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Abstract

We propose a new family of distributions, so-called the unit ratio-extended Weibull family
(UREW). ltis derived from ratio transformation in an extended Weibull random variable.
The use of this transformation is a novelty of the work since it has been less explored than
the exponential and has not yet been studied within the extended Weibull class. Moreover,
we offer a valuable alternative to model double-bounded variables on the unit interval. Five
UREW special models are studied in detail, namely the: i) unit ratio-Gompertz; ii) unit ratio-
Burr XII; iii) unit ratio-Lomax; v) unit ratio-Rayleigh, and vi) unit ratio-Weibull distributions.
We propose a quantile-parameterization for the new family. The maximum likelihood esti-
mators (MLEs) are presented. A Monte Carlo study is performed to evaluate the behavior of
the MLEs of unit ratio-Gompertz and unit ratio-Rayleigh distributions. This last model has
closed-form and approximately unbiased MLE for small sample sizes. Further, the UREW
submodels are adjusted to the dropout rate in Brazilian undergraduate courses. We focus
on the areas of civil engineering, economics, computer sciences, and control engineering.
The applications show that the new family is suitable for modeling educational data and may
provide effective alternatives compared to other usual unit models, such as the Beta,
Kumaraswamy, and unit gamma distributions. They can also outperform some recent contri-
butions in the unit distribution literature. Thus, the UREW family can provide competitive
alternatives when those models are unsuitable.

1 Introduction

The formulation of new generalized classes of probability distributions is a topic that has
received a great deal of attention in recent years, particularly when it comes to positive data [1].
To mention a few, we refer the reader to [2-4] as extensions of the Weibull distribution and [5,
6] for Nadarajah-Haghighi generalizations. Most of these works are introduced aiming to fur-
nish more flexible distributions regarding shape densities and hazard rates. However, there is
much to be done when considering random variables supported in the unit interval. We can
cite the beta and Kumaraswamy [7] (CW) distributions as classical unit models In this respect.
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Motivated by the increasing interest in modeling bounded data, other unit distributions
have been introduced and are available in the literature. Some of these advances are, for
instance, the unit gamma [8] ((/G), simplex [9], CDF-quantile [10], unit Birnbaum-Saunders
[11, 12] (UBS), unit Weibull [13] (/WV), unit extended Weibull [14], complementary unit
extended Weibull [14], unit Gompertz [15], unit Burr XII [16, 17], reflected unit Burr XII [18],
unit generalized half normal [19], bounded odd inverse Pareto exponential [20], Modified
Kumaraswamy [21], unit-sinh-normal [22], log-Bilai [23] and log-weighted exponential [24]
distributions. This interest is due to several natural and anthropogenic phenomena which are
bounded in a certain interval [12]. The list of double-bounded random variables may include
the proportion of chemical components in different substances [25], vote proportions [12, 26],
relative air humidity [27], well-being indicators [14], mortality rates [18, 28], loss given default
[29] among several other indexes, indicators, ratios, and rates. Nevertheless, some situations
may require other alternatives to model heavy tails and asymmetric proportion data where
current models have limitations.

In this context, we introduce the so-called unit ratio-extended Weibull ({REW) family of
distributions, which is built upon the ratio transformation in the extended Weibull [30] (V)
class. The most common method to derive those unit distributions is applying the exponential
transformation in positive random variables. The use of ratio transformation is a novelty of
this work since it has been less explored and has not yet been studied within the £}V class.
One advantage of introducing the UREW is that some special models can produce N-shaped,
U-shaped, and unimodal density shapes. These features make the proposed family quite attrac-
tive for educational modeling and addressing real-life problems involving asymmetric and
heavy-tailed double-bounded indicators. The N-shaped behavior, for example, is not assumed
by the classical beta and )V distributions but can be accommodated by some UREW special
cases. We conduct shape analysis and provide density plots on the proposed models to illus-
trate these characteristics.

Our main contribution lies in offering a valuable alternative to model double-bounded vari-
ables in the unit interval. Moreover, we present at least four contributions achieved by pioneer-
ing the UREW class. First, the new family has more than twenty special models that may
provide a source of alternatives to deal with rates and proportions, among other random vari-
ables in the unit domain. The second contribution is to provide a quantile parametrization for
the new family. This framework is useful since the quantiles are outlier-resistant location mea-
sures and have a more intuitive interpretation than the original parametrization. The third
contribution is related to parameter estimation under the maximum likelihood approach. As
illustrated in Section 4, some one-parameter UREWVV special cases present its maximum likeli-
hood estimator (MLE) in closed form.

Finally, the fourth contribution to formulating the UREW family is its applicability for
modeling educational indicators. This type of data has motivated the proposal of several unit
distributions. It is the case of [31-33], which examines indicators related to educational attain-
ment percentage and school living conditions across various countries. We can also cite [14]
for analyzing literacy rates in Brazilian and Colombian municipalities and [17] for modeling
the dropout rate of Brazilian undergraduate animal science courses. However, it should be
noted that, to the author’s knowledge, there remains a significant gap in the available informa-
tion regarding the phenomenon of first-year, or freshman, student dropout. This paper’s moti-
vating data sets concern the first-year dropout rate in Brazilian undergraduate courses. We
analyze this outcome for civil engineering, economics, computer sciences, and control engi-
neering courses. The four data sets are positive-skewed, and we observe a short amount of
courses with a dropout rate smaller than 17%. This feature should be common for these kinds
of data. When analyzing higher education institutions, academic programs with low dropout
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rates tend to receive higher quality ratings [34]. In addition, this measure is seen as an indica-
tor of institutional excellence and performance [35]. Therefore, our proposals have the advan-
tage of providing consistently better fits than classical beta and KWV distributions when
modeling the dropout rate in Brazilian undergraduate courses (see Section 6). As illustrated in
the applications, they can also outperform some recent contributions in the distribution litera-
ture, such as the UBS, UW, and CUUVV distributions. All analysis in this paper is carried out
using R programming language. The computational codes and data sets used to obtain the
plots, simulations, and application results are made available on a GitHub repository (Com-
puter codes available at https://github.com/penaramirez/UREW).

The rest of the paper is organized as follows. Section 2 presents the theoretical background
and defines the new family of unit distributions. Some UREW special cases are presented in
Section 3. Section 4 focuses on inferential procedures based on the maximum likelihood
method. We present results for all family members and derive expressions for the MLEs of
some special models. Section 5 discusses simulation studies’ results to assess the performance
of the point and asymptotic interval estimators. Section 6 illustrates our proposed family’s rele-
vance in educational data, specifically about the first-year dropout rate in some Brazilian
undergraduate courses. The final remarks are presented in Section 7.

2 The unit ratio-extended Weibull family of distributions

This section presents the theoretical background and defines the proposed family from a ratio
transformation in the EW class of distributions. Let X be a random variable on the EW class,
and denote X ~ EW(«, &). The probability density function (pdf) of X is given by

g(x) = ah(x; &) exp [~oH(x; §)], (1)

where x > 0, & > 0, H(x; §) is a non-negative monotonically increasing function which

depends on the parameter vector &, and h(x; &) is the derivative of H(x; &) with respect to x. For

each formulation of H(x; &), different EW special models result. Thus, several well-known dis-

tributions can be obtained depending on the choice of this function. Table 1 presents twenty

alternatives for H(x; &), their corresponding derivatives, and inverse functions. Further details

on this family and some generalizations to examine non-negative data are given by [36-38].
The EW cumulative distribution function (cdf) and quantile function (qf) are given by

G(x) = 1 — exp[—aH(x; §)],
and
_ 1
Q) = 17|~ tog 1 -1,
respectively, where H~ 1(; &) is the inverse function of H(:; &).

We define the UREW class of distribution by considering the ratio transformation Y = X/(1
+ X), where X ~ EW(a, &). Hereafter, we denote Y as a UREVV random variable, which has cdf

RO =1 - e |-att (2 |. )

where 0 < y < 1, @ > 0, and & is the parameter vector associated to the H(-; &) function.
Thus, the pdf and gf of the proposed family are

700 =51 -y " h( 256 e [-ant (12 |
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Table 1. Some £)V special models and their corresponding H(x; &), H ' (x; &) and h(x; &) functions.

Distribution H(x; &) H'(x &) h(x; &) a §
Additive Weibull (x/B)* + (x/By)" no closed-form (o0, /B,) (/B 1 [0ty 0%y
(/B (x/By) B B.]
Burr XII log(1 — x”) [1 - exp(x)]"# BN + 5P a B
Chen exp(xb) -1 [log(x + D]Yb bx1 exp(xb) a b
Exponential x x 1 a )
Exponential power exp[(Ax)?] - 1 A [log(x + 1)]*# B exp[(Ax)P] (x)P ! 1 [, Bl
Flexible Weibull exp(Ax — B/x) ) exp(hx — BIx)(\ + B/x%) 1 A, Bl
Fréchet x7 x —yx 0D a y
Gompertz (x > 0) B exp(Bx) — 1] i log(Bx + 1) exp(fx) a B
Linear Failure rate ax + bx*2 no closed-form a+ bx 1 [a, b]
Log-logistic log(1 + x) [1 - exp(x)]* ex N1 + %) 1 c
Lomax log(1 + x/B) Blexp(x) — 1] 1/(B + x) a B
Modified Weibull x” exp(Ax) * " exp(Ax)(y + Ax) a [y ]
Pareto (x > k) log(x/k) k exp(x) 1/x a k
Power generalized Weibull 1+ (x/p)") =1 Bllx+ 1Y — 1]t (0o, /B)[1 + (x/B)])"" 1 [ay, B, 6]
(x/B)"
Rayleigh x X'/ 2x 0
Weibull x XM ! a y
https://doi.org/10.1371/journal.pone.0290885.t001
and

Qy(u)

H-' [ log(1 — w):§)

1y H'[—o'1og(1 — u);

&’

respectively. The proposition below refers to a quantile-based parametrization for the UREW

family. Analogous frameworks can be found in other unit models recently introduced. See [14,

39, 40] for median-based parametrizations and [41] for a quantile-based example.
Proposition 1. Let Y be a UREWY random variable, then its cdf can be rewritten as

Fy(y) = 1— (1— 1) (58)m ()

q(7) .

) J

€ (0,1), (3)

where q(7) € (0, 1) is a location parameter which corresponds to the tth quantile of Y, & is the
parameter vector associated with H(-; £), and 7 is assumed as known.

Proof. The result in Eq (3) holds by replacing « = log(1 — r)_l/H(lfm ; ) in (2). Hence,

the qf Y can be rewritten as

Qy(u) =

q()”’

- @ . £ logli-u) ,
H ! |:H( lzq( g) loi(lft) ’§:|

1)
(1)

_ AL
L+H ! |:H 1—q(7)? g) loi(l—f) ’§:|

Setting u = 7 in the above equation, we obtaing that Qy(7) = q(7), which concludes the proof.
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Under the quantile parametrization, the UREW pdf can be written as

I (S BT TP PR S
)= (%) -0 > @

3 Some UR EVV special cases

Several well-established statistical models are special cases in the EW family. They can be con-
sidered baseline models in the /REW family by replacing their corresponding H(:; £) func-
tions in the cdf (2). Here, we give further details on five of those models, namely: the unit
ratio-Gompertz (URG), unit ratio-Burr XII (URBAZT), unit ratio-Lomax (UR L), unit ratio-
Weibull (({RWW), and unit ratio-Rayleigh (UR'R) distributions. These models are introduced
using the quantile-parametrization given in Proposition 1. The H(-; &) functions of these and
several other models members of the /REVY family can be consulted in Table 1.

3.1 The unit ratio-Gompertz distribution

The UR G distribution is obtained considering the Gompertz as a baseline model in the
UREW family. Thus, by taking H(x; &) = exp{Bx} — 1 in (2), the URG cdf can be written as
B u

Furg(y) =1—(1-1) (exp{lﬁ—fy}fl)/(e@{m}ﬂx

where y € (0, 1), 8 > 0 is a shape parameter, and y € (0, 1) is the tth quantile parameter. The
corresponding pdf, qf, and hazard rate function (hrf) are

B p log[(l — r)fl] exp{ L }
Jurg) = 1) [exp{%} B 1] 5)
oy (el i} 1) (en{ s} 1)

og{iff;(i Z‘ {exp( - ) } } (6)

T i (1) 1)

and

_ p log[(l — ‘c)_l] exp{ b }
(1=’ exp{ g2} -1]

respectively. Fig 1(a) illustrates the YR G pdf shapes for several combinations of 4 and 3, with
7=0.5.

huRQ

3.2 The unit ratio-Burr XII distribution

The URBXTZL distribution is obtained considering the Burr XII as a baseline model in the
UREW family. Thus, by taking H(x; &) = log[1 + %% in (2), and after simplification, the
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Fig 1. Density plots for some UREW special models. (a) URG, (b) URBXTTL, (c) URL, (d) URR.
https://doi.org/10.1371/journal.pone.0290885.g001

URBXTIIT cdf reduces to

yﬁ
1+
1-y)

tog(1-7)/log { 1+4()P[1-q(x)) }
FuRBXII(Y) =1- ]
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where y € (0, 1), and p € (0, 1) is the 7th quantile parameter. The corresponding pdf, gf, and

hrf are
L) = By*'log[(1 —1) ']
URBXIT - _
(1—)""log{1+q(x)"[1 — q(x)] "}
7
5 leioos{ a0 li-g M f 1 @)
x |14 J ﬂ] ,
(1-y)
[(1 — gyl =g Phog1) _ 1} 1
Qurprrr (1) = log{1+4(x)[1-q()] P }log(1—7) 1/ (8)
1+ [(1— g)osttraeri 070 1]
and
" o) = By' 'log|(1 —1)"']
URBXIT - )

(1= """ log{1+q(x)"[1 — q(x)] "}

respectively. Fig 1(b) illustrates the URBXZT pdf shapes for several combinations of 4 and
7= 0.5. This plot illustrates the flexibility of the URBXZT distribution. It can have N-shaped,
U-shaped, and unimodal density shapes, being able to fit asymmetric and heavy-tailed double-
bounded data.

3.3 The unit ratio-Lomax distribution

The UR L distribution is obtained considering the Lomax as a baseline model in the U/REW
family. Thus, by taking H(x; &) = log[1 + %?]in (2), and after simplificaion, the UR L cdf
reduces to

y :|log(1 7) /log[l+ = M)]
B =)

where y € (0, 1), B> 0 is a shape parameter, and g € (0, 1) is the 7th quantile parameter. The
corresponding pdf, gf, and hrf are

Fure) =1- [1+

fel) = gl =) ]
(1= 1B~ y) + log 1 + 5] o)
log(1— r)/log[1+ﬁ(1 #J
y
Xb+ﬁﬂ—ﬁ] ’
_ log |:1-¢—/;(1 “:|/log(l —1) _
Qurc () = Al -w) ! J
1+Ba—)mb”JMMﬂ—ﬁ
and
hyre () = logl(1 =~ T)il]

(1= )B(1 ) + yllog |

)
I3
ﬁ(lfu)}
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respectively. Fig 1(c) illustrates the YR L pdf shapes for several combinations of 4 and S, with
7=0.5.

3.4 The unit ratio-Weibull and unit ratio-Rayleigh distributions

The URW distribution is obtained considering the Weibull as baseline model in the /REW
family. By taking H(x; &) = ¥’ in (2), the URW can be written as

szw()’) -1 (1 _ T)J’” (-p) / (lfy)ﬁ]’

where y € (0, 1), B> 0 is a shape parameter, and g € (0, 1) is the 7th quantile parameter. The
corresponding pdf, gf, and hrf are

ﬂyﬁl(l—ﬂ) _ B (1w /b (1-p)f
fL{RW(y) W [log(l _ _E) 1] (1 - T))' (1=w)P /[P (1—y) ]’ (10)
|: P log(1—u) :|1//j
(1—p)P log(1—7)
Qurw(u) = L

1 [ wogio M7
(1—p) /; log(1-1)

and

By (1-p'

wzw()’) W (1= )/)/Hl [10g<1 - 7)7 L

respectively. For B = 2, the YRV reduces to the YRR distribution, which is also new. The
URR is a one-parameter model obtained considering the Rayleigh as a baseline model in the
UREW family. Its pdf is given by

2y (1-w)’
w(1—y)
Fig 1(d) illustrates the YRR pdf shapes for several combinations of ¢ and 7 = 0.5. It shows that

the YRR distribution presents unimodal density shape, accomodating left and right-skewed
data in the unit interval.

_ 2 (1o 02 /02 (1—p)2
fL{RR(y) = log(1 — 1) ' (1- T)y (o o7, (11)

4 Maximum likelihood estimation

Here, we consider estimation of the parameters of the /REVV family by the maximum likeli-
hood (ML) method. The log-likelihood for a random sample y4, . .. y, from (4), based on
parameter vetor 0 = (u, ENTis

08ly,,...,y,) :nlog[log(lf‘c)_l] nlog{ < )}
n n (12)
1
N
The components of the score vector U(0) = [U,, UE]T, are

h(i:¢) log1 0 &~ (g,
U, = —n—}-;L. ) ;H(I{yi’§>

(1 -’ H(:€)
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Lo oy N h(55) egn-n

Ve _85_;}1(13’_}1;5)85 h<1_)’i7§> H(ﬁ,’g’) H( f)
,- log(1—) " h(55€) 2o -

<35 e r(i2509)+ (me)] Za—éHQng)

For fixed values of &, it is possible to obtain a closed-form for the MLE of the y. By setting U, =
0 and solving for y, we have

. [aloga oty Y ;4

&) = :
1+ H! [ilog(l —7)! Z?ﬂ% ;5]

Therefore, obtaing the EMV of y in closed-form is possible when & = ). Otherwise, to get the
MLEs of the parameters y and &, it is necessary to use some iterative procedures such as New-
ton-Raphson type algorithms to maximize (12).

We can construct approximate confidence intervals for 8 based on the asymptotic normal-
ity property. Under standard regularity conditions, the asymptotic distribution of § — 8 can
be approximated by the multivariate normal (0, J(8) ") distribution, where J(8) " =
—00(0)/0000" |,,_, is the observed information matrix. Thus, the asymptotic 100(1 — 1)%
confidence intervals of 6 are given by

0 +2z,, x [var(6)]",
where z,,, is the quantile 77/2 of the standard normal distribution, and var(0) = diag{J(8)'}.
In what follows, we present the likelihood estimation of some special cases of the UREW
family.

4.1 MLE for the URR (i) distribution

Letyy, ..., ¥, be a random sample of size n from the YRR () distribution. The log-likelihood
function is

Uulyy,---,y,) = nlog (2 ZIOg(y + nlog[(1 — p)’] + nlogllog(1 —7) ']

log(1—1) '(1-p)" < 7
—2n log(u) — 3 E log(1 —y,) — 2 E A=,
i=1 i

The escore function U, is

o2 L (= log(1—1) g~ 2
“on p(l-p e = (1-y)
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By setting U, = 0 and solving for y, we have the EMV of y as

2

\/10g(1 - 1)71 Z:’:l (1:,1)2

i= =T (14)
Vn+ \/log(l -1) > o
and the Fisher’s observed information is computed as
ol 2 |npP(1 —2u) O y?
I =—==2 |20 4 (2u—3)log (1 — 1 S/ 15
)= 5 wl TR D B "

The conditions for the maximum value of the function €(u|y;, . . ., y,,) require that I(j1) < 0.
This is easily observed by substituting (14) into (15), where it is verified that

4
1(vi+ gt =0 S )

Ep— < 0.
log(l - T) Zi:l m

1) =

4.2 MLE for the URG(B, ) distribution

Lety,, ..., ¥, be arandom sample of size n from the YR G distribution with parameter vector 8
= (B, 4)". The log-likelihood function is

«Bly,,-...y,) = nlog[log(1 —7)"'] — nlog(B) 1nfu'u N log[log[(i* 1) ]
exp{ _— } —

[} o (25

The components of the score vector Ug = (U, U,,)T are

N n
Ug g_éln_,u'unexp{l/;} 1+1ﬁulog(1r)lizlexp{%}
+log(1 — 1)~ ge? exp{ P }7
e/ L—y
and
" :%:M o 2] {12
SRR

—n log [log(l - ‘c)*l} .

Note that the system of equations Uy = 0 cannot be solved in closed form; therefore, the maxi-
mization of (16) to obtain the EMV of 6 can be carried out using the quasi-Newton BFGS non-
linear optimization algorithm implemented in the opt im function available in R.
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5 Simulation study

In this Section, a Monte Carlo study is carried on to evaluate the performance of the MLEs of
the UREWY family in finite samples. For that, the YRR and URG distributions are consid-
ered. This study conducted 10,000 Monte Carlo replications with sample sizes n € {10, 25, 50,
75, 100}. Aiming to evaluate the point estimators, we use the set of estimates of parameters
obtained in each replication to calculate its mean, variance, relative biases (RBs), standard
deviations (SDs), and root mean squared errors (RMSEs). Regarding the initial values selected
for simulation, we highlight that the /R'R distribution has a closed form for its MLE (see Eq
(14)). Therefore, one advantage of using this model is that it does not require defining initial
values in the ML method. For the two-parameter UREWV special cases, we use the Broyden-
Fletcher-Goldfarb-Shanno (BFGS) algorithm and compute the observed information matrix
numerically from the optim function in the R programming language. Therefore, we set the
sample quantile as the initial value for y and one for the shape parameter. These values are
used either for the simulated or actual data experiments performed in the paper. We calculate
the coverage probability of the 95% pointwise confidence interval (CPgs) to evaluate the
interval estimation. Next, we provide the numerical results for both considered distributions.
Next, the numerical results for both distributions considered are presented.

5.1 Numerical Analysis for the /R'R distribution

We generate occurrences of the variable Y following a UR'R law with five different values of y
(scenarios). For that, we use the inversion method replacing u ~ U(0, 1) in the URR gf. The
simulation results are shown in Table 2. It reveals low RB values in all the scenarios and sample
sizes considered. We highlight that all its observed values are less than 0.7%. We also observe
low SD values, all less than 0.5. For all the sample sizes, it is common to observe RMSE’s lower
values for the central values of y (4 = 0.4, for example) than for the close values of the extremes
(u=0.15or y = 0.9, for example). In its last column, it can verify that the coverage probabilities
of the 95% pointwise confidence intervals of the parameter are quite close to the nominal level.

Fig 2 indicates that the RB and RMSE of ji decrease as the sample size increases, corroborat-
ing the asymptotic properties of the MLEs.

5.2 Numerical analysis for the /R G distribution

Analogous to the previous experiment, occurrences of the variable Y are initially generated,
which follows a YR G distribution with different configurations in its parameters 4 and §. The
data are generated using the inversion method in the YR G qf. In Table 3¢, we present the sim-
ulation results. It shows that i/’s estimates are more accurate than fs. We can also observe that
the RB of y is always less than 0.4% in absolute value. For sample sizes greater than 75, the RB
of B is always less than 10%. In the last column of Table 2, we can be observed that the coverage
probabilities of the 95% pointwise confidence intervals of both parameters are quite close to
the nominal level.

Fig 3(a) presents a plot with the sum of the RB of /i and 3 that we call the total RB. Fig 3(b)
presents a similar plot with the sum of the RMSE of /i and f3, that we call the total RMSE. They

show that the total RB and total RMSE of jt and [} decrease as the sample size increases, corrob-
orating the asymptotic properties of the MLEs.

6 Applications

This section illustrates the usefulness of the /REVY family through applications in educational
data related to student dropout, also known as student attrition. This outcome has some
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Table 2. Results of the Monte Carlo simulation from the /R R distribution.

Scenario u n mean Variance RB % RMSE CPysq,
1 0.15 10 0.1475 0.0004 -0.2432 0.0003 0.9490
25 0.1492 0.0001 -0.0741 0.0001 0.9430
50 0.1493 0.0001 -0.0617 0.0001 0.9590
75 0.1494 0.0001 —-0.0505 0.0001 0.9480
100 0.1497 0.0001 —-0.0286 0.0001 0.9580
2 0.25 10 0.2463 0.0008 —-0.3669 0.0009 0.9470
25 0.2484 0.0003 —-0.1584 0.0003 0.9579
50 0.2492 0.0001 -0.0773 0.0001 0.9533
75 0.2495 0.0001 —-0.0446 0.0001 0.9537
100 0.2497 0.0001 —-0.0287 0.0001 0.9518
3 0.4 10 0.3943 0.0014 -0.5635 0.0015 0.9552
25 0.3976 0.0005 -0.2385 0.0005 0.9594
50 0.3988 0.0002 -0.1170 0.0002 0.9538
75 0.3993 0.0002 -0.0689 0.0001 0.9536
100 0.3995 0.0001 —-0.0459 0.0001 0.9508
4 0.7 10 0.6933 0.0012 —-0.6654 0.0012 0.9518
25 0.6972 0.0004 —-0.2725 0.0004 0.9535
50 0.6986 0.0002 -0.1341 0.0002 0.9506
75 0.6991 0.0001 —-0.0812 0.0001 0.9521
100 0.6994 0.0001 —-0.0562 0.0001 0.9469
5 0.9 10 0.8966 0.0002 —-0.3384 0.0002 0.9405
25 0.8986 0.0001 -0.1356 0.0001 0.9489
50 0.8993 0.0001 —-0.0666 0.0001 0.9497
75 0.8995 0.0001 —-0.0408 0.0001 0.9515
100 0.8997 0.0001 —-0.0287 0.0001 0.9454
https://doi.org/10.1371/journal.pone.0290885.t002
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Fig 2. Percentual RB and RMSE of the /R 'R estimator in several scenarios.
https://doi.org/10.1371/journal.pone.0290885.g002
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Table 3. Results of the Monte Carlo simulation from the /R G distribution.

Scenario u B n Mean Variance RB %(j1) RMSE(j1) CPys0,
it B it i it i it i it B
1 0.4 0.8 10 0.4038 1.2889 0.0046 0.7510 0.3819 48.8994 0.0047 0.9902 0.8852 0.9311
25 0.4014 0.9674 0.0019 0.1895 0.1444 16.7461 0.0019 0.2176 0.9268 0.9433
50 0.4011 0.8856 0.0010 0.0827 0.1146 8.5658 0.0010 0.0901 0.9377 0.9474
75 0.4009 0.8571 0.0006 0.0526 0.0995 5.7184 0.0006 0.0559 0.9410 0.9489
100 0.4006 0.8400 0.0005 0.0384 0.0653 4.0097 0.0005 0.0400 0.9423 0.9462
2 0.5 1.5 10 0.4971 1.9084 0.0025 0.6566 —-0.2869 40.8414 0.0025 0.8234 0.8941 0.9427
25 0.4985 1.6408 0.0010 0.1832 —0.1444 14.0812 0.0010 0.2031 0.9283 0.9480
50 0.4994 1.5709 0.0004 0.0824 —-0.0544 7.0981 0.0004 0.0874 0.9406 0.9499
75 0.4998 1.5485 0.0003 0.0534 -0.0195 4.8538 0.0003 0.0558 0.9412 0.9498
100 0.4997 1.5333 0.0002 0.0393 -0.0226 3.3385 0.0002 0.0404 0.9444 0.9476
3 0.6 2.8 10 0.5980 3.2892 0.0004 1.0709 -0.1989 48.9285 0.0004 1.3103 0.9042 0.9526
25 0.5991 2.9682 0.0001 0.2841 —-0.0875 16.8275 0.0001 0.3124 0.9339 0.9508
50 0.5996 2.8829 0.0008 0.1265 —-0.0388 8.2924 0.0008 0.1333 0.9430 0.9513
75 0.5998 2.8571 0.0001 0.0816 -0.0182 5.7180 0.0001 0.0849 0.9437 0.9510
100 0.5998 2.8390 0.0001 0.0601 -0.0167 3.9059 0.0001 0.0616 0.9456 0.9475
4 0.7 5 10 0.6996 5.8574 0.0001 3.0886 -0.0362 85.7439 0.0001 3.8238 0.9016 0.9499
25 0.6998 5.2956 0.0001 0.7867 —-0.0164 29.5603 0.0001 0.8741 0.9350 0.9507
50 0.6999 5.1454 0.0001 0.3466 —0.0066 14.5412 0.0001 0.3677 0.9436 0.9504
75 0.6999 5.0996 0.0001 0.2220 —-0.0018 9.9651 0.0001 0.2319 0.9435 0.9505
100 0.6999 5.0688 0.0001 0.1630 —-0.0022 6.8801 0.0001 0.1677 0.9449 0.9481
5 0.7 0.9 10 0.6961 1.1001 0.0012 0.1686 —-0.3809 20.0002 0.0012 0.2086 0.8990 0.9485
25 0.6983 0.9690 0.0004 0.0471 —-0.1693 6.9054 0.0004 0.0519 0.9297 0.9507
50 0.6992 0.9345 0.0002 0.0212 -0.0738 3.4534 0.0002 0.0224 0.9420 0.9513
75 0.6996 0.9238 0.0001 0.0138 -0.0374 2.3819 0.0001 0.0143 0.9415 0.9507
100 0.6996 0.9162 0.0001 0.0101 -0.0337 1.6285 0.0001 0.0104 0.9446 0.9486
6 0.75 1.1 10 0.7475 1.3025 0.0004 0.1828 -0.2473 20.2578 0.0004 0.2239 0.9037 0.9520
25 0.7489 1.1697 0.0001 0.0496 —-0.1068 6.9781 0.0001 0.0545 0.9330 0.9515
50 0.7495 1.1345 0.0001 0.0222 —-0.0477 3.4546 0.0001 0.0234 0.9432 0.9516
75 0.7497 1.1238 0.0001 0.0144 —-0.0244 2.3864 0.0001 0.0149 0.9429 0.9515
100 0.7497 1.1163 0.0001 0.0106 —-0.0214 1.6317 0.0001 0.0108 0.9452 0.9470

https://doi.org/10.1371/journal.pone.0290885.t003

complexity in data collection [42], and a diversity of definitions has been considered in the
specialized literature. In this paper, we are interested in analyzing the first-year dropout rate in
undergraduate courses, defined as the proportion of students who withdraw from the course
before completing the first year. Thus, from a sample with n undergraduate courses, the ith
observation is obtained as

DROPOUT _RATE, =

number of freshmen students who dropped out
the ith course before completing the first year

number of freshmen students enrolled in the ith course’

where i € {1, .. ., n}. The decision to focus the study on freshmen students lies in the evidence
that the risk of dropping out is higher during the first year of college, also called the freshmen
year [42, 43]. This period is seen as the most critical time for the connection between academic
programs and students [44]. Therefore, understanding the behavior of this variable may be
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Fig 3. Total percentual RB and total RMSE of the /R G estimators in several scenarios. (a) VR(%) total, (b) EQM total.
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helpful in developing practices aimed at reducing the early dropout from undergraduate
courses from different areas.

The data used in this case study were collected from the Brazilian higher education census
microdata, conducted in 2018 [45] and were calculated from the entering students in 2018.
We select the presential courses with more than 29 new students and first-year dropout rate in
the (0, 1) interval in the census academic year. The applications refer to four data sets about
civil engineering, economics, computer sciences, and control engineering courses. We fit
UREW special models and compare their performance with other existing double-bounded
distributions, which are not special cases of the proposed family.

Table 4 gives a descriptive summary of the dropout rates of each dataset considered. The
Economics course exhibits smaller values for all central tendency measures and higher for the
skewness, kurtosis, and amplitude measures. The other courses present those measures quite
close when compared with each other. Their mean and median are around 17% and 16%,
respectively. The descriptive measures indicate that, for all data sets, the mass of observations
concentrates on the left. This configuration is adequate since the dropout rate is negatively
related to institutional quality and effectiveness. Academic programs with low dropout rates
are often considered to be more efficient [34]. Nevertheless, the dropout rates in higher educa-
tion are social and institutional concerns [42], and there is a broad consensus on the need for

Table 4. Descriptive statistics for the dropout rates in the four course types considered.

Course type Mean
Civil engineering 0.1781
Economics 0.1260
Computer Sciences 0.1702
Control engineering 0.1715

https://doi.org/10.1371/journal.pone.0290885.t004

Median Variance Skewness Kurtosis Min. Max. n
0.1667 0.0143 0.6219 -0.2310 0.0052 0.5750 658
0.1140 0.0105 2.0595 8.3647 0.0083 0.7381 132
0.1528 0.0139 0.8284 0.5582 0.0085 0.6410 255
0.1667 0.0133 0.6833 -0.1512 0.0132 0.4884 97
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universities to promote students’ success [46]. The fact that many students do not achieve
their goals during university experience is a waste of talent and human potential [42, 46].

For modeling these data, we fit five UREW special models studied in the current paper,
ie,the URG, URBXIZI, URL, URR,and URWV distributions. Their densities are given by
equations (5), (7), (9), (11), and (10), respectively. We fix 7 at 0.5 in those equations. We also
considered six well-known alternative distributions to describe random variables supported in
the unit interval for comparison purposes. We fit the Beta, KW, UBS, UG, UW, and comple-
mentary unit Weibull (CLUW) [14] distributions. They do not represent UREW special cases
and are selected as competitive distributions due to their relevance in the literature. The beta
and KW are classical models for double-bounded outcomes. The UG is chosen due to its rele-
vance to various problems. It has received a great deal of attention from statisticians for devel-
oping methodological advances [47]. The U/ BS and UV are two of the most relevant models
regarding recent advances in distribution theory. The CU/JV arises as an alternative model due
to its usefulness regarding educational modeling. This distribution has proved helpful in ana-
lyzing literacy rates [14]. The densities of all these competitor models are presented in Appen-
dix A.

Parameter estimation is performed by the maximum likelihood method for all fitted mod-
els, and the Cramér-von Misses corrected statistic [48] (W™) is considered as the goodness-of-
fit measure. Those estimates are computed using the goodness. fit function from the
AdequacyModel package [49]. The goodness. fit function allows computing the MLEs
of probability distributions and their goodness-of-fit statistical measures. It uses the optim
function in the implementation and includes several optimization techniques. For the paper
results, we use the BFGS algorithm and compute the observed information matrix numerically.
Thus, the standard errors and confidence intervals were obtained from the asymptotic normal-
ity property of the MLEs. We set the initial values at 1 for the shape (or precision) parameter,
the sample mean for the distributions indexed in the mean, and the sample quantile for those
with quantile parametrization.

The estimation results for all data sets are reported in Table 5. We observe that the distribu-
tions on the UREW family have the lowest W* for the course types considered. The proposed
models occupy the first three positions in the ranking for civil engineering and computer sci-
ences. Analyzing the control engineering course, we note that the YRV outperforms the oth-
ers and is followed by the /R L distribution, which also belongs to the /R EVV family. For the
economics course, the YR L distribution has superior goodness-of-fit. Fig 4 displays the box-
plots and the histograms with fitted density functions for the three best models according to
W*. Those plots corroborate that the UREW fits are adequate to the dropout rates of all course
types considered and provides real improvement over existing distributions. Therefore, the
proposed family is shown competitive with classical unit models such as the beta and W
distributions.

The UREW special cases also exhibit superior performance when compared to recent alter-
natives, including the UBS, UW, and CUVV distributions. It is worth noting that the CU/VV dis-
tribution has been commonly used in educational modeling. In [14], it was verified that this
model can properly fit literacy rates. However, it is important to highlight that while higher lit-
eracy rates are desirable [14], lower values are considered more favorable in the case of drop-
out rates [17]. In this case, it is expected that left-skewed distributions to fit better the former
and right-skewed distributions to be more suitable for the latter. This feature may explain why
the CU/)V is not among the best models for the analyzed datasets while evincing the capacity of
the UREWY family to model the first-year dropout rate effectively.

Our results may represent useful tools for universities to evaluate and improve their pro-
grams. It is a relevant application as it allows us to deal with the academic, social, and
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Table 5. MLEs estimates, the corresponding standard errors (given in parentheses) and goodness-of-fit measure for all fitted models and course types considered.

Distributions Civil engineering Economics
Estimates W Ranking Estimates A\ Ranking

Beta(g, u) 8.7209 0.1771 0.4402 9 10.8025 0.1278 0.0691 2
(0.4763) (0.0048) (1.3524) (0.0084)

KW(o, 1) 1.3856 0.1553 0.3650 8 1.2090 0.1052 0.0706 3
(0.0494) (0.0049) (0.0895) (0.0085)

UG(9, 1) 5.569 0.1771 0.5817 10 6.8278 0.1265 0.0787 7
(0.2983) (0.0049) (0.8207) (0.0087)

UBS(B, 1) 0.4411 1.8501 0.2562 4 0.4238 2.2141 0.0877 8
(0.0122) (0.0310) (0.0261) (0.0798)

UW(B, 1) 2.4602 0.1382 1.3007 11 2.8739 0.0920 0.1929 10
(0.0719) (0.0051) (0.1902) (0.0078)

CUW(B, 1) 1.3224 0.1572 0.3128 5 1.1478 0.1043 0.0712 5
(0.0409) (0.0050) (0.0723) (0.0088)

URBXII(f,pr) 1.2876 0.1576 0.3167 6 1.1415 0.1049 0.072 6
(0.0364) (0.0050) (0.0670) (0.0088)

URG(B, 1) 0.7173 0.1586 0.1719 1 0.7471 0.0947 0.0710 4
(0.1731) (0.0059) (0.3012) (0.0084)

URL(B, 1) 50.2648 0.1456 0.2462 3 1.111 0.0955 0.0687 1
(54.5751) (0.0049) (0.6462) (0.0087)

URR (1) 0.2133 0.3412 7 0.2074 0.3673 11
(0.0033) (0.0072)

URW(B, 1) 1.1797 0.1609 0.2117 2 0.9861 0.1047 0.0936 9
(0.0358) (0.0053) (0.0585) (0.0096)

Distributions Computer sciences Control engineering

Estimates W Ranking Estimates W Ranking

Beta(o, u) 8.689 0.1695 0.1371 8 9.1876 0.1706 0.0494 8
(0.7654) (0.0075) (1.3106) (0.0119)

KW(o, 1) 1.3346 0.1466 0.1038 7 1.3969 0.1496 0.0371 7
(0.0761) (0.0076) (0.1285) (0.0121)

UG(¢, ) 5.5231 0.1695 0.215 10 5.8359 0.1707 0.0756 10
(0.4751) (0.0078) (0.8152) (0.0124)

UBS(B, o) 0.4455 1.9038 0.071 4 0.4299 1.8902 0.0294 3
(0.0197) (0.0518) (0.0309) (0.0806)

UW(B, 1) 2.4404 0.1304 0.5647 11 2.5101 0.133 0.2082 11
(0.1141) (0.0080) (0.1906) (0.0128)

CUW(B, 1) 1.2758 0.148 0.0857 6 1.3319 0.1514 0.0315 5
(0.0626) (0.0079) (0.1068) (0.0125)

URBXII(f,pr) 1.2489 0.1485 0.0833 5 1.2956 0.1518 0.0309 4
(0.0561) (0.0079) (0.0949) (0.0126)

URG(B, 1) 0.2618 0.1446 0.0564 2 0.8688 0.1532 0.0318 6
(0.2490) (0.0088) (0.4991) (0.0148)

URL(B, 1) 28.8352 0.1396 0.0673 3 33.445 0.1394 0.0282 2
(51.2034) (0.0076) (76.399) (0.0123)

URR (1) 0.2111 0.1705 9 0.2038 0.0676 9
(0.0052) (0.0082)

URW(B, 1) 1.1321 0.1512 0.0561 1 1.1936 0.1547 0.0258 1
(0.0541) (0.0083) (0.0942) (0.0131)

https://doi.org/10.1371/journal.pone.0290885.t005
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Fig 4. Histogram and estimated densities for the applications.
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economic implications of university dropout [17]. Nevertheless, other potential applications
can be explored in the context of educational modeling. The new family can be competitive
to model literacy rates [14], educational attainment percentages [31], proportions of adoles-
cents who want top grades at school [32], and proportions of the novice teachers with a men-
tor at the school [33]. These variables have been explored through other commonly used
distributions in educational modeling. We can also cite the graduation and persistence rates
as further applications, which are related to student progression and academic success pat-
terns [34].

7 Final remarks

This paper defines the unit ratio-extended Weibull (UREW) family of distributions. It is
obtained on a ratio transformation in the extended Weibull family and can be used to model
continuous random variables in the unit interval. The new family has a closed-form for quan-
tile measures; thus, we provide a quantile parametrization for the family. Several special cases
are derived, and parameter estimation is explored using the maximum likelihood theory. We
show that some one-parameter UREWV special cases may present closed-form for the maxi-
mum likelihood estimator (MLE). We perform Monte Carlo experiments to assess the perfor-
mance of those estimators. For example, the unit ratio-Rayleigh MLE is approximately
unbiased for small sample sizes. We also note an appropriate performance for the unit ratio-
Gompertz MLEs. The utility of the proposed family is illustrated with applications to the first-
year dropout rate of undergraduate courses in Brazilian universities. We select four course
types and note that, for those data, the UREWV special models fit properly and outperform
other classical and recent unit distributions. Thus, the new family can be competitive alterna-
tive when those models are unsuitable. We emphasize that a long list of possibilities can be
addressed in future works. For example, our approach can be investigated in the presence of
zeros and ones, and quantile regression models are also a natural path. The /REW can also
be generalized to accommodate time-dependent double-bounded indicators by using the auto-
regressive moving average models. This kind of structure is in the state-of-art literature on the
analysis of double-bounded time series. The /REVV can also attract applications to other dou-
ble-bounded variables, being a competitive option to other unit distributions commonly used
in educational modeling. For instance, literacy rates, educational attainment percentages,
graduation, and persistence rates are educational measurements that represent potential appli-
cations for the proposed family.

Appendix
A—Alternative distributions fitted in the applications

In this appendix, we present the unit distributions fitted in Section 6 as alternative models to
the UREVV family. These model and their corresponding densities are listed bellow (for 0 <
y<1)

o The beta density is given by

I'(9)
p (1 =)o

where p € (0, 1) is the mean of Y and ¢ > 0 is a precision parameter. The above parametriza-
tion is pioneered by [50].

fBeta(y) = r( ) y#Q*l (1 _y)(l—,u)@‘)—l’
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« The KW density is given by

(b log(l - Q) —¢/1 -1 —6/log(u) \log(1—q) /log(1—e~¢)—1
f/CW(y) — % /log(n) (1 -y ¢/log u))
log(l — e—o/log(m)

)

where y € (0, 1) is the gth quantile parameter, and ¢ > 0 is a precision parameter. The above
parametrization is pioneered by [51]. In Section 6 we fix g at 0.5 thus the parameter y refers
to the median of Y.

o The UG density is given by

1/0 ¢ 1/o 1/o
fu0) = [T | g o)

where y € (0, 1) is the mean of Y and ¢ > 0 is a precision parameter. The above parametriza-
tion is pioneered by [52].

The UBS density is given by

) = g [(_logf(y)f ! (‘mgﬂu)ﬂ

<o g ()

where o > 0 and 8 > 0 are shape parameters. The UBS is pioneered by [11].

o The UV density is given by

log‘c logy /jil (log y/log w)*
Ci (log u) (logu ‘ ’

where y € (0, 1) is the tth quantile parameter and § > 0 are shape parameters. The above
parametrization is pioneered by [41]. In Section 6 we fix 7 at 0.5 thus the parameter y refers
to the median of Y.

« The CUW density is given by

1
faon @) = ﬁ P82 101 — )] " [log(1 — y)]P~" 2 st s’

where y € (0, 1) is the median of Y and 8 > 0 is a shape parameter. The above distribution is
pioneered by [14].
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