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Recovering quantum entanglement after its
certification
Hyeon-Jin Kim, Ji-Hyeok Jung, Kyung-Jun Lee, Young-Sik Ra*

Entanglement is a crucial quantum resource with broad applications in quantum information science. For har-
nessing entanglement in practice, it is a prerequisite to certify the entanglement of a given quantum state.
However, the certification process itself destroys the entanglement, thereby precluding further exploitation
of the entanglement. Resolving this conflict, here, we present a protocol that certifies the entanglement of a
quantum state without complete destruction and then probabilistically recovers the original entanglement to
provide useful entanglement for further quantum applications. We experimentally demonstrate this protocol in
a photonic quantum system and highlight its usefulness for selecting high-quality entanglement from a realistic
entanglement source. Moreover, our study reveals various trade-off relations among the physical quantities in-
volved in the protocol. Our results show how entanglement certification can be made compatible with subse-
quent quantum applications and be beneficial to sort entanglement for better performance in quantum
technologies.
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INTRODUCTION
Entanglement—a unique feature of quantum physics—is at the
heart of quantum technologies such as quantum communication
(1–4), distributed quantum sensing (5, 6), and quantum computing
(7, 8). To ensure its correct functioning in quantum technologies,
the entanglement of a given quantum state should be certified in
advance (9, 10). This entanglement certification can be classified
into three different categories depending on the trust in the mea-
surement devices of Alice and Bob. First, if both devices are
trusted, then one can certify the entanglement by performing
quantum state tomography (11) or an entanglement witness test
(12). Second, when trusting only one device, a quantum steering
test can be used (13), and, lastly, for no trust in both devices, a
Bell nonlocality test can be used to certify entanglement (14–16).
These conventional certification protocols, however, have limi-

tations on further exploiting the entanglement because the original
entanglement is completely destroyed by quantum measurements
(11–16). To obtain information about a quantum state, measure-
ments necessarily disturb the state as the measurement back
action (17); it thus makes the resulting state no longer usable in
further quantum applications. Hence, the conventional certification
protocols must assume that a quantum state under a certification
test, which is in turn destroyed, is identical to an unmeasured
quantum state used for quantum applications (9, 10). Resolving
these limitations, can a certification process be made compatible
with subsequent quantum applications requiring entanglement?
Here, we find an affirmative answer to this question by introduc-

ing nonprojective quantum measurements—so-called weak mea-
surements—for entanglement certification. Weak measurements
can extract partial information of a quantum state without its com-
plete destruction (17–25). Our protocol based on weak measure-
ments provides a solution that the entanglement of a given state
can be successfully certified while preserving useful entanglement
for subsequent quantum applications. The minimum strengths of

the weak measurements for successful certification depend on the
level of user’s trust in measurement devices, which in turn limits the
amount of remaining entanglement after the certification. We find
trade-off relations of the associated quantities such as the measure-
ment strength, the remaining entanglement, and the certification
level. While the entanglement decreases by the certification, we
fully recover the original entanglement by the application of reversal
measurements (26, 27), which probabilistically prepares the full en-
tanglement for subsequent quantum applications. We experimen-
tally demonstrate this protocol in a photonic quantum system and
highlight its usefulness for selecting high-quality entanglement
from a realistic entanglement source.

RESULTS
Certification and recovery protocol
The conceptual scheme of our protocol is described in Fig. 1. To
certify the entanglement of an input state ∣Ψi⟩ without complete
destruction, we generalize the conventional two-qubit entanglement
certification protocols by introducing a nonunity strength in
quantum measurement. Instead of performing projective measure-
ments, Alice (A) and Bob (B) each performs weak measurement
M
ðkÞ
fpk;~rkg

(k = A, B), where pk and~rk represent the measurement
strength and direction, respectively. The measurement strength pk
ranges from 0 (no measurement) to 1 (projective measurement).
This weak measurement consists of measurement operators
fM̂ðkÞlkjfpk;~rkgg with the two possible outcomes lk ∈ {+1, −1}, where

M̂ðkÞ+jfpk;~rkg ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ pkÞ=2

p
Π̂ðkÞ+j~rk þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 � pkÞ=2

p
Π̂ðkÞ+j~rk , and

Π̂ðkÞ+j~rk ¼ ÎðkÞ+~rk�~̂σ
ðkÞh i

=2 is the projection operator to the

direction~rk [̂I, an identity operator;~σ, Pauli operators ðσ̂x; σ̂y; σ̂zÞ].
We can then define a generalized observable μ̂ðkÞ

fpk;~rkg
associated with

the weak measurement: μ̂ðkÞ
fpk;~rkg

¼
P

lk¼+1lkM̂
ðkÞ
lkjfpk;~rkg

y M̂ðkÞlkjfpk;~rkg.

Note that hμ̂ðkÞ
fpk;~rkg

i gives the expectation value of the measurementDepartment of Physics, Korea Advanced Institute of Science and Technology,
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outcomes, and μ̂ðkÞ
fpk;~rkg

is related to the Pauli observable σ̂ðkÞ~rk ¼~rk�
~̂σ
ðkÞ

(which is used for projective measurements) via

μ̂ðkÞ
fpk;~rkg

¼ pkσ̂
ðkÞ
~rk ð1Þ

This relation allows us to adapt conventional certification tests for
weakmeasurements in a simpleway.When ameasurement device is
trusted (meaning that the device is fully characterized), σ̂ðkÞ~rk in cer-
tification tests can be replaced by μ̂ðkÞ

fpk;~rkg
=pk using Eq. 1, but without

such trust, σ̂ðkÞ~rk should be directly replaced by μ̂
ðkÞ
fpk;~rkg

.

We consider three conventional certification tests assuming dif-
ferent levels of trust in measurement devices: witness, quantum
steering, and Bell nonlocality. Without loss of generality, we
choose a target state of jΨii ¼ ðjþþiþ j � � iÞ=

ffiffiffi
2
p

for the certifi-
cation. At first, when Alice and Bob trust their measurement
devices, we use the witness test (12)

W ¼
1
4
1 �

X

~r[f~x;~y;~zg

w~r hσ̂
ðAÞ
~r σ̂ðBÞ~r i

2

4

3

5 , 0 ð2Þ

with the weights of w~x ¼ � w~y ¼ w~z ¼ 1. Since the devices at A and
B are fully characterized, we can make use of Eq. 1 to express the
witness by the generalized observables

W ¼
1
4
1 �

1
pApB

X

~r[f~x;~y;~zg

w~r hμ̂
ðAÞ
fpA;~rg

μ̂ðBÞ
fpB;~rg
i

2

4

3

5 , 0 ð3Þ

where the joint expectation value hμ̂ðAÞ
fpA;~rg

μ̂ðBÞ
fpB;~rg
i is obtained by the

measurement outcomes lA and lB. In the case of the witness test,

weak measurements of any nonzero measurement strengths can
be used to certify entanglement.
Next, when the device at Bob is only trusted, a quantum steering

test is used for entanglement certification. One can certify entangle-
ment by showing that Alice can steer Bob’s quantum state, which is
represented in (13)

S3 ¼
1
3pB

X

~r[f~x;~y;~zg

w~r hμ̂
ðAÞ
fpA;~rg

μ̂ðBÞ
fpB;~rg
i .

1
ffiffiffi
3
p ð4Þ

For obtaining the result, Eq. 1 has been applied only for the trusted
device of Bob. Then, the minimum requirement on the measure-
ment strength is pA . 1=

ffiffiffi
3
p

for Alice and pB > 0 for Bob. Similarly,
quantum steering in the reverse direction, where Bob steers Alice’s
state, can be constructed by exchanging A and B.
Last, for untrusted devices on both sides, a Bell nonlocality test is

used, which is the most stringent test for entanglement certification
(28)

S ¼jhα̂1β̂1i þ hα̂1β̂2i þ hα̂2β̂1i � hα̂2β̂2i j. 2 ð5Þ

Here, we cannot use Eq. 1 because both devices are untrusted, and
thus, the observables are directly replaced as α̂1 ¼ μ̂

ðAÞ
fpA;~zg

,
α̂2 ¼ μ̂

ðAÞ
fpA;~xg

, β̂1 ¼ μ̂
ðBÞ
fpB ;1=

ffiffi
2
p
ð~zþ~xÞg

, and β̂2 ¼ μ̂
ðBÞ
fpB;1=

ffiffi
2
p
ð~z� ~xÞg

. The re-

quired condition for the measurement strengths is pApB . 1=
ffiffiffi
2
p
,

which is still achievable by weak measurements.
The next step is to recover the original entanglement from the

partially disturbed state as a result of the entanglement
certification. For this purpose, we use reversal measurements.
More specifically, from the disturbed state jΨmi ¼
1=

ffiffiffiffiffiffi
N
p
ðM̂ðAÞlAjfpA;~rAg � M̂

ðBÞ
lBjfpB;~rBgÞ jΨii (N, the normalization cons-

tant; lA and lB, measurement outcomes), Alice and Bob perform re-
versal measurements R

ðAÞ
fqA;~sAg

and R
ðBÞ
fqB;~sBg

, where the associated

Fig. 1. Conceptual scheme. Alice (A) and Bob (B) initially share an unknown input state ∣Ψi⟩. To certify entanglement of the state, they locally perform a set of weak

measurements MðAÞ
fpA ;~rAg

and M
ðBÞ
fpB ;~rBg

, where the measurement strength p and direction~r can be adjusted. In this process, they obtain measurement outcomes (±1 for

each), which are used for entanglement certification tests (3, 4, and 5); as the measurement back action, the input state changes to another pure state ∣Ψm⟩, which still
contains some entanglement. After passing the certification tests, the original entanglement is fully recovered by reversal measurements RðAÞ

fqA ;~sAg
and R

ðBÞ
fqB ;~sBg

, which

succeeds probabilistically. As a result of these consecutive measurements, the final state becomes the original entangled state, ∣Ψf⟩ = ∣Ψi⟩, and thus, it can be further
harnessed for quantum technologies.
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measurement operators are R̂ðkÞ+jfqk ;~skg ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 � qkÞ=2

p
Π̂ðkÞ+j~sk þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ qkÞ=2

p
Π̂ðkÞ+j~sk for the measurement outcome ±1. For success-

ful recovery, the reversal measurements should satisfy the following
conditions: qA ¼ pA;~sA ¼~rA; qB ¼ pB;~sB ¼~rB. When the out-
comes of the initial and the reversal measurements are identical
for each of Alice and Bob (here, we assume nonzero strengths pA
> 0, pB > 0), the initial quantum state is lastly recovered to
jΨf i ¼ ½

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 � p2AÞð1 � p2BÞ

p
jΨii�=4. Here, the normalization

factor is interpreted as the probability of successful recovery, and
if we take into account the four possible cases of the identical out-
comes, the total probability of recovery—called reversibility—
becomes R ¼ ð1 � p2AÞð1 � p2BÞ=4. The reversibility depends only
on the measurement strengths of Alice and Bob. Note that the
quantum state by different outcomes can also be recovered if one
allows to apply additional reversal measurements. Under this con-
dition, the reversibility can increase to (1− pA)(1− pB). See the Sup-
plementary Materials for details.

Experimental results
We experimentally demonstrate this protocol in a photonic
quantum system. Figure 2 describes our experimental setup of the
entanglement certification and recovery. We initially generate a
two-photon entangled state, jΨii ¼ ðjHHiþ jVViÞ=

ffiffiffi
2
p
, by using

spontaneous parametric down-conversion (SPDC) in a nonlinear
crystal (see Materials andMethods for details). To certify the entan-
glement of the generated state without full destruction, we use weak

measurements based on Sagnac interferometers. The measurement
strength is controlled by rotating the half-wave plate (HWP) angle
θk, giving the measurement strength of pk = ∣cos 4θk∣, and the basis
is controlled by the two pairs of HWP and quarter-wave plate
(QWP). For various measurement strengths, we have characterized
the weak measurements by performing quantum process tomogra-
phy, which agrees well with the ideal operations (see the Supple-
mentary Materials).
Using the weak measurements, we conduct the three different

entanglement certification tests in (3, 4, and 5). First, we certify
the entanglement of the experimentally generated state using the
witness test (3), whose result is shown in Fig. 3A. The entanglement
is certified in the full range of nonzero measurement strengths of pA
and pB, exhibitingW < 0; the full knowledge about the weak mea-
surements has made it possible to compensate the nonunity mea-
surement strengths in the certification test. Next, we certify the
entanglement using quantum steering (4), as presented in Fig. 3B.
Entanglement can be certified by Alice’s steering on the Bob’s state
if pA . 1=

ffiffiffi
3
p

or similarly done in the opposite direction if
pB . 1=

ffiffiffi
3
p
. One finds the asymmetric features of quantum steering

with respect to measurement strengths, while such features have
usually been attributed to a quantum state (29, 30). Within the cer-
tification range of the measurement strengths, quantum steering is
achieved in both directions if pA . 1=

ffiffiffi
3
p

and pB . 1=
ffiffiffi
3
p
, but, for

the other case, quantum steering can be done only in one direction.
Last, we use a Bell nonlocality test for entanglement certification (5),
as shown in Fig. 3C. Without assuming any trusts in the

Fig. 2. Experimental setup. A two-photon entangled state ρi is distributed to Alice (A) and Bob (B). For certifying entanglement of the state, they locally perform weak

measurementMðkÞ
fpk ;~rkg

ðk ¼ A; BÞ, which is implemented by a Sagnac interferometer. For each side, the measurement strength is adjusted by rotating the HWP angle θk,

and the measurement basis is controlled by HWPs (H1 to H3 at Alice and H4 to H6 at Bob) and QWPs (Q1 to Q3 at Alice and Q4 to Q6 at Bob) before and after a Sagnac
interferometer. Measurement outcome (−1, +1) is obtained by a click on a single-photon detector (SPD), which is used for entanglement certification tests given in (3, 4,
and 5). The mirror with a dashed curved arrow is then flipped down for directing each photon toward reversal measurement. The reversal measurementRðkÞqk ;~sk

is similarly

implemented using another Sagnac interferometer, where the measurement strength (ϕk) and the basis (H7 to H10 and Q7 to Q10) are set to be the same as the weak
measurement for recovering entanglement. More details about the weak and reversal measurements are described in Materials and Methods. The recovery of the initial
entanglement is verified by performing quantum state tomography on the final state, where H11, H12, Q11, and Q12 control the measurement basis. PBS stands for a
polarizing beam splitter.
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measurement devices, the entanglement can be certified in the
range of measurement strengths satisfying pApB . 1=

ffiffiffi
2
p
.

As a result of the certification, the initial quantum state is par-
tially disturbed. To investigate the characteristics of the disturbed
state, we consider an average quantity Q over all possible measure-
ment outcomes lA and lB by different sets of measurement

directions ð~rA;~rBÞ for entanglement certification

Q ¼
1
D

XD

ð~rA;~rAÞ

X

lA¼+1

X

lB¼+1
PðlA; lB j~rA;~rBÞQ½ρm� ð6Þ

where PðlA; lB j~rA;~rBÞ is the probability to obtain the measurement
outcomes lA and lB for the measurement directions of~rA and~rB, ρm
is the disturbed quantum state associated with the outcomes, and Q

is the quantity of interest. For the witness and the steering tests, the

Fig. 3. Entanglement certification by weak measurements. Entanglement of the initial state is certified by (A) witness test W, (B) quantum steering S3, and (C) Bell
nonlocality Swith adjustable measurement strengths pA and pB. The gray horizontal planes are the bounds for entanglement certification (entangled ifW < 0, S3 . 1=

ffiffiffi
3
p

,
or S > 2). The other surfaces show the theoretical plots by the ideal conditions. In (B), there are two theoretical plots: The yellow is for the quantum steering from Alice to
Bob, and the cyan is for the quantum steering from Bob to Alice. Markers are experimental data, which are placed close to the theoretical plots. The insets below the three-
dimensional figures are projections along p = pA = pB, where the white area represents the successful entanglement certification. The error bars are the SDs obtained by
more than 17 repeated experiments.

Fig. 4. Recovery of quantum entanglement. Properties of the quantum states (A) before and (B) after applying reversal measurements (average fidelity F, average

entanglement of formation E, and average purity P). The measurement strengths for Alice and Bob are set to be identical (p = pA = pB). Dots and lines are the exper-
imental data and the ideal theory graphs, respectively, where blue is for witness and quantum steering, and red is for Bell nonlocality. Black lines are used if their theory
graphs are identical. Error bars denote 1 SD.
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required measurement directions are ð~x;~xÞ, ð~y;~yÞ, ð~z;~zÞ, thusD = 3,
and for the Bell nonlocality test, the directions are ~z;~zþ~xffiffi2p

� �
, ~z;~z� ~xffiffi2p
� �

,

~x;~zþ~xffiffi2p
� �

, ~x;~z� ~xffiffi2p
� �

, thus D = 4. We then study the following average

quantities: the average fidelityF (the fidelity with the initial state),
the average entanglement of formation E, and the average purityP.
The results are plotted in Fig. 4A, where the full data before averag-
ing over different measurement directions are provided in the Sup-
plementary Materials. As expected, the fidelity and the
entanglement decrease as the measurement strength increases.
However, the purity is unaffected because the weak measurements
do not introduce noise. The observed reduction of entanglement is
attributed to the imbalance of probability amplitudes in the
quantum state rather than generation of a mixed state, suggesting
that appropriate quantum operations can recover the original
entanglement.
To fully recover the original entanglement, we perform reversal

measurements on the disturbed state. Figure 4B shows the result of
recovery: The final state exhibits near-unity values of fidelity, entan-
glement, and purity. For the demonstration purpose, we have
applied the reversal measurement only for +1 outcome of the
weak measurement, but one can similarly apply reversal measure-
ment for the other outcome −1, which will just increase the success
probability. The recovery process is probabilistic, where the revers-
ibility (i.e., the success probability) R decreases as the measurement
strength increases. This trade-off relation is plotted in Fig. 5A,

together with other trade-off relations of relevant quantities as
shown in Fig. 5 (B and C).

DISCUSSION
We discuss the usefulness of our protocol in real applications of an
entanglement source to quantum technologies. In practice—
because a perfectly entangled state is not always generated—the
quality of an entanglement source should be monitored continu-
ously (9, 10). Our protocol can monitor the quality of an entangle-
ment source and select sufficiently high-quality entanglement for
subsequent quantum applications. To simulate an entanglement
source with time-varying decoherence, we consider a random
drift of the arrival time of a photon at a beam splitter for generating
entanglement (31), as depicted in Fig. 6A. The resulting state is de-
scribed by a mixed state ρmixðtÞ ¼ ½1 � γðtÞ� jΨiihΨi j þ 1

2 γðtÞ�
jHHð ihHH j þ jVVi VV jh Þ; where γ(t) accounts for the decoher-
ence degree. In the certification process, we monitor the time-
varying quality of entanglement by observing the witness W,
which can provide a lower bound on the amount of entanglement

Fig. 5. Trade-off relations. Relations of various quantities involved in the protocol
(measurement strength p, reversibility R, Bell nonlocality S, quantum steering S3,
and average entanglement of formation E). Trade-off relations are presented for
(A) reversibility and measurement strength, (B) average entanglement of forma-
tion and entanglement certification level (S, S3), and (C) reversibility and entangle-
ment certification level (S, S3). Dots and lines are the experimental data and the
ideal theory graphs, respectively, where red is for Bell nonlocality, and blue is for
quantum steering. The theory graph of reversibility (black line) takes into account
the transmission rate of photon pairs through our protocol, amounting to 35.7% in
the current experiment. Error bars denote 1 SD.

Fig. 6. Selection of high-quality entanglement from an entanglement source.
(A) A random drift of a photon’s arrival time τ in a Hong-Ou-Mandel–type interfer-
ometer (31). The inset shows the interferometer with τ and the measured interfer-
ence data. C.C., coincidence count. For simulating the drift, we use random
numbers generated from the Ornstein-Uhlenbeck process. (B) Witness values ob-
tained in the certification process. For selecting high-quality entanglement, we
choose the cases of W < −0.4, which are represented by green squares. (C) Bell
nonlocality test as a subsequent quantum application. With the information
from the certification process, the Bell nonlocality test succeeds, resulting in the
average value of S = 2.17 ± 0.01 > 2 (green dashed line); on the other hand, without
the prior certification, the test fails by giving S = 1.57 ± 0.01 < 2 (gray dot-dashed
line). Error bars of W and S denote 1 SD.
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(32, 33).W obtained in the certification process is plotted in Fig. 6B,
and we will select the cases ofW < −0.4 for high-quality entangle-
ment. Last, the reversal measurement is applied, which recovers the
original entanglement for further quantum applications. As an
example of such quantum applications, we adopt a Bell nonlocality
test because nonlocality usually serves as the fundamental quantum
resource behind various quantum technologies (34–37). The exper-
imental results are shown in Fig. 6C.Without the information ofW,
the Bell test would have failed by giving S = 1.57 ± 0.01 < 2, but with
the information ofW (by selectingW < −0.4), the Bell test succeeds
by exhibiting S = 2.17 ± 0.01 > 2. This example demonstrates how
our protocol can be beneficial to select high-quality entanglement
for a better performance in quantum technologies.
In conclusion, we propose and demonstrate a protocol that cer-

tifies the entanglement of a quantum state without fully destroying
it and then recovers the original entanglement for subsequent
quantum applications. Our work shows how entanglement certifi-
cation can be made compatible with subsequent quantum applica-
tions, thereby lifting the standard assumption (identical quantum
states for a certification test and a quantum application) required
in conventional certification protocols (9, 10). Our protocol gener-
alizes entanglement certification by incorporating nondestructive
quantum measurements, which has been applied for various certi-
fication tests assuming different levels of trusts in the measurement
devices (12, 13, 28). We have shown that our generalized protocol
can successfully certify the entanglement by preserving useful en-
tanglement, where the following reversal measurement fully recov-
ers the original entanglement in a probabilistic way. Notably, such
generalization reveals profound trade-off relations about quantum
measurement and quantum entanglement, stimulating further
studies on information balances focused on entanglement (17, 18,
24). From a practical perspective, our protocol is beneficial for en-
hancing the performance of quantum technologies by selecting
high-quality entanglement from a realistic entanglement source.
Our certification protocol may find broad applications in entangle-
ment-based quantum technologies (3–8, 34–37), which is applicable
to other quantum systems as well [e.g. superconductors (20) and
trapped ions (38)].

MATERIALS AND METHODS
Entanglement generation
We experimentally generate an entangled photon pair via type II
SPDC by pumping a 10-mm-thick periodically polled potassium
titanyl phosphate (ppKTP) crystal using a 405-nm diode laser.
The spectrum of each photon is filtered by a band-pass filter of 3-
nm full width half maximum centered at 810 nm. Each photon then
enters a single-mode fiber for spatial mode filtering. The two
photons, each exiting from a single mode fiber, arrive at a polarizing
beam splitter (PBS) simultaneously, resulting in the entangled state
of jΨii ¼ 1ffiffi

2
p ðjHHiþ jVViÞ (39, 40).

Weak and reversal measurements
To implement weak and reversal measurements, we construct Sagnac
interferometers described in Fig. 2. For each measurement, a pair of
HWP and QWP at each of input and output of an interferometer
implement a measurement basis change Û~rk , and the HWP at an
angle of θk (or ϕk) controls the measurement strength pk = ∣cos

4θk∣ (or ∣cos 4ϕk∣). More specifically, in the PBS, a beam with H po-
larization is transmitted, whileV polarization is reflected, resulting in
two beams propagating in opposite directions. Inside the interferom-
eter, both beams go through the HWP at θk (or ϕk), but only one
beam goes through the HWP at π/4. After the two beams are over-
lapped together at the PBS, SPDs at the output detect a single photon,
producing measurement outcomes ±1 depending on the detector
click position. The corresponding measurement operators are
M̂ðkÞ+jfpk;~rkg ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1+ pkÞ=2

p
Ûy~rk jVihV j Û~rk þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1+ pkÞ=2

p
Ûy~rk j

HihH j Û~rk for a weak measurement and R̂ðkÞ+jfpk;~rkg ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1+ pkÞ=2

p
Ûy~rk jVihV j Û~rk þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1+ pkÞ=2

p
Ûy~rk jHihH j Û~rk for

a reversal measurement.
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