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Dephasingless laser wakefield 
acceleration in the bubble regime
Kyle G. Miller 1*, Jacob R. Pierce 2, Manfred V. Ambat 1, Jessica L. Shaw 1, Kale Weichman 1, 
Warren B. Mori 2,3, Dustin H. Froula 1 & John P. Palastro 1

Laser wakefield accelerators (LWFAs) have electric fields that are orders of magnitude larger than 
those of conventional accelerators, promising an attractive, small-scale alternative for next-
generation light sources and lepton colliders. The maximum energy gain in a single-stage LWFA is 
limited by dephasing, which occurs when the trapped particles outrun the accelerating phase of the 
wakefield. Here, we demonstrate that a single space–time structured laser pulse can be used for 
ionization injection and electron acceleration over many dephasing lengths in the bubble regime. 
Simulations of a dephasingless laser wakefield accelerator driven by a 6.2-J laser pulse show 25 pC of 
injected charge accelerated over 20 dephasing lengths (1.3 cm) to a maximum energy of 2.1 GeV. The 
space–time structured laser pulse features an ultrashort, programmable-trajectory focus. Accelerating 
the focus, reducing the focused spot-size variation, and mitigating unwanted self-focusing stabilize 
the electron acceleration, which improves beam quality and leads to projected energy gains of 
125 GeV in a single, sub-meter stage driven by a 500-J pulse.

In a laser wakefield accelerator (LWFA), the ponderomotive force of an ultrashort laser pulse propagating through 
plasma displaces electrons and excites a large-amplitude plasma wave1,2. The fields of the plasma wave can exceed 
100 GV/m and are orders of magnitude larger than those of conventional radio-frequency accelerators. The next 
generation of LWFAs may provide ultra-compact, high-energy colliders and advanced light sources3. To do so, 
however, these LWFAs will have to address three factors that can limit the maximum energy gain: diffraction4–8, 
depletion9,10, and dephasing11. Of these three, dephasing—the advance of a high-energy electron from the accel-
erating to decelerating phase of the plasma wave—is typically the most difficult to address. State-of-the-art, 
single-stage LWFAs operate at low density ( 1017 cm−3 ) to achieve the highest electron energies ( �10 GeV ) over 
a single dephasing length ( ∼20 cm)11–14. Acceleration past these energies requires either multiple stages14–16 or 
some technique to circumvent dephasing17–23.

Spatiotemporal structuring of light can produce laser pulses that feature a programmable-trajectory “flying 
focus” that travels distances far greater than a Rayleigh range while maintaining a near-constant profile23–27. 
The ultrafast flying focus, in particular, uses an axiparabola to focus different near-field annuli of a laser pulse 
to different longitudinal locations and the radial group delay imparted by a radial echelon to control the timing 
of those foci23,27–30. The resulting ultrashort intensity peak can be made to travel at the vacuum speed of light 
inside a plasma, making it ideal for a dephasingless laser wakefield accelerator (DLWFA)23,31. As fresh light rays 
come into focus, they continually drive a luminal wake (Fig. 1a), simultaneously solving the issues of diffraction, 
depletion, and dephasing present in a traditional LWFA (Fig. 1b). This allows DLWFAs to operate at high density 
( 1019 cm−3 ), where the accelerating fields are stronger.

The DLWFA concept has been demonstrated in simulations of linear and quasi-linear wakes that used either 
an external beam or a density downramp to inject electrons into the wake22,23,31–34. The first simulations of a 
DLWFA driven by an ultrafast flying focus showed energy gains of >1 GeV over ∼1 cm for externally injected 
beams23,31. Further investigations yielded insight into the field stability32 and used a fivefold, 10-µm density 
downramp to inject and accelerate 10 pC of charge to ∼400 MeV33. A DLWFA operating in the nonlinear bubble 
regime11,35,36, where plasma electrons are completely expelled from the path of the laser pulse, could take advan-
tage of even larger accelerating fields. Operation in this regime would allow for self-injection from a uniform 
plasma or ionization injection37–42, obviating the need for tailored density gradients. Regardless of the injection 
mechanism, stable propagation of a flying focus has yet to be demonstrated in the bubble regime.

In this work, we demonstrate ionization injection and stable acceleration of electrons in a bubble-regime 
dephasingless laser wakefield accelerator via particle-in-cell simulations. Using a single 6.2-J pulse, 25 pC of 
charge are injected and accelerated over 20 dephasing lengths, or 1.3 cm, to a maximum (average) energy of 
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2.1 (1.7) GeV. Structuring the flying-focus pulse to control the motion of the bubble enables the generation of a 
high-quality electron beam with a 1.8% energy spread and 2.2 mm-mrad normalized emittance. This is done by 
accelerating the focus to compensate for a changing spot size, masking the inner portion of the axiparabola–ech-
elon pair to reduce the amount of light trapped in the bubble, and positioning the plasma to mitigate unwanted 
self-focusing. Scaling these results to a near-term experimental facility such as EP-OPAL43 with 500 J of laser 
pulse energy suggests that energy gains of 125 GeV over a distance of <1 m are possible.

Results
To demonstrate ionization injection and acceleration in a DLWFA, particle-in-cell simulations were conducted 
for a flying-focus pulse generated by an axiparabola and a radial echelon (Fig. 2a). The axiparabola produces an 
extended focal region, and the echelon imparts a radial group delay that provides control over the trajectory of 
the focus. Figure 2b shows a schematic of the nominal focal region, focal velocity, laser amplitude, and spot size 
produced by these optics along with the plasma density. Three key modifications to the original DLWFA design 
enable stable acceleration in the bubble regime: (i) accelerating the focus to maintain trapping and acceleration 
of the injected electron beam, (ii) masking the inner portion of the optics to eliminate laser light where the 
focused spot size is largest, and (iii) placing the initial location of peak intensity deep enough within the plasma 
to reduce unwanted self-focusing.

In the simulations, a flying-focus pulse with wavelength �0 = 1.054µm , duration τ = 15 fs matched to the 
plasma density ( π/τ ≈ ωp , where ωp is the plasma frequency), peak vacuum intensity I0 = 1.1× 1019 W/cm2 , 
and 6.2 J of energy propagated through a preionized He2+ plasma locally doped with Ar8+ . The pulse further 
ionized the argon and drove a nonlinear wake over 1.3 cm (20 dephasing lengths Ld ). The freed electrons were 
injected over 2.2 mm, and the resulting 25-pC beam was accelerated to a maximum (average) energy of 2.1 
(1.7) GeV (Fig. 2c). Near the end of the focal region, the normalized beam emittance was 2.2 mm-mrad with 
an average energy spread of 1.8%. The laser-to-beam efficiency was 0.7%. The average accelerating gradient was 
approximately 1.5 GeV/cm (0.25 GeV/J) in terms of the accelerator length (pulse energy). This compares favora-
bly to traditional LWFA experiments with the highest-energy gains, where the gradients were approximately 
0.4 GeV/cm (0.3 GeV/J)12,13.

Ionization injection requires a sufficiently large laser electric field and bubble radius to trap electrons. Ionized 
electrons born near the peak of the laser pulse experience a drop in their potential energy and a corresponding 
increase in their longitudinal momentum as they drift to the rear of the bubble. The electrons are trapped if they 
move through a change in the wake potential ψ that satisfies38,44

where ψ = e(φ − βwAz)/mc2 , βw = vw/c is the normalized wake speed, φ is the electrostatic potential, and 
Az is the longitudinal vector potential. In order to satisfy Eq. (1), ionization injection38,39,42 typically requires 

(1)�ψ = ψf − ψi � −1,

Figure 1.   Comparison of dephasingless and traditional laser wakefield accelerators. (a) In a dephasingless laser 
wakefield accelerator, fresh light rays continually come into focus to produce a near-luminal intensity peak 
and wake, thereby preventing dephasing. (b) In a traditional laser wakefield accelerator, the trapped electrons 
eventually outrun the accelerating phase of the wakefield, limiting the maximum energy gain. Contours of laser 
intensity (red/yellow), electron density (gray), and accelerating/decelerating wakefield (teal/pink) are shown. 
The first bubble (white) trails the laser pulse and is devoid of all but the trapped electrons.
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laser pulses with amplitudes a0 � 2 , spot sizes within the plasma kpw0 � 2 , and powers P/Pc � 0.5 , where 
a0 ≈ 8.55× 10−10

�0 (µm)
√

I0 (W/cm2) is the normalized vector potential of the laser pulse, kp = ωp/c , and Pc 
is the critical power for relativistic self-focusing45. This contrasts evolving-bubble self-injection, where trapping 
is typically only observed if P/Pc � 135,36.

Producing a stable wake structure and controlling the focal trajectory enables the trapping, retention, and 
acceleration of ionized electrons with a single pulse. Although relativistic self-focusing can be used to guide a 
conventional laser pulse4,8–10, the same process can disrupt the transverse structure of a flying-focus pulse and 
produce deleterious modulations in the spot size and on-axis intensity32. These modulations can perturb the 
electron sheath, change the bubble size and shape, and result in a loss of trapped charge or poor beam quality. 
In addition, self-focusing and refraction from the nonlinear plasma structure can cause the on-axis and first 
off-axis radial maxima of the pulse (Fig. 1a) to merge. This doubles the power in the radial core of the pulse and 
further exacerbates the effects of nonlinear propagation. The simulations performed in this work suggest that a 
condition for stable propagation of a flying-focus pulse is given by

where P0 is the power integrated out to the first radial minimum of the intensity when the pulse first enters the 
plasma. To date, stable propagation in a DLWFA has only been demonstrated for a0 ≤ 1.531–33. The remainder of 
this section describes the design of a stable DLWFA with a0 � 2.0 and sufficient power for ionization injection.

A subluminal and accelerating focal trajectory (Fig. 2b) prevents the back of the wake from eclipsing the 
trapped charge and positions the charge in the strongest accelerating field. The radially dependent focal length 
of the axiparabola, f (r) = f0 + (r/R)2L , focuses different near-field radii r ≤ R to different longitudinal loca-
tions z = f (r) within the focal range L. As a result, the inner core of the flying focus pulse has a vacuum spot 
size wv(z) = f (z)�0/πr(z) that decreases along the focal region:

where f0 ≫ L > 0 is assumed. The radius of the bubble is approximately equal to this spot size. For a constant-
velocity flying focus, the decreasing spot size causes the rear sheath of the bubble to accelerate and eventually 
overtake the trapped charge. This can be avoided by programming the focal trajectory so that the back of the 
bubble moves at the vacuum speed of light:

(2)
P0

Pc
≈

(a0kpw0)
2

32
� 0.5,

(3)wv(z) ≈
�0f0

πR

√

L

z − f0
,

Figure 2.   The ultrafast flying focus and electron acceleration in a bubble-regime dephasingless laser wakefield 
accelerator. (a) Schematic of the optical configuration for an accelerating focus, including the axiparabola 
and echelon. For illustrative purposes, the optics are shown in transmission, but experiments would likely be 
performed in reflection30. (b) The accelerator geometry showing the on-axis amplitude a0 and inner-core spot 
size w0 of the masked laser pulse—simulated in vacuum (solid) and plasma (dashed)—along with the designed 
focal velocity in the plasma βf (dot-dashed). (c) Energy gain of the ionization-injected electrons in the first 
bubble. After 20 dephasing lengths, 25 pC of charge was accelerated up to 2.1 GeV.
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where βf ≡ vf /c and βv are the normalized focal velocities in plasma and vacuum, respectively, 
vg = (1− ω2

p/ω
2
0)

1/2 is the group velocity of the laser pulse, ω0 = 2πc/�0 , and α is a numerically determined 
constant of order unity that accounts for the reduction in spot size due to self-focusing. The focal point acceler-
ates so that βf (z) asymptotes to unity with increasing distance. For the simulations presented here, α = 0.6 is 
sufficient to produce a luminal wake. More generally, α can depend on the laser intensity, plasma density, and 
focal geometry. Over longer distances, the focal velocity in Eq. (4) may have to be further modified to compensate 
for effects such as pump depletion or beam loading.

Accounting for the evolution of the bubble when specifying the focal trajectory [as in Eq. (4)] prevents 
dephasing and a loss of trapped charge. Figure 3 shows the on-axis, longitudinal electric field of the wake Ez for 
three different focal trajectories: in (a), the focal velocity from Eq. (4) produced a luminal wake that is optimal for 
electron acceleration and maintaining the trapped charge (Fig. 2c); in (b), a subluminal focus drove a subluminal 
wake that resulted in dephasing (Fig. 3e); and in (c), a luminal focus drove a superluminal wake that overtook 
and lost the trapped charge (Fig. 3f). The total trapped charge in the first bubble for these cases is displayed in 
Fig. 3d. Only the accelerating focus, as specified by Eq. (4), both maintained and accelerated the trapped charge 
over the entire focal region.

Masking an inner portion of the axiparabola and echelon reduces the spot-size variation of the focused pulse 
and stabilizes its propagation through the focal region. With the laser amplitudes a0 > 2 needed for ionization 
injection and operation in the bubble regime, stable propagation of the flying-focus pulse requires that kpw0 < 2 
(Eq. (2)). However, the spot size of an ultrashort flying-focus pulse varies significantly (often by a factor of 4) over 
the focal region27–29,32, making it impossible to satisfy kpw0 < 2 everywhere. This can be resolved by eliminating 
the section of the focal region where the spot size is largest. For all results here, the axiparabola and echelon 
optics were masked from 0 to 0.54R to remove the first 30% of the focal region. The resulting spot size varied by 
a factor of only ∼1.6 ( ∼1.4 ) in vacuum (plasma) over the shortened region (Fig. 2b).

The position of the plasma relative to the focal region also plays a critical role in ensuring stable propaga-
tion and in meeting the requirement of Eq. (2). Figure 4 displays temporal snapshots of the laser pulse envelope 
and electron density for two plasma configurations. In (a)–(c), the plasma began 0.54 cm into the focal region 
( L = 2 cm). The large amplitude of the pulse as it entered the plasma resulted in strong self-focusing and the trap-
ping of an intense sub-pulse that deformed the bubble [see (c)]. In (d)–(g), the plasma began earlier at 0.465 cm 
into the focal region. Starting the plasma at this location (or even earlier), where the amplitude of the pulse is 
smaller, mitigates self-focusing and the trapping of light within the bubble. This prevents significant deformation 
of the bubble, as demonstrated by comparing the two cases at equal distances [cf. (c) and (g)].

Discussion
The laser-to-beam energy efficiency of 0.7% quoted in the Results section could be improved upon by increasing 
the amount of trapped charge or its energy gain. In the simulations, the accelerating field varied longitudinally 
along the electron beam: the field was stronger near the rear of the bubble and weaker closer to the center 
(Fig. 3a). Loading the wake would produce a flat accelerating field and potentially reduce the final electron 
energy spread46–50. The amount of trapped charge could be increased by extending the argon-doped region, 
enlarging the normalized spot size kpw0 , or using a density downramp. Fine-tuning the focal velocity to posi-
tion the beam closer to the back of the bubble could increase the energy gain (see Fig. 3f, where electrons were 
accelerated to nearly 3 GeV with a faster focal velocity). Experimentally, the beam charge and energy could be 
optimized in real time by adjusting the focal trajectory using a deformable mirror and spatial light modulator 
pair instead of an echelon51,52.

For collider or secondary-light-source applications, higher beam quality and efficiency may be required. To 
improve the beam quality, density downramp injection could be used in place of ionization injection. The emit-
tance may also be improved by increasing the laser spot size to achieve a larger bubble radius. However, this can 
destabilize the accelerating structure by increasing the amount of trapped laser light (see Eq. (2)). The efficiency 
could be increased by structuring the transverse profile of the laser pulse. The radial intensity profile incident 
on the axiparabola could be shaped to reduce the value of a0 after the ionization-injection region. This would 
place the accelerator in a more-linear regime and increase the efficiency at the cost of a longer accelerator53.

Nonlinear propagation and transverse structures in the plasma density reduce the laser pulse amplitude 
and spot size relative to their vacuum values (Fig. 2b). The axiparabola maps different annuli in the near field 
to different longitudinal locations in the far field. The resulting interference produces a radial intensity profile 
with concentric maxima (Fig. 1a). When the flying-focus pulse has sufficient amplitude, these maxima can 
ponderomotively drive ring-like plasma waves that channel, trap, and deplete some of the laser light. For the 
case considered here, this reduced the on-axis value of a0 from 3 in vacuum to ∼2.2 in the plasma. In addition, 
relativistic self-focusing and channeling in the ring-like structures caused a rapid and sustained decrease in the 
spot size of each maximum. A flying-focus pulse with an amplitude a0 ≪ 1 did not produce these structures and 
propagated identically to the vacuum case, but with the focal velocity reduced by a factor of vg/c.

The stability of the accelerating structure is expected to improve with accelerator length. The on-axis intensity 
modulations visible in the vacuum a0 shown in Fig. 2b restrict the rear positioning of the electron beam in the 
wake. The modulations cause the bubble to oscillate, which can result in the rear sheath overtaking and detrap-
ping the electron beam. The amplitude of the intensity modulations decreases for longer focal regions (see “Meth-
ods” section), meaning that a more-optimal beam placement should be possible for larger accelerator lengths.

(4)βf (z) = βv
vg

c
= 1+ α

dwv

dz
= 1− α

�0f0

2πR

√

L

(z − f0)3
,
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Radial masking of the optics enhances the efficiency and stability of a DLWFA but is not strictly required 
to accelerate over many dephasing lengths. When the optics were left unmasked for the case shown in Fig. 2, 
the laser pulse and bubble exhibited highly nonlinear evolution that was isolated to the beginning of the focal 
region. The large spot size at the beginning of the focal region resulted in substantial self-focusing followed by 
stochastic trapping, acceleration, and the loss of ionized electrons. Any self-focused light that was trapped within 

Figure 3.   Dependence of plasma wave and electron beam properties on the focal trajectory. The on-axis, 
longitudinal electric field of the wake Ez for normalized focal velocities (a) specified by Eq. (4), (b) set to 0.9995, 
and (c) set to 1.0. The resulting normalized velocity of the focus βf (dashed-dot) and the back of the wake βw 
(dashed) are also shown. (d) The total trapped charge in the first bubble for cases (a)–(c). (e,f) Energy gain of the 
ionization-injected electrons in the first bubble for the cases (b,c), respectively. Only for the accelerating focus 
was the trapped charge both accelerated and maintained over the entire focal region.

Figure 4.   Laser pulse and bubble evolution in a dephasingless laser wakefield accelerator. Snapshots of the 
laser intensity (bottom) and plasma density (top) at various distances for the schematic in Fig. 2b. In (a–c), the 
plasma begins 0.54 cm into the focal region. In (d–g), the plasma begins 0.465 cm into the focal region. (c,g) 
Correspond to the same spatial location, but the deformation of the bubble due to trapped light is only observed 
in (c).
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the bubble (as in Fig. 4c) propagated slightly slower than the speed of light and was eventually left behind. Thus, 
stable propagation, ionization injection, and acceleration still occurred farther into the focal region, albeit with 
lower charge and energy gains than in the masked case.

More experimentally feasible alternatives to a fully preionized plasma could also be investigated. The simu-
lations presented here assumed a preionized plasma with a transverse and longitudinal extent of 2.6 mm and 
1.5 cm, respectively. For a meter-long accelerator ( L = 1 m ) using an axiparabola with the same f-number 
f# = f0/2R = 7 , the plasma would have to be preionized over a 15 cm diameter, which may be experimentally 
infeasible. A DLWFA could instead be designed so that the flying-focus pulse itself ionizes the plasma. However, 
this would require adjustments to the focal velocity and may change the nonlinear plasma response, which will 
require further investigation via simulation. Finally, other realizations of a flying focus or use of structured light 
may allow for additional optimization54–57.

In conclusion, ionization injection and stable acceleration over 20 dephasing lengths in a bubble-regime 
DLWFA has been demonstrated. A stable accelerating structure was attained by (i) prescribing an accelerating 
focal trajectory to compensate for the changing spot size produced by the axiparabola, (ii) masking the interior 
of the optics to reduce the variation of the spot size within the plasma, and (iii) beginning the plasma farther 
into the focal region to mitigate self-focusing. With the same accelerating gradient, a 500-J laser pulse driving 
a DLWFA over ∼80 cm could produce an energy gain of 125 GeV. Further optimization of the focal trajectory 
could result in even higher acceleration gradients and efficiencies.

Methods
Dephasing length
In a traditional laser wakefield accelerator, the laser pulse travels slower than the vacuum speed of light. Near-
luminal electrons trapped in the wake can advance relative to the pulse and outrun the accelerating phase of 
the wakefield, a process known as dephasing. In the bubble regime, the accelerating field changes sign near the 
center of the bubble58. Thus, the electrons reach their maximum energy after advancing approximately one bub-
ble radius relative to the laser pulse, i.e., upon moving from the back to the center of the bubble. The distance 
over which this occurs—the dephasing length—depends on the velocity of the front edge of the laser pulse and 
the bubble radius11. Specifically,

where it has been assumed that the bubble radius is approximately equal to the spot size. In Ref.11, a matching 
condition kpw0 = 2

√
a0 was determined that leads to stable propagation for a traditional LWFA in the bubble 

regime. If this condition is met, the dephasing length is then given by kpLd = 4
3 (ω

2
0/ω

2
p)
√
a0.

When comparing the DLWFA (Fig. 2b) to a traditional LWFA, various choices can be made in determin-
ing an equivalent dephasing length. The vacuum values of a0 = 3 and kpw0 = 3.5 could be used (which are 
approximately matched), yielding a dephasing length of Ld ≈ 331k−1

p ≈ 0.665mm . If the value of a0 = 2.2 in 
the plasma is used instead, then Ld ≈ 284k−1

p ≈ 0.569mm assuming a matched spot size. Alternatively, the value 
of kpw0 = 2.2 in the plasma could be used to obtain Ld ≈ 210k−1

p ≈ 0.422mm . All comparisons between the 
DLWFA and a traditional LWFA made in this work use the first and most-conservative choice, Ld ≈ 0.665mm , 
which corresponds to the simulation shown in Fig. 1b.

Design of the axiparabola, radial group delay, and radial chirp
The initial laser fields used in the PIC simulation were obtained by propagating the laser pulse from the flying-
focus optical assembly to the start of the simulation domain using a frequency-domain Fresnel integral59. The 
optical assembly applied three modifications to the laser pulse: (i) the phase from an axiparabola to focus each 
annulus of the pulse to a different longitudinal location; (ii) the radial group delay from an echelon to control 
the focal trajectory; and (iii) a chirp that varied with radius to preemptively invert group-velocity dispersion in 
the plasma. The axiparabola essentially uses spherical aberration to extend the focal region28,32. Here, a positive 
focal range ( L > 0 ) was used so that the largest spot size occurs at the beginning of the focal region to better 
facilitate ionization injection. The echelon consisted of concentric rings of half-wavelength ( �0/2 ) depth and 
variable widths determined by the desired focal trajectory23,27. The radial chirp can be introduced by applying a 
variable-thickness coating to the surface of the echelon. For more-adaptive control over the focal trajectory, the 
echelon can be replaced by a deformable mirror and spatial light modulator27.

The lineouts of vacuum a0 and spot size w0 shown in Fig. 2b were computed by evaluating the Fresnel integral 
at an initial point in the far field, then using the unidirectional pulse propagation equation60–62 to model the 
laser propagation. For all results shown, the modeled axiparabola had a radius R = 5 cm , a nominal focal length 
f0 = 70 cm , and a nominal focal range of L = 2 cm . The laser pulse had a wavelength of �0 = 1.054µm and a 
Gaussian temporal profile with an intensity FWHM of 15 fs.

Particle‑in‑cell simulations
All PIC simulations were performed using the quasi-3D geometry of Osiris63–65, where modes 0 and 1 were 
retained in the azimuthal expansion. A customized field solver that mitigates errors from the numerical disper-
sion relation and the time-staggering of the electromagnetic fields was employed66,67. As a result, no extraneous 
numerical corrections had to be made to the focal trajectory of the pulse, as has been done in prior simulations 
of dephasingless laser wakefield accelerators31–33.

(5)Ld =
2

3

ω2
0

ω2
p

w0,
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For the simulation pictured in Fig. 2, the preionized background plasma was simulated with 32 particles 
per cell ( 2× 2× 8 ) out to a radius of 40 c/ωp and 8 particles per cell ( 1× 1× 8 ) thereafter. The 9–14 levels of 
unionized argon electrons were simulated with a possible 8 particles per cell per level out to a radius of 15 c/ωp . 
The preionized plasma had an 80-µ m upramp (results were insensitive to the size of all upramps) followed by a 
uniform density of 7× 1018 cm−3 . In the ionization-injection region, this density was obtained via a 90% He2+

/10% Ar8+ mix (resulting in a 69%/31% respective contribution to the preionized electron background). The grid 
had 4106× 6570 cells in z × r , with 30 points per laser wavelength and 10 points per plasma period, respectively. 
The time step was 0.0102ω−1

p  . Altogether, the simulation used a 143µm× 1.32mm box and a total propagation 
distance (time) of 1.51 cm (50.2 ps).

On‑axis intensity modulations of the flying‑focus pulse
The on-axis electric field of a laser pulse focused by an axiparabola can be expressed as

where A = ω0/2c(z
−1 − f −1

0 ) and B = ω0L/4cf
2
0 R

2 . Integrating this expression and taking the squared norm 
(see Appendix C of Ref.27) results in an expression that exhibits modulations of scale length

The modulation length increases with the focal length and focal range and decreases with the axiparabola radius. 
Suppressing the amplitude of the modulations requires a focal range L ≫ Lm

√
2π  or

where f# is the f-number. In the simulations presented here, L = 20mm and 16f 2# �0 = 0.8mm . For the same f# , 
longer acceleration lengths would reduce the amplitude of the modulations even further.

Data availability
The datasets generated and/or analyzed during the current study and the software used to generate these data-
sets are available from the corresponding author on reasonable request. A portion of the software is available at 
https://​github.​com/​osiris-​code/​osiris.
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