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Abstract

This article illustrates our approach for modeling the solid matrix of biological tissues using
reactive constrained mixtures. Several examples are presented to highlight the potential benefits

of this approach, showing that seemingly disparate fields of mechanics and chemical kinetics

are actually closely interrelated and may be elegantly expressed in a unified framework. Thus,
constrained mixture models recover classical theories for fibrous materials with bundles oriented
in different directions or having different reference configurations, that produce characteristic fiber
recruitment patterns under loading. Reactions that exchange mass among various constituents of a
mixture may be used to describe tissue growth and remodeling, which may also alter the material’s
anisotropy. Similarly, reactions that describe the breaking and reforming of bonds may be used to
model free energy dissipation in a viscoelastic material. Therefore, this framework is particularly
well suited for modeling biological tissues.
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Introduction

Biological tissues are living structures that grow and remodel in response to mechanical,
chemical and electrical stimuli. Growth and remodeling are reactive processes that transform
reactants into products, thus altering the composition, properties, and ultrastructure of

those tissues over time. A framework that models these reactive processes provides the
necessary foundation for describing the behavior of such tissues. Mixture theory represents
a natural framework for modeling reactive continua since it accounts for the presence of

any number of constituents within an elemental volume of the continuum, allowing mass
exchanges among those constituents. These reactions may describe phenomena occurring

at a molecular level, that influence the macroscopic mixture response, thereby providing a
fundamental multi-scale modeling framework.

The general framework of reactive mixtures has been described in the prior literature [4,
12, 13, 21]. A characteristic aspect of this general framework is that each constituent may
have its own independent motion. The relative motion between constituents introduces

ateshian@columbia.edu .



1duosnuen Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Nims and Ateshian

Page 2

independent diffusive terms in the governing equations; such terms account for well-known
fundamental mechanisms, such as the diffusive drag between a porous solid matrix and

its interstitial fluid, as embodied in Darcy’s law for porous media, and the diffusive drag
between a solute and its surrounding solvent, as embodied in Fick’s law for mass transport.
In the general framework of unconstrained mixtures, these diffusive terms also produce less
familiar contributions to the mixture stress tensor, internal and free energy, heat flux, heat
supply, etc. Consequently, formulations of unconstrained reactive mixture models generally
exhibit a level of complexity that often deters the adoption of this framework or limits it to
highly specialized cases, such as non-reactive binary mixtures of intrinsically incompressible
solid and fluid constituents for modeling porous media [34, 41]. In this study we focus on a
highly useful specialization of this general framework.

Humphrey and Rajagopal [30, 31] proposed to specialize the mixture framework to the case
where all solid constituents are constrained to move together. They used this constrained
solid mixture approach to model vascular tissue consisting of collagen, elastin, and smooth
muscle cells. This concept of constrained solid mixtures was later applied to model residual
stresses in soft tissue growth and remodeling, in the arterial wall as well as in cells and
other tissues [9, 19, 24, 25, 33, 47, 49-51, 58-61, 66]. The theoretical foundation for
constrained reactive mixtures adopted in this presentation has been presented by Ateshian
and Ricken [9], where it was specialized from the general framework of unconstrained
reactive mixtures. In subsequent studies, it was shown that this framework could also be
used to model viscoelasticity, by modeling strong and weak bonds as mixture constituents,
with weak bonds breaking and reforming in response to loading [5]; and damage mechanics,
by modeling bonds that break permanently [42].

The primary benefit of using a reactive mixture approach for modeling growth,
viscoelasticity and damage mechanics is that the evolution of the tissue response with time
is explicitly tied to the evolving composition (the concentration of each constituent, such
as intact, broken and reformed bonds), which is governed by the axiom of mass balance
[18]. Therefore, growth mechanics, viscoelasticity and damage mechanics may be modeled
using only observable variables, without the need to introduce internal (hidden) variables
and associated evolution laws, as commonly done in classical approaches [17].

In this paper we review these recent developments by presenting them in a unified

context and illustrating them with simple examples, mostly using infinitesimal strain theory.
Section 2 summarizes basic definitions for mixtures and examines the axiom of mass
balance for reactive mixture constituents, which provides the fundamental basis for this
reactive framework. This introductory section reviews concepts of chemical kinetics that
are generally familiar to chemistry and chemical engineering students, but less familiar to
students of solid mechanics.

In Sect. 3, we briefly show that familiar classical models for fibrous tissue mechanics
illustrate examples of non-reactive constrained mixtures. This is followed by examples
of the application of constrained mixtures to the analysis of soft tissue remodeling and
multigenerational growth mechanics. Finally, in Sect. 4, we derive the classical theory of
linear viscoelasticity using the framework of constrained reactive mixtures. All of these
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illustrations serve to demonstrate that the framework of reactive constrained mixtures
provides a common framework for a broad range of modeling tasks relevant to living
biological tissues.

2 Mass Balance in Reactive Mixtures

2.1 Motion

A mixture may consist of any number of constituents, each denoted by a. The motion of
constituent « is given by y%(X“ 1), where X* denotes material points in their referential
configuration. At the current time ¢, all constituents that occupy an elemental region at the
spatial position x may thus have originated from different referential positions X%, such that
x = x*(X%1). The positions X* of material points of constituent « represent the reference

configuration for that constituent at some initial time. In a reactive mixture, constituents
may form as products of a reaction at various time points. Therefore, the initial time

t* for the reference configuration of constituent « may differ for each constituent. The
positions x = y*(X“ ) of the same material points at the current time 7 represent the current
configuration for that constituent. All constituents « of the mixture share the same current
configuration (Fig. 1).

The velocity V*(X“ 1) of constituent « in its material frame is defined as

arva o OX¥(X% 1)
VHXY 1) = s
(2.1
whereas the deformation gradient F%(X%, 1) is defined as
Q, a
F¥(x% 1) = oxf(X% 1) t).
ox?
(2.2)
From these relations, the material time derivative of F* in the material frame is
OF¥(X% 1)  oV¥X* ¢
0V o
(2.3)
where
La(x, t) = gradva(x, t)
(2.4)
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is the spatial gradient of the velocity v¥(x, ) of . We may rewrite this expression as
F* = LY. F%

A constrained mixture represents the special case when all solid constituents share the same
spatial velocity [30]; this constraint is expressed in the spatial frame as

vo(x,1) = v3(x,1),

(2.5)

where s represents one of the constrained mixture constituents. This relation implies
that L%(x, ) = L3(x, 7) for all constrained mixture constituents . Note that the respective
referential configurations X* of the various constituents « need not be the same,

since each constituent may have formed (come into existence as the product of a
reaction) at a different time point. For the pair of constituents « and s, it follows that

dx =F%(X% 1) - dX" = F(X%,1) - aX®, explicitly establishing the relation between constituent
deformation gradients. In this expression, ¢X* is a differential line element at X* which
transforms into dx; ¢X* is the line element at X* that also transforms into dx, where X* and
X* represent those material points of constituents « and s that meet at x = y%(X% 1) = x5(X’,1)
at the current time z. In particular, it may be convenient to identify the reference
configuration s as the master reference configuration, X°, so that

. oxX*(x%)

F5(X5, 1) = F¥(X?% ¢
() = () =

= FYX% 1) F¥(X%),

(2.6)

where F*(X*) = 9X*(X®)/ 0X* represents the deformation gradient of « relative to s. For
example, in a reactive mixture, s may represent the oldest solid constituent. In a constrained
mixture, the relation between X* and X* is /nvariant in time and F**(X*) is a pre-determined
spatial mapping that defines the function X%(X*). In the remainder of this treatment, the
time-invariant dependence of X* on X* is implied for any expression using X*. Therefore,
the material time derivative of F5(X®, ¢) in (2.6) is F*(X®,1) = F*(X% 1) - F**(X*) and this
relation remains consistent with the kinematic relations ¥° = L® - F* and F* = L* - F*. The
volume ratios J%(X%, 1) = detF%(X%, 1) similarly satisfy

X5, 1) = JHXE, ()T (X0),

@7

where J¥(X?, 1) = detF*(X®, 1) and J%(X®) = detF**(X*). As discussed in greater detail below,

the mapping F**(X®) in a constrained mixture must be postulated by constitutive assumption.
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Under infinitesimal strain analyses, we note that

F*~ 1+ &% + @,

(28)

where €% is the symmetric infinitesimal strain tensor and I + »“ is the infinitesimal rotation
tensor for constituent . Here, o“ is antisymmetric and its dual vector points along the axis
of rotation and its magnitude is the infinitesimal angle of rotation. From a Taylor series
expansion of detF?, it can be shown that

J% 1 + tre®.

(2.9)

Under these conditions, the relation of (2.6) may be rewritten as

I+ + 0%~ (I+&%+ 0% 1+ +0%).

(2.10)

Equating symmetric and antisymmetric parts of this relation and neglecting higher order
products produces

&5 =% + 9,
o° = 0* + 0%

(2.11)

Just like F**, the relative strain €5 and relative rotation »** are temporally invariant
measures which are prescribed based on constitutive assumptions. In particular, when all
constituents « are assumed to share a common reference configuration with the master

constituent s, it follows that F** = I and £ = 0.

2.2 Apparent Density

The apparent density p* of mixture constituent « is defined as
dm®

pX(x,1) = v

(2.12)

where dm® is the mass of constituent « in the mixture elemental volume ¢V, both given in the
current configuration. The apparent density of « may also be called the mass concentration
of a. In a general analysis, both am®* and 4V may evolve with time.

We may also define the referential apparent density p,(X*,1) of constituent « as
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(14
pr(X% 1) = ‘Z;;r ,

(2.13)

where 4V, is the mixture volume in the reference configuration of the master constituent s
(Fig. 1). This definition is consistent with the adoption of the reference configuration of the
master constituent as that of the mixture domain. For example, in a finite element model of a
reactive mixture, the undeformed mesh represents the stress-free configuration of constituent

s. Since dV/dv, = J°, the relation between p%(x,7) and p;(X? 1) is

AHX% 1) = o2 (X5, 1), 5K, ).

(2.14)

Example 1—Consider a soft hydrated tissue such as articular cartilage, which may be
modeled as a mixture of a collagen fibrillar matrix, proteoglycans, water, sodium and
chloride ions. The collagen-proteoglycan mixture may be modeled as a constrained solid
mixture, since the proteoglycan macromolecules are typically enmeshed within, and bound
to the collagen. The remaining constituents are fluids that may transport through the porous,
permeable collagen-proteoglycan solid matrix. The macroscopic boundaries of the fibrillar
collagen matrix define the boundaries of a cartilage tissue specimen, as collagen is the

most abundant solid constituent; in contrast, proteoglycan macromolecules are interspersed
within the collagen matrix. Therefore, the collagen constituent is the natural choice of
master constituent in a cartilage mixture model. Since fluids do not have a natural stress-free
configuration, they represent less convenient choices when defining a master constituent.

Other common definitions of concentration exist, most notably the molar concentration ¢* of
constituent «, given by

a_ dn®
dv’
(2.15)

where dn® is the number of moles of « in the elemental volume 4v. We may relate mass and
molar concentrations using
p% =M%,

(2.16)

where M% = dm®/ dn® is the molar mass of constituent «, which is an invariant material
property of constituent a.
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2.3 Axiom of Mass Balance for Each Constituent

The axiom of mass balance may be derived for constituent « in integral form using a control
volume V. The time rate of change of mass of « in the control volume is equal to the rate at
which the mass of « is convected into ¥ across its control surface 0V and the rate at which
mass is supplied to « from reactions with other mixture constituents,

4 p%dV = — f p%(v® - n)dsS + / v .
dt J, oV v

(2.17)

Here, ﬁ“(x, 1) is the mass density supply (with units of mass per volume, per time) to « from
all other constituents resulting from reactions. The mass supply is a function of state that
needs to be defined with a suitable constitutive relation. Using the divergence theorem, this
integral form may be converted to the differential form

0p%

9P iv(p%v®) = 5%
o + div(p*v¥) = p".

(2.18)

Expanding the expression in the divergence operator and defining the material time
derivative in the spatial frame, following constituent «, as

D) _a() «
D _T+grad(~)-v s
(2.19)
we may rewrite the mass balance for constituent « as
D% Adiyv v¥ = 5%
Dr + p%divv® =p~.
(2.20)

For the constituents « of a constrained mixture, since there is no relative motion between «
and s, we may express the integral form of the mass balance in the material frame of the
master constituent s as

% [ p(XY, 1)V, = [ pH(X%, 1)av,,

(2.21)

where

FXY, 1) = JX5, %X, 1), 1)
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(2.22)

may be called the referential mass density supply to constituent «. Thus, the differential form
of the mass balance in the material frame is given by

L 0n(XY 1)

=2 0 xe ).

(2.23)

Equation (2.23) shows that p; remains time-invariant for non-reactive constituents « in a
mixture, since p: = 0 for those constituents. From the definition given in (2.13), it becomes
evident that p? evolves only as a result of changes in dm?, since 4V, is constant by definition.
In contrast, looking at the definition of p% in (2.12), we find that p* of a constrained

mixture constituent may evolve as a result of reactions (evolving dm®) and deformations
(evolving dv). Therefore, in contrast to p%, p! is a more convenient choice of state variable
when modeling reactive constrained mixtures, since it can track the evolution of the mass
content of « occurring exclusively in response to reactions, whereas the complete state of
deformation of that constituent may be tracked using F¥.

The mass balance for the mixture is obtained by summing the mass balance in Eq. (2.18)
over all constituents. The axiom of mixtures states that the governing equations for the
mixture should have the same form as those of a single, pure substance (a single, non-
reactive constituent «). As shown previously [4, 12, 13, 21], it follows that the mass supplies
must satisfy

2" =0,
a

(2.24)

implying that the rate at which mass is lost from reactants must be matched by the rate at
which mass is added to products, in all reactions occurring in the mixture.

2.4 Reactive Mixtures

Reactions may occur among the constituents of a mixture which result in a temporal
evolution of the mass content of reactants and products. A forward reaction between mixture
constituents may be written down as

a o
Zuﬁ%’ — Z V&,
a o

(2.25)

where &% is the chemical (molecular) species associated with constituent a, v} represents the
stoichiometric coefficient of reactant « and v is that of the corresponding product. Similarly,
a reversible reaction may be written as
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o o
ZU'}% ;‘207;% .
a a

(2.26)

The summations are taken over all mixture constituents, though constituents that are not

reactants in that particular reaction will have v = 0, and those that are not products will have

vy = 0. The stoichiometry of the reaction imposes constraints on the mass supplies such that
we may define a molar production rate ¢ (units of moles per volume, per time),

% = M,
@2.27)
where
v¥ = v — v}
(2.28)

is the net stoichiometric coefficient of « in the reaction. The relation (2.27) may be
substituted into the constraint on mass supplies, Eq. (2.24) to produce

Z M%% = 0.
o

(2.29)

This relation may be recognized as the classical requirement to balance the molar mass
of reactants and products in a reaction. Thus, the constraint resulting from the axiom of
mixtures produces a classical outcome when applied to the mass balance. For constrained
mixture constituents, the relation (2.27) may also be written as

o= MM,

(2.30)

where ¢, = J5¢.
Example 2—In the reaction

H,S0, — 2H' +50%~,

we have a total of three constituents, « = H,SO,, HT, SO’
are given by

J Elast. Author manuscript; available in PMC 2024 March 22.
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2.5

H,S04 H,S04
Ur =1, vp =0, UHzSO4 = -1,

Therefore, based on Eq. (2.27), we find that

X + +. 2- 2
SO _ HSOy  SHT o) HT s 5S0i™ _ 8057

and the constraint of Eq. (2.29) reduces to

+ 2 -
—MHS0s o pHT 4 SO

Chemical Kinetics

The mass balance equations for mixture constituents require the specification of constitutive
relations for the mass supplies 5% Equation (2.27) shows that it suffices to provide a single
constitutive relation for the molar production rate Z. Constitutive relations are generally
formulated based on experimental observations. For chemical reactions, a commonly used
constitutive relation is the /aw of mass action [46]. In this section we adopt the form of
these constitutive relations which employs referential mass densities and density supplies,
convenient for the analysis of constrained mixtures.

For forward reactions, the law of mass action may take the form

pa

E=k]Te™ =L
[

M(X

(2.31)

where k is the specific reaction rate. For reversible reactions, the net molar production rate is

¢ = &F - &Ra
(2.32)

where
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éF = kFH (Cg)v?z,
a

écR = kRH (Cra)vg,

a

(2.33)

represent forward and reverse production rates. We may combine these relations as

¢ =08k

kr 0%
1- FF (Cr) s
a

(2.34)

where the ratio of forward and reversible specific reaction rates reduces to the equilibrium
constant K, when the reaction has reached steady state,

ke
krlz =0

K..

(2.35)

Example 3—We reprise the reaction of Example 2 and use the law of mass action in Eq.
(2.31),

H)S04

gl
&=k HS0;

AH2S04

This expression may be substituted into (2.30) to produce p,”*, which may then be
substituted into the mass balance relation (2.23)
apHZSO4 504

" _ _ aHSOs _
o =M ¢= —kp

This linear differential equation may be integrated subject to the homogeneous initial

H,S04 H)S04

condition p,” (X, 0) = p,” ' to produce

szSO4(Xs’ t) _ p(P;zSOAe—kI’

A

showing that the concentration of the reactant decays exponentially with a time constant 1/k.
Accordingly, this type of response is called a first-order reaction and we find that the specific
reaction rate controls the temporal response. Given this solution, it follows that

H)SOy4

P Po —kt
g’_kMHZSOf ,
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which may be used to similarly solve for the concentrations of the products,

(XS - H,S04

AXL) AL, e (1-eH),
ut gt MHZSO4

M M
S0~ (xS s03~ HoSO4
- (X ,t) _ P Po ( —kt
— = —+ TS0 \l —e )
MSO4 MSO4 M504

Example 4—Receptor-ligand kinetics is a classical example of a reversible reaction in
biochemistry, where a ligand binds to a receptor to produce a receptor-ligand complex.

The reaction is reversible, implying that the complex may also dissociate back into its
constituents. The forward and reverse reactions may proceed at different rates. Let the
receptor be denoted with R and the ligand with L, whereas the receptor-ligand complex is C.
The reaction is given by

R+L=C.

The initial concentrations are ¢(X*,0) = ¢, ¢(X°,0) = &, and ¢(X*,0) = 0. The molar
production rate is

P R L C
§, = krpe e — kger .

From mass balance it follows that ¢f = ¢f — ¢ and & = ¢ — ¢€. Therefore,

= kel = (k= ) = ke,

and the mass balance for the complex becomes

C
f’ac; = Jep(ef = e)(el = €)= ke .

The solution to this nonlinear ordinary differential equation is

(X5, 1) = ¢ - )(tanh(kF)(t + tanh_l%),

where

1 k 5
COZE(C[I;+C(]}+Kd)a Kdzé, X =4 —«¢

Sm
=L

At steady state the solution is
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RL
(xS CoCo
c,(X s t—>oo)=cu—;(=co—cu l——.

€

In the limit when cjcj/c; < 1, i.e., when the initial ligand concentration or the initial receptor
concentration is much smaller than the dissociation constant K, this solution reduces to

R L R L
1cey ¢y

2 ¢ _c(%+c§+Kd'

cS(XS,t — oo) ~

2.6 Interstitial Solid Growth and Remodeling

Interstitial growth implies solid mass deposition within a porous mixture. This type of
growth is not necessarily biological. For example, a metallic porous filter may be imbibed
with a fluid that causes metal oxidation, so that the mass of metal decreases while that of the
metal oxide increases throughout the entire filter domain. In the case of biological tissues,
biochemical reactions may occur that are not necessarily driven directly by cell activity,

such as binding of exogenous growth factors to the extracellular matrix. Conversely, cells
may directly process soluble reactants to produce extracellular matrix products in a process
variably called growth or remodeling. In a generic sense, this type of reaction may be written
as

cells + nutrients — cells + solid matrix.

For such growth processes, the law of mass action may or may not be directly applicable,
especially when a multitude of reactions are taking place simultaneously, whose aggregate
response on solid matrix production is not reducible to the functional form of the law of
mass action. Furthermore, when dealing with biological tissues where solid deformation
occurs, the growth process may be significantly influenced by such deformations and their
history over an extended period of intermittent loading. Therefore, constitutive modeling of
such growth processes may be reformulated to reflect experimental observations at a more
global level, rather than the intricate details of individual chemical reactions.

In the sections below we examine basic problems in tissue growth and remodeling.
Interstitial growth implies that the referential apparent density p: of a solid constituent
increases over time; this type of growth leads to an increase in the mass of constituent «
but does not necessarily produce changes to the overall tissue dimensions. For example, in
tissue engineering where cells are seeded within a scaffold, the cells may synthesize solid
matrix that fills the scaffold interstitial space, without altering the overall dimensions of
the engineered construct. If the scaffold is degradable, its loss of mass (e.g., solubilization)
represents negative growth.

In contrast to growth, tissue remodeling may be viewed as the effect of reactions that alter
the mass content of various solid constituents, without an obligatory net change in total solid
mass content. This distinction between growth and remodeling is semantic; effectively, both
phenomena involve reactions that alter the mass content of various solid constituents.
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In biomechanics, it is common to model biological soft tissues as being nearly
incompressible. This choice of material behavior is sometimes convenient for simplifying
analyses of tissue responses, as in studies where two-dimensional strain measurements are
performed on the surface of a tissue layer and the strain through the layer thickness is
deduced from the assumption that the response is isochoric. It is useful to understand when
this assumption may be valid, especially in the context of reactive mixtures where growth
and resorption of solid constituents alter the tissue porosity.

The best evidence available to us is arguably from studies of articular cartilage, which has
been alternatively modeled as an incompressible or nearly incompressible elastic solid [1,
20] or a porous-permeable biphasic material (a solid-fluid mixture or poroelastic material)
[2, 41]. Cartilage has a porosity ranging from 90 to 65 percent, decreasing with depth

from the articular surface, and with age [56]. The interstitial fluid of cartilage consists
primarily of water and inorganic salts; this fluid may flow within cartilage since its pores
communicate, as evidenced by direct measurements of its hydraulic permeability [39].
Experiments have shown that loading of articular cartilage causes its interstitial fluid to
pressurize; this pressure subsides when the loading remains static for a sustained period of
time, as the pressurized fluid flows away from the loaded region [43]. Excellent agreement
has been found between direct measurements of the interstitial fluid pressure and predictions
from the biphasic theory [44, 52, 53], which assumes that each mixture constituent (solid
and fluid) is intrinsically incompressible, though the mixture (defined over the domain of
the porous solid matrix) may change in volume with time as the fluid flows through it [41].
The assumption of intrinsic incompressibility of each constituent was validated from direct
experimental measurements of cartilage subjected to hydrostatic pressures up to 12 MPa
[11].

The biphasic theory predicts that the instantaneous response of cartilage to loading is
isochoric, since the interstitial fluid cannot instantaneously flow out of the mixture due

its frictional interactions with the solid [2, 6, 38]. This behavior has been verified from
experimental measurements of Poisson’s ratio in cartilage subjected to rapid loading under
small strains, which produced values approaching 0.5 [28, 65]. Moreover, the biphasic
theory predicts that the equilibrium response of cartilage, achieved when the interstitial fluid
pressure and flow have subsided, is equivalent to that of a compressible elastic solid [2,

38, 41]. Experimental measurements of Poisson’s ratio under equilibrium conditions have
yielded values as low as 0.02 [16]. This very low value implies that the porous solid matrix
has negligible lateral expansion upon axial compression, with the reduction in volume
occurring in the pore space. In contrast, a biphasic material with zero porosity (no fluid
content), or with non-communicating pores, is intrinsically incompressible since no fluid
may enter or leave the tissue.

In reality, interstitial fluid may also be exchanged with hydrated biological tissues via
osmotic mechanisms. Experiments on cartilage, intervertebral disc, arterial wall and cornea
have shown that they swell or shrink in response to osmotic loading, when the salt
concentration of the surrounding fluid bath is altered [10, 14, 16, 40, 57]. Therefore, the
assumption that these tissues may be modeled as incompressible solids that cannot change
in volume should be adopted carefully, as it is valid only under special circumstances: As
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long as the interstitial fluid has not had sufficient time to flow into or out of the porous solid
matrix in response to mechanical or osmotic loading, or growth and remodeling processes
that alter the porosity, it is reasonable to assume that the response to mechanical loading will
be isochoric.

Conversely, since growth and remodeling may alter the solid matrix porosity of a biological
tissue, as also illustrated in our prior theoretical study of cell growth [7], it would be
unreasonable to illustrate this mechanism with examples that use a value of 0.5 for Poisson’s
ratio. Therefore, in the examples that follow, a value of zero is selected for simplicity. This
value does not preclude isochoric responses under rapid loading and unloading when the
pore space is filled with interstitial fluid [2, 6, 38].

2.6.1 Bone Remodeling in Response to Loading—Bone is known to respond to
loading according to Wolff’s law, whereby bone mass increases or decreases when loading
deviates from a set point. We may generically represent these reactions as

X loading . .
cells + nutrients ——— cells + solid matrix ,
(2.36)
. . unloading
cells + solid matrix ——— cells + soluble waste products .
(2.37)

In this case the first reaction is only triggered when the loading exceeds the set point,
whereas the second reaction is exclusively triggered when the loading falls below the
threshold. The cells involved in these processes may even be different; in the case of

bone, matrix synthesis is driven by osteoblasts whereas matrix degradation is performed by
osteoclasts.

For trabecular bone remodeling, Huiskes and co-workers proposed the following constitutive
relation to embody Wolff’s law,

(2.38)

where ¥, is the strain energy density in the bone, v, is the specific strain energy at the set
point, and B controls the remodeling rate [29, 63]. This constitutive relation, which responds
indiscriminately to tensile, compressive and shear loading, may be substituted into the mass
balance (2.23) to solve for the evolving apparent bone density p;,

ap; _ (¥
=)

(2.39)
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An increase in p; implies that existing trabeculae become thicker, or more trabeculae form,
within a given trabecular bone region, thus decreasing the corresponding pore volume.
Conversely, a decrease in p; implies thinning or resorbing trabeculae, leading to increased
porosity.

For a well-posed problem it is necessary to propose a constitutive relation for the free energy
density of the solid. For example, we may idealize bone as a linear elastic solid. For a
one-dimensional analysis, the stress-strain relation is ¢ = Ee where E is Young’s modulus,
so that

(2.40)

Experimentally, Carter and Hayes [15] found that the strength of trabecular bone varied as
a power-law of its apparent density, and a similar relation has been adopted for its Young’s
modulus [22, 63],

E=c(p),

(2.41)

where ¢ and y are material parameters obtained empirically. We may now analyze the
problem of uniaxial loading of a bar as a canonical problem in this remodeling framework,
which may be representative of a long bone such as the femur or humerus. When the bar

is subjected to a prescribed normal traction &, we use the form ¥, = ¢2/2E in (2.40), so that
the only unknown is the density p; appearing in the expression for E in (2.41). Substituting
these relations above now produces a differential equation that depends on the known state
of stress as well as the unknown bone density p;,

— Yol

ap; _ 0'2
ot

5 1
20t *

(2.42)

This equation governs the remodeling of bone in response to loading. Conversely, had the
bar been subjected to a prescribed normal strain e, we would have used ¥, = E<2/2 in (2.40),
so that (2.39) would instead reduce to

99 _ ol y—12
5 = Blacle)” e _V/O)~

(2.43)

Example 5: Consider a bar with initial uniform density p;(x, ¢) = g}, subjected to a constant
traction o(r) = o, On both ends.! The transient solution to the above differential equation
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is most conveniently obtained numerically. However, the response at steady state is easily
evaluated by letting 0p;/ 0t = 0 to produce

2

s . s r+1 o
% = lim X, 1) = .
p I_)oopr( ) 1/26%

(2.44)

We conclude that the apparent density remodels from p; to the new equilibrium value given
above, determined by the material parameters ¢, y, and y,, and the prescribed traction o,.
This formula shows that the bone density increases with increasing applied stress o,; though
the formula suggests no limit on its upper bound, in reality p; reaches a maximum value
when all the pore space has been filled with bone matrix, producing a value essentially
equivalent to the density of cortical bone. This solution also shows that bone density
decreases with increasing set point value ,. This type of prediction suggests that a disease
such as osteoporosis, a complex metabolic bone disease that leads to loss of bone density
over time, may be simulated in a growth and remodeling analysis by altering the set point
w, with disease progression. Effectively, this would indicate that bone cells have become
less sensitive to mechanical stimuli, requiring a higher threshold for producing a response
comparable to healthy bone.

As a special case, the transient response when o, = 0 reduces to p(x, t) = p; — By, a linear
decrease which remains valid until p; reduces to 0. In general, the rate of remodeling is given
directly by the mass balance relation (2.42), which shows that it is proportional to B but
evolves with time; at + = 0 the characteristic time constant ¢ for remodeling is

s
Po
2
0o

5 1
2e(pi)’ *

T=

B( - ¥

(2.45)

Letting . = p}/p; and 7 = ¢/, we may non-dimensionalize the differential equation (2.42) as

o _ 1 [ 1 _(my+1
— = F|, r=|— .
Gy r! pe

or 1 —r

(2.46)

The initial condition is 7;(x, 0) = 1. This form is more suitable for numerical implementation
and select responses are illustrated in Fig. 2.

Example 6: If we allow the traction ¢ to vary cyclically over time with a period T, e.g.,
o(1) = 20 sin(221/T), the temporal evolution of p; will also vary cyclically. In a long bone for

IFor an infinitesimal strain analysis we may assume that the material and spatial configurations are nearly identical, x ~ X?.
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example, this type of cyclical loading may arise from locomotion and T may be on the order
of one second. The non-dimensional form of the differential equation (2.42) becomes

An examination of this equation shows that the influence of cyclical loading will be
negligible when the period T is much shorter than the characteristic remodeling time z,
which is typical of biological tissue remodeling. Numerical examples are illustrated in Fig.
3.

ap, 1

FER s ey
ot r((pr)y+

2t

-2
sin T

Example 7: Finally, consider a thick-walled cylindrical tube with inner radius a and outer
radius b, subjected to an internal pressure p,. This type of geometry may represent an artery
for example. In a cylindrical coordinate system, the state of stress is [54]

o, 0 0
[6] =10 04 O
000
(2.47a)
where
2 2 2 2
a~p b a”py b
0, = 1——=1| op= 1+—=], a<r<b
b2—a2( r2) 2—a2 r2
(2.47b)

For a linear isotropic elastic solid, assuming that Poisson’s ratio is zero for simplicity, the
free energy density is given by

_ 1 2 2\ _ Pg a4 b4
=R B (? - 2 )
(2.47¢)
Now (2.42) reduces to
, 2
T T S
T - 2P A
(2.47d)

At steady state, when ap}/ 0t = 0, we find that
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+1 at
lim  pi(r, t) = pV

4 2
t— oo (b2 _ a2)

sz
P e o

Unlike the previous examples, this result shows that the steady-state remodeling response
need not produce a homogeneous distribution for p;. In this analysis, the referential apparent

density p; is highest at the inner wall and decreases monotonically toward the outer wall
(Fig. 4).

12
4

3 Mechanics of Constrained Mixtures

The equations of momentum balance for constrained mixture constituents were presented
previously [9]. A notable finding from that earlier study is that the state of stress in
individual mixture constituents remains indeterminate. This indeterminacy occurs because
the internal forces resulting from momentum exchanges between constrained constituents
remain unobservable due to lack of relative motion between them. The only observable
stress measure is the mixture stress o, which may be evaluated from the mixture momentum
balance. Under quasi-static conditions, in the absence of external body forces, this equation
reduces to the familiar relation

dive=0.
(3.1)

To solve for the function of state o, it is necessary to first select the desired list of state
variables for describing the response of biological tissues. Under isothermal processes, when
analyzing reactive solid constituents in a constrained mixtures, we choose (6, F?, /) as our
list of state variables, where g spans all constituents « in the mixture [9]. The absolute
temperature 6 is included since material properties appearing in the constitutive relations for
o and 5% such as reaction rates, may vary with temperature. The deformation gradients F?
are included to account for the role of solid matrix strain. The referential apparent densities
o/ are included since they may evolve in time and space in reactive processes, therebhy
altering material properties over time.

Given these state variables, the axiom of entropy inequality imposes the following
thermodynamic constraint on o,

1w o¥, T
= — -(F%)",
’ Jsza:aF“ (%)

32

where ¥, is the referential mixture free energy density, which may be evaluated from the
specific free energy yw* of each constituent « according to
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W, =) oyl
a
(33
Other constraints imposed by the axiom of entropy inequality are H, = — 0¥,/ 96, where H,

is the referential mixture entropy density, and q = 0, where q is the heat flux in the mixture,
leaving the residual dissipation

Z *u* <o,
a
(3.4)
where
¥
a_ r
YT
(3.5)

represents the chemical potential of constituent a.

The residual dissipation effectively places a thermodynamic constraint on the constitutive
relations for mass supplies 5*. When the inequality in (3.4) is violated, the reaction

embodied in 5* may not proceed. Students of chemistry may recognize this inequality
constraint as equivalent to the requirement that chemical reactions may only proceed when
they produce a net reduction in the Gibbs energy [55].2

In summary, the mixture momentum balance (3.1) and constituent mass balances (2.23) may
be solved simultaneously for the unknowns F°* and p7, given constitutive relations for ¥, and

»%, and constitutive assumptions for F*S.

Under infinitesimal strain analyses, the relation (3.2) for the mixture stress simplifies to

o= Y

o
a 0€

(3.6)

For example, assuming linear elasticity, the mixture strain energy density may be given by

2Chemistry textbooks typically adopt temperature and pressure as state variables, so that the Gibbs energy emerges as the natural
scalar potential for examining the thermodynamics of reactions. In contrast, our treatment employs temperature and strain (thus,
volume) as state variables, so that the Helmholtz free energy emerges as the natural choice of scalar potential.
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p = Z%ea:%a(pf):ea,
a
37
where €%(p’) is the fourth-order elasticity tensor for constituent a. In this example, to
maintain some generality, we have assumed that the elasticity of constituent « may depend

on the referential apparent density of all constituents g in the mixture. Based on this relation,
the mixture stress simplifies to

o= D G pl):e¥ = Y Goh):(e* €%,
[04 a

(38)

where we have used the general relation (2.11) between the strain tensor of constituent «
relative to the master constituent s.

3.1 Non-reactive Elasticity

3.1.1 Tissues with Distinct Fiber Orientations—The simplest application of
constrained mixtures of solid constituents is the classical field of non-reactive elasticity

(,3“ =0, Va), when all constituents « share the same reference configuration X°. In that case,
the mixture stress in (3.2) simplifies to

o(0.F5) = L2 (@s)"

3.9

Example 9: Consider a fibrous tissue consisting of multiple fiber bundles, initially oriented
along distinct directions in the reference configuration. We may associate each bundle with
a distinct constituent «, so that the referential orientation of that bundle is given by the unit
vector n;; similarly, we can characterize that bundle’s mass content using p? (which is time-
invariant in this non-reactive example). For simplicity, we use infinitesimal strain theory
and linear elasticity, though the same presentation may be given using finite deformation
with nonlinear elasticity. Therefore, the stress response may be specialized from (3.8) with
&% =0, since all constituents share the same reference configuration,

o= Y %S,
2
a

(3.10)

The normal strain ¢, in bundle « is given by &, = n; - £* - n;. Assuming that each fiber bundle
behaves as a one-dimensional structure, and that its material properties only depend on its
own density, the elasticity tensor may be expressed as
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&% = E(p")nf ® nf @ nf @',

(3.11)

where E(p;) is Young’s modulus for fiber bundle «. Combining these expressions, and further
assuming that fiber bundles sustain stress only in tension, we get

o= H(eD)E(p)em; @ ny,
a

(3.12)

where H(-) is the Heaviside unit step function. This relation shows that the contribution of
each fiber bundle to the mixture stress is weighted by the bundle’s modulus E(p;), which
may generally be a nonlinear function of p!. This formulation is consistent with a fibrous
cartilage model reported in an earlier study, without explicitly appealing to the concept of
constrained mixtures [8]. In the case of a linear constitutive model, E(p;) = cp;, where c is

a constant, we effectively propose that the weight factor of each fiber bundle is directly
proportional to its mass content p?. Then, the expression (3.12) becomes consistent with the
classical treatment of fibrous tissues consisting of multiple fiber bundles; it may be easily
generalized to continuous fiber distributions by suitably substituting the summation with an
integration over all directions n; [36, 37]. The densities p! are observable (measurable) state
variables. They may be directly related to the fiber angular distribution function R(n;), which
represents the fraction of total fibers oriented along n; in the reference configuration, and is
routinely reported in the soft tissue mechanics literature [3, 23, 35, 45, 48].

Importantly, this example illustrates that the tissue ultrastructure can be directly related to
its composition (mass content), since each constituent « represents a fiber bundle oriented
in a different direction. More complex relations between ultrastructure and composition
may be similarly formulated. For example, the ultrastructure of trabecular bone may

be characterized by the concentrations p/ of various critical sub-structures, such as rods
and plates with particular dimensional characteristics, and their connectivities. Thus, the
evolution of tissue ultrastructure during tissue remodeling may be entirely described by the
axiom of mass balance, using scalar observable variables /’.

3.1.2 Tissues with Distinct Fiber Reference Configurations—In our second
example, consider multiple fiber bundles « which are all oriented along the same direction
n, in the master reference configuration. Each bundle « has a distinct reference configuration
X%, so that the relative strain tensors £*5, which are prescribed by constitutive assumption,
are not zero. Assuming that the elasticity tensor has the same form as (3.11), with n} = n,
for all «, and accounting for the tension-only response of fiber bundles, the stress-strain
response of (3.8) may be rearranged as
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o= Y H(e - e E(p)(e — ei)n, @n,,
o

(3.13)

where €, = n, - £ - n,, and similarly for ;. Note that ¢, represents the value of &, when
bundle « transitions between compression and tension. In this example, fiber bundles are
incrementally recruited as the normal strain &, exceeds the threshold &, of each bundle «
(Fig. 5). This incremental recruitment may thus produce the typical toe region observed in
experimental measurements on fibrous tissues, as illustrated in the next example. The shape
of the toe region may be modulated by the specific values of &, and the function E(y?) used
for each bundle.

Example 10: Consider a mixture of » constituents (« = 0 to n — 1, where s corresponds to
a = 0) such that

as _ &

et = ;50,
(3.14a)
and
E
E(p) = 2.
(3.14b)

Here, &/n represents the uniform strain increment at which fiber bundles get consecutively
recruited, whereas E,/n is the modulus of each fiber bundle.3 Under uniaxial loading along
n,, With normal strain ¢, = £, we find that ¢ = o n, ® n, where

E n—1
0'=70 Z H(s—%eo)(&—%eo).

a=0
(3.14c)

A plot of 6/ E, versus « illustrates the fiber bundle recruitment within the toe region, and the
linear response beyond it, for select values of » (Fig. 6). This discrete fiber model may be
generalized to a continuous fiber model (» — o) by converting the above summation to an
integral,

E, [
o= H(e — n)(e — n)dn,
0Jo

3aAn explicit dependence of E on p; may also be adopted, e.g., assuming that each bundle has the same density p. = p,/n, where p, is
the mixture density; then, letting E(p;") = (p;/ p,) E, would reproduce the relation adopted in (3.14b).
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(3.14d)
which produces
0 e<0
o=E, 26—620 0<e<eg.
£— % g<¢€
(3.14¢)

We conclude from this result that our specific constitutive assumptions for ;" and E(p;)
produce a quadratic toe region in the limit of a continuous fiber distribution, with &,
representing the width of the toe region and E, representing the modulus of the linear region.

This modeling approach for progressive recruitment of fiber bundles has been used in many
prior investigations [27, 32, 36, 67]; this example illustrates that this classical approach may
be reproduced within the context of constrained, non-reactive mixtures. In the examples
that follow, we illustrate how a reactive mixture framework easily extends these types of
formulations to fibrous tissue growth and remodeling.

3.2 Reactive Elasticity
A reactive elasticity framework extends the previous examples by letting the apparent
densities p! evolve in response to various signals. In a biological tissue, cells may synthesize
or degrade extracellular matrix in response to the state of loading. This type of response can
be embodied in a suitable constitutive model for the mass supply p; for each constituent,
which is then used in the mass balance equation (2.23). We have already illustrated
this approach for a single solid constituent s in Sect. 2.6.1. In the sections below we
examine additional examples that illustrate common features in biological tissue growth and
remodeling.

Example 11—We revisit the tissue model of Example 9, with distinct fiber orientations
n!, but common reference configuration X°. All fibers bundles start with a uniform density
pr = p, and lie in the x, — x, plane, with bundle « oriented at an angle « from the x,-axis (Fig.
7),

n; = cosa €, + sina e, .

(3.15a)

The fibrous matrix is initially isotropic in the x, — x, plane. Consider that the tissue is now
subjected to biaxial tension, such that the matrix of the stress ¢ in the basis {e, e, e} is

o, 00
0 o, 0f,
000

[o] = 6,>0,2>0.
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(3.15b)

Under infinitesimal strains the fiber bundle directions n? remain nearly unchanged, so that
the normal stress along bundle a is

.2
c=n;-0-n = a,cosza+azsm a.

(3.15¢)

We assume that the fibers remodel in response to loading according to the constitutive
relation (2.38),

L N R
=B( - Wo)

ot o T2E(p)

(3.15d)

For simplicity, we assume a linear dependence of the fiber modulus E(p;) on referential
apparent density,

E(p) = cp;.

(3.15¢)

If we assume that v = y, is constant for all fibers, the steady-state remodeling response
becomes

2
o1

2ey

a

P = lim pf=pg cosZa + Esinz ), Poo =
t— o o1

(3.157)

If we assume that the fiber distribution is continuous, we may integrate the expression for p%
in (f) with respect to « from 0 to 2z to get the mixture density,
02
p= pw(l + ;l)zr.

(3.159)

Then, the mass fraction of fibers along « may be evaluated from pZ/p. A plot of this fiber
angular density distribution for various values of the ratio ¢,/5, shows that fibers become
preferentially denser in the direction of loading (Fig. 8). In the limiting case when o,/0, = 1,
the density distribution remains isotropic.

Example 12—Alternatively, we may assume that the metabolic activity of cells is very
sensitive to their orientation relative to the principal directions of stress. In that case, we may
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assume that the threshold value of the specific free energy v; is nonlinearly dependent on the
fiber orientation relative to the principal direction of stress,

— %e—Zb cos2a’ b

0y
0 =1
=In—.
Yo o

2

(3.16a)

In this model, the non-dimensional parameter » controls the sensitivity of matrix remodeling
to the ratio of principal stresses. The steady-state remodeling response of p; under this state
of stress is

3
pl = lim pf= pm(cosza +e~ bsinza)eb cos2a |, o
t— oo 2cy

(3.16b)

For a continuous fiber distribution, integrating this expression over the range 0 < a < 2z
produces the mixture density

p= pm[(l + e_b)IO(b) +(1- e_b)Il(b)]zr,

(3.16¢)

where I, and 1, are modified Bessel functions of the first kind, of order 0 and 1, respectively.
A plot of p%/p versus a, for various choices of », shows that fibers are recruited preferentially
along the dominant loading direction (« = 0), with a fiber angular distribution that narrows
considerably with increasing » (Fig. 9). Once again, in the special case when ¢, = ¢, (b = 0),
we note that the fiber angular distribution remains isotropic (pZ/p = 1/2x for all a). In
contrast to the previous example, the remodeling response produces a much narrower fiber
distribution for this choice of constitutive model for ;. In fact, the constitutive relation
given in (3.16a) was selected specifically to reproduce the z-periodic von Mises fiber
angular distribution, commonly used to model fibrous biological tissues [23, 48].

3.3 Multi-generational Growth

When growth occurs in a biological tissue, the newly deposited solid material may not
necessarily be in the same state of stress as the existing substrate. Therefore, we can treat
each new generation of deposited solid material as a new constituent « within a constrained
mixture, having its own distinct reference configuration X*. The reference configuration of
each generation becomes a constitutive assumption in the modeling of a growing tissue. A
more comprehensive treatment of multi-generational growth mechanics has been presented
previously [9].

A critical question that arises in this context is whether the newly deposited matrix should
be in a stress-free state, or stressed. If it is stressed, should its state of stress match
that of the underlying substrate or should it be distinct from it? The answer to any of
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these questions depends very much on the specifics of a given growth process, including
environmental conditions at the time of matrix deposition, and the potential need to account
for microscopic-level phenomena (such as molecular forces that stretch or coil a long-chain
molecule as it binds to its substrate). For example, looking at Fig. 5, we need to hypothesize
the manner by which cells synthesized fiber bundles at different time points, under different
loading conditions, such that they were deposited within the extracellular matrix with
different amounts of crimping.

One simple constitutive assumption is that the newly-deposited matrix is in the same

state of strain as the underlying substrate, implying that X* = X*, F* = F* and F** =1 (or

€% = 3 and €% = 0 under infinitesimal strains) for all generations «. This assumption for
multi-generational growth may be hard to justify physically, since it is difficult to explain
how the newly-deposited matrix would bind onto the existing substrate while reproducing
its current state of strain exactly. Therefore, we have to view that constitutive assumption
as a simplifying idealization, satisfied approximately in an average sense, as might occur
for example when the substrate is being loaded cyclically in tension and compression, while
new material is continuously being added. In that case, the net macroscopic effect would be
to produce a tissue with no apparent residual stresses, consistent with the idealization that
the new matrix is being deposited in the same state of strain as the substrate. This type of
growth is believed to occur in bone, since bone does not typically exhibit residual stresses,
despite the fact that it remodels continually under load.

Another simple constitutive assumption is that the matrix of generation «, newly deposited
at time %, is in a stress-free state, so that its reference configuration matches the current
configuration of the tissue, X* = x5(X*,%). This assumption implies that F**(X*) = F¥(X*, 1)
(or £25(X®) = £5(X%, %) under infinitesimal strains), producing F*(X®, 1) = I (equivalently,
e¥(X*,1%) = 0). This assumption is easier to understand physically, since matrix products

released from a cell are initially in soluble form, especially if we ignore molecular forces
or assume that their effects average out to produce a stress-free state at the time of binding.
This modeling assumption may account for the evolution of residual stresses in a tissue,
when consecutive generations are deposited in different stress-free configurations, because
the current configuration of the underlying substrate varies over time. This type of growth
is consistent with observations of residual stresses in many soft tissues, such as articular
cartilage, intervertebral disc, or arterial wall.

Importantly, both of these constitutive assumptions lead to observable measures for F**,
since these measures are based on the observable deformation F° of the master constituent.
Thus, observation of the kinematics, F*(X®, 1), and composition p(X®, 7), provides a
complete determination of the state variables, whereas constitutive relations for ¥,(6, F°, p;)

and 5;(0, F°, p), and constitutive assumptions for F**, provide the functions of state necessary
for this framework.

J Elast. Author manuscript; available in PMC 2024 March 22.



1duosnue Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Nims and Ateshian Page 28

Example 13—Consider uniaxial loading of a bar having a solid matrix whose first
generation is the master constituent s. The prescribed uniaxial stress o(¢) in the bar is given

by

t
Oog 0<1<t

o(t) = {00, fh<t<t,

t—1t

O)— L, H1 <t<t.
o, —g == h

(3.17a)

This profile is illustrated in Fig. 10. We assume that a new generation « is deposited
interstitially, and homogeneously along the bar, over the time interval ¢, < ¢ < ¢,. The moduli

of generations s and « are respectively E° = E(p}) and E* = E(p"), where E is a given function
of density. What is the history of the state of strain £5(r) ?

We solve this problem using the infinitesimal strain relation (3.8), specialized to this one-
dimensional analysis of a bar. The state of stress is already given, so our only challenge
is to identify £45 by constitutive assumption, and determine the history of 5. We adopt
the assumption that generation « is deposited in a stress-free state over the time interval

t, <t < t,. The mixture stress may be evaluated from (3.8) as

ESe5(), 0<1t<t,

o(ty=" Y E(@)(ES) - €%) = | ESS(r) + E(p)(e5(1) — €%5), ty< 1 < 1y,
a=s,u

ESeS(t) + E¥(e5(1) — %), n<t<t.

(3.17h)

Note that generation « does not exist prior to ¢ = ¢, therefore it does not contribute to the
mixture stress prior to that time. Since generation s does not grow or degrade, its density p;

and its modulus E® are constants. The density p of generation « increases from 0 to its final
value over the time interval 1, < ¢ < #,, during which the modulus E(p;) may evolve; however,

from ¢, onward, the modulus E* = E(p!) remains constant. Equating (3.17a) and (3.17b) over
the time interval 0 < < 1, we can solve for £5(r) and conclude that

0o

S =e5(1y) =

(3.17¢)

Substituting this relation into (3.17b) and equating the resulting expressions with
corresponding time intervals in (3.17a), we obtain the complete history
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oy t

707, 0<1t <t

ESh

o
S(f) = 70, fh<t<t,
eXt) = ES

o tb—t EY

3 2 utz—t +7S),I1SIS¢2~

E°+E* 271 FE

(3.17d)

In particular, when the bar is unloaded at r = #,, we find that the strain does not return to zero,

[ E*

e5(t) = _.
ES + E*ES

(3.17¢)

In other words, the bar does not return to the reference configuration of the master
generation s, as the growth process has changed the traction-free configuration of the
constrained mixture. The tissue has become stiffer due to the addition of mass in generation
u. Because of the homogeneous growth and homogeneous state of stress throughout the
growth history, the final state of stress is zero and the residual strain £%(z,) is homogeneous
along the entire length of the bar. Importantly, to an observer who only examines the

bar starting at ¢ > 1, it is theoretically impossible to detect this residual strain because

of its homogeneous distribution, nor is it possible to reconstruct the true growth history,
regardless of the measurements performed. Thus, unobserved past growth history may only
be hypothesized, but not fully reconstructed.

Since we are using linear infinitesimal strain theory, we can use the superposition principle
as a quick way of reproducing the result of (3.17¢e). We recognize that the bar has a modulus

of E° before growth, so that a stress o, produces a strain ¢,/ E€. After growth, the bar’s
modulus has increased to E® + E*, therefore a reversal of the prescribed stress, —a,, produces
astrain —o,/(E® + E"). Superposing these two prescribed stresses and resulting strains, the

net stress becomes zero and the net strain is identical to the formula in (3.17¢), as also
illustrated in Fig. 11.

The above example illustrates homogeneous growth under a homogeneous state of

stress, which produces homogeneous residual strain (but no residual stress) in the final,
traction-free configuration of the constrained mixture. In the next example, we examine
homogeneous interstitial growth (homogeneous deposition of p) under an inhomogeneous

state of stress, using an internally pressurized thick-walled cylinder.

Example 14—Consider the thick-walled cylindrical tube analyzed in Example 7. Consider
that the tube is subjected to an internal pressure p(¢). The resulting state of stress is given in
that previous example. Consider that the pressure p(¢) varies over time according to
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t
Do 01 <ty
Ty
p(t) = { Do, th<t<t,
hol  <i<i
pUtz—tl’ 1SS0,
(3.18a)

and growth occurs over the time interval 1, < r < ,, in analogy to Example 13. Assuming that
generations s and « behave as linear isotropic elastic materials with Poisson’s ratio equal to
zero for both generations, what is the state of stress and strain in the traction-free state at
t=1"7

We solve this problem in the same manner as in Example 13, using the quick superposition
method summarized at the end of that example. Based on the constitutive relation of a
linear isotropic elastic solid, when Poisson’s ratio is zero, the non-zero normal strains of
generation s at time ¢, are given by

2 2

s us Orr a b~ | p
er.to) = &(r) = S 3 2(1—2(;,

E b~ — a r-|E

2 2
s us Coo a b~ | o
g0o(r. 1) = €go(r) = — = 1+=|—=
ES b2 - a2l PES

(3.18b)

After the growth of generation «, the modulus has increased to E* + E*. Therefore, the
strains resulting from a negative internal pressure —p, have a similar form as (3.18b), with p,
replaced by —p, and E® replaced by E° + E*. Superposing these two loading states produces
a net state of strain at ¢, given by

en(r,ty) = @ I
mr ) = - —
p-a?\ B + E4ES
2 2 u

epp(r, 1) = 2a (1+b—] LI
b —azk r }ES+E"ES

(3.18¢)

The state of stress at 1, is evaluated from (3.8), using the stress-strain relation specialized to
the case when Poisson’s ratio is zero, ¢ = Ee, and we confirm that the stresses return to zero
upon unloading, o,.(r, 2,) = 64(r, ;) = 0. The development of inhomogeneous residual strains,
summarized in (3.18c) and plotted in Fig. 12, is a consequence of the multi-generational
growth process under an inhomogeneous state of stress. Observing the material at time 7 > 1,
does not make it possible to reconstruct the growth history; however, the inhomogeneous
strain state provides a hint that such a growth process has occurred. Cutting the tube
radially at any location around its circumference will cause a deformation that breaks the
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axisymmetric geometry; this type of deformation serves as evidence that the tube was
residually strained. After cutting, some residual stresses may develop in the tube.

In conclusion, we find that a constrained reactive mixture framework allows us to account
for tissue growth and remodeling, the evolution of fibrous tissue anisotropy in response to
loading, and the evolution of residual strains and stresses. As shown in various examples,
the tissue microstructure may be described entirely with compositional measures, namely,
the concentrations p of various constituents, whose evolution is governed by the axiom

of mass balance. No internal variables are needed to describe these processes, and this
approach neatly recovers many classical formulations for biological tissues within a unified
framework.

4 Reactive Linear Viscoelasticity

4.1 Strong and Weak Bonds

In this section we apply the framework of constrained reactive mixtures to formulate the
theory of linear viscoelasticity for solids. A more comprehensive treatment of reactive
nonlinear viscoelasticity has been presented in an earlier study [5]. Here, we treat
viscoelastic solids as a mixture of two bond families: Strong bonds (a = ¢) that do not break
in response to loading and produce the equilibrium elastic response; and weak bonds a # e,
which break in response to loading and immediately reform into a stress-free configuration.
Weak bonds are therefore reactive constituents in this mixture framework. Weak bonds
may belong to different bond families » that exhibit different responses to loading; in this
introductory presentation, we assume that a single weak bond family b is present. This
microscopic description of viscoelasticity was originally proposed by Green and Tobolsky
[26] and this concept was reprized in more recent studies [64], though the present treatment
differs from those prior articles.

Weak bonds that reform at time ¢ = u are denoted by « = « and called u-generation bonds.
Similarly, weak bonds that break and reform at a subsequent time ¢ = v are denoted by a = v.
The reaction describing bond breaking and reforming is simply

&' &Y,
(4.1)

indicating that loaded bonds belonging to the u-generation break and reform into stress-free
bonds at time 7 = v, forming v-generation bonds. The earliest generation is « = s where
s — — oo and it represents the master constituent whose reference configuration is the stress-

free configuration X° of the weak bonds. We assume that X* also represents the stress-free
reference configuration of strong bonds. The motion of the master constituent is given by

)(S(XS, t).
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We adopt the constitutive assumption that bonds belonging to the u-generation have a

stress-free reference configuration X* that coincides with the current configuration at the
time of bond reformation,

X% = )(S(Xs,u).
(42
Based on the relation (2.11), the infinitesimal strain for this generation is
(X5, 1) = &5(X5, 1) — e45(XF).
(4.3)

This relation indicates that £%(X*, 1) is the strain relative to time ». The constitutive
assumption of (4.2) implies that £#° may be evaluated as
45(X5) = e5(X5, u),

(4.)

which remains invariant for all > «. In other words, the strain &* of the master constituent
uniquely determines the relative strain &“ of all subsequent generations u.

4.2 Constitutive Model for Free Energy Density

We now propose a constitutive form for the mixture strain energy density ¥,,

W,(0,€5, pl) = Wi(0,€%) + Y W0, ol ¥,
u

(4.5)

where ¥; is the strain energy density of strong bonds and ¥; is the strain energy density of
u-generation bonds. The simplifying constitutive assumptions adopted here are that (a) ¥; is
independent of the weak bond concentrations, and (b) ¥; only depends on the concentration
p; of that generation. We make a further simplifying assumption that the free energy density
of each generation has the same functional form for all generations,

(0. i ) = plyb(6. ),

(4.6)

where y? is the specific free energy of any generation in the bond family », and is
independent of the concentration of that generation. All these simplifications represent
constitutive assumptions that may be validated against experimental measurements of
specific viscoelastic solids.
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Based on this constitutive model we find that the chemical potential of each bond
generation, given by (3.5), reduces to

o
u_ 9% _ L big gl
o w(0, "),

u

X))

which is the specific free energy of that bond. The chemical potential of strong bonds (which
are non-reactive) is zero, u¢ = 0. The mixture stress may be evaluated by substituting (4.5)
into (3.6),

o=

e b u
o¥; + Zpudu/ (0, € )

r

oes oY
(4.8)
This relation may also be rewritten as ¢ = 6¢ + 6", Where
oo 0¥
o€’
(4.9)
is the elastic response of strong bonds, while
b u
oV = zp:()y/ (6, %)
" o4
(4.10)

is the stress in weak bonds, which is effectively the viscous response since p; eventually
decays to zero for all loaded bond generations, as shown below.

4.3 Constitutive Model for Mass Supply

The mass balance for each constituent of a constrained mixture is given in (2.23), subject
to a suitable initial condition. Based on Sect. 2.4, the initial bond reaction &° — &" is
constrained stoichiometrically by

M= —pi=MC,

(4.12)

where ¢, is the molar production rate and M* = M“ is the molar mass for this weak bond
species. We now make the constitutive assumption that ¢, describes a first-order forward
reaction, according to the law of mass action,
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sy _ 1 g
M Cr_Tpry

4.12)

where 1/z is the reaction rate and  is the time constant of the reaction. Using a material
frame to solve for p}(X®, 1), the mass balance for the s-generation becomes

a1,
o =~
(4.13)
whose solution is
pf(Xs, t) = poe_(t —wlT >y,
(4.14)

Here, p, is the initial concentration of s-generation bonds of bond family », which represents
the total density of weak bonds in the mixture. The corresponding equation for p! is
o _ 1 ,_1 —(t-ult,

or - ;ﬂr = ;I’oe

(4.15)

with initial condition p(X*,u) = 0 at + = u. Therefore, the solution for p; is

pﬁ‘(XS, t) = po(l _e - ”)/T), t>u.

(4.16)

Next, consider the subsequent bond reaction & — ", which starts at time v and is assumed
to exhibit the same reaction kinetics. Following the approach above, the governing equation
for u-generation bonds is

o _ 1,
o= TP

(4.17)

subject to the initial condition p/(X*, v) = p,(1 - e~ (v=u)/7y obtained from (4.16). The solution
to this equation is

p:l(xs’t) _ po(e_(’ —v)lt_ —~(t— u)/r)’ >,

(4.18)
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Therefore,

0, t<u,
PH(X5, 1) = po(l _e (- “)/T), u<t<uv,

po(e—(t —v)/7 _ ~(t- u)/r)’ v<t.

(4.19)
We may define the bond mass fraction
w”(XS t) = L(XS’ t)
, P
(4.20)
such that w* is now given by
0, t<u,
w”(XS, t) e u)/T, u<t<ov,
(=0t _—-ult , <
(4.21)

While s - and u-generation bonds are breaking over time ¢ > v, v-generation bonds are
growing from the reformation of bonds from both prior generations, with p! satisfying

a9 r% s 0 —(f —
ap, = %(p, +p) = %e (t=v)iz,
(4.22)
subject to p;(X*, v) = 0. Thus, the solution for p! is
pﬁ’(Xs,t) _ po(l _e— (- U)/T)’ >0,
(4.23)

such that w? = p*/p, = 1 — e~(t =)/ Comparing this relation to (4.16), it becomes apparent

that the relation for w in (4.21) is recursive and applies to all subsequent generations (Fig.
13).

The mixture strain energy density and stress may be evaluated using these mass fractions as
W, = W0 £5) + Y whp)(0, "),

u

(4.24)
and
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(4.25)

where ¥’ = py?.

Example 15—The stress-relaxation response to a single step strain at 1 = u may be
evaluated from these expressions as follows. Let £5(X*, 1) = H(t — u)e,. According to (4.4), we

find that €5 = ¢, so that £%(X*,7) = 0 for ¢ > u according to (4.3). In other words, generation
u comes into existence at the instant of loading at 1 = u, and its reference configuration is
the current configuration of the s-generation at s = u. Since £4(X°, 1) is zero, the u-generation
strain energy density is equal to zero, ¥/(6, €*) = 0. Therefore, the only contributions to the
mixture strain energy density ¥, are the strong bonds and the s-generation weak bonds,
whose concentration is decaying over time according to (4.14),

W, = i(0.60) + e~ W/THg €)1 > u.

(4.26a)

Accordingly, at ¢ = u, the strain energy density in the mixture is ¥, = (6, &) + ¥.(, &), and
ast— oo, it decays to ¥, = ¥;(0, &) (Fig. 14). Thus, instantaneously upon loading, both
strong and weak bonds can store strain energy; however, the progressive breaking and
reforming of weak bonds causes a concomitant dissipation of mixture strain energy density,
eventually reducing to the contribution of strong bonds only. The stress response shows the
identical behavior,

o =0%0, &)+ U ”)/Tab(é?, &), 1>u,

(4.26b)

where the strong and weak bond stresses are evaluated from their respective strain energy
density functions as o¢ = 0¥/ de and &® = 0¥/ de. Comparing the expression of (4.26b) to
(4.8), we conclude that the viscous stress is ¢V = e~ =#)/7gb, This example shows that the
stress-strain response of strong and weak bonds need not be the same, since the constitutive
relations for ¥; and ¥, may be different. In most classical, introductory presentations of
linear viscoelasticity, it is common to select these functions to differ only by a scale factor.
In particular, ¥} = 0 produces an elastic solid; ¥; = 0 produces a Maxwell fluid; and ¥} = p¥;
produces the standard linear solid, where g is a positive scalar.

For continuous time increments between consecutive generations, let v = u + du in the
recursive relation for " in (4.21), and perform a Taylor series expansion of the third entry
about « to show that

J Elast. Author manuscript; available in PMC 2024 March 22.



1duosnuepy Joyiny 1duosnuely Joyiny 1duosnuey Joyiny

1duosnue Joyiny

Nims and Ateshian

Page 37

wh = le_(t - ”)/Tdu, u<t.
T

4.27)

(The second entry in (4.21) reduces to zero as v — u and ¢ — u). Now, the summation in the
evaluation of ¢ may be converted to an integral,

e ! b u
L / Lt — w020 €9
085 JooT oe"

(4.28)
We may define the function

b u
o-b(H, &) = O, &) ),
oe!

(4.29)

and use the definition of (4.9), so that the above expression for the stress may be rewritten as

1
o =0%0,%+ %/ (1= “)/Tab(a, e')du .

(4.30)

Similarly, the mixture free energy density is
W,(0,5, 1) = Pi(0,5) + Y. w6, ")
u

(4.31)

in discrete form, and
¥,(6, €5, p) = VL6, €5) + % f "= winpi (g, gty
(4.32)

in continuous form.

For a linear stress-strain relation for o® versus %, the relation (4.3) between £* and &5 implies
that

ab(é, Eu(Xs, t)) = o'b(G, ES(XS, t)) - o'b(es(XS, u))

(4.33)

J Elast. Author manuscript; available in PMC 2024 March 22.



1duosnue Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Nims and Ateshian

Page 38
This expression may be substituted into (4.30) to produce

o = o“(e3(X°0) + eS(X"r)) = 1 e = Tah(ed(X", )

TJ-

(4.34)

which is the classical relation for infinitesimal strain viscoelasticity in isotropic materials.

In summary, we were able to derive the theory of linear viscoelasticity without an ad hoc
appeal to Boltzmann’s superposition principle. Similarly, we did not propose the existence
of internal variables, such as the deformation of springs and dashpots placed in various
parallel and series configurations, to produce the desired material response. Instead, we
formulated a viscoelasticity theory based on the existence of microscopic weak bonds that
break and reform in response to loading, which is the fundamental physical mechanism
believed to describe viscoelasticity [26, 64]. This formulation shows that stress may be
evaluated from the derivative of the strain energy density with respect to strain, as shown in
(4.25) and (4.28), in analogy to elasticity theory.

Example 16—Consider the one-dimensional analysis of a bar subjected to uniaxial
loading. Let the strong bond modulus be E¢ and the weak bond modulus be E?, so that

o€ = E% and o = E%¢S. Under a prescribed strain e = £,H(t), the stress response is obtained
from (4.34),

b i
o(t) = E¢eoH (1) + EPeoH(1) — —E:‘) / e~ (t=wltgy,
0

(4.35a)

which evaluates to

o(f) = E, H (1)

b
1+E—e_t/'r
E® '

(4.35b)

Thus, the stress relaxes exponentially from a peak value (E° + E)e, at 1 = 0 to an equilibrium

value E°, (Fig. 15).

Under a prescribed stress ¢ = 6,H(t), we solve for £5(¢) using

b 13
coH (1) = (Ee n Eb)es(t) - E7 / (=TS ay.

(4.35¢)

This equation may be solved using the method of Laplace transforms to produce
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t b

£S(t) = %(1 - pe—ﬂ;), f= E

EC+ED

(4.350)

This creep response shows that the strain is initially 0'0/(Ee + Eb), and rises exponentially to

an equilibrium value 6,/ E® (Fig. 16).

4.4 Thermodynamic Constraints

The reaction &° — " involves two constituents and their referential mass supplies are given
in (4.11), whereas the chemical potentials are given in (4.7). Substituting these relations into
the residual dissipation (3.4) produces

P + bt = MPE(wh(0, &%) - yh(6,%)) < 0.

(4.36)

Note that M3, is always positive since the reaction proceeds forward (thus = > 0), as

seen from (4.12). We conclude that the thermodynamic constraint placed by the residual
dissipation is that the specific free energy w2(6, £¥) of broken and reformed bonds in the
u-generation must be less than the specific free energy w2(6, £%) of intact bonds s. This
constraint is automatically satisfied based on our modeling assumptions, since & = 0 at time
u, implying that w2(6, £%) = 0 at the time of u-generation bond reformation.

5 Conclusion

This article reviews some recent advances in modeling biological tissues using reactive
constrained mixture theory. Many simple illustrations have been presented to highlight

the potential benefits of this approach. The main message conveyed in this presentation

is that seemingly disparate fields of mechanics and chemical kinetics are actually closely
interrelated and may be elegantly expressed in a unified framework. Thus, constrained
mixture models recover classical theories for fibrous materials with bundles oriented in
different directions or having different reference configurations, that produce characteristic
fiber recruitment patterns under loading. Reactions that exchange mass among various
constituents of a mixture may be used to describe tissue growth and remodeling. Similarly,
reactions that describe the breaking and reforming of bonds may be used to model free
energy dissipation in a viscoelastic material.

In contrast to general (unconstrained) mixtures, constrained mixture only require the
solution of a single momentum balance equation. No constitutive relations are needed to
describe the momentum exchange among various constituents, since there is no relative
motion between them within a constrained mixture framework. Therefore, just like elasticity
theory, there is only one unknown motion x%(X®, ) that needs to be obtained from the
analysis of a constrained mixture, by solving the momentum balance for the mixture. When
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the mixture is reactive, the axiom of mass balance may be used to solve for the evolving
concentration pi(X®, 1) of mixture constituents «. Much freedom exists in the formulation

of constitutive relations for the mixture free energy density ¥,(6, F°, p7), constituent mass

density supplies 5;(6,F’, p;), and constitutive assumptions about the mapping F** between
the reference configuration of constituent « and that of the master constituent s. Contrary
to theories that employ internal variables, which necessarily evolve in time and require
additional evolution equations [17], F** is time-independent. It is a property of the mixture
which is postulated by constitutive assumption when solid constituent « comes into
existence. This approach allowed us to model the evolution of material anisotropy using

pr as the evolving measure of constituents with preferred spatial orientations, as illustrated
with fibrous tissues in Sect. 3.2; a similar approach could be used with other quantitative
measures of material structure, such as rods and plates in trabecular bone [62]. Importantly,
the state variables (6, F*, p;) are all observable and governed by fundamental axioms of mass,
momentum and energy balance, such that this framework does not require the introduction
of additional evolution equations.
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Transient response of 7} versus 7 in Example 5, using three different values of y, with

Pl ol =112
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Transient response of 5} versus 7 in Example 6, using two different values of z/T, with

polps = 1/2 and y = 2. The effect of cyclical loading is negligible when z/T > 1
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Fig. 4.
Steady-state response of p;/p;, in Example 7, along the radius r of a thick-walled cylindrical

tube subjected to an internal pressure p,. The inner wall radius is a and the outer wall radius
is b. Results are presented for b/a = 2 and various values of y
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Fig. 5.
Schematic illustration of a constrained mixture of three fiber bundles «, all oriented along

the same direction n,, with distinct reference configurations. Each bundle is crimped by a
different amount, such that the transition between compression and tension differs for each
constituent «. Let « = 0 correspond to the master constituent s, and let &, denote the normal
strain along n, in this bundle. We may define the relative normal strain &;° along n, as the
value of ¢, at which bundle « transitions between compression and tension
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Fig. 6.
Stress-strain response for the fiber recruitment model described in Example 10, with
increasing number of fiber bundles » and uniform increment in recruitment strain
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Fig. 7.
Planar fiber distribution in the x, — x, plane. Constituent « in this constrained mixture

represents the fiber bundle making an angle a with the x,-axis
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Fig. 8.
Steady-state remodeling response of fibers when y; = y, is constant, as described in

Example 11. Curves show the steady-state mass fraction pZ/p of fiber bundles oriented at
angle a, for various values of the biaxial stress ratio o,/5,, as summarized in Eq. (3.15f)
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Fig. 9.
Steady-state remodeling response of fibers as described in Example 12, showing the mass

fraction pZ/p,, of fiber bundles oriented along «, for various values of the parameter »

J Elast. Author manuscript; available in PMC 2024 March 22.



1duosnuepy Joyiny 1duosnuely Joyiny 1duosnuey Joyiny

1duosnuely Joyiny

Nims and Ateshian Page 53

a

LIS, IL IS NN NN N S N B S e E S S S e e e e R

r
~
(=]

Fig. 10.
Prescribed uniaxial stress history o(r) for multi-generational growth problem in Example 13
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02t

L L s n o
0.0 0.2 04 0.6 0.8 1.0

glt?éslsl—.strain response for multigenerational growth of a uniaxially loaded bar. The response
to loading of the first generation (0 < ¢ < #,) has a slope E°. After the growth of the second
generation from 1, to #,, the modulus has risen to E° + E* and the unload from 1, to 1, produces
a residual strain, as given by Eqg. (3.17¢) in Example 10. This illustration uses E¥ = E®
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Fig. 12.
Residual radial and circumferential strains in multi-generational growth of a pressurized

thick-walled cylindrical tube, as described in Example 14. In this example, a = /2 and
E'=E°
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Fig. 13.
Temporal response of weak bond mass fractions w® for three consecutive bond generations,

where « denotes the time when that generation started forming: s = — o, u =0, v = 1, with
7 = 1/2. Based on the constraint of (2.24) and the definition (4.20), the bond mass fractions
sum up to unity, Y°, w* =1
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Fig. 14.
Time-dependent response of the free energy density ¥, in a reactive viscoelastic material

subjected to a step strain &, at time ¢ = u, according to Example 15

J Elast. Author manuscript; available in PMC 2024 March 22.



1duosnuepy Joyiny 1duosnuely Joyiny 1duosnuey Joyiny

1duosnuely Joyiny

Nims and Ateshian

Page 58

111!LLLtT
s o

Fig. 15.
One-dimensional stress-relaxation response as described in Example 16, with E?/E = 1/2
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One-dimensional creep response as described in Example 16, with E?/E® = 1/2
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