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Abstract

Human epidermal growth factor receptor 2 positive (HER2+) breast cancer is frequently treated 

with drugs that target the HER2 receptor, such as trastuzumab, in combination with chemotherapy, 

such as doxorubicin. However, an open problem in treatment design is to determine the therapeutic 

regimen that optimally combines these two treatments to yield optimal tumor control. Working 

with data quantifying temporal changes in tumor volume due to different trastuzumab and 

doxorubicin treatment protocols in a murine model of human HER2+ breast cancer, we propose a 

complete framework for model development, calibration, selection, and treatment optimization 

to find the optimal treatment protocol. Through different assumptions for the drug–tumor 

interactions, we propose ten different models to characterize the dynamic relationship between 
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tumor volume and drug availability, as well as the drug–drug interaction. Using a Bayesian 

framework, each of these models are calibrated to the dataset and the model with the highest 

Bayesian information criterion weight is selected to represent the biological system. The selected 

model captures the inhibition of trastuzumab due to pre-treatment with doxorubicin, as well 

as the increase in doxorubicin efficacy due to pre-treatment with trastuzumab. We then apply 

optimal control theory (OCT) to this model to identify two optimal treatment protocols. In the first 

optimized protocol, we fix the maximum dosage for doxorubicin and trastuzumab to be the same 

as the maximum dose delivered experimentally, while trying to minimize tumor burden. Within 

this constraint, optimal control theory indicates the optimal regimen is to first deliver two doses of 

trastuzumab on days 35 and 36, followed by two doses of doxorubicin on days 37 and 38. This 

protocol predicts an additional 45% reduction in tumor burden compared to that achieved with the 

experimentally delivered regimen. In the second optimized protocol we fix the tumor control to be 

the same as that obtained experimentally, and attempt to reduce the doxorubicin dose. Within this 

constraint, the optimal regimen is the same as the first optimized protocol but uses only 43% of 

the doxorubicin dose used experimentally. This protocol predicts tumor control equivalent to that 

achieved experimentally. These results strongly suggest the utility of mathematical modeling and 

optimal control theory for identifying therapeutic regimens maximizing efficacy and minimizing 

toxicity.
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1. Introduction

In the United States, breast cancer is the second most common type of cancer in women 

[1]. Breast tumors that overexpress the human epidermal growth factor receptor 2 (HER2) 

are referred to as HER2 + cancers and are typically treated with drugs that target the 

HER2 receptor, such as the monoclonal antibody trastuzumab [2,3]. Trastuzumab binds with 

the HER2 receptor, downregulating the HER2 protein and reducing cell proliferation [3]. 

Importantly, HER2 + drugs are often given in combination with chemotherapies to increase 

response rates [4–7]. However, the optimal manner in which to combine these two classes 

of drugs is not well-studied and currently an important open problem in treatment design. 

In pre-clinical models of HER2 + cancer, trastuzumab has been shown to not only inhibit 

tumor growth, but also alter tumor-associated angiogenesis [8–10]. Furthermore, sequencing 

experiments have revealed that combining trastuzumab and the chemotherapy doxorubicin 

could yield either additive or synergistic effects [11,12]. Results from [12] demonstrated 

that the order in which the drugs are delivered affects the treatment outcome; in particular, 

administering trastuzumab prior to doxorubicin improved the outcome.

In clinical studies, combination trastuzumab and chemotherapy results in longer time to 

disease progression, longer survival, and a 20 percent reduction in the risk of death when 

compared to chemotherapy alone [4]. However, there was a concomitant increase in cardiac 

toxicity when combining trastuzumab and anthracyclines (e.g., doxorubicin) [5,6]. While 
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the cardiac damage induced by trastuzumab does not appear to be dose dependent and it 

is reversible in the majority of the patients [5,7], doxorubicin cardiotoxicity is cumulative, 

dose dependent, and irreversible [7]. Thus, methods to optimize treatment regimens for 

HER2 + breast cancer are desperately needed so that tumor control can be maximized while 

simultaneously minimizing toxicity.

We have recently employed mathematical models to characterize and optimize combination 

trastuzumab and paclitaxel for the treatment of HER2 + breast cancer [13,14]. In particular, 

we developed a system of three ordinary differential equations to model tumor response 

to the combination of trastuzumab and paclitaxel [13]. This system was calibrated using 

in vitro, time-resolved microscopy data of BT474 HER2 + breast cancer cells. The data 

demonstrated that changing the order of treatments, while keeping the same total drug dose, 

significantly altered the treatment outcome. The model showed an increase in treatment 

efficacy when trastuzumab is administered prior to paclitaxel, and that trastuzumab 

accelerates the cytotoxic effects of paclitaxel. Though these are important observations, 

the experimental system and mathematical model did not account for the interactions 

between the drugs and the microenvironment (e.g., blood vessels, immune system, and 

different cell types) and only focused on cellular interactions. Subsequently, we performed 

in vivo experiments to determine the effects of the tumor microenvironment on the order in 

which the treatments were administered [12]. In that study the delivery of trastuzumab was 

inhibited due to the reduction in vascular density caused by pre-treatment with doxorubicin 

[15], a phenomenon that is extremely difficult to replicate through in vitro experiments. 

In present effort, we develop a system of ordinary differential equations that is able to 

reproduce the data obtained in [12]. Of course, there are many, more complex models, 

available in the literature designed to capture the effects of treatments on breast cancer cells 

[16–19]. Indeed, there are now mature reviews available on tumor growth models [20–28].

For example, Norton et al. developed a 3D, agent-based model of triple negative breast 

cancer cells to capture the spatio-temporal distribution of cells in primary tumors. The 

authors performed in silico simulations of MDA-MD-231 cells, assigning values found 

in the literature to the parameters in the model, and tested different drug efficacies on 

killing cancer stem cells. Their results indicated that even if the drug successfully eliminates 

all cancer stem cells, the regression of the tumor may be very slow (approximately 750 

days after the treatment) [16]. Bianca et al. proposed a system of ten ordinary differential 

equations to model the competition between immune and tumor cells under the action of 

a vaccine. In particular, they model a cellular vaccine, called Triplex, that can avoid the 

development of breast cancer [19]. The model tracks the number of vaccine cells, cancer 

cells, tumor associated antigens, Plasma B cells, thymus cytotoxic lymphocytes, thymus 

helper lymphocytes, antibodies, interleukins 2 and 12, and antigen presenting cells. The 

authors simulated the tumor growth for the control and under two vaccination protocols: 

early (only three 4-weeks cycles at the beginning of the experiment) and chronic (lifelong 

4-weeks cycles). Their results indicated that the early vaccination delays the onset of tumor, 

but the tumor eventually growth, while the chronic protocol is able to completely prevent 

tumor growth [19]. It is important to note that in the above examples, in which elegant 

mathematical models of tumor growth and response are developed, it is very difficult to 

obtain the requisite data to calibrate all parameters from such models. Thus, in the present 

Lima et al. Page 3

Comput Methods Appl Mech Eng. Author manuscript; available in PMC 2023 October 05.

A
uthor M

anuscript
A

uthor M
anuscript

A
uthor M

anuscript
A

uthor M
anuscript



effort, we focus on building parsimonious models that can be intimately integrated with 

readily-available experimental data, to make predictions that can be practically tested.

Given a mathematical model that can accurately recapitulate the temporal development of 

a tumor, it can then be used to systematically optimize treatment protocols, potentially 

leading to improved outcomes while decreasing side effects. Optimal control theory (OCT) 

is the branch of mathematics that aims to minimize some criterion (e.g., tumor volume) 

imposed on a dynamic system (e.g., tumor cells growing over time) subject to constraints 

(e.g., maximum allowed drug dose) and control functions (e.g., drug delivered over time). 

When applied to cancer, OCT can be used to (for example) minimize the amount of drug 

[29,30], define the best treatment protocol in the presence of resistant cells [31], and 

define the optimal combination protocol [32]. Swan and Vincent combined the effect of 

multiple drugs into a single drug for the treatment of multiple myeloma [29]. The goal 

was to minimize the amount of drug used while maintaining a target tumor burden. When 

compared to clinical data, the accumulated amount of drug in the optimized protocol is 

1/40 of the standard protocol. Martin et al. studied how the presence of drug resistant cells 

can affect chemotherapy outcome [31]. By assuming that the tumor already has resistant 

cells on the first day of therapy, they demonstrated that an aggressive treatment protocol 

may not the best option if the goal is to maximize survival time. In particular, they found 

that treatment protocols that keep a higher tumor burden are optimal for Gompertz tumor 

growth and close to optimal for exponential and logistic growth, indicating that it may not 

be necessary to know the precise tumor growth characteristic before scheduling the drugs. 

Cho and Levy incorporated not only chemotherapy resistance, but also included resistance 

to targeted drugs, competition between cancer and healthy cells, and the effects of spatial 

heterogeneity on drug delivery [32]. According to their model, as the competition between 

tumor and healthy cells increases, the efficacy of the target drug increases. The authors 

found that the order between the drugs (as also observed in [12]) and the duration of each 

drug treatment, is dependent on the competition between tumor and healthy cells and on 

the ratio of resistance to each drug. These studies indicate the great promise of employing 

mathematical modeling to guide and optimize the treatment of cancer.

In the present effort, we develop a family of tumor growth models that incorporate 

the effects of doxorubicin and trastuzumab. Following the principles of the Occam 

Plausibility Algorithm (OPAL; [33–36]) we perform a Bayesian calibration to infer the 

model parameters of every model, and select the most parsimonious model from the set 

that describes the data obtained in [12]. After the model is selected, we then apply optimal 

control theory on this model to solve two problems: (1) achieve tumor control as quickly as 

possible when using the same total dose as employed in our experiments, and (2) minimize 

the total dose of doxorubicin to achieve the tumor control observed in our experiments. We 

hypothesize that the solution of the optimal control problem will be a treatment protocol 

(i.e., sequence of order, dose, and timing of the drugs) different than the ones tested in 

our experiments [12]. In this way, we developed a methodology capable of identifying 

therapeutic regimens capable of maximizing efficacy and minimizing dose.
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2. Methods

2.1. Murine model

As details are described elsewhere [12], here we present only the salient details. We have 

previously measured tumor size changes as function of time and treatment (Table 1) in a 

murine model of HER2 + breast cancer. BT474 cells were obtained from American Type 

Culture Collection (ATCC, Manassas, VA). On day 0, nude athymic female mice were 

subcutaneously implanted with a 0.72 mg, 60-day release, 17β-estradiol pellet (Innovative 

Research of America, Sarasota, FL). Approximately 24 h later, 107 BT474 cells in serum-

free media with 20% growth factor-reduced Matrigel were injected subcutaneously into the 

flank of 42 mice. The experiments began 35 days after implantation when the tumor volume 

reached 228.79 ± 20.31 mm3 (mean ± standard error) [12].

On the days noted in Table 1, mice received an intraperitoneal injection of trastuzumab (10 

mg/kg, diluted to a total volume of 100 μL), and/or a tail vein injection of doxorubicin (1.5 

mg/kg diluted to 100 μl), while control mice received saline (100 μl) injections. Tumor size 

was measured using calipers once a week before therapy, and three times per week after 

treatment starts. There were seven animals per group for each treatment schedule in Table 1.

2.2. Mathematical models

We developed two families of models: one is a three-constituent family, while the other 

is a four-constituent family. The three-constituent family characterizes the tumor temporal 

dynamics by directly accounting for the effects of doxorubicin and trastuzumab. In the 

four-constituent family, we include another equation to capture the increase in reactive 

oxygen species (ROS) due to treatment [37,38] which can indirectly lead to tumor cell 

death, rather than the direct effects of the drugs. The main drug mechanism considered 

in both families is that treatment with doxorubicin increases the oxidative stress which 

can cause mitochondrial damage and cell death in endothelial cells [39]. As endothelial 

cells line blood vessels and help to regulate the exchange of materials into and out of the 

extravascular space, their destruction can limit the delivery of trastuzumab if doxorubicin is 

given before trastuzumab [12]. This mechanism is incorporated in our models through the 

trastuzumab delivery inhibition term. In experimental protocols where trastuzumab is given 

first, its vascular remodeling properties [10] can improve tumor perfusion and therefore the 

subsequent vascular delivery of doxorubicin [12]. We model this effect by the increase in 

treatment efficacy when trastuzumab is delivered prior to doxorubicin. Thus, our modeling 

assumptions are based on current experimental evidence. In the following subsections we 

detail each of these model families.

2.2.1. Three-constituent model—We propose a system of ordinary differential 

equations that capture the temporal evolution of tumor volume (ϕt(t)), as well the availability 

of doxorubicin (ψd(t)) and trastuzumab (ψt(t)) and their effects on ϕt(t). We assume that 

the tumor volume increases according to the growth rate, r, which we model as either 

exponential or logistic, depending on the choice of the proliferation function. If the 

proliferation function is exponential, we assume that the tumor is able to grow without 

any limiting factor during the experiment. However, if the proliferation function is logistic, 
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we assume that some limiting factors (e.g., nutrient and/or space availability) limit the 

maximum tumor size. We hypothesize that the availability of doxorubicin increases 

proportionally to the dose delivery function, ud(t), and that it decays at the rate, τd. The 

availability of trastuzumab also increased proportionally to the dose delivery function, ut(t), 
with a decay rate of, τt. (Note that “drug availability” is normalized by the concentration of 

a single dose of what was delivered in our experiment, so that a “drug availability” value 

of 1 represents the dose of a single, experimentally delivered injection.) In experiments 

performed in mice (as the one presented in [15]), that treatment with doxorubicin was 

shown to significantly decrease the total vascular density. We hypothesize that the reduction 

in vascular density subsequently reduces the delivery of trastuzumab [40]. Thus, the 

availability of trastuzumab will be reduced if an animal is pre-treated with doxorubicin. 

We incorporated this effect by multiplying the dose delivery function of trastuzumab (ut) by 

a penalty term. This penalty term takes the form of exp(−λdiψd), where λdi characterizes the 

inhibition of trastuzumab delivery by doxorubicin. We define our penalty term in a way that 

its effect will decrease as the availability of doxorubicin decreases. The net growth rate of 

the tumor, which is the balance between the proliferation and death terms, decreases due to 

an increase in the death rate caused by doxorubicin (λd), trastuzumab (λt), and the interaction 

between the two drugs (λtd) [12]. With these assumptions, the model takes the following 

form:

dϕt

dt = (r − λtψt − λdψd − λtdψdψt)P(ϕt),

dψd

dt = − τdψd + ud(t),

dψt

dt = − τtψt + ut(t)exp(−λdiψd),

(1)

where the proliferation function (P(ϕt)) is

P(ϕt) = ϕt, if we assume exponential growth, (2)

or

P(ϕt) = ϕt 1 − ϕt

K , if we assume logistic growth. (3)

In Eq. (3), K is the carrying capacity (i.e., the maximum volume that the tumor can reach). 

In Eq. (1), we assume that the drugs affect proliferative cells. If the proliferation function 

(P(ϕt)) is an exponential model, each term is uncoupled if we distribute the function P(ϕt). 
However, if P(ϕt) is a logistic growth, only the proliferating cells will be affected. This is 

based on the assumption that both doxorubicin and trastuzumab affect tumor cells only when 

they are proliferating. In Eq. (1), the doxorubicin and trastuzumab dose delivery functions, 

ud(t) and ut(t), respectively, are defined as:
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ud(t) =
i = 1

nd

ddδ(t − ti
d), (4)

ut(t) =
i = 1

nt

dtδ(t − ti
t), (5)

where dd and dt are the doxorubicin and trastuzumab daily doses, respectively, td and tt

are the doxorubicin and trastuzumab days of treatment, respectively, nd and nt are the 

doxorubicin and trastuzumab number of treatments, respectively, and δ is the Dirac delta 

function. (Note that, going forward, we normalize dd and dt by the daily experimental dose so 

that dd = dt = 1). From Eqs. (1)–(3) we construct four models:

1. 3CEM, three-constituent exponential model (i.e., Eqs. (1) and (2)),

2. 3CLM, three-constituent logistic model (i.e., Eqs. (1) and (3)),

3. 3CEM0, 3CEM with λd = 0,

4. 3CLM0, 3CLM with λd = 0.

2.2.2. Four-constituent model—Multiple mechanisms of anti-tumor action have been 

identified for trastuzumab [41] and doxorubicin [42]. Importantly, their combination has 

been linked to increased treatment efficacy, as well as increased risk of cardiovascular 

damage [43,44]. The increase in treatment efficacy is partially attributable to an increase in 

reactive oxygen species (ROS) within HER2 + cells [45]. In normal cells, ROS are generated 

during mitochondrial oxidative phosphorylation and are essential for many fundamental 

biological processes (e.g., modulation of cell survival, cell death, differentiation, cell 

signaling, and the production of inflammation factors) [46,47]. ROS production is increased 

by both chemo- and radiotherapy [48], and dysregulated ROS levels can damage cellular 

proteins, lipids, and DNA, triggering cell death. As both trastuzumab and doxorubicin 

increase ROS levels, our goal was to determine if incorporating this phenomenon into 

our model would yield a better description of the observed, treatment induced, changes 

in tumor volume. Thus, even though we do not have measured data regarding ROS, we 

extend the system described by Eqs. (1) – (3) to include the excess cellular concentration 

of ROS. This addition potentially provides a superior representation of the tumor’s response 

to doxorubicin and trastuzumab. Specifically, the four-constituent model, in addition to 

characterizing ϕt(t), ψd(t), and ψt(t), captures the temporal evolution of the ROS concentration, 

ϕo(t). The equations that represent the availability of doxorubicin and trastuzumab are the 

same as presented in Eq. (1). In Eq. (1), we replace the decrease of tumor volume by 

doxorubicin by its decrease due to ROS (λo). We also assume that the rate of tumor volume 

decay (λto) increases proportionally to the interaction between trastuzumab and ROS. The 

dynamics of the ROS (ϕo), are determined by the balance between its natural decay (τo)
and its production which is directly proportional to the availability of doxorubicin and 

trastuzumab which produce ROS at a rates λod and λot, respectively. The ROS concentration 
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increases at a rate λodt when these two drugs are combined. Incorporating ROS dynamics 

allows the model to explore different tumor responses to drugs than those allowed by the 

three-constituent models. For example, if we assume a low value for the ROS decay (τo) and 

a low rate of increase in ROS due to the drugs (λod) and (λot), this will result in a delayed 

tumor response. With these assumptions on ROS production, decrease, and effects on tumor, 

we arrive at the following four-constituent model:

dϕt

dt = (r − λtψt − λoϕo − λtoϕoψt)P(ϕt),

dψd

dt = − τdψd + ud(t),

dψt

dt = − τtψt + ut(t)exp(−λdiψd),

dϕo

dt = − τoϕo + λodψd + λotψt + λodtψdψt,

(6)

As it is not clear a priori if all the terms in Eq. (6) are required, we systematically remove 

specific terms to yield the following set of six models:

1. 4CEM1, four-constituent exponential model (i.e., Eqs. (6) and (2)), with 

λo = λot = λodt = 0,

2. 4CEM2, four-constituent exponential model (i.e., Eqs. (6) and (2)), with 

λto = λot = λod = 0,

3. 4CEM3, four-constituent exponential model (i.e., Eqs. (6) and (2)), with 

λt = λto = λod = 0,

4. 4CLM1, 4CEM1 with logistic growth (i.e., replacing Eq. (2) for Eq. (3)),

5. 4CLM2, 4CEM2 with logistic growth (i.e., replacing Eq. (2) for Eq. (3)),

6. 4CLM3, 4CEM3 with logistic growth (i.e., replacing Eq. (2) for Eq. (3)).

Table 2 presents the parameters, definitions, and priors. The priors are taken to be uniform 

distributions with the ranges determined by reasonable estimate of their minimum and 

maximum values, U min, max). Table 3 summarizes the set of models developed from the 

three and four constituent models. The check mark ✓  indicates if a particular variable 

or parameter is present in the model. We note that all the models include the functions ϕt

(tumor volume), ψd (doxorubicin availability), and ψt (trastuzumab availability). Similarly, 

every model contains the parameters: r (tumor growth rate), τd (doxorubicin decay rate), τt

(trastuzumab decay rate), and λdt (inhibition of trastuzumab delivery by doxorubicin).

2.3. Bayesian model calibration and selection

We calibrate every model in the set to find the most parsimonious (i.e., the model that 

optimally balances the number of free parameters with the fitting error) to represent every 

experimental scenario. We assume that the differences between experimental scenarios 

are due to different treatment protocols, and assume that any biological heterogeneity is 
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captured by the uncertainty in the model parameters. The goal is to select one model that 

can represent a wide range of treatment scenarios, so that it can be used to predict the results 

of new treatment protocols. (Note that this is different from some of our previous efforts 

[35,36], wherein we focused on patient/scenario specific model parameters, and not testing 

new treatment protocols.)

The calibration and selection framework used here is a simplified version of the Occam 

Plausibility Algorithm (OPAL; [33–36]). The main difference from the original OPAL 

framework is that we are computing the Bayesian information criterion (BIC) instead of the 

model plausibility. (Please see Supplemental Material for details on the difference between 

the two approaches.) In Fig. 1, we summarize the main steps of this framework. We start 

by defining the model set M = {M1(θ1), …, M10(θ10)} (where the Mi refers to the ten models 

in Table 3). Each model Mi, i = 1, …, 10, has its own vector of parameters θi. The model 

parameters are calibrated using the experimental data from all treatment protocols. To 

account for the data uncertainties and model inadequacy, the models are calibrated via a 

Bayesian framework defined as:

π θ ∣ D
posterior

= π D ∣ θ
likelihood

π θ
prior

π D
evidence

, (7)

π D =
Θ

π D ∣ θ π θ dθ, (8)

where D is the experimental data, π θ  is the prior knowledge about the model parameters, 

π D ∣ θ  is the likelihood that the data is observed for a given set of parameters, π D  is a 

normalizing factor, and π θ ∣ D  is the posterior distribution of the parameters. Assuming that 

the data is normally distributed, the likelihood is:

π(D |θ) =
j = 1

Ng

i = 1

Nt 1
2πσ2e− (Dij − Y ij(θ))2

2σ2 , (9)

where Ng is the number of treatment groups (here Ng = 6; see Table 1), Nt is the number 

of measurements in each group, Y  is the output of the model (i.e., tumor volume over 

time), and σ is the variance of the total error (i.e., the sum of the variance of the model 

uncertainties and the model inadequacy).

Following the calibration of every model, we compute the BIC:

BICi = piln(n) − 2ln(θ̂i), (10)

where pi is the number of parameters in model Mi, n is the number of data points, and θ̂i

is the set of parameters that maximize the likelihood of model Mi. The model with the 

lowest BIC is the one with the highest likelihood (among models with the same number of 

parameters) and thus, it is the best model to represent the data. As it is difficult to intuit 
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the difference between models BIC, we compute the Bayesian information criterion model 

weights [49,50] as:

wi(BIC) =
exp − 1

2 (BICi − BICmin)

j = 1
o exp − 1

2 (BICj − BICmin)
, (11)

where BICmin is the lowest BIC among the model in the same Occam category, and o is 

the number of models in the same Occam category. The sum of all BIC model weights is 

1, and wi BIC  can be interpreted as the probability that model Mi is the best model to 

capture the dynamics of the experimental data [50]. Thus, the model with the highest BIC 

weight is selected. If the mean absolute percent error between the model output and the 

experimental data is below a defined threshold, the model is defined as valid. We iterate over 

all Occam categories in search of a valid model. In the case where we cannot find a valid 

model (i.e., we reach the bottom right box of the framework presented in Fig. 1), we would 

need to define a new set of models. If a valid model is selected, it is used in the optimal 

control step (described in detail in the next section) to find the optimal treatment protocol 

(which can be a protocol that has yet to be tested experimentally). We also computed the 

Pearson correlation coefficient (PCC) and the concordance correlation coefficient (CCC), 

which measures the linear relationship and agreement, respectively, between the measured 

data and the model output [51].

2.4. Optimal control theory

Consider a model describing the tumor volume over time given as:

dϕt

dt = f(ϕt(t), ud(t), ut(t), t), (12)

where f describes the growth of a tumor that is being treated with doxorubicin and 

trastuzumab (see Supplementary Material for the optimal control derivation employing the 

selected valid model). In our optimization problem, the goals are: (1) to find the best way 

to distribute the maximum allowed doses of these two drugs such as that the tumor burden 

during treatment (i.e., the integral of the tumor volume during the treatment interval) is 

minimized; and (2) to minimize the doxorubicin dose while maintaining the tumor burden 

obtained experimentally. With the first goal in mind, we minimize the following objective 

function:

J =
ti

tf

ϕt
2(t)dt, (13)

where ti and tf are the first and last day that the treatment can be delivered, respectively. This 

optimization problem is subject to the following trastuzumab and doxorubicin restrictions:

ti

tf

ut(t)dt = u‾t, (14)
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∫
ti

tf

ud(t)dt = u‾d, (15)

where u‾t and u‾d are the total dose of trastuzumab and doxorubicin, respectively, delivered 

in our experiment. Note that in this formulation of the optimal control problem, we are 

allowing the time of the treatment and the daily dose to change, while keeping doxorubicin 

and trastuzumab total doses and maximum daily doses the same as the ones considered 

in our experiments. In the second OCT problem (described next), we seek to maintain 

tumor control while minimizing total dose, which has important implications of limiting 

undesirable side effects due to drug toxicity.

In the second goal of the OCT problem, we minimize the following objective function:

J =
ti

tf

ud
2(t)dt, (16)

subject to Eq. (14) and

ti

tf

ϕt(t)dt = ϕ‾ t, (17)

where ϕ‾ t is the minimum experimental tumor burden. Through Eqs. (14), (16), and (17), we 

are minimizing the doxorubicin dose, thus reducing treatment toxicity, while achieving the 

same tumor control as the best experimental protocol. By minimizing the total doxorubicin 

dose, we are implicitly reducing unwanted toxicities due to the drugs. These can be 

quite serious in nature [52], including increased likelihood of hospitalization, cardiac 

damage, leukemia, and even death [53]. Thus, the importance of developing a practical, 

mathematical methodology to optimize tumor control while simultaneously minimizing 

toxicity, is difficult to overstate.

2.5. Numerical implementation

The model calibration and selection framework (presented in Fig. 1) and the optimal 

control problem are both implemented in Python. The models (i.e., the systems of ordinary 

differential equations defined by Eqs. (1) and (6)) are solved via a fourth order Runge–Kutta 

method [54]. We employ a Markov Chain Monte Carlo (MCMC) sampling method to 

compute the posterior density π θ ∣ D  (see, e.g., [55,56]). The MCMC method is available 

in the package PyMC3 [57]. The optimal control problem is solved via the package GEKKO 

[58]. The code itself, as a well as a description of how to use it, is provided at https://

github.com/reidwyde/trazdox.

3. Results

3.1. Model calibration and selection

Using the priors defined in Table 2, and following the framework presented in Fig. 1, we 

calibrate each model to the six experimental scenarios. Table 4 presents the mean absolute 

percent error between the measured and calibrated models over the six experimental 
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scenarios, and the BIC weight for each Occam category (a “category” is the set of models 

with the same number of parameters). The BIC model weight is normalized between 0 and 

1; thus, it will be zero for some model. As the logistic models are considerably better in 

fitting the data than the exponential models, the BIC model weights of models containing 

the logistic growth term are higher. (For example, the BIC of model 3CEM is 1418, while 

the BIC of model 3CLM0 is 1401. Computing the BIC model weight using Eq. (11), the 

w(BIC) of model 3CLM0 is 1, while the w(BIC) of model 3CEM is 0.) We present the 

MAPE just for the model with the highest BIC model weight in each Occam category. 

Among all the models tested, 3CLM0 (three-constituent logistic model without death rate by 

doxorubicin) had the lowest mean absolute percent error, 25.29 ± 15.37% (mean ± standard 

deviation), and a CCC and PCC of 0.92 ± 0.05 and 0.96 ± 0.04, respectively. Thus, model 

3CLM0 is selected as the best model to reproduce the six experimental scenarios.

Fig. 2, displays the scatter plots and distributions of the 3CLM0 parameters. The model 

has a negative correlation between tumor growth rate r  and carrying capacity K , where 

the higher tumor growth rate leads to smaller carrying capacity. A positive correlation 

is observed between the trastuzumab decay rate (τt) and the death rate due trastuzumab 

(λt), which indicates that, the faster the drug decays, the stronger its action. We note that 

correlations between model parameters, can help simplify the model [36]. In general, if two 

parameters are correlated, one could define one parameter as function of the other, and thus 

reduce the number of model parameters needed to be calibrated. In the present case, we 

could define K as K = f r , where the value of K is the outcome of the function f, which 

has r as an argument. (Note that the challenge then becomes to identify the function f r  that 

captures this correlation.)

From the posterior distributions presented in Fig. 2, we sample 200 sets of parameters and 

run the 3CLM0 model forward in time to generate time courses of tumor volume and drug 

availability. Fig. 3 displays both the temporal change in tumor volume measured during 

the experiments and the output of the calibrated model. Note that there the time courses 

are very similar between the control animals (panel (a)) and the doxorubicin only animals 

(panel (b)), during the 68 days of this experiment. The best experimental protocol (i.e., 

the one that leads to the lowest total tumor burden) is the one shown in panel (f). (Please 

see Supplemental Material for the mean and standard deviation of the temporal change in 

tumor volume for each experimental scenario.) We compute the mean absolute percent error 

(MAPE) for each treatment protocol, and the average MAPE of the tumor volume among 

the six treatment protocols is 25.29 ± 15.37%. The lowest MAPE is for the tumors treated 

only with trastuzumab (panel (c)), 8.30 ± 7.91%. In panel (f), the tumor is treated with 

doxorubicin and trastuzumab at days 35 and 38. This protocol emerged as the best treatment 

protocol in that it leads to the largest reduction in tumor burden among the six scenarios 

tested experimentally. The MAPE in this scenario is 51.45±74.67%; note that this value is 

artificially inflated because, as the tumor volume decreases, small errors in tumor volume 

generate high percent errors. More specifically, as the tumor volume approaches zero, even 

a small overprediction in tumor volume will cause a large average error. Consider, for 

example, panel (f) in which the tumor volume ranges between 5 and 300 mm3. If we have 

an absolute error of 10 mm3 over the whole model simulation, this would lead to an absolute 
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percent error of 3.33% for the 300 mm3 tumor, but a 200% error for the 5 mm3 tumor. 

Computing the mean of these two time points, the MAPE is 101.66%. This indicates how 

errors in regions where the tumor volume is quite small would artificially inflate the value 

of MAPE. Thus, we present the CCC and the PCC to as an additional way to summarize the 

quality of the prediction. Importantly, this scenario, panel (f), has a CCC = 0.98 and a PCC = 

0.99, demonstrating a high agreement between the data and the model solution. (Please, see 

Supplemental Material for a comparison of these results with a leave-one-out calibration.)

In Fig. 4, we present the drug availability estimated by model 3CLM0 in the same scenarios 

shown in Fig. 3. However, as no drug was delivered to the control (Fig. 3(a)), we are 

showing drug availability only for the five scenarios in which the tumor received treatment. 

In panel (a), when only doxorubicin is administered on day 39, it is possible to observe 

a single pulse increase in its availability due to the single dose delivered. In panel (b), 

it is possible to observe the two increases in trastuzumab availability due to its delivery 

on days 35 and 38. The inhibition effect modeled by the parameter λdt is noticeable in 

panels (c) and (e). In panel (c), the initial delivery of doxorubicin on day 35 blocks the 

increase in trastuzumab availability on days 36 and 39. Similarly, in panel (e), the first dose 

of doxorubicin on day 35 also inhibits the second dose of trastuzumab on day 38. Only 

the increase in trastuzumab availability due to the first dose of trastuzumab on day 35 is 

observed in panel (e). In panel (d), as both trastuzumab injections are given on days 35 

and 38, before doxorubicin (administered on day 39), there is an observable increase in 

trastuzumab availability. Note that nonlinear effects in the drug terms (e.g., the inhibition 

of trastuzumab delivery) occurs only when doxorubicin is delivered before trastuzumab. As 

trastuzumab is delivered before doxorubicin in panel (d), the nonlinear term from 3CLM0 

does not affect the drug availability.

3.2. Optimal treatment protocol

Following model calibration and selection, we derive the optimal control formulation for 

the model with the highest BIC weight, 3CLM0 (see Supplementary Material for the 

derivation). After sampling 200 values of each parameter from the posteriors obtained 

during the calibration with 3CLM0 (shown in Fig. 2), we find the optimal treatment protocol 

that maximally reduces the tumor burden (see Eq. (13)) subject to not exceeding the total 

drug dose delivered experimentally. In our simulations, the treatment was allowed to start 

at day 35. For all 200 samples, the optimal control problem converged to the same solution 

(see Fig. 5): two doses of trastuzumab (on days 35 and 36), followed by two doses of 

doxorubicin (on days 37 and 38). With this treatment protocol, compared to the best 

experimental protocol (i.e., trastuzumab and doxorubicin delivered on days 35 and 38, as 

shown in Fig. 3(f)), we are able to reduce the tumor burden (i.e., the integral of the tumor 

volume during the treatment interval) by 45.34%. Moreover, we compare the time to reach 

30%, 50%, and 100% of the response achieved by the best experimental protocol to the 

corresponding times predicted to be achieved by the optimized protocol. The optimized 

protocol reaches the 30% reduction time point 0.6 days earlier than the best experimental 

protocol, the 50% reduction time point 2.25 days earlier, and the 100% reduction time 

point on day 59 (the tumor does not actually achieve 100% reduction when using the best 

experimental protocol).
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Using the optimized treatment protocol, we also determined if it was possible to achieve the 

same tumor control as the best experimental protocol—but with a reduction in the total dose 

of doxorubicin. We found that is possible to reduce the amount of doxorubicin delivered to 

42.81% of the experimental dose (Fig. 5(b)) while maintaining the same tumor burden (Fig. 

5(a)). Importantly, note how, in Fig. 5(c), the trastuzumab availability can reach a value of 

2.0 when using the optimized protocol with a reduced doxorubicin dose. However, when 

using the best experimental protocol, trastuzumab availability can only reach a value of 1.0 

as the first dose of doxorubicin inhibits trastuzumab delivery.

4. Discussion

We have developed a family of models to capture the effects of combination trastuzumab 

and doxorubicin on tumor growth to optimize the outcome of this combination therapy 

while minimizing the amount of cytotoxic therapy necessary to achieve tumor control. These 

models were calibrated using experimental data from a murine model of human HER2 + 

breast cancer [12]. According to our 68 days of data, doxorubicin does not have a direct 

effect on the tumor as demonstrated by no change in tumor growth kinetics between the 

control group and the doxorubicin-treated tumors. This can be seen when comparing the 

growth curves of the control (Fig. 3a) and doxorubicin treated animals (Fig. 3b), and it is 

reported in [12,59,60]. In particular, Howard et al. collected data from in vitro experiments 

where different doxorubicin concentrations delivered to BT474 cells [60]. Their results 

indicate that, during the 600 h that the authors collected the data, low concentrations of 

doxorubicin do not affect the number of tumor cells. These data led us to develop the 

different members of the model set, including: (1) if an exponential or logistic growth 

function should represent the data, (2) if doxorubicin directly reduces tumor growth, and 

(3) if the addition of a reactive oxygen species (ROS) improves the ability of the model to 

capture drug delivery and (subsequently) effect on tumor growth.

The OPAL framework selected 3CLM0 (which does not account for the effects of 

doxorubicin on the tumor) as the model that best describes the experimental data. 

The 3CLMO model is able to describe the experimental data by accounting for a key 

effect of doxorubicin. Recall that doxorubicin increases oxidative stress which can cause 

mitochondrial damage and cell death in endothelial cells [39]. As endothelial cells line blood 

vessels and help to regulate the exchange of materials into and out of the extravascular 

space, their destruction can limit the delivery of trastuzumab if doxorubicin is given before 

trastuzumab [12]. This mechanism is incorporated in the 3CLM0 model through the term 

describing the inhibition of trastuzumab delivery. In protocols where trastuzumab is given 

first, its vascular remodeling properties [10] can improve tumor perfusion and thus the 

vascular delivery of doxorubicin [12]. We model this effect by the increase in treatment 

efficacy when trastuzumab is delivered before doxorubicin. Model 3CLM0 was able to most 

faithfully reproduce the experimental results and achieved a mean absolute percent error 

25.29±15.37%, and a CCC and PCC of 0.92±0.05 and 0.96±0.04, respectively. The high 

CCC between our model and the data indicates that these phenomena can be captured by our 

model and that this could explain the different treatment outcomes observed with different 

ordering of the two therapies.
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In [13], we defined a single model to reproduce the data obtained in experiments combining 

trastuzumab and paclitaxel. The tumor size was assumed to follow a logistic growth 

function, while trastuzumab was assumed to reduce the tumor growth rate. The present effort 

represents a significant extension of the first by testing 10 different models to determine 

which is best able to represent the effects of combination trastuzumab and doxorubicin 

on tumor growth. We tested both exponential and logistic growth functions, with the 

logistic growth function selected as the one best able to capture the tumor growth. In the 

current model, trastuzumab also reduces the tumor growth rate. In both studies, trastuzumab 

is delivered in combination with a chemotherapy; paclitaxel in [13] and doxorubicin in 

the present study. Similarly, in both studies, we observed a synergistic effect when the 

chemotherapies were delivered with trastuzumab. Furthermore, in [13], the experiments 

were done in vitro, where the effects of the drug on the vasculature could not be observed. 

Thus, in [13], paclitaxel reduces the tumor carrying capacity, while in the current model, 

doxorubicin reduces the proliferation rate and inhibits trastuzumab delivery.

Following the development and calibration of a tumor growth model that can capture the 

dynamics observed from experiments, our goal was to optimize the delivery of both drugs. 

Using the model that best reproduced the experimental data, we optimized the order and 

duration of both drugs. In the interest of increasing treatment efficacy without increasing 

its toxicity, the amount of drug delivered was kept the same as in the experiments. The 

optimal protocol was to deliver trastuzumab before doxorubicin, similar to that found 

experimentally. However, by reducing the interval between the administration of the two 

drugs, the optimal protocol reduced the total tumor burden by 45.34% compared to the best 

experimental outcome. (Note that the optimal protocol is different than the ones tested in 

[12].) Furthermore, in addition to achieving tumor reductions at earlier time points (Fig. 5), 

the optimal protocol was able to achieve 100% tumor reduction—something not achieved in 

the experimental group. Alternatively, in our second optimization problem, we were able to 

use our methodology to achieve the same experimental tumor control using only 42.81% of 

the doxorubicin dose used in the experimental studies.

The results of our optimization generate clear hypotheses for treatment protocols that can be 

directly tested experimentally, thereby providing an experimental–computational approach 

for rigorously identifying candidate therapeutic regimens. The optimal protocol found in 

our optimization agrees with the results presented in [13]; namely, that the highest overall 

tumor reduction is when trastuzumab is delivered before the chemotherapy. The importance 

of dose, timing, and order is also reflected in the clinical literature. For example, Gullo 

et al. analyzed the data from 506 patients that received combination trastuzumab and 

chemotherapy and demonstrated that initiating trastuzumab within 12 weeks of diagnosis 

resulted in superior outcomes than longer than 12 weeks [61]. Furthermore, chemotherapy 

in combination with trastuzumab proved to yield superior outcomes than either of them 

used alone [4,62]. In particular, the combination of the two drugs leads to longer time to 

disease progression, a higher rate of objective response, a longer duration of response, a 

lower death rate at 1 year, longer survival, and a 20 percent reduction in the risk of death. 

However, it is impossible to determine the optimal dose, order, and timing in standard 

clinical trials—there are simply too many options and not enough patients and resources to 

systematically test all possible combinations. We believe that the present study outlines 
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and demonstrates a practical methodology to identify candidate therapeutic regiments 

hypothesized to outperform standard treatment protocols.

From a modeling perspective, we could have used more complex model as the ones 

presented in [26,63,64]. However, the data collected from the experiments presented 

here would not be enough to calibrate such models. As our current model yielded an 

average CCC of 0.92 between experimental data and model output, we believe that the 

necessary increase in the number of parameters that would be required to include additional 

mechanisms of the drug action is not justified. We stress that our modeling goal is not to 

comprehensively characterize all processes at all spatial and temporal scales. Rather, we 

focus on first-order effects related to well-established hallmarks of cancer [65–67] including 

proliferation, death, and drug-related tumor growth inhibition and cell death. By employing 

the most parsimonious model possible, it becomes practical to calibrate it with quantitative 

data that is readily-available from experimental or clinical setting. Thus, the innovation 

in our contribution is not from developing the most comprehensive model; rather it is on 

integrating experimental data with practical mathematical models that can make testable 

predictions—in the present case, about which therapeutic regimens are optimal.

From an experimental perspective, our treatment optimization scheme only made use of 

drug doses employed in the murine studies. While this increases the reliability of our model 

predictions, it does limit the investigation of treatment outcomes achieved with higher doses. 

However, employing a higher drug dose will also yield an increase in toxicity. It may be 

possible to account for and limit the associated increase in drug toxicity by incorporating 

an additional penalty (or two if both drugs are considered) in the objective function. Such 

a new term would be similar to the current one in Eq. (13); however, instead of being a 

function of the tumor volume, ϕt, it would be function of some measurement of drug toxicity 

(e.g., total drug dose delivered, death of healthy cells, or a surrogate for cardiotoxicity). 

Another limitation of the current approach is that we do not explicitly account for resistant 

tumor cells. As described in [31,32], the appearance of resistant tumor cell phenotypes can 

have a significant effect on the order, duration, and dose of the treatment to achieve optimal 

control. To solve these limitations, additional data (e.g., different drug doses, effects on the 

healthy cells, increased number of treatment days) are necessary to develop a mathematical 

model that can capture these phenomena. Further experiments are necessary to confirm, or 

improve, the optimized treatment protocol.

5. Conclusions

We developed 10 mathematical models to capture tumor growth under different doxorubicin 

and trastuzumab treatment protocols. These models were calibrated to the data obtained 

through in vivo experiments in a murine model of HER2 + breast cancer. The model with 

the highest Bayesian Information Criteria weight is a three-constituent model, 3CLM0, that 

assumes logistic tumor growth and that doxorubicin acts maximally on the tumor only in 

the presence of trastuzumab. Two notable features of the model are its ability to capture 

inhibition of trastuzumab due to pre-treatment with doxorubicin, as well as the increase 

in doxorubicin efficacy due to pre-treatment with trastuzumab. It is precisely the ability 

of our model to capture these phenomena so accurately that allow us to apply optimal 
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control theory to identify optimal therapeutic regimens. In particular, using optimal control 

theory to optimize the treatment protocol of the selected model (i.e., model 3CLM0), 

we identified a treatment protocol that predicts we can reduce the overall tumor burden 

by approximately 45% more than the experimental protocol while using the same total 

drug dose. Additionally, we were also able to use optimal control theory to identify 

a second treatment protocol that predicts we can achieve the same tumor reduction as 

the experiments, but with less than half of the doxorubicin dose. These results strongly 

indicate that integrating mathematical models of tumor growth and treatment response with 

model selection and optimal control theory provides a rigorous and practical framework 

for identifying therapeutic regimens capable of maximizing efficacy while simultaneously 

minimizing toxicity.

Supplementary Material

Refer to Web version on PubMed Central for supplementary material.
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Fig. 1. 
Model calibration and selection framework. We start with a set of possible models M. Every 

model Mi is calibrated using the experimental data, and the Bayesian information criterion 

(BIC) is calculated for each calibration. The model with the highest BIC model weight is 

selected, and if the average mean percent error is considered acceptable (i.e., lower than a 

defined threshold), the model is approved to be used in the optimal control step.
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Fig. 2. 
Distributions of the 3CLM0 parameters. Each scatter plot represents the correlation between 

two model parameters, and the top figure in each row shows the histogram of the parameter 

distribution. The strongest correlations are: a negative correlation between the tumor growth 

and carrying capacity (i.e., r and K, respectively), and a positive correlation between the 

trastuzumab decay rate and the death rate due by trastuzumab (i.e., λt and τt, respectively). 

The red line represents the median of each parameter distribution.
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Fig. 3. 
Temporal evolution of the experimentally measured tumor volume (black; error bars 

represent the standard deviation) and the 3CLM0 (magenta) in the following scenarios: 

(a) control (b) doxorubicin (c) trastuzumab (d) doxorubicin 24 h prior to trastuzumab (e) 

trastuzumab 24 h prior to doxorubicin (f) trastuzumab + doxorubicin. The mean absolute 

percent error is 22.77 ± 11.84%. The vertical lines indicate the day each drug was delivered; 

doxorubicin in blue, trastuzumab in red, and doxorubicin + trastuzumab in green.
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Fig. 4. 
Temporal evolution of doxorubicin (blue) and trastuzumab (red) availabilities for model 

3CLM0 in the following scenarios: (a) doxorubicin (b) trastuzumab (c) doxorubicin 24 

h prior to trastuzumab (d) trastuzumab 24 h prior to doxorubicin (e) trastuzumab + 

doxorubicin. The effects of trastuzumab delivery inhibition by doxorubicin, modeled by 

the parameter λdi, can be observed in (c), and for the second trastuzumab dose in (e). In these 

scenarios, the current doxorubicin availability blocks the increase of trastuzumab availability 

as in panel (c), where there is no trastuzumab availability, and in panel (e) where the effects 

of the second trastuzumab dose is blocked.
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Fig. 5. 
Temporal evolution of the 3CLM0 model using the best experimental protocol (magenta), 

the 3CLM0 model using the optimal computationally designed protocol with same total drug 

dose (blue), and the 3CLM0 model using the optimal computationally designed protocol 

with a 42.81% reduction in total doxorubicin dose (green). The results of the different 

treatment protocols are compared for (a) the tumor volume dynamics, (b) doxorubicin 

availability, and (c) trastuzumab availability. In panel (a), the red line indicates the tumor 

volume at the first day of treatment (day 35), the black line indicates a 30% reduction in 

tumor volume, and the orange line indicates a 50% reduction in treatment volume. The 

optimized protocol (blue) reaches the 30% reduction time point 0.6 days earlier than the best 

experimental protocol (magenta), the 50% reduction time point 2.25 days earlier, and the 

100% reduction time point on day 59 (note that the best experimental protocol does not ever 

achieve a 100% reduction in tumor size). The green line demonstrates that the optimized 

treatment protocol is able to achieve the same tumor control as the best experimental 

protocol, but using only 42.81% of the doxorubicin dose employed in the experiment. In 

panel (c), the blue line overlaps with the green line, as we kept the same trastuzumab 

protocol. Note also how the best experimental treatment protocol yields approximately half 

of the trastuzumab availability as compared to the computationally optimized protocol.
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Table 1

The six different treatment schedules for doxorubicin and trastuzumab we employed in a previous study [12] 

to generate the data for the present study. Each treatment is represented by the following symbol: saline (✩, 

100 μl), doxorubicin (○, 1.5 mg/kg diluted to 100 μl), and trastuzumab (×, 10 mg/kg, diluted to a total volume 

of 100 μL). The number of mice per group is represented by n.

Group Day

35 36 38 39

1 n = 7 ✩ ✩ ✩

2 n = 8 ✩ ✩ ○

3 n = 7 × × ✩

4 n = 7 ○ × ×

5 n = 6 × × ○

6 n = 7 ⊗ ⊗

Comput Methods Appl Mech Eng. Author manuscript; available in PMC 2023 October 05.



A
uthor M

anuscript
A

uthor M
anuscript

A
uthor M

anuscript
A

uthor M
anuscript

Lima et al. Page 28

Table 2

Parameter’s definitions and priors (in units of inverse hours, h−1, and millimeters cubed, mm3).

Parameter Meaning Prior

r Growth rate U 0, 0.1 h−1

λt Death rate by trastuzumab U 0, 0.1 h−1

λd Death rate by doxorubicin U 0, 0.1 h−1

λtd Death rate by drug interaction U 0, 1 h−1

K Carrying capacity U 1000, 30 000 mm3

τd Doxorubicin decay rate U 0, 1 h−1

τt Trastuzumab decay rate U 0, 1 h−1

λdi Trastuzumab delivery inhibition by doxorubicin U 0, 10
λo Death rate by ROS U 0, 50 h−1

λto Death rate by ROS and trastuzumab combined effects U 0, 1 h−1

τo ROS decay rate U 0, 50 h−1

λod ROS production rate by doxorubicin U 0, 50 h−1

λot ROS production rate by trastuzumab U 0, 0.1 h−1

λodt ROS production rate by drug interaction U 0, 1 h−1
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Table 3

The model family developed to reproduce the observed tumor growth measurements under treatment with 

doxorubicin and trastuzumab. The variables ϕt(t), ψd(t), and ψt(t), and the parameters r, τd, τt, and λdi are present 

in every model. The four-constituent models (4C) have one extra variable, the reactive oxygen species (ϕo). 
The last column indicates the number of parameters (#P) in each model.

Model Parameter #P

λt λd λtd K λo λto τo λod λot λodt

3CEM0 ✓ ✓ 6

3CLM0 ✓ ✓ ✓ 7

3CEM ✓ ✓ ✓ 7

3CLM ✓ ✓ ✓ ✓ 8

4CEM1 ✓ ✓ ✓ ✓ 8

4CEM2 ✓ ✓ ✓ ✓ 8

4CEM3 ✓ ✓ ✓ ✓ 8

4CLM1 ✓ ✓ ✓ ✓ ✓ 9

4CLM2 ✓ ✓ ✓ ✓ ✓ 9

4CLM3 ✓ ✓ ✓ ✓ ✓ 9
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Table 4

Bayesian Information Criterion weight, w(BIC), of models with the same number of parameters, and mean 

absolute percent error (MAPE) of the models with the highest w(BIC). The model with the lowest error is the 

three-constituent logistic model without death rate by doxorubicin (3CLM0).

Model Parameters w(BIC) MAPE (%)

3CEM0 6 n/a 28.51 ± 17.24

3CLM0 7 1.00 25.29 ± 15.37

3CEM 7 0.00

3CLM 8 1.00 29.06 ± 21.78

4CEM1 8 0.00

4CEM2 8 0.00

4CEM3 8 0.00

4CLM1 9 0.44

4CLM2 9 0.10

4CLM3 9 0.46 28.47 ± 21.42

Comput Methods Appl Mech Eng. Author manuscript; available in PMC 2023 October 05.


	Abstract
	Introduction
	Methods
	Murine model
	Mathematical models
	Three-constituent model
	Four-constituent model

	Bayesian model calibration and selection
	Optimal control theory
	Numerical implementation

	Results
	Model calibration and selection
	Optimal treatment protocol

	Discussion
	Conclusions
	References
	Fig. 1.
	Fig. 2.
	Fig. 3.
	Fig. 4.
	Fig. 5.
	Table 1
	Table 2
	Table 3
	Table 4

