-populations (also known as clusters). In the 
“Methods” Section, we show that I(g) can be decomposed into two parts: one part that 
quantifies the extent to which each of the sub-populations defined by S deviate from 

Fig. 2  Information-theoretic single-cell analysis. Recall that I(g) measures the heterogeneity of a cellular 
population with respect to the expression of g: I(g) = 0 when transcripts are expressed uniformly and 
increases as transcripts are expressed preferentially in a subset of cells, reaching a maximum I(g) = log(N) , 
where N is the number of cells sequenced, when only one cell expresses the gene. a–e Plots of expression 
heterogeneity, I(g) (normalised by the theoretical maximum, log(N) ) against log mean expression for the 
bench-marking sc-Seq data sets described in the main text. In each panel, each point represents a gene 
profiled. The number of genes associated with large values of I(g) increases with the number of cell types 
present in the population profiled, showing I(g) as a valid measure of cell type diversity. Panel a shows data 
from a technical control [42] (number of cell types, C = 1 ), b a mixture of three cancerous cell lines [46] 
( C = 3 ), c FACS sorted immune cells [52] ( C = 4 ), d a sample of mouse bone marrow [41] ( C = 14 ), and e 
a multi-organ mouse cell atlas [44] ( C = 56 ). f–h Biologically meaningful cell annotations are associated 
with high inter-cluster heterogeneity. Established cell annotations for the f Tian, g Zheng and h Stumpf 
data are associated with higher inter-cluster heterogeneity than expected by chance (i.e., in randomly 
permuted clusters; significance is assessed using a one-sided exact test with 104 permutations; y axes show 
log10(p+ 1) ). In all panels the red line shows p < 0.05 , false discovery rate corrected for 500 trials [2, 8]. 
Genes below this threshold are significantly different gene expression patterns across the set of identified 
cell types. i Summary statistics for the total inter-cluster heterogeneity HS =

∑
g HS(g) based on established 

empirical and randomly permuted cell annotations ( 104 random permutations in each case). These statistics 
show the strong association of high HS with biologically meaningful groupings of cells. j A Uniform Manifold 
Approximation and Projection (UMAP) [29] plot of the top 500 genes by I(g) for the Stumpf data set; each 
point is a cell, coloured by its scEC cluster. This shows that I(g) is able to capture the continuous variation of 
developing cell types
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homogeneity, which we call the intra-cluster heterogeneity and write as hS(g) ; and one 
part that quantifies how differently the gene is expressed, in aggregate, between sub-
populations, which we call the inter-cluster heterogeneity and write as HS(g) . Namely, we 
show that

for any proposed clustering S. Thus, the information obtained from an experiment con-
cerning the expression of a gene g can be explicitly related to both local (within clus-
ter) and global (between cluster) patterns of variation, for any proposed clustering. Full 
mathematical details of this decomposition, including formulae for HS(g) and hS(g) , are 
provided in the “Methods” Section, and an illustration is given in Fig. 3. We also provide 
an R package for its calculation (see “Methods” Section).

This decomposition can be used to assess cluster quality. For a proposed cluster to 
meaningfully represent a cell type, it must be associated with differential expression of 
some subset of marker genes. Because HS(g) measures the extent to which the expres-
sion of gene g deviates from the homogeneous null model it is a simple measure of the 
extent to which g is differentially expressed between the clusters defined by S. We there-
fore expect that biologically meaningful clustering based on a marker gene g will result 
in a high value for HS(g) and (by necessity) a low value for hS(g).

This expectation is confirmed for the Tian, Zheng and Stumpf data sets for which we 
possess high-confidence a priori cell type annotations, derived either experimentally (for 
the Tian and Zheng data) or from expert annotation of a computational clustering (for 
the Stumpf data). In the set of genes most likely to be differentially expressed between 
clusters in these data sets (taken to be the top 500 genes by I(g) in each case) the majority 

(2)I(g) = HS(g)+ hS(g),

Fig. 3  Heterogeneity is additively decomposable. The heterogeneity of a population of cells (5 cells in this 
illustration) with respect to the expression of a gene g, I(g), can be decomposed into inter- and intra-cluster 
heterogeneities for any proposed clustering, S (here, two subpopulations, or clusters, of 3 yellow and 2 purple 
cells). The inter-cluster heterogeneity HS(g) is determined by independently aggregating all transcripts 
(shown as horizontal lines) associated with each sub-population in S and then taking the KLD of the 
resulting distribution from the uniform distribution of the transcripts over C clusters. It measures the extent 
to which transcripts are uniformly assigned to clusters. The intra-cluster heterogeneity hS(g) is determined 
by taking the weighted sum (with respect to the number of transcripts on each subpopulation) of the 
heterogeneities of each of the constituent subpopulations, considered independently. It represents the 
average heterogeneity of the proposed clusters, accounting for disparities in number of transcripts assigned. 
In this toy example, the overall population heterogeneity of gene g, I(g) = 0.55 , decomposes as the sum of 
the inter-cluster heterogeneity HS(g) = 0.33 , plus the intra-cluster heterogeneity hS(g) = 0.22 . The latter is 
obtained as the weighted sum (with respect to the number of transcripts in each cluster, here 2/10 = 0.2 and 
8/10 = 0.8 ) of the heterogeneities on each subpopulation. Further details and formulae are provided in the 
“Methods” Section
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are associated with substantially higher inter-cluster heterogeneity than expected by 
chance (i.e., in randomly permuted clusters). Indeed, in Tian 97.0%, in Zheng 94.4% and 
in Stumpf 99.6% of the tested genes had significantly higher inter-cluster heterogeneity 
than expected (one-sided exact test with 104 permutations, p < 0.05 , false discovery rate 
corrected for 500 trials; see Fig. 2f–h for illustration) [2, 8].

These results indicate that by simple information-theoretic reasoning, we are able to 
quantify the amount of information in the expression pattern of a single gene that is 
explained by a given clustering. However, a key strength of high-throughput single-cell 
profiling methods is that they allow the simultaneous profiling of thousands of genes in 
large cell populations.

Our information-theoretic reasoning may be extended to a high-throughput single-
cell profiling experiment by assuming that each gene is an independent source of infor-
mation and making use of the fact that information from independent sources is additive 
[37]. Thus, we can determine the total information explained by a given clustering S 
by evaluating the sum HS =

∑
g HS(g) over all genes profiled. The total information 

explained by S is a simple, easily computed measure for cluster evaluation that favours 
grouping of cells into homogeneous (with respect to gene expression) sub-populations 
and is maximised at 

∑
g I(g) if and only if the proposed clustering divides the population 

into indivisible perfectly homogeneous sub-populations and thereby accounts for all the 
heterogeneity contained in the sc-Seq data set. If so, then S is the maximum entropy par-
tition of the cell population into distinct classes, and may therefore be considered as the 
most parsimonious way of assigning cell identities.

To illustrate the association between total information explained, HS , and cluster qual-
ity, we again considered the established annotations of the Tian, Zheng and Stumpf data 
sets. As expected, in all cases the observed value of HS significantly exceeds that of all 
random label permutations (see Fig.  2i indicating that HS is strongly associated with 
cluster quality and that these benchmark cell annotations are associated with homo-
geneous cell sub-populations. Notably, this association holds true independently of 
the method used to annotate cell identities (annotations were derived from genotypic 
information for the Tian data, surface protein expression for the Zheng data, and unsu-
pervised clustering for the Stumpf data), indicating that HS provides a methodology 
agnostic, parameter-free, means to quantify cluster quality.

Unsupervised clustering

Building on this empirical association, we investigate the clustering of cells that maxim-
ises HS (and necessarily minimises hS ) as a reasonable approximation to (homogeneous) 
cell type. That is, this is the cell clustering that explains the most of the gene expression 
heterogeneity as inter-cluster variability.

We implement HS-maximisation as the objective function of an unsupervised clus-
tering method, which we call scEC (single-cell Entropic Clustering). We show that our 
method is comparable to the state-of-the-art Louvain method, and in doing so, validate 
the underlying definition of heterogeneity and homogeneous cell type.

Namely, we compare the clustering returned by scEC and the established annotations 
for the Tian, Zheng and Stumpf data sets. The resulting scEC clusterings agreed strongly 
with the established cell annotations, achieving adjusted Rand Indices (ARI) of 0.99 for 
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the Tian annotations, 0.87 for the Zheng annotations, and 0.69 for the Stumpf anno-
tations (ARIis a measure of similarity of a proposed clustering to a known clustering, 
Rand [33]). To benchmark these results we also repeated the analysis using the Louvain 
method, a leading single-cell clustering algorithm, which achieved ARIs of 0.99, 0.99 and 
0.35 for the Tian, Zheng, and Stumpf data sets respectively [3, 9, 26, 40].

The scEC objective function, HS , is naturally built by summation of gene-level meas-
urements (see “Methods” Section), so can be used to directly identify the key drivers 
of a given clustering without relying on post-hoc differential gene expression testing. To 
demonstrate this feature, we compared the inter-cluster heterogeneity values (i.e., the 
values HS(g) for each of the genes profiled) for clusters identified by scEC and by estab-
lished annotations for the Tian & Stumpf data sets (see Fig. 4).

We found that the values of HS(g) associated with scEC clusters are strongly positively 
correlated with those associated with established annotations for both the Zheng and 
Stumpf data sets (Pearson’s correlation coefficient of 0.94 for Zheng and 0.99 for Stumpf; 
see Fig.  4). Moreover, the key marker genes in each data set were found to have sig-
nificantly different expression levels across clusters, as measured by HS(g) (one-sided 
permutation test on clustering labels, 104 permutations, p < 0.05 , false discovery rate 
corrected; marker genes for Zheng: CD14, CD4, CD8 and NCAM1, Zheng et al. [52]; and 
Stumpf: Cd34, Kitl, Spi1, Gata1 and Pax5, Stumpf et al. [41]).

This concordance indicates that scEC is generally able to recapitulate known cell clus-
ters in an unbiased and parameter free way. However, despite this concordance, there 
were differences between scEC clusters and established annotations. To investigate these 
differences further we selected those genes for which the value of HS(g) differed sub-
stantially ( �HS(g) = |HscEC(g)−HKnown(g)| > 0.1 nats ) between scEC clusters and 
established annotations in each data set for further investigation.

In the Zheng data, we found that those genes with expression heterogeneity better 
explained by the scEC clustering were enriched for cell-cycle related genes (gene ontol-
ogy enrichment, p = 1.33× 10−8 , false discovery rate corrected). Conversely, those 
genes with expression heterogeneity better explained by the established annotation were 
enriched for genes involved in the immune response ( p = 1.49× 10−3 , false discovery 
rate corrected) [1, 2, 10].

Fig. 4  Comparison of inter-cluster heterogeneity of scEC-generated clusters versus established annotations. 
Plots of HS(g) based on an scEC-generated clustering (x-axis) and established annotations (y-axis) for the a 
Zheng and b Stumpf, and c an alternative data set from Tian [41, 46, 52]. In all panels each point represents 
a gene profiled and the red line indicates HscEC (g) = HKnown(g) . For the genes below the red lines, the scEC 
clustering is better than the prior annotation at explaining the gene expression heterogeneity as inter-cluster 
variability, and vice versa for the genes above the red line
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In the Stumpf data set, we found that those genes with expression heterogeneity better 
explained by the scEC clustering were enriched for genes involved in erythroblast dif-
ferentiation and homeostasis ( p = 1.80× 10−2 and p-value = 6.17× 10−4 respectively, 
false discovery rate corrected). Conversely, those genes with expression heterogeneity 
better explained by the established annotation were enriched for genes involved in the 
immune response ( p = 2.57× 10−18 , false discovery rate corrected). In this example, 
scEC generally identifies additional erythrocyte sub-populations while merging the 
cell sub-types of the neutrophil lineage (see Fig. 2j for illustration and Additional file 1: 
Table S1 for contingency table of cluster assignments).

Collectively, these differences reflect the preference of scEC for cellular annotations 
driven by biological processes involving larger tranches of genes. Depending on circum-
stance, this preference may be a benefit or a drawback. It is generally beneficial because 
it ensures that scEC annotations are robust to outliers (i.e.  anomalous expression pat-
terns of individual genes cannot easily distort scEC cluster assignments). Conversely, 
in circumstances in which key cellular functions are determined by a small number of 
genes, scEC may fail to disambiguate important cell populations from similar cell types. 
However, given the simplicity of the scEC methodology this issue can this issue can be 
relatively easily addressed, by adjusting the prior, as follows. In the standard formulation 
of scEC each gene contributes equally to the objective function HS =

∑
g HS(g) . This 

corresponds to assuming a uniform prior. However, alternatives may be easily consid-
ered that take into account different sources of prior knowledge. In general, each gene 
can contribute in a weighted way to the overall inter-cluster heterogeneity. In this case 
the objective becomes HS =

∑
g w(g)HS(g) , where w(g) is the weight of gene g. These 

weights can encode known biology—for example, by up-weighting known drivers of cel-
lular identities, down-weighting genes associated with housekeeping processes and/or 
the cell cycle, or by weighting genes in inverse proportion to the size (i.e. the number of 
associated genes) of their leading ontology term.

While incorporating such priors into scEC may be beneficial, defining them is a chal-
lenge and potentially introduces a source of bias into the resulting clustering and so 
should be approached with care. An alternative approach—which encodes prior infor-
mation in a data-led, rather than algorithmic way—is to use a reference data set, such as 
a cell atlas, to benchmark cell annotations (these atlases can serve as reference transcrip-
tomes, in analogy to reference genomes).

Doing so leads to a semi-supervised version of scEC, wherein we cluster a novel test 
data set based on the known clustering of a given reference data set. We detail the math-
ematics of semi-supervised clustering in the “Methods” Section, but, in short, the exten-
sion to the semi-supervised setting requires no additional mathematical machinery. 
Such mathematical simplicity affirms information theory as providing a mathematically 
precise and biological intuitive framework for cellular clustering.

As an example, we cluster the Tian data set based on a distinct data set containing the 
same three cell lines (plus two additional cell lines) [46]. The semi-supervised clustering 
strongly agreed with the established cell annotation, achieving an ARI of 0.90. Notably, 
the ARI was reduced compared with the unsupervised version due to the assignment of 
∼ 6% of cells to cell types present only in the reference data set, a disadvantage of semi-
supervised (and supervised) methods.
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Benchmarking and imputation

We benchmark scEC and state-of-the-art methods against a series of data sets consist-
ing of cells sampled from three or five distinct cancerous cell lines and sequenced using 
various technologies (CEL-Seq2, Sort-seq, 10x, Drop-seq) [15, 28, 31, 46]. We compare 
each method’s clustering against ground truth for each data set (by adjusted rand index), 
finding that scEC performs subpar to the best of existing methods [13, 21, 27, 34, 40]. 
Investigating the gene-wise contributions via HS(g) reveals that scEC-derived cluster-
ings diverge from the ground truth due to genes expressed in small numbers of cells, e.g., 
SPINK6 (difference in HscEC from ground truth of 0.23 nats; expressed in 1.6% of cells in 
the five-cell line, 10X data set; see Fig. 4c).

To protect against low cell-count genes, we adopt a data-diffusion step, imputing the 
expression value of each cell as a weighted average of itself and a small subset of cells 
with similar expression patterns (i.e., diffusion of observed expression values over a 
shared nearest-neighbours graph derived from the top 500 genes by I(g), see “Methods” 
Section) [49]. The smoothing layer shares information between genes, lessening scEC’s 
sensitivity to the expression pattern of individual genes; this raises the performance of 
scEC clustering to be on par with the state-of-the-art (see Fig. 5a).

We further benchmark scEC (with and without the imputation step) as a feature selec-
tion tool, evaluating the ability of I(g) to a priori identify differentially expressed genes, 
assuming differential expression to be the ground truth of feature selection (differen-
tially expressed genes are identified per data set via Wilcoxon Rank Sum testing, select-
ing those genes with an FDR-adjusted p-value < 0.05 in at least one cluster; Stuart et al. 
[40]). We find that, without smoothing, scEC is comparable to the state-of-the-art; with 
smoothing, scEC notably improves, substantially bettering the state-of-the-art in select-
ing differentially expressed genes from the benchmark data sets (see Fig. 5b). Notably, 
relatively few genes remain heterogeneous after the imputation step, so the imputed I(g) 

Fig. 5  Benchmarking of scEC performance in unsupervised clustering and feature selection. a Adjusted 
Rand Index of clusterings produced by specified methods against known ground truth for seven data 
sets, each consisting of three or five cancerous lines sequenced on different platforms. With an additional 
imputation step, scEC performs on par with other methods. b The percent of the top N genes by different 
feature selection metrics that are differentially expressed. Data set is Sc-seq from three cancerous cell lines 
sequenced by Drop-seq (with 2005 differential expressed genes identified from non-parametric testing for 
each cell line versus the remaining; Wilcox test, fasle discovery rate corrected p-value < 0.05 ). The greater 
ability of scEC-impute to a priori select differentially expressed genes is repeated across each benchmark 
data set, see Additional file 1: Fig. S2. Note that the imputation step in scEC-impute assigns many genes a 
heterogeneity I(g) of zero, resulting in a low cut-off on total number of selectable genes
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identifies a much smaller number of genes than other methods, where an arbitrary cut-
off in selected gene number is required.

Conclusion
Traditional unsupervised clustering methods for single cell data are based on the, often 
implicit, assumption that cell types correspond to regions of high probability density 
in the joint gene expression distribution [11]. Although useful, this is not a specifically 
biological assumption (similar assumptions form the basis of numerous clustering algo-
rithms in other different disciplines) and does not have a clear biological basis. Indeed, 
this assumption does not naturally accord with biological intuition that distinct cell 
populations should be ‘homogeneous’ and cells of the same type should be functionally 
interchangeable. Here, we have taken a different approach that seeks to encode biologi-
cal intuition about population homogeneity in a mathematical formulation, drawing on 
tools from information theory.

We have proposed a formal measure of gene expression heterogeneity and shown 
that this measure captures biologically relevant heterogeneity arising from differential 
expression between established cell types. We formalised the additive decomposition 
of heterogeneity with respect to a given grouping of cells (in “Methods” Section), and 
tested the association between high inter-cluster heterogeneity and grouping by cell 
type. Finally, we used this measure as a basis of a biologically-motivated clustering pro-
cedure, which we call single-cell entropic clustering (scEC), which identifies homogene-
ous cell types. The scEC method is free of tunable hyper-parameters and its performance 
is comparable to a state-of-the-art clustering algorithm on a series of benchmark sc-Seq 
data sets, suggesting that this underlying biological basis is justified.

While our method represents a mathematically rigorous definition of heterogeneity, 
the stochasticity inherent in sc-Seq data does limit our resolution. For instance, nearly 
every gene is associated with some non-zero level of heterogeneity and, over thousands 
of genes, even low levels of stochastically-induced heterogeneity will accumulate (a ver-
sion of the so-called ‘curse of dimensionality’). This limits our ability to directly inter-
pret the genome-wide heterogeneity (e.g. the total heterogeneity of the technical control 
Svensson exceeds that of Tian, both absolute and per gene, although the trend reverses 
when excluding those genes with fewer than 100 total transcripts).

Aside from these technical limitations, our approach demonstrates the benefit of a 
biologically grounded, mathematically formal approach to understanding sc-Seq data. 
As these data sets grow in complexity and size, there will be a greater need for biological 
interpretability and mathematical rigour in analysis. We suggest information theory as 
the appropriate mathematical language for describing gene expression and its heteroge-
neity. Indeed, we anticipate that information theory will become an established part of 
the quantitative biologist’s toolkit.

Methods
Data collection

Count matrices for each data set were downloaded from their respective repositories 
(see Availability of Data and Materials). For the Zheng and Tabula Muris data sets, the 
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count matrices of the various cell types/tissues were concatenated using the Matrix 
(v1.3-2) package in R (v4.0.3) [32].

Data pre‑processing

For each data set, those genes with less than 100 total transcripts in total (i.e. across all 
cells) were excluded from further analysis. For the Zheng data set, FACS identities were 
taken from the repository metadata, with the CD4+ Helper T-cells, CD4+/CD25+ 
Regulatory T-cells, CD4+/CD45RA+/CD25- Naïve T cells, CD4+/CD45RO+ Memory 
T-cells, CD8+ Cytotoxic T cells and CD8+/CD45RA+ Naïve Cytotoxic T-cells merged 
into the single identity of T-cells.

Normalisation

Since sc-Seq data is noisy, rather than working with the experimentally observed pro-
portions of transcripts assigned to each cell, we instead adopt a Bayesian approach to 
estimate the cellular frequencies using the James–Stein estimator, as explained below, 
and use this estimator in all subsequent calculations.

We write mg
i  for the number of transcripts of gene g associated with cell i in a popu-

lation of N cells. Let 
∑N

i=1m
g
i = Mg be the total number of transcripts of gene g, and 

p
g
i = m

g
i /M

g the fraction of transcripts of gene g expressed by cell i, for each 1 ≤ i ≤ N  . 
Thus, 

∑N
i=1 p

g
i = 1 and we can think of pgi  as the probability that a randomly selected 

transcript of gene g is associated with cell i. To take under-sampling into account, we 
adjust the observed probabilities pi = p

g
i  as follows (let us drop the superscript g for sim-

plicity). We define X = Xg as the discrete random variable on the set {1, 2, . . .N } with 
probabilities

where �′ is the shrinkage intensity given by

which is the James–Stein estimator, with the uniform distribution as the shrinkage target 
[16]. Shrinkage approaches deal with under-sampling and so are able to correct for the 
substantial sparsity observed in single-cell RNA-sequencing data. The shrinkage prob-
abilities xi given in Eq. 3 are a compromise between the observed probabilities pi , which 
are unbiased but with a high variance, and the target uniform probabilities 1/N, which 
are biased but with low variance [6, 16].

Feature selection

The Shannon entropy of X is, by definition,

(3)xi = �
′
1

N
+ (1− �

′)pi,

(4)�
′
=

1−
∑N

i=1 p
2
i

(M − 1)
∑N

i=1(
1
N − pi)2

,

(5)H(X) = −

N∑

i=1

xi log xi.
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By convention, we assume that 0 · log 0 = 0 . For the logarithm, we take base e for ease in 
differentiation (see later) rather than the usual base 2 (recall that loge(x) = log2(e) log2(x) 
for all x > 0 ), and thus H(X), and I(g) below, are measured in nats.

The Shannon entropy is a measure of the uncertainty in the outcomes of the random 
variable X. It has a minimum value of zero, when xi = 1 for some i (e.g.  if the gene g 
is expressed in only one cell of the population) and has a maximum value of log(N ) , 
when xi = 1/N  for all i (e.g.  if the gene is uniformly expressed in the cell population). 
The entropy may therefore be considered as a measure of the homogeneity of expression 
of the gene g in the cell population profiled (note that the association of high entropy 
with homogeneity is counter to the usual intuition: it occurs because we are concerned 
with the entropy of the generative process of assigning transcripts to cells, rather than 
transcript count distribution in the cell population, as is more usual. A high entropy 
transcript assignment process gives rise to a sharp transcript distribution, hence its asso-
ciation with homogeneity). By contrast, the quantity log(N )−H(X) also ranges between 
zero and log(N ) , yet is minimised when the gene is homogeneously expressed and so is 
a simple measure of expression heterogeneity, which we will denote I(g). We can rewrite 
this as

The Kullback–Leibler divergence (KLD), or relative entropy, is a measure of the informa-
tion encoded in the difference between two probability distributions [22]. The relative 
entropy of a discrete probability distribution p1, . . . , pN from a discrete probability dis-
tribution q1, . . . , qN is, by definition,

with the provision that qi = 0 implies pi = 0 , and the convention that 0 · log( 00 ) = 0 . 
From this definition and Eq. 6, it is clear that our measure of heterogeneity is simply the 
relative entropy of the observed expression distribution from the uniform distribution 
U. Thus,

where U denotes to the uniform distribution on the set {1, 2, . . .N } with probabilities 
ui = 1/N  for all 1 ≤ i ≤ N .

Cluster‑level heterogeneity

A crucial property of the relative entropy is that it is additively decomposable with respect 
to arbitrary groupings [38]. Informally, this means that if we have a clustering of the cells 
into disjoint groups, then I(g) can be reconstructed from inter-cluster and intra-cluster 

(6)

I(g) = log(N )−H(X) =

N∑

i=1

xi log(N )+

N∑

i=1

xi log (xi) =

N∑

i=1

xi log (Nxi)

=

N∑

i=1

xi log

(
xi

1/N

)
.

(7)D(P||Q) =

N∑

i=1

pi log

(
pi

qi

)
,

(8)I(g) = log(N )−H(X) = D(X ||U),
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heterogeneities. Next, we formalise this additive decomposition and give a self-contained 
derivation (cf. Theil [45]).

Consider a clustering S = {S1, . . . , SC} that unambiguously assigns each cell in the sam-
ple into one of C non-intersecting sub-populations S1, . . . , SC of sizes N1, . . . ,NC . Note 
that 

∑C
k=1Nk = N  , the total number of cells. Let yk be the fraction of transcripts associ-

ated with cells in sub-population Sk , adjusted by the shrinkage estimator. That is,

with xi defined by Eq. 3. This gives another discrete random variable Y with probability 
distribution y1, . . . , yC on the set {1, 2, . . .C} . For each k = 1, . . . ,C , we can also assess 
the heterogeneity of the sub-population Sk by considering the random variable Zk with 
probability distribution zi = xi/yk on the set i ∈ Sk . Note that

so Zk is a random variable on the set (cluster) Sk.
We may rewrite I(g) in terms of Y and Zk , as follows:

(9)yk =

∑

i∈Sk

xi,

(10)
∑

i∈Xk

zi =
∑

i∈Xk

xi

yk
= yk

∑

i∈Xk

xi = 1

(11)I(g) = log (N )−

N∑

i=1

xi log

(
1

xi

)
,

(12)= log(N )−

C∑

k=1

∑

i∈Sk

xi log

(
1

xi

)

(13)= log(N )−

C∑

k=1

yk
∑

i∈Sk

xi

yk

(
log

(
1

xi/yk

)
+ log

(
1

yk

))
,

(14)
= log(N )−

C∑

k=1

yk
∑

i∈Sk

xi

yk
log

(
1

xi/yk

)

︸ ︷︷ ︸
H(Zk )

−

C∑

k=1

yk
∑

i∈Sk

xi

yk
log

(
1

yk

)
,

(15)
= log(N )−

C∑

k=1

ykH(Zk)−

C∑

k=1

log

(
1

yk

) yk︷ ︸︸ ︷∑

i∈Sk

xi

︸ ︷︷ ︸
H(Y )

,

(16)= log(N )−

C∑

k=1

ykH(Zk)−H(Y ),
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Expression A may be rewritten as:

This is the relative entropy of Y from the uniform distribution Ugroup in which 
pk = Nk/N  for k = 1, . . . ,C . Since yk is the proportion of transcripts assigned to the 
cluster Sk , it measures the deviation from the assumption that the clusters are homo-
geneous in their expression of g (i.e. each cluster expresses g at the same level). Since it 
is a measure of the extent to which the population deviates from homogeneity between 
clusters, we will term this contribution the inter-cluster heterogeneity of g with respect to 
the clustering S, denoted HS . Informally, it is a measure of the extent to which the gene g 
is differentially expressed between clusters.

Expression B may be rewritten as:

(17)
= log (N )−H(Y )−

C∑

k=1

yk log (Nk)

︸ ︷︷ ︸
A

+

C∑

k=1

yk log (Nk)−

M∑

k=1

yk H(Zk)

︸ ︷︷ ︸
B

.

(18)A = log (N )−H(Y )−

C∑

k=1

yk log (Nk),

(19)=

C∑

k=1

yk log(N )−

C∑

k=1

yk log

(
1

yk

)
−

C∑

k=1

yk log (Nk),

(20)=

C∑

k=1

yk log

(
yk

Nk/N

)
,

(21)= D(Y ||Ugroup).

(22)B =

C∑

k=1

yk log (Nk)−

C∑

k=1

yk H(Zk),

(23)=

C∑

k=1

yk
(
log (Nk)−H(Zk)

)
,

(24)=

C∑

k=1

yk
∑

i∈Sk

xi

yk
log

(
Nk

xi

yk

)
,

(25)=

C∑

k=1

yk
∑

i∈Sk

xi

yk
log

(
xi/yk

1/Nk

)
,

(26)=

C∑

k=1

yk D(Zk ||Uk).
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This is the weighted sum of the relative entropies of the empirical distributions Zk 
(i.e.  the observed gene expression distribution in group Sk ) from the uniform dis-
tribution Uk on Sk (in which pi = 1/Nk for each i ∈ Sk ). It is the deviation from the 
assumption that the population consists of a mixture of homogeneous sub-populations 
according to the clustering S (where the expectation is taken with respect to the prob-
ability measure provided by Y). Since it is a measure of the expected extent to which the 
proposed sub-populations deviate from homogeneity within clusters, we will term this 
contribution the intra-cluster heterogeneity of g with respect to S, denoted hS(g).

Taken together, these results show that I(g) can be decomposed into two well-defined 
parts that encode local and global properties of the expression distribution of g with 
respect to a given clustering S = {S1, . . . , SC}:

The relative entropy is always non-negative and hence so are HS(g) and hS(g) for any 
S. Thus, both quantities range from zero to I(g). If S places one cell in each cluster 
(i.e. C = N  ) then Zk = Uk for all k and thus hS(g) = 0 . Conversely, if S places all cells 
in one cluster (i.e. C = 1 ) then Y = US and thus HS(g) = 0 . In this case, the population 
heterogeneity is equivalent to the intra-cluster heterogeneity of the trivial clustering.

Unsupervised clustering

The above measures of heterogeneity can be easily extended from one gene to many. 
In this case, the homogeneous null model is obtained by assuming that each gene is 
expressed homogeneously and independently. Because entropy from independent 
sources is additive [7], the total heterogeneity of a single-cell RNA-sequencing data set 
under a given clustering is given by the sum:

Here HS =
∑

g HS(g) and hS =
∑

g hS(g) represent the total inter-cluster and intra-clus-
ter heterogeneity of the data with respect to a clustering S = {S1, . . . , SC}.

Naturally, we want to identify a clustering (e.g.   an assignment of cells to types) that 
produces maximally homogeneous sub-groups and thereby explains most of the expres-
sion heterogeneity for most genes in terms of inter-cluster heterogeneity. Mathemati-
cally, this means we want to find a clustering S that maximises HS or, equivalently, 
minimises hS . A brute force approach is not feasible, as the number of partitions of a set 
with n elements into two or more subsets grows exponentially with n.

To approach the problem we therefore converted the problem from one of assigning 
discrete identities (i.e., a hard clustering problem) to one of assigning continuous identi-
ties (i.e., a fuzzy clustering problem). The advantage of this approach is that it defines 
the problem in terms of a continuous, differentiable objective function which can be 
approached with more efficient optimisation routines.

Fuzzy clustering

We adopt a fuzzy conception of clustering in which cells are assigned to C (possibly) over-
lapping, fuzzy clusters, S1, . . . , SC . Each cell i has C corresponding membership functions 

(27)I(g) = A+ B = HS(g)+ hS(g).

(28)I =
∑

g

I(g) =
∑

g

HS(g)+
∑

g

hS(g) = HS + hS .
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µik ∈ [0, 1] for k = 1, 2, . . . ,C , which assess the probability that cell i belongs to cluster Sk . 
Thus,

Our information-theoretic framework can be adapted to this fuzzy setting. Population 
heterogeneity, I(g), is independent of the chosen clustering, so it remains unaffected by 
the adoption of fuzzy clusters, i.e. the total gene expression heterogeneity is unaffected 
by the choice of discrete or fuzzy cluster memberships. For the calculations of inter-clus-
ter and intra-cluster heterogeneities, we extend the discrete random variables Y g and 
Z
g
k to the fuzzy setting, where Y g now measures the expression distribution of the gene 

g across the C fuzzy clusters, and Zg
k measures the expression distribution of the gene g 

within fuzzy cluster Sk , as follows.
We define the discrete random variable Y g on the set of fuzzy clusters S = {S1, . . . , SC} 

with probabilities ygk given by

We also define, for each Sk ∈ S , a discrete random variable Zg
k on the set of cells, 

i = 1, . . . ,N  , with probabilities zgik given by,

We can rewrite I(g) (which is independent of the clustering) in terms of Y g and Zg
k (which 

depend on the clustering) as

where,

and

Note that Eq. 33 is the entropy of the random variable Y g , however H(Z
g
k ) is not quite 

the entropy of Zg
k (there is a missing 1/µik factor inside the logarithm).

From Eq. 32, we can obtain a second decomposition,

(29)
C∑

k=1

µik = 1 with µik ≥ 0,

(30)y
g
k =

N∑

i=1

µik x
g
i .

(31)z
g
ik = µik

x
g
i

y
g
k

.

(32)I(g) = log(N )−H(Y g )−

C∑

k=1

y
g
kH(Z

g
k ),

(33)H(Y g ) =

C∑

k=1

y
g
k log

(
1

y
g
k

)

(34)H(Z
g
k ) =

N∑

i=1

µik
x
g
i

y
g
k

log

(
1

x
g
i /y

g
k

)
.

(35)I(g) = H(g)+ h(g)
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where

Here H(g) and h(g) represent the inter-cluster heterogeneity and intra-cluster hetero-
geneity of gene g with respect to the fuzzy clustering S. Equation  36 is also the KLD 
of the distribution of Y g from the uniform distribution Ugroup given by uk = Nk/N  for 
k = 1, 2, . . . ,C (note that 

∑C
k=1 uk = 1 ). Similarly, Eq. 37 is the KLD of the distribution 

of Zg from the uniform distribution Uk given by pi = µik/Nk for i = 1, 2, . . . ,N .
Either HS =

∑
g HS(g) or hS =

∑
g hS(g) can serve as our objective function, f, for 

optimisation: optimising either quantity simultaneously identifies the clustering with 
the greatest heterogeneity between clusters (i.e.  the greatest differential gene expres-
sion between clusters) and the least heterogeneity within clusters (i.e. in which the cells 
within each cluster are closest to being interchangeable with respect to their patterns of 
gene expression).

Choosing inter-cluster heterogeneity HS , we solve the optimisation problem

where

using the limited-memory, box constrained BFGS (L-BFGS-B) optimisation algorithm 
from the Python3 (v3.8.2) package SciPy (v1.5.3) [5, 50, 51, 53].

The L-BFGS-B algorithm is an efficient non-linear local optimisation method devel-
oped for solving large, dense problems such as this [53] but its speed and the quality 
of the solution produced depends on the availability of an explicit formulation of the 
gradient of the objective function. Therefore, we derive the required gradient by partially 
differentiating the total inter-cluster heterogeneity, HS , with respect to fuzzy cluster 
membership, i.e. the N · C membership functions µrs ( 1 ≤ r ≤ N , 1 ≤ s ≤ C).

Beginning by differentiating individual elements of f with respect to µrs , from Eqs. 30 
and 38, we have

(36)HS(g) =

C∑

k=1

y
g
k log

(
y
g
k

Nk/N

)
,

(37)hS(g) =

C∑

k=1

y
g
k

N∑

i=1

µik x
g
i

y
g
k

log

(
x
g
i /y

g
k

1/Nk

)
,

(38)Nk =

N∑

i=1

µik .

(39)max
S

HS ,

(40)HS =

G∑

g=1

HS(g) =

G∑

g=1

C∑

k=1

y
g
k log

(
y
g
k

Nk/N

)
,

(41)
∂

∂µrs

(
y
g
k

)
=

{
x
g
r k = s
0 k �= s
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Using the product, chain and quotient rules, we can differentiate the g-summand, call it 
f g
(
= HS(g)

)
 , of the objective function f:

The membership functions µrs are not independent, since 
∑C

k=1 µik = 1 for all i, by 
Eq. 29. To incorporate this constraint, and the constraint µik ≥ 0 for all i, k, we introduce 
variables wik given by

and make the objective function f a function of the wik . By the chain rule,

Determining ∂µrs
∂wij

 , let us write Mi =
∑C

l=1 e
wil ; then, Eq.  50 can be written as 

µik = ewik /Mi . By the quotient rule,

(42)
∂

∂µrs
(Nk) =

{
1 k = s
0 k �= s

(43)
∂f g

∂µrs
=

∂

∂µrs

(
C∑

k=1

y
g
k log

(
y
g
k

Nk/N

))

(44)=

C∑

k=1

∂

∂µrs

(
y
g
k

)
log

(
y
g
k

Nk/N

)
+

C∑

k=1

y
g
k

∂

∂µrs

(
log

(
y
g
k

Nk/N

))

(45)= x
g
r log

(
y
g
s

Ns/N

)
+

C∑

k=1

y
g
k

Nk/N

y
g
k

∂

∂µrs

(
y
g
k

Nk/N

)

(46)= x
g
r log

(
y
g
s

Ns/N

)
+

C∑

k=1

Nk

N
N

∂

∂µrs

(
y
g
k

Nk

)

(47)= x
g
r log

(
y
g
s

Ns/N

)
+

C∑

k=1

Nk
1

N 2
k

(
∂

∂µrs

(
y
g
k

)
Nk − y

g
k

∂

∂µrs
(Nk)

)

(48)= x
g
r log

(
y
g
s

Ns/N

)
+

1

Ns

(
x
g
r Ns − y

g
s

)

(49)= x
g
r

(
log

(
y
g
s

Ns

)
+ log(N )+ 1

)
−

y
g
s

Ns
.

(50)µik =
ewik

∑C
l=1 e

wil

,

(51)
∂f

∂wij
=

N∑

r=1

C∑

s=1

∂f

∂µrs

∂µrs

∂wij
.
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Numerical optimisation

The objective function HS , as formulated in Eq. 40, was optimised with respect to clus-
ter memberships, µik using the L-BFGS-B optimisation algorithm from the Python3 
(v3.8.2) package SciPy (v1.5.3) [5, 50, 51], with random initial starting points (initial 
cluster memberships were defined by random sampling of a uniform distribution cen-
tred on zero). The gradient function, as formulated in Eq. 51, was supplied to the optimi-
sation routine.

Because initial conditions are randomly generated, and the L-BFGS-B algorithm only 
identifies local optima, the specific clustering found by the algorithm may depend on 
the choice of initial vector [5, 53]. To make the implementation robust a multi-start pro-
cess is adopted, in which the optimisation is repeated multiple times with different initial 
vectors, and the clustering S with the greatest inter-cluster heterogeneity HS is chosen.

Permutation testing

Annotations for the Tian, Zheng and Stumpf data were taken from the respective reposi-
tories’ metadata. Random clusterings were generated by randomly permuting the estab-
lished annotations 10,000 times each. Comparison of true and shuffled annotations was 
formulated as an exact one-side hypothesis test, generating exact p-values [8]. We con-
trol the false discovery rate arising from multiple testing for each data set using the R 
function p.adjust [2].

Clustering comparison

We compare our clustering results to two standard clustering methods: Seurat (v3) 
clustering (Louvain community detection), and UMAP projection, both with default 
parameters, with the exception of the resolution, as described in Stuart et al. [40] [3, 29]. 
The Adjusted Rand Index (ARI) was calculated for each data set using the associated 
function in the R package mclust (v5.4.7) [33, 36].

Semi‑supervised classification

Consider a pair of count matrices, T = {Tref ,Ttest} , where one count matrix, which we 
term the reference, Tref  , has a known cluster structure (and therefore each cell has a 
unique, discrete cell type classification). The goal of reference mapping is to classify cells 
in the test matrix, Ttest , based on cellular classifications of the reference matrix.

We normalise each count matrix separately as described in Normalisation, using the 
James–Stein-type estimator so that 

∑
i∈Tk

x
g
i = 1 [16]. We assume that the same set of 

genes are profiled in Tref  and Ttest and derive the normalised combined count matrix, 
Xmix , via the weighted concatenation:

(52)
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0 if r �= i.
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where Nref  is the number of cells in the reference data set, Ntest is the number of cells in 
the unclassified data set, and N is the total number of cells across both data sets.

As in the unsupervised setting, we cluster the combined data set, Xmix , by maximising 
HS of the combined data set with respect to a fuzzy clustering S, see Eq. 56. However, 
unlike in the unsupervised setting, a subset of cellular cluster memberships are known a 
priori. Let R = R1, . . . ,RC be the discrete clustering of the reference data set, with clus-
ter sizes n1, . . . , nC , where 

∑C
k=1 nk = Nref  . As the cluster identities of cells originating 

from the reference data set are fixed, each cluster in the reference data set constitutes a 
subset of a cluster in the mixed data set, Rk ∈ Sk , where S = S1, . . . , SC is the clustering 
of the mixed data set. Note that number of clusters in the reference and in the combined 
data set is the same, i.e. C.

Based on the co-mixing of known and unknown cellular identities, ygk and Nk of the 
combined data set Xmix are given by

Based on these formulations of ygk and Nk , the definition of HS follows as before,

Similarly, the derivative of HS follows as before, except that the membership function, 
µrs , is only defined with respect to cells of the test data set, 1 ≤ r ≤ Ntest & 1 ≤ i ≤ Ntest,

Numerical optimisation follows as in the unsupervised setting, using the L-BFGS-B algo-
rithm, except that the known cellular identities of the reference mean that only a single 
run of the algorithm is required, i.e. no multiple starts.

Imputation

We rely on a cell-by-cell adjacency matrix for imputation, encoding which cells have 
similar gene expression profiles. Specifically, we use the shared-nearest-neighbours 
matrix produced by Seurat, using default settings [40].

We begin with the expression matrix X, keeping only the top G genes by I(g) (default 
is 500). Then, briefly, the Seurat method follows the following steps: data is scaled and 
normalised using a variance stabilising transform; the transformed data then undergoes 

(53)Xmix =

[
Nref

N
Xref ,

Ntest

N
Xtest

]
,
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x
g
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principal components, and a cell-cell Euclidean distance matrix is calculated on the first 
10 principal components. Next, a k-nearest-neighbours graph is constructed, where k 
is by default 20; a shared nearest-neighbours graph is constructed by taking the Jaccard 
Index of the overlap in neighbourhoods of each pair of cells [18].

From this adjacency matrix, A, we compute the imputed data via a one-hop smoothing 
operator:

where Q is the row-normalised stochastic matrix, i.e. 
∑

j Qij = 1 ∀ i ∈ 1, . . . ,N  , 
Xg

= (X
g
j ) is the g-column of X, and X̃g

= (X̃
g
i ) are the imputed values for gene g [30]. 

The imputed expression value of gene g in cell i is a weighted mean of observed expres-
sion values in cell i and its neighbourhood in A. This is an example of a data diffusion 
imputation, first applied to Sc-seq data in Van Dijk et al. [49].

The vector X̃g can then be used in place of Xg in any of the above described work. 
In the main text, we select the top 500 genes by I(g) based on X̃g , before clustering on 
X̃g . Accordingly, use of the imputed expression matrix requires two rounds of feature 
selection: first in the construction of the adjacency matrix, A, then for the use of X̃g in 
clustering.

For the benchmarking of the imputation, we recapitulated the set of data sets and 
methods tested in Tian et al. [46]. However, we were unable to rerun RCA [23].
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