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I. These studies are intended to throw some light upon certain possi-
bilities of producing ionic distribution of the type which can occur in bio-
logical systems, i.e., great concentration differences across a boundary per-
meable to the ions under consideration.

It will be shown theoretically and in experiments that such ionic distri-
butions can be produced in aqueous systems with at least one electrolyte
diffusing across a boundary. It is noticeable that the theory for such sys-
tems predicts a distribution of ions of the same kind as is generally regarded
as characteristic for the well-known Gibbs-Donnan equilibrium, which ap-
plies to cases where indiffusible ions are present.
Under certain conditions great "accumulations" or the contrary may be

expected as a consequence of the theory given. Such conditions might well
occur in biology.

II. Assumptions.-It seems necessarv to state these in some detail.
(a) We consider a system of ideally dilute solutions in water of binary

univalent strong electrolytes, at the same temperature.
outside (o) inside (i)

D+AO - DtA, (diffusing agent)
Mo'+B- M' +BI
M#+ MBo M+B!
...... .. ........)(passive electrolytes)

...... ........b n
boundary
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(The arrow indicates a steady outward diffusion of DA which is kept
constant.)
The boundary is in general something supporting concentration gra-

dients. Here it may be assumed to be a membrane of a type in which
water is present (the electrolytes in the membrane being strong). We
will, below, refer to the boundary as the diffusion layer or the membrane
(cf. footnote 11). Further it is assumed that the solutions are kept homo-
geneous on both sides up to the boundary by some form of convection.

(b) The membrane is permeable for all ions, but the movement of water
is prevented in some way.'3 The ionic mobilities within the membrane (as-
sumed constant) may be denoted by UD, UM, etc., for the cations and VA,
VB, etc., for the anions.

(c) The ionic concentrations DO, M', MO, etc., and AO, Bo, B", etc., out-
side are kept constant either by assuming that the volume of (o) is cD or
in some other manner. The volume of (i) is finite.

(d) Also Di+ is maintained constant and the ratio Dt+/D+ > 1, for in-
stance by a continuous addition of DA inside. Accordingly, DA is a
steadily diffusing electrolyte. The following discussions are limited to the
presence of only one such species. The electrolytes MB are called passive
and may be present in any number.

(e) No chemical reaction takes place.'3
(f) No other electric field is present besides that due to diffusion poten-

tial.
(g) Heat effects are ignored as well as special membrane effects.
III. The Development of a Steady State.-Assume that in the initial state

the concentrations are (MB), = (MB)o and (DA)i > (DA), (Fig. 1). If
the mobilities UD and VA are unequal an electrical diffusion potential, 7r,
will arise across the membrane. Assume here that UD iS > VA, then the
positive current will tend to pass through the membrane from (i) to (o)
and the sign of (o) in a fictitious external circuit will be positive. As will
be shown under IV below each ion in the membrane is caused to migrate by
the influence of two forces, (a) one due to the concentration gradient, and (b)
one being an electrical potential gradient.
As the concentration gradients for M and B in the initial state are zero,

the only force acting is the electrical one. This will move the positive
M ions in the pos. - neg. direction, i.e., from (o) to (i), and the negativeB
ions the opposite way. This flux for any passive ion will continue as long
as the force due to the concentration gradient is less than the electrical force.
Finally, however, these forces must balance each other and a steady state
will be approached. The electroneutrality which would be disturbed by
the separation of the ions of MB, is maintained by a compensating separa-
tion of the ions of DA. The steady state will thus be characterized by
(cf. Fig. 1)
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MS > MO) or (M < MO
Bj < Bo XBi > Bo

(if UD > VA)) (if UD < VA)
Accordingly a diffusion of one electrolyte may produce an accumulation or

impoverishment inside of other cations or anions depending upon the mobili-
ties of the ions of the diffusing agent. This effect upon the ionic distri-
bution arising from diffusion may be called the diffusion effect (cf.
Teorell" 2).
The diffusion effect may be permanent or temporary according as the

diffusion is steady or temporary. If initially, for instance, the concentra-

Continous supply of Continows supply of
DA DA

DA7=

+ -+-~~~~~~~~~1+1 +
(o) (i (6) (i

Initial state Steady state
FIGURE 1

The effect of a steady diffusion of DA upon the ionic dsstribution when UD > VA.
DA is by some means (by addition or production) steadily supplied "inside" (i).
The concentrations of the electrolytes "outside" (o) are kept constant. An electri-
cal potential arises across the boundary (membrane). This causes an inward migra-
tion of M+ and an outward migration of B-. Finally the concentration gradients
have become sufficiently large to balance the electrical gradient and the system
approaches a steady state. Thus the M ions became "accumulated" and the B ions
diminished in amount inside.

tion (DA)X> (DA)O, but no additional supply of (DA)i is furnished, (DA)i
will diffuse out and approach the value of (DA)o. During this diffusion,
however, a temporary diffusion effect will appear.4 This has been experi-
mentally demonstrated by the author1 2 and by Norberg.3
A diffusion effect arising from a permanent diffusion has qualitatively

been shown in some experiments by Straub,6 who spoke of a "Harmonie-
Einstellung" of the ions.6 A series of experiments including potential
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measurements performed by the author confirm the theory of the diffusion
effect also from a quantitative point of view. These results will be dealt
with in another paper.

IV. (a) A quantitative treatment of the influence of the diffusion effect
on the distributions of interest, namely, M,'/Mo, Mif/MI,M, etc., and
B,'/BA etc., valid for the steady state, can be performed in a clssical way
if we follow the kinetic treatment of electrolyte diffusion first given by
Nernst7 and more rigorously developed by Planck.8
The migration of any ion species through a surface element in the mem-

brane of the thickness dx, where its concentration is C, is caused by super-
position of two forces:

(1) one due to a concentration gradient, this force is per gram ion equal to

RT 1 dC.
C dx

(2) one due to the electrical potential gradient, written F- d;-
dx

Here R, the gas constant, is expressed in joules. C is the concentration
in gram ion/liter. T is the absolute temperature. F is the charge of 1
gram equivalent in coulombs and yo the electrical potential in volts. The
number of moles of any ion species which passes through the surface ele-

ment in the unit time, dC,or the flux, OC, is equal to mobility X concentration
X force per gram ion or in general (u denotes mobility),

OC = u-C. RT dC FFd(p)(1

The sign before the electrical term is taken negative when cations are con-
cerned and positive for anions. "ckC" means "the flux of C" (not a product).

In the stewdy state developed by a permanent diffusion9 there is no flux
of the passive ion species M+ and B-:

,OM' = OM' etc. = OB' = OXB = 0 (2)
and

0(2ZM) = O((B) = 0. (3)

Using equation (1) for the conditions (2) gives for any passive cation
species the flux, OM, as

RT" d dqA
um M dM _ Fd)- 0 (4)

\M dx dxl

and for any passive anion species the flux, (B, as

vB-B (-- + FZ) 0 (5)
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which leads to

dp =RT 1 dM= _ RT 1 dB (6.1 and 6.2)
dx F M dx F B dx

Integration between the limits (o) and (i) gives the diffusion potential 7r:

7 = - (i=RTfI1dM=- (7)

or

Xr =
RT In M =RT In . (8.1 and 8.2)
F MO F Bi

It now becomes obvious that the steady state of a system of this nature
with a steady diffusion is characterized by a constant ratio series

Mi' _ M, _ - EMi _ 2Bo _ _ Bo _Bo
ml

._ . -f -. 9)M0' MO ZMo 2EBi Bi' Bi'
A distribution of this type (9) has been hitherto generally regarded as

typical for the so-called Donnan equilibrium. As a matter of fact it will
be shown below (VII) that the genuine Donnan equilibrium appears to be
a limiting case of the more general case discussed here, where we are dealing
with differences in permeability instead of with impermeability.

(b) The formula (8.1 and 8.2) may be written

7rF = RT i M-= RT ln B,. (10)
MO ~~Bi

The work relation (10) may be interpreted as follows: the unequal ionic
distribution is produced and maintained by the presence of a diffusion mem-
brane potential. This arises from a diffusion of what may be called an
"active" or "diffusing agent."

(c) As the diffusion potential 7r is equal to the expression for the elec-
trode potential for any passive ion, a concentration chain consisting of re-
versible electrodes for such an ion species placed in the solution (o) and (i)
should give no current, i.e., the energy obtained = 0. This conclusion
may be expressed thus: when the system as a whole is in a steady state
the passive ionic constituents are in a true state of equilibrium, just as in the
Donnan equilibrium. "Equilibrium" is here interpreted as a state of
matter from which no free energy can be obtained.

V. The magnitude of the distribution ratio, in the steady state, M

Mir ~~Bo' Bow
Mi'= . =B° ... = t (9), can be calculated in several

somewhat different ways.

156 PROC. N. A. S.



CHEMISTRY: T. TEORELL

(a) If the diffusion potential 7r is regarded as known then equation (8) could
be used directly. (b) 7r can, however, be computed from a knowledge of
the ionic composition and ionic mobilities. Planck8 and Henderson'0
have proposed somewhat different formulas. As the values of Mo and Bo
are assumed to be fixed, the unknown Mi or Bi must be computed so they
satisfy simultaneously in equation (8) and in either of the formulas just

referred to.11 Planck suggests for the calculation of7r the equation ir = F
F

In i, where t is defined by a transcendental expression (loc. cit. or text

books). A comparison of Planck's 7r = iIn t, with equation (8.1) r =

F ln M' shows that Planck's t is identical with our desired ratio MA/M0,
F MO

etc. Planck's formulas could accordingly be used and as a matter of fact a
combination of Planck's transcendental expression for t with equation (8)
gives the same result as will be obtained below (equation 18). The Hen-
derson formula gives formally a different result but numerically values in
close agreement with the results obtained here.

(c) We will, however, show that an expression for these distribution
ratios, now called t, can be derived in consistency with the treatment al-
ready used under IV.
The steady state must, besides the zero flux condition (equations 2, 3)

of the passive ions, in regard to the diffusing agent be characterized by

bD+ = 4A-. (11)

Proceeding as under IV and substituting in (11) we get

D (RT dD
F dp= VA A(RT dA

+ F dlp (12)DD' dx dxl A dx dxl (2

which solved for - gives
dx

dpo RT uordD - VA-dA 1 (13)
dx F UD-D+vAA dx

We now sum the equations of type (6) for all M (or B) species and write

ds=_RT*1 d(EM) and combine this with (13). Further we substi-
dx F (2M) dx
tute theA terms, making use of the electroneutrality condition D + :M =
A + ZB and obtain for (13)

RT 1 d(2M) RT UD*dD- VA [dD + d(2M) - d(2B)] 1
F ___(2M) _dx F _______+__VA_[D_+_(2M)-(2B)] -dX(14)

F (ZM) dx F UD.D+vA[D+ (ZM) -(ZB)]I dx
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d(2B) is substituted by -(((,M ) d(2M), a relation directly obtained

from equations of type (6). Equation (14) is then solved for dD when

the (2B) terms will cancel out. The result is

dD D + b (15)
d(2M) (ZM)

where the constants a and b denote UD + VA and 2VA respectively.
UD - VA UD-VA

The differential equation (15) gives a solution

D _ b (EM) - I(E)Ma = 0 (16.1)
1-a

or
D + (2M) - I (EM)a = 0 (16.2)

the I being an integration constant. This is eliminated by dividing two
equations (16) applied to the limits (i) and (o):

Di + 2M - I ( iMi)a (17)
Do + 2Mo I.(EMo)a

Finally taking the logarithms, substituting a, and considering the relations
of equation (9) we obtain

mil ~ B'0 = g(Z;Mi) UD -VA1log =log -!,=... =log lo=g... log
MO I Bil ~(EM0O) UD + VA

Di + (2Mi)
Do + (2,Mo)

It should be noticed that the terms D + (2M) are equal to the "total"
concentration C. For a single ion species, for instance M', we may write

D+(2EM0) M.'
M = UD - log M (18.2)
M0o UD + VA Do + (2Mo)

*The transcendental expression (18.1.2) contains the desired quantitative
description of the diffusion effect vald for the steady state. The terms
which according to the assumption made under II are considered as
known are printed in common type, those which are variables in heavy
type.

Numerical.solution of equation (18) can be performed either (a) by a
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graphical computation, the intersection of the curves for the left, respec-
tively right-hand member obtained by inserting different values of the
variables will be the solution, or (b) by a method of successive approxima-
tion.

VI. The factors influencing the magnitude of the distribution ratio t (in
the steady state) can be read off from equation (18). They are the ratios
UD/VA, Dj/ZMo and Di/Do. The larger any of these ratios are the greater
the "accumulation" of M+ ions "inside" (and correspondingly the decrease
of B- ions), provided uD > VA. If UD < VA it is the B- ions which will
accumulate, etc.
To get an impression of the very marked concentration differences which

theoretically can be expected under certain conditions the tables 1 and 2
should be consulted.

TABLE 1

TEB VALUB OF THE DISTRIBUTION RATIO t ( = M BETC.)

(UD/VA is assumed to be 5)
DilDoa

Di/ZMo 1 10 100 1000 10,000 (Do - 0)
-0.01 1 1.02 1.02 1.02 1.02 1.02
0.1 1 1.12 1.17 1.18 1.18 1.18
1. 1 1.86 2.12 2.14 2.15 2.15

10 1 3.58 6.0 6.4 6.4 6.49
100 1 4.49 15.0 23.5 25.0 25.2
1000 1 4.64 20.5 56 101 107

10000 1 4.65 21.4 94 298 479
co 1 4.65 21.5 100 465 co

TABLE 2

Tim DISTRIBUTION RATIO t (7 ETC.) AT DIFFERENT MOBILITY RELATIONS

(It is assumed that Di = 2Mo)
DONNAN
EQUI-

LIBIUUM
MOBILITY RATIO UD/VA (VA - 0)

DA/Do 2 -5 10 100 1000
X :1 1.33 2.15 3.31 16.9 >100 X

1QO 1 1.32C 2.12 3.13 15.0 85 100
10 1 1.27 1.86 2.70 6.9 9.9 10
1 1 1 1 1 1 1 1

VII. The Donnan equilibrium can, as pointed out above, be regarded as
a limiting case of the case discussed in this paper. If one of the ions of DA
is prevented from diffusing, i.e., making either VA or UD equal to zero and
the addition or production of DA is stopped, the equation (18.1) is trans-
formed into
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L. (VA =0) log 2M=logD + 2M(2M0 Do + ZMM 151

which means (remembering equation (9)) that

M,' = Mk!,' = _ D, _ _ Bo' = B-3~' (15.2)
Mot Mo Do Bi Bi'

__ Ds C,,M A + ZBOii. (UD =0) log = -log' + ZM l= Co- = logZ;M, Do+ZMo C, i+ B
(16.1)

which must be interpreted

M,' _ MS _ _ Ao - - Bo' _ Bo (
Mot Mo As Bs'' Bi' ~~~~~~(16.2)MO, MOl,,' Ai B,". Bil

Equations (15.2) and (16.2) are the equilibrium conditions requested by
Donnan. The approach of the diffusion effect to the Donnan effect with
increasing UD/VA (VA tends to 0) is evident from table 2.

VIII. The validity of the conclusions above depends on the validity of
the assumptions given under II. In experimental work with solutions
which are not ideal one might expect deviations due to differences in ac-
tivity, water migration, special influence of the membrane and several
other complicating factors.'2 Experiments by the author show that this
is the case. In dilute solutions, however, the agreement between theory
and experiments can be considered good. These results and the discus-
sion of the bearings of these theories on certain biological ionic distributions
will be published in subsequent papers.

I wish to express my acknowledgment to Drs. W. J. V. Osterhout and
L. G. Longsworth for valuable criticism.
Summary.-1. The behavior of an aqueous system of strong electrolytes

is studied, where a steady diffusion across an ion-permeable boundary
(membrane) takes place.

2. Theoretical considerations predict, for the assumptions given, (a)
the possibility of the development of concentration differences in respect
to "passive" ions ("diffusion effect" upon ionic distribution); (b) an ap-
proach to a steady state of the system as a whole, where the "passive"
ions are in a true state of equilibrium characterized by the relations

(conc. of cation) inside (conc. of anion) outside =
(conc. of cation) outside (conc. of anion) inside

3. The genuine Donnan equilibrium appears as a limiting case of the
more general case treated here. The "diffusion effect" appears when a con-
centration gradient is present and is due to differences in ionic mobility
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("relative impermeability"), whereas the "Donnan effect" is caused by "ab-
solute impermeability" of one or several ion species.

4. A formula for the distribution ratio in the steady state has been
derived and the factors which have influence upon it are pointed out.
Some tables are given showing the calculated distribution ratio for various
assumptions.

5. Theoretically very marked concentration differences across a bound-
ary (membrane) are possible. It is emphasized, however, that deviations
from the theory might occur, because the validity of the assumptions may
be limited and factors not involved in the theory might play a r6le.

6. Diffusion effects of the type presented in this paper may be of bio-
logical importance.
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