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ABSTRACT: Human brains use a tree-like neuron network for information processing at
high efficiency and low energy consumption. Tree-like structures have also been engineered to
enhance mass and heat transfer in various applications. In this work, we reveal the heat transfer
mechanism in tree-structured polymer linked gold nanoparticle (AuNP) networks using
atomistic simulations. We report both upward and downward heat fluxes between root and
leaf nodes in tree-structured polyethylene (PE) and poly(p-phenylene) (PPP) linked AuNP
networks at tree levels from 1 to 5. We found that the heat conductance increases with an
increasing polymer tree level. The heat transfer enhancement is due to the resulting increase in
the low-frequency vibrational modes. This and other thermal properties are affected by the
location of the AuNPs in the tree. Moreover, complex tree structures with at least five levels
were found to be robust in the sense that disabling half of the leaves did not change the overall
heat conductance.

Information processing is effectively realized by the networkof neurons and synapses in the brain which can be
represented in an elegant and complex tree structure.1,2 Here
we look for fundamental relationships between variations of
such tree structures and their material physical properties. For
example, tree-structured nanosilver dendrites have been seen
to improve the sensitivity of surface enhanced Raman
scattering (SERS) for molecular detection.3,4 Membrane
materials with tree-like hierarchical structures have large
specific surface area, which is beneficial for air filtration5,6

and ion transport.7,8 Moreover, tree-like copper dendrites can
increase catalytic sites and improve CO2 electrochemical
reduction.9,10 In the constructal theory of Bejan and co-
workers,11−16 the tree structure network was found to be the
optimum architecture for fluid flow and heat transfer. In a
multiscale tree structure, the nanoscale thermal transport
mechanism dominates in the smallest branches, where the
phonon mean free path is comparable with the branch size.15

Comparing to traditional parallel channels, in a microelectronic
chip cooling system, the tree network channel can enhance the
heat transfer rate and reduce the fluid pressure drop.17 In bulk
composite materials, the thermal conductivity increases by
internally embedding the tree structure with shorter branch
length and larger branch diameter.18 In tree-structured
networks, the macroscopic scaling laws for electron, heat,
and flow transport were summarized by Xu and Yu.19

However, the nanoscale thermal physics is different from
that of bulk materials.20 The heat transfer mechanism at the
molecular level remains to be uncovered in tree structures.
Soft materials have the potential to be used as surrogates for

components of the brain in creating brain-like computing
structures because their morphology is similar to that of the

soft tissues (gray matter and white matter) of the brain. For
example, in prior work,21−23 we demonstrated that polymer
linked nanoparticle networks can be used as primitives for data
storage and computing. Dendrons and dendrimers are popular
choices for tree-structured polymers�which are in turn
regarded as unique building blocks for nanoscale materials
engineering,24�and have been useful in applications for drug
delivery, gene transfection, and biomedical imaging.24−27 A
system with digital dendrimers�distinctly mapped into two
types of subunits identifiable as 0 or 1 in a binary code�were
seen to exhibit high capacity for data storage.28,29 Polymeric
materials are also popular in energy management; for example,
the thermal conductivity of polymer composites can be
engineered by functionalizing the filler and polymer matrix
with different chemical groups.30−32 In polymers, thermal
conductivity is a result of the complex relationship between
chemical structure, chain conformation, length, and stiff-
ness.33−36 Specifically, in polymer linked nanoparticle systems,
the internal connection and the polymer network structure
determine the heat transfer mechanism and rate.37−39 The heat
conductance in polyethylene (PE) molecular junctions has
been seen to increase with increasing PE chain length from 2
to 10 CH2 units in alkanedithiol molecules.

40 We also found
that the heat flux through polymer linked dimers is related to
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the polymer stiffness and the number of polymer linkers
between two gold nanoparticles (AuNPs).39

In this Letter, we report heat conductance between the root
and the outer leaves in PE and poly(p-phenylene) (PPP)
linked AuNP tree-structured networks with up to 5 branching
levels; see Figure 1a,b. Nonequilibrium molecular dynamics
(MD) is used to calculate the heat conductance between heat
sinks maintained by Langevin thermostats on AuNPs; see
Figure 1c,d. The energy tally on each AuNP (of diameter D =
4 nm) is monitored in calculating the resulting heat fluxes.
Both upward and downward heat fluxes corresponding to heat
diffusion from the hot root up to cold leaves and from hot
leaves down to the cold root, respectively, are calculated
between the temperature gap from T1 = 340 K to T2 = 295 K.
Additional details about the simulation methods are
summarized in section S-2, illustrated in Figures S1−S3 and
detailed in Tables S1 and S2 in the Supporting Information
(SI). As reported below, we found a new heat transfer
mechanism in tree-structured polymer−AuNP networks with
increasing tree complexity. The resulting thermal transport
enhancement in these networks is due to the increase of low-
frequency vibrational modes (as seen in the vibrational density
of state (VDOS) spectra) with an increasing number of tree
levels. By choosing different AuNPs as thermostats, we also

found a spatial correlation between the heat flux and the
position of AuNPs.
In determining heat fluxes, we calculate the heat

conductance40,41 G and not the conventional thermal
conductivity κ because the heat transfer mechanism is not
diffusive�as might be required for the latter�at the
nanoscale. In our previous work, we found that heat
conductance (G) of a linear PE chain with 100 carbons
C100 is 24.8 ± 2.4 pW/K.39 Though not shown, we converted
our results39 from G to κ and confirmed agreement with Zhang
and Luo42 for unstretched unbranched PE chains. If we branch
a chain in the middle to obtain the level 1 tree, we find an
increased conductance of G = 33.1 ± 3.9 pW/K, as indicated
in Figure 2a. Alternatively, a single linear PE chain with 50
carbons C50 has a reported conductance of 31.9 ± 2.5 pW/
K.39 Again, the addition of a level increases the heat
conductance because more heat flow channels are created
through the additional branch. Indeed, the conductance
continues to increase with increasing levels, as shown in
Figure 2a. The VDOS spectra of PE trees can be used to
explain the origin of increasing the heat conductance; see
Figure 2b. We find that the VDOS peaks at ∼16 THz in PE
levels 4 and 5 trees are higher than that in the level 1 tree.
Consequently, the values of G at levels 4 and 5 are larger than

Figure 1. Representative tree structures of PE trees and PPP trees from level 1 to 5 are shown in (a) and (b), respectively. When a AuNP is located
deeper into the plane, it is shown in a lighter color, The underlying scheme for the heat conductance calculation up is shown in (c). Using the level
3 PE tree as an example, the 8 AuNP leaves on top are heat sources at 340 K and the 1 AuNP root at the bottom is the heat sink at 295 K. The tree
branch lengths are all the same. PE branches are 50 carbons, and PPP branches are 48 carbons (12 rings). (d) The accumulative heat additions at
the 8 different AuNP leaves are shown in 8 different colored dotted lines, and the energy subtraction at the 1 AuNP root is shown in blue. As noted
in the text, the sum of the accumulated heat across all 8 leaves exceeds the energy subtraction by the initial transient energy addition needed to
compensate the mismatch in heat capacities between the leaves and the root. The red curve thus displays the sum of the 8 leaves subtracted by this
transient energy. (All colors are in grayscale in colorless prints and indicated by the legend.).
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those at level 1. The molecular vibration frequency at 15−30
THz is in the far-IR fingerprint region of 500−1000 cm−1. It
was reported that vibration frequencies at 2.4−16.8 THz are
diffusons, those above 16.8 THz are locons, and those below
2.4 THz are propagons.43 Locons are localized and do not
contribute to heat transfer,43,44 which is why we use the VDOS
peaks at ∼16 THz for comparison. Extended VDOS spectra up
to 100 THz are given in Figure S5 in the SI. In all, increasing
the PE tree level can enhance heat transfer through an
increasing number of low-frequency vibrational modes.
Earlier, Ma and Tian45 reported a thermal rectification of

70% in tapered bottlebrush tree-like polymers when the
temperature gap was between 100 and 300 K. They found that
a higher fraction of the vibrational modes in direct thermal
transport was diffusive rather than ballistic and ballistic rather
than diffusive in the inverse direction.45 However, in our tree-
structured PE−AuNP network systems, we found that the
upward and downward heat fluxes were the same for trees at
different levels; see Figure 2a. The origin of the differing
behavior is that the temperature gap employed here, 295−340
K, is much narrower. In our smaller gap, all of the temperatures
are near room temperature (300 K), where diffusive vibrational
modes are dominant. Thus, the polymer chain remains in a
similar structure (or phase) that does not give rise to directed
transport and no thermal rectification is observed at 300 K.
Experiments of vibrational energy transport inside molecules

also show that at room temperature near 300 K diffusive mode
transport dominates and at low temperature 10−150 K ballistic
modes become important.46,47 When we set up the simulation
using the temperature gap 100−300 K, we found the up
direction heat flux is higher than the down direction. For PE
C50 tree polymer networks, the thermal rectification ratio
increases from 12 to 25% when the tree level increase from 1
to 5; see Figure S6a,b in the SI. However, PPP C48 tree
polymer networks do not show thermal rectification; see
Figure S6c in the SI.
In stiffer polymer PPP, increasing the chain length can either

reduce heat transfer through phonon boundary scattering or
enhance heat transfer through the opening of long-wavelength
phonon modes.39 The reduced heat conductance in the
phonon boundary scattering mechanism is due to long-
wavelength phonons hitting the end of the polymer chain.
The reduced heat conductance in the intrinsic phonon
scattering mechanism is due to the collision of short-
wavelength phonons inside of a polymer chain. Earlier, we
reported that in linear PPP with chain length C50−C200 G ≈
40 pW/K.39 Here, we find that the level 1 PPP tree drops to G
≈ 34 pW/K at a chain length of 96 carbons; see Figure 2c.
This significant reduction in the thermal transport is a result of
the induced intrinsic phonon scattering arising from broken
symmetry when the linear PPP chain is branched in the
middle. More importantly, Figure 2c also shows that G

Figure 2. (a) Heat conductance of PE C50 tree polymer networks from level 1 to level 5. (b) VDOS spectra of PE C50 tree level 1, level 4, and
level 5 polymer networks. (c) Heat conductance of PPP C48 tree polymer networks from level 1 to level 5. (d) VDOS spectra of PPP C48 tree
level 1, level 4, and level 5 polymer networks. The large error bar in heat conductance is due to the high uncertainty in single molecule systems,
which is also found in experiments40 and similar simulation systems.41,42,45 The VDOS spectra are obtained from the Fourier transform of the
velocity autocorrelation function, which is, in turn, calculated from 20 randomly selected carbon atoms within the middle of the polymer to avoid
effects from the thermostats; see, e.g., the selection of carbon atoms shown in Figure S4 in the SI. Due to the uncertainty, the VDOS spectra are
relevant only for qualitative comparison. For convenience, the VDOS for only three of the levels (as listed in the legends) is shown here. All five of
the VDOS spectra over a wider frequency range (from 0 to 100 THz) are shown in Figure S5 in the SI. The y-axis of the VDOS spectra is in
arbitrary units.
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increases with increasing numbers of levels in the tree, reaching
a maximum G ≈ 60 pW/K at level 4. This trend in the
enhancement is consistent with the VDOS spectra in Figure
2d, which shows that the low-frequency vibrational modes
increase in the level 4 tree at specific frequencies, such as near
2, 12, and 30 THz, but not others. However, Figure 2c also
shows drops in G at level 5, which is consistent with the
corresponding decrease in the VDOS spectra for the
vibrational modes near 2 and 12 THz. For stiffer polymers,
the relationship between the structure and thermal transport
properties is even more complicated. We found that the
vibrational modes in the level 5 PPP tree are more localized
than those in the level 4 PPP tree. Thus, the heat transfer
through these trees is the sum of competing effects:
enhancements from the formation of additional low-frequency
vibrational modes and reductions from phonon scattering,
which tend to be larger with increasing PPP tree level. At
temperatures near room temperature, we did not see thermal
rectification because vibrational modes in PPP trees are the
same in both�namely, up and down�heat flow directions.
Xu and Yu19 reported that the observed electric and heat

transfer in network structures obeys the same analogous
resistance equation and scaling laws. In our model, each PE
branch is 50 carbons in length. In Figure 3, we compare the
polymer tree structure in panel (a), the thermal resistance
model in panel (b), the cut polymer tree structure in panel (c),
and the linear polymer structure in panel (d). The thermal
resistance model is based on a conventional electrical circuit
with the assumption that the thermal resistance is constant.
That is, each polymer branch is assumed to affect the same
thermal resistance R1 within the scheme shown in Figure 3b.
Connecting two resistances R in parallel, the total resistance is

=
+

R1
2

R R
1 1 , and in series the total resistance is R + R = 2R.

Thus, the total resistance in the thermal resistance model for
tree level 1 is +R R

1 2
1 , tree level 2 is + +R R R

1 2 4
1 1 , tree level 3

is + + +R R R R
1 2 4 8

1 1 1 , tree level 4 is + + + +R R R R R
1 2 4 8 16

1 1 1 1 ,

and tree level 5 is + + + + +R R R R R R
1 2 4 8 16 32

1 1 1 1 1 . As a
consequence, it predicts that the heat conductance values of
the tree polymers decrease with an increasing tree level, which
is the opposite trend of our simulation result. Thus, at the
molecular level, the classical heat transfer rule is broken by the
unique tree-structured polymer network.
With even higher tree levels, the network structure should be

more complex than our level 5 simulation models, but the
trends should remain. The thermal resistance model predicts
that the heat conductance monotonically decreases with
increasing tree level; see Figure 3e,f for PE and PPP,
respectively. In our MD simulations, we found that heat
transfer in tree polymer structures follows a new mechanism as
G increases with increasing the tree level. This new mechanism
trend is a result of the increasing low-frequency vibrational
modes with increasing tree level and the resulting increase in
additional heat transfer channels. In the cut tree structures, we
keep one branch only and cut all other branches with one
residue unit (CH3 or benzene ring) at the branching position;
see Figure 3c. Since tree, cut tree, and linear chain all have the
same longest chain, it appears that the heat transfer
enhancement is not due to the longest chain. Instead, the
low-frequency modes emerge from the branching chains.
Comparing with the cut tree and the linear PE chain networks,
the PE tree polymer network also shows higher heat
conductance, which is due to the additional heat transfer
channels in the tree structure; see Figure 3e. However, in stiffer
PPP networks, the linear PPP structure has the largest G,

Figure 3. Representative level 5 structures of (a) a PE tree MD simulation model, (b) a general thermal resistance model, (c) a PE cut tree (red
circles indicate positions of the cut branches), and (d) a linear PE chain at 300 carbon length. The cut tree structure has one CH3 residue group at
each of the branching positions. The heat conductance results of four models in (a)−(d) are compared in (e) and (f) for both PE and PPP
networks, respectively. Schemes of cut tree structures are shown in parts S8 and S9 in the SI. The G values are averaged from both upward and
downward heat flow results since no rectification is observed at this temperature gap.
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which is related to the highest symmetry in the linear chain;
see Figure 3f. We also compared the linear chain with a cut
tree structure and found that the cut tree structure has a lower
heat conductance because the CH3 residue or benzene group
on the cut chain causes intrinsic phonon scattering and reduces
heat conductance. The PPP tree network has larger G than the
cut tree, as the additional heat transfer channels in the tree
structure. For stretched single polymer chains, the thermal
conductivity generally increases with increasing chain length.48

We found that when the polymer chain is unstretched and free,
the heat conductance values of PE and PPP both stay almost
constant or slightly decrease. This is a consequence of the net
cancellation between the additional heat transfer modes and
the added heat resistance with an increasing chain length.
It may not be obvious if the behavior of G for PE trees from

level 1 to level 2 is an increase because it appears to fall within
the statistical error that the small decrease of G from level 1 to
level 2 is a result of the net contributions due to competing
effects from increased thermal resistance and additional heat
transfer channels. However, if we use the corresponding
thermal resistance model as a benchmark, we do see an
increase of G in the level 2 PE tree. Meanwhile the decrease in
the heat conductance in the PPP tree from level 4 to level 5
comes through the lens of intrinsic scattering in which some
low-frequency vibrational modes shift to higher frequency.
Figure S7a (SI) also shows that the heat conductance of PE
C12 trees increases with increasing tree level from 1 to 5 in
agreement with the behavior in a PE C50 tree. The G of PE
C12 branching trees increases from ∼42 pW/K at level 1 to
∼55 pW/K at level 5. We use small 1 nm diameter AuNPs in
PE C12 trees because otherwise there is not enough room to
connect 4 nm AuNPs. However, these 1 nm AuNPs are not
sufficiently pushed apart by the polymers, and they end up
aggregated in simulation; see Figure S7b in the SI. In contrast,

as shown in Figure 1a,b, we find stable PE C50 and PPP C48
tree structures connected to 4 nm AuNPs.
We now consider neuron network-like tree polymer−AuNP

networks. We choose heating or cooling of the AuNPs at
different positions to explore the spatial variation effect on the
heat transfer. In both PE and PPP level 1 trees, we show in
Figure 4a,b that removal of one heat source or sink leads the
heat conductance to decrease by ∼20%. This arises because in
the special case of a level 1 tree the removal of a heat source or
sink is equivalent to the removal of half of the sources or sinks,
and this is a very significant perturbation. Moreover, PE and
PPP have different degrees of stiffness, and this leads to
variations in heat transfer. In particular, the PPP branches are
stiffer and lead the phonon boundary scattering mechanism to
play a more important role. The heat transfer channel in PPP is
more directly related to the number of heat sources or sinks. As
a result, freezing half of the leaves in level 2 trees leads to a
reduction in G by ∼10 and 30−40% for PE and PPP,
respectively. This behavior is also found in level 3 and 4 trees
in Figure 4a,b. For trees with more than 3 levels, there are at
least three ways of freezing half of the leaves�namely, biased,
uniform, and random; see the right side of Figure 4. In PE trees
at level 3 or 4, we find that uniformly freezing half of the leaves
can achieve G values comparable to freezing all leaves, but the
biased or random freezing of half of the leaves leads to a
decrease in G by ∼10%. This result demonstrates the
hypothesized spatial relationship of heat transfer in tree-
structured PE networks. Moreover, in level 5 PE and PPP
trees, we find no difference in G between the freezing of half of
the leaves and the freezing of none of the leaves; see Figure
4a,b. This result further demonstrates that in complex tree
polymer−AuNP networks at level ≥5, when half of the heating
or cooling leaves are malfunctioning, the thermal transport
remains unchanged.

Figure 4. Comparison of the resulting heat conductances when all the leaves are thermostated to when only half of the leaves are thermostated for
(a) PE C50 trees and (b) PPP C48 trees from level 1 to level 5. The selection of the leaves that are thermostated is performed in 3 possible ways:
biased, uniform, and random. Level 1 trees admit only 1 way (biased). Level 2 trees admit 2 ways (biased and uniform). Level 3−5 trees admit all 3
of the listed approaches.
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In conclusion, using all-atom MD simulations, we
demonstrated the possibility of heat conductance enhancement
in tree polymer networks. In PE trees, the heat conductance
increases from level 1 (G ≈ 33 pW/K) to level 5 (G ≈ 50 pW/
K). Through analysis of the VDOS, we found that the
fundamental mechanism is due to the increase in 0−20 THz
low-frequency vibrational modes with an increasing number of
tree levels. Meanwhile, in PPP trees, heat conductance also
increases from level 1 to level 4 because of the same
mechanism. The highest such value is G ≈ 60 pW/K at level
4 PPP trees. However, due to a drop in the low-frequency
vibrational modes drop at level 5 in the PPP tree, the G value
also drops. In contrast to the thermal resistance model, where
G decreases with increasing tree level, we found a new heat
conductance mechanism in tree polymer networks. That is, heat
conductance increases with increasing tree level complexity
because of the addition of new heat transfer channels from
low-frequency vibrational modes. We demonstrated a spatial
relationship in tree polymer networks with respect to the
choice of leaf nodes. We also found that for both level 5 PE
and PPP trees, when half of the leaves are malfunctioning, the
thermal transport property remains the same.
The analogy to the persistence of brain function, even when

half of the brain is damaged, to the persistence of function�
namely heat transport, to analogous thermally conducting
networks is notable. Specifically, we found here that we can
freeze half of the nodes in a sufficiently large tree network
without affecting the outputs. We speculate that this analogy is
not accidental.

■ SIMULATION METHODS
The tree polymer networks are simulated in a vacuum cubic
box of 100 × 100 × 100 nm3. We require the separation of the
system from a solvent, as is satisfied by the vacuum, because
otherwise heat would immediately dissipate into the
surrounding solvent. The tree polymers are built in the
Materials Studio Software;49 see schemes in Figure 1a,b. We
used thiol functional groups (−S, without hydrogen) to
terminate the polymer chains. The AuNPs are bonded to the S
atoms on each tree branch and at the tree root; see Figure 1c.
Typically, we use 4 nm diameter AuNPs and PE branch length
C50 or PPP branch length C48 to build different levels of tree
networks; see Figure S1 in the SI. The AuNP model is cut from
a bulk gold FCC crystal with a lattice constant of 4.078 Å. We
use the Lennard-Jones (LJ) force field derived by Heinz et al.50

to describe Au−Au interactions. We also simulate tree
networks with 1 nm diameter AuNPs and PE branch length
C12 for comparison; see Figure S2 in the SI. Figure 1a shows
representative structures of PE trees with a branch length of
C50 and PPP trees with a branch length of C48. The
optimized potentials for liquid simulations (OPLS) all-atom
force field is used to describe interactions inside the
polymers.51,52 The Au−S bonding interaction is described by
a Morse potential.53 All other interactions between the
polymer and Au are described by a LJ potentials.22,53 All
force field parameters are listed in Tables S1 and S2 in the SI
and in our previous paper.39

Our MD simulations are propagated using the large-scale
atomic molecular massively parallel simulator (LAMMPS)
package.54 The simulation time step is 0.25 fs. Figure 1c shows
a representative scheme for calculating the heat conductance
down from 8 AuNP leaves to 1 AuNP root through a level 3
PE C50 tree. The simulation models are relaxed for more than

2 ns under the canonical ensemble (NVT) at 300 K using
Langevin thermostats. The tree polymers in these systems are
unstretched; see schemes in Figure 1a,b. Previously, we had
found that unstretched polymers have converged heat flux
values,39,41,42 and thus they are sufficient to reveal the tree
structure effect on heat transfer. After the relaxation step, the
nonequilibrium MD simulation method is applied to calculate
the heat flux through the tree networks. For comparison with
previously reported systems,39,40 we set the heat source on 8
AuNP leaves at 340 K and the heat sink on the 1 AuNP root at
295 K, ΔT = 45 K. The heat conductance is known to vary
dramatically as the polymer is stretched.39,41,42 Consequently,
we chose to employ unstretched polymers because they are
closer to free polymers in a polymer−nanoparticle composite
material under typical experimental conditions. Doing so is
equivalent to a setup maintaining constant heat fluxes constant
at the thermostats, as had earlier been used in treating the
linear case.48 The cumulative heat energy gains at the leaves
and loss at the root are recorded by the dissipating Langevin
thermostats; see Figure 1d. At steady state, the sum of the
values on 8 leaves gives the total energy gain, which should
balance the total energy loss at the root. Assuming linearity, we
fit the last 2 ns of each productive run (more than 5 ns) to find
the heating rate at both the heat source (Pin) and the heat sink
(Pout) AuNPs, which gives 2 resulting data points for each
productive run.
We simulate more than 5−8 independent productive runs

for each model. As a result, the heating rates (P in pW) are
calculated from averaging more than 10 data points. The
resulting heat conductance is calculated using G = P/ΔT. We
calculate the upward heat conductance in the same way by
setting the 8 leaves AuNPs at 295 K and 1 AuNP root at 340
K; see scheme in Figure S3 in the SI. The difference between
the red profile (sum 1−8 leaves) and the blue profile (1 root)
seen in the downward direction reported in Figure 1 but not
seen in the upward direction reported in Figure S3 of the SI
arises from the relative heat capacities of the root and leaf
nodes in the two cases. Specifically, in the upward heat flow
case, the temperature of the 8 AuNP leaves must first increase
to the target 340 K, and the 40 K increase causes more
accumulative heat than required for the 1 AuNP root to reach
the target 295 K with 5 K in temperature difference. That is,
there is a net cumulative change in temperature of (40 K × 8)
− (5 K × 1), which is 315 K. Similarly, in the backward heat
flow case, all 8 AuNP leaves must decrease to the target 295 K
with a 5 K difference, while the 1 AuNP root increases by 40 K
to 340 K. That is, there is a net cumulative change in
temperature of (−5 K × 8) + (40 K × 1) which is 0 K. As
these are cumulative heat gains, the difference remains across
the entire simulation and we see that the rate curves are
appropriately parallel because of the equivalence between the
forward and backward heat flows at steady state.
At the nanoscale, heat transfer is not diffusive, the

temperature drop along the polymer chain is not linear, and
the cross-sectional area for the tree structure is ambiguous; as a
result, we use G to compare thermal transport properties.
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