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ON A THEOREM OF WEYL CONCERNING EIGENVALUES OF
' LINEAR TRANSFORMATIONS. I*

By Ky Fan
DEPARTMENT OF MATHEMATICS, UNIVERSITY OF NOTRE DAME
Communicated by Hermann Weyl, September 22, 1949

H. Weyl! recently proved the following theorem:

THEOREM. Let A be a linear transformation in the n-dimensional unitary
space C,. Let the eigenvalues of A and A*A be denoted by \; and k(1 <
1 < n), respectively, which are so arranged that

M= el o2 Nal, w22 2 ke 1)

For any non-decreasing function w(t) on t > 0 such that «(€') is a convex
function of t and w(0) = lim w(f) = 0, \; and «, satisfy the inequalities:
t—>0

TohHSTok) a<a<m. @

In the present note, we prove three related theorems. Theorem 1
gives an extremum property of the sum of the first ¢ eigenvalues for
Hermitian transformations. This property furnishes a recurrent charac-
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terization of successive eigenvalues without referring to any eigenvector.
Theorem 2 gives a similar but stronger property for all normal transforma-
tions. For an arbitrary linear transformation 4 and for a positive integer
s, we have in Theorem 3 inequalities comparing the eigenvalues of (4°)*4*
with those of 4*4. Finally we shall see that Weyl’s theorem in the most
important case w(t) = #* (s = 1, 2, 3, ...) can be derived from Theorems
land 3. The general case of Weyl’s theorem will be discussed in a forth-
coming note.? All linear transformations considered here are assumed
to be in the n-dimensional unitary space C,, but the results can be
easily carried over to completely continuous linear operators in Hilbert
space, especially to continuous kernels of linear integral equations.
THEOREM 1. Let the eigenvalues \, of a Hermitian transformation H be
5o ammged that )\1 > N2> ... 2 N, For any positive integer ¢ < n, the

sums Z A and E )\,,.,_1 1 are, respectively, the maximum and minimum of
i=1 =1

Z (ij, x;), when q orthonormal vectors x; (1 < j < q) vary in the space.’

Proof Let ¢4(1 < 12 < n) be an orthonormal set of eigenvectors of
H: He;, = N\;. For each j, we write

(Hry 2) = N2 [0 0d £+ 3 0= N (G2 00 [+
RS SICAPSICC)

i=q 4+

If |lx,|| = 1, then
]
(Hxg, x5) < A +.§l()\t = N) |(xp 00) |2

‘and therefore

Eh- EHe w2 Eo-2= T leaed . @

i=1

If x; (1 £ j < ¢) are orthonormal, then E [(xs ) |2 < Jleell? = 1, so

that the right-hand side of (4) is > 0. But the left-hand side vanishes for
= ¢; (1< j< ¢). This proves the maximum property.

THEOREM 2. Let \; be the eigenvalues of a normal transformation N so

arranged that [\ | > N|> ... > |N\.|. Lets, g be two positive integers

g . g
(g< n). Then Y |\ |? is the maximum of 3 |(UN)*;,|]?, when U runs
i< =1

over all unitary transformations and x; (1 < j < q) runs over all sets of g
orthonormal vectors in C,.
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Proof: We need only prove the inequality
g q
Zommles Bl ®)

As |UNx;|2 = (N*Nx,, x;), the case s = 1 of (5) follows from Theorem 1.
We proceed by induction, assuming that (5) is true fors. Let¢,(1< i< n)
be an orthonormal set of eigenvectors of N: N¢; = Ny Consider a
unitary transformation U and ¢ orthonormal vectorsx; (1 < j < ¢). We

”
have [(UN)**u,| = -21 e [2 [((UN)*%5, @4) |*. If we split this sum
into three parts in a way similar to (3), we see that for each j:

[Ny < N IONY I 4 (Dl = N[ 1N ) I
(6)

As x4(1 £ j £ @) are orthonormal, we have f;;>r each ¢:
[ * .
,-21 |((UN)Y'x5, 00 [P < ([(IN*U*’0sl2 = [[(U*N*)* Uil (7)

Using first (6), then (7) and our assumption of induction (i.e. (5) is true
for s), we get '

q q []
2 = 3 ORIz 3 M= e
(U*N*)*U*ee|F].  (8)

Denote by d, the expression on the right-hand side of (8), we have

. q q

dosr = dg = (Mol = Pesat ILE ™ = 2 TNVl @)
= § =

As U*py(1 £ 1 < ) are orthonormal, our assumption of induction shows
that the right-hand side of (9) is > 0, and d, 41 > d,. But d; = 0, hence
d, > 0. This proves that (5) is also true for s 4+ 1.

THEOREM 3. Let A be an arbitrary linear transformation and s be any
positive integer. Let the eigenvalues of (A*)*A*® be denoted by x,® =
ki) and so arranged that x,® > k® > ... > x,®. Then for any positive
integer ¢ < n, we have

q q
) ) K@< > lxa’- (10
$ = 1 =

- Proof: Let A = UH be the polar decomposition of 4, where U is uni-
tary and H is the non-negative square root of A*4. The eigenvalues of
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H are «//*. By Theorem 2, any g orthonormal vectors x,(1 < j < g)b
satisfy :

jé 1((AS) *A%,, x;) = ,i: l||( UH)*, |2 < ;é f‘s' (11)

q
But by Theorem 1, > x,® is the maximum of the first 3 sum in (11),

t=1
when the ¢ orthonormal vectors x; vary. Thus (10) is proved.

We now prove the case w(f) = t°(s = 1, 2, 3, ...) of Weyl’s theorem.
Here we use the same notation as in the theorem stated at the beginning
of this note. Using Schur’s superdiagonal form of matrices, it is clear
that there exist # orthonormal vectors y,(1 < ¢ < %) such that |\;|2 <

q q
l4y:]2(1 £ 4 < ) and therefore », || S.lelAy,H?. But applying
i'=

i=1

q q
Theorem 1 to A*4, we find Y, |[4Ay|2< X xi. Hence
i=1 i'=h

1M

[

|2 <

i

[ M-ﬁ

Kie (12)
i 1
As in Theorem 3, we denote by «,*) the eigenvalues of (4°)*4° arranged in
descending order (in particular, ;) = ;). Applying (12) to the trans-

formation 4°, we get

g g
DIRIVILED I
i=1 i

i =1
which together with (10) gives the case w(t) = t* of (2).

* This work was supported in part by the Office of Naval Research.
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' q
3 An alternative form of Theorem 1: Z)\; and E)\,,.H_; are, respectively, the
i=1 t=1
maximum and minimum of the trace of HP, when P runs over all projections on g-
dimensional linear subspaces. There is also a similar alternative form of Theorem 2.



