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Modified Fields‑Backofen 
and Zerilli‑Armstrong 
constitutive models to predict 
the hot deformation behavior 
in titanium‑based alloys
Abdallah Shokry 

This work presents modifications for two constitutive models for the prediction of the flow behavior 
of titanium-based alloys during hot deformation. The modified models are the phenomenological-
based Fields-Backofen and the physical-based Zerilli-Armstrong. The modifications are derived and 
suggested by studying the hot deformation of titanium-based alloy Ti55531. The predictability of 
the modified models along with the original Fields-Backofen and another modified Zerilli-Armstong 
models is assessed and evaluated using the well-known statistical parameters correlation coefficient 
(R), Average Absolute Relative Error (AARE), and Root Mean Square Error (RMSE), for the Ti55531 
alloy, and validated with other two different titanium-based alloys SP700 and TC4. The results show 
that the modified Fields-Backofen gives the best performance with R value of 0.996, AARE value of 
3.34%, and RMSE value of 5.64 MPa, and the improved version of the modified Zerilli-Armstrong 
model comes in the second-best place with R value of 0.992, AARE value of 3.52%, and RMSE value of 
9.15 MPa for the Ti55531 alloy.

Keywords  Hot deformation, Modified Fields-Backofen, Modified Zerilli-Armstrong, Constitutive modeling, 
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Titanium-based alloys possess superior mechanical properties such as high strength and high corrosion resist-
ance, especially at elevated temperatures1–5; hence they have been widely used in many different applications 
such as the aerospace industry6,7. Undoubtedly, dynamic recovery and dynamic recrystallization affect the micro-
structure as well as the mechanical properties of the titanium-based alloys during hot working such as hot rolling 
and hot forging8–10. Therefore, finding appropriate and precise models is essential for the accurate prediction of 
the flow behavior during hot deformation, to optimize hot working parameters such as strain, strain rate, and 
temperature, as well as to simulate both thermoforming processes and real applications11–15.

To predict the flow behavior, several constitutive models have been utilized which can be classified into three 
different categories namely phenomenological-based, physical-based, and artificial neural network models16,17. 
The phenomenological-based models mainly depend on empirical observations of stresses and strains such 
as Khan-Huang-Liang18, Johnson–Cook19 and Fields-Backofen20 models, while the physical-based models are 
mostly based on dislocation and dynamic softening phenomena during plastic deformation such as Zerilli-Arm-
strong21, Goetz-Seetharaman22 and Preston-Tonks-Wallace23 models, and the artificial neural network models 
uses artificial intelligence24–27. Titanium-based alloys have complex hot deformation behavior; therefore, con-
stitutive models sometimes fail to accurately predict the flow behavior. Accordingly, different modifications for 
many constitutive models have been presented to precisely predict the flow behavior of titanium-based alloys 
during hot deformation28–31.

Fields-Backofen (FB)20 is one of the famous phenomenological models that is used for the prediction of the 
hot flow behavior. However, the model does not take thermal softening into account; therefore, it gives accurate 
predictions for some alloys32–34 and not accurate predictions for other alloys35,36. Therefore, some modifications 
for the FB model are presented that takes the thermal softening into account31,37,38. One of the well-known 
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physically based models is the Zerilli-Armstrong (ZA) model21. In fact, the original ZA model does not take 
deformation parameters into account; therefore, an accurate prediction for the flow behavior is not certified, and 
some modifications are introduced39–42. Samantaray et al.43 introduced one of the famous modifications for the 
ZA model, in which the coupled effect between temperature and both strain and strain rate are considered. Very 
good statistical results with R = 0.995 and AARE = 5.3% are obtained when the predicted stresses are compared 
to experimental stresses for Ti-modified austenitic stainless steel. The modified model that was presented by 
Samantaray et al.43 was implemented to predict the hot deformation behavior for different alloys with accurate 
predictions44–46 and without accurate predictions47–50.

In this work, two modified constitutive models for the FB and ZA are established to predict the flow behavior 
of Ti53331 alloy during hot deformation. The Ti53331 is a metastable β titanium alloy, which considered one 
of the promising structural materials that has preference fracture toughness and outstanding fatigue properties 
beside the high strength51,52. The predictability of both modified models is compared with other modified ZA 
and the original FB models for the Ti55531 alloy, and evaluated using the well-known statistical parameters R, 
AARE, and RMSE. In addition, the modified models are validated by considering the predictability of other two 
different titanium-based alloys SP700 and TC4.

Material and methods
In a recently published article, Xiang et al.53 studied the microstructural evolvement and dynamic softening 
processes of Ti55531 alloy during hot deformation in the α + β phase region. A group of experiments with dif-
ferent combinations of strain rates 0.001 s−1, 0.01 s−1, 0.1 s−1, and 1 s−1 and different temperatures 760 °C, 790 °C, 
820 °C, and 840 °C was conducted using Gleeble-3800 test machine. For more information about the preparation 
of the tested samples, see reference53.

The hot deformation behavior of the Ti55531 alloy was found to be like the behavior of most alloys during hot 
deformation, in which stress increases with the increase of strain rate and the decrease of temperature. Generation 
and multiplication of dislocations play an important role in this increment since high stresses are needed due to 
the presence of dislocation interactions. Conversely, dynamic recovery and dynamic recrystallization will not 
find enough time to be restored54,55. On the other hand, stress decreases with the increase of temperature and 
the decrease of strain rate, which might be associated to the available enough time for dynamic recovery and 
dynamic recrystallization to be initiated56,57.

Constitutive models
In this section, the original FB and modified ZA models as well as the presented modifications for the FB and 
the modified ZA models are explained.

Fields‑Backofen model (FB)
In 1957, Fields and Backofen20 presented their famous phenomenological model for the prediction of the hot 
deformation behavior. One of the drawbacks of the FB model is that it does not take the softening term into 
account. The FB model is given as:

where σ and ε represent stress and strain respectively. Constant K represents strength coefficient, and constant 
n represents the work hardening exponent. The strain rate sensitivity is presented by constant m . Constants K , 
n , and m are empirically presented as next 31,32,58:

where K0, K1, K2, n0, n1, n2, m0 and m1 are material constants, which can be determined using experimental 
data as it will be explained later.

Modified Zerilli‑Armstrong model (MZA)
Samantaray et al.43 presented a familiar modification for the physical-based ZA model, to predict the hot defor-
mation behavior, in which the coupled effect between temperature and both strain and strain rate are considered. 
The MZA is given as:

The stress is represented by σ and strain is given by ε , and C1, C2, C3, C4, C5, C6 and N  are material 
constants. ε·∗ = ε·/ε·◦ represents a value of strain rate ε· over a selected reference strain rate value ε·◦ , while 
T
∗
= T − Tr , with T represents tested temperature and Tr introduces a selected reference temperature. In this 

modification, constants C1, C2 and N represent strain hardening term, and constants C3 and C4 stand for soften-
ing term, while constants C5 and C6 constitute strain rate term.

(1)σ = K εn ε·m

(2)K = K0 + K1 ln ε
·
+ K2/T

(3)n = n0 + n1 ln ε
·
+ n2/T

(4)m = m0 +m1/T

(5)σ =
(

C1 + C2ε
N
)

exp
{

−(C3 + C4ε)T
∗
+

(

C5 + C6T
∗
)

ln ε·∗
}
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Modified Fields‑Backofen model (MFB)
After adding softening term to the FB model and replacing strain rate with dimensionless strain rate ε·/ε·◦ as 
previously defined, the proposed modification of the Fields and Backofen model can be given as next:

where K , n , m , and D are material parameters, which can be determined as functions of strain, strain rate, and 
temperature as next:

(i) Using reference strain rate and reference temperature, Eq. (6) reduces to:

Constant K and parameter n(ε) can be determined using Eq. (7) and experimental data at reference conditions.
(ii) At reference temperature and using ε·∗ = ε·/ε·◦ , Eq. (6) lowers to:

Taking logarithm for both sides, and after performing some rearrangements, parameter m(ε, ε·) in Eq. (8) 
can be expressed as:

Parameter m(ε, ε·) can be determined using Eq. (9) and experimental data at reference temperature.
(iii) Using n(ε) that is obtained from Eq. (7) and m(ε, ε·) that is obtained from Eq. (9), and after performing 

some rearrangement, parameter D(ε, ε·,T) in Eq. (6) can be written as:

The parameter D(ε, ε·,T) can be determined using Eq. (10) and experimental data at the left values of strain 
rates and temperatures.

Improved version of MZA (IMZA)
The MZA model that was presented by Samantaray et al.43 can be improved by studying the effect of experimental 
data on the parameters that constitute strain hardening, softening, and strain rate. The IMZA can be expressed 
as follows:

where A , B , and C represent material parameters that constitute strain hardening, softening, and strain rate terms 
respectively, and can be determined as next:

(i) At reference strain rate and reference temperature, Eq. (11) reduces to:

where A is a material parameter that constitutes strain hardening term, which can be determined using Eq. (12) 
and experimental data at reference conditions.

(ii) Using strain hardening term in Eq. (12), and performing some rearrangement at reference strain rate, 
parameter B(ε,T∗) in Eq. (11) can be introduced as:

Parameter B(ε,T∗) can be determined using Eq. (13) and experimental data at reference strain rate.
(iii) Using A(ε) that is obtained from Eq. (12) and B(ε,T∗) that is obtained from Eq. (13), and after perform-

ing some rearrangement at different strain rates and different temperatures, parameter C(ε,T∗, ε·∗) in Eq. (11) 
can be presented as:

Parameter C(ε,T∗, ε·∗) can be determined using Eq. (14) and experimental data at the left values of strain 
rates and temperatures.

Results and discussion
The results and discussion section shows how material constants of the four models are determined. Also, it 
displays a comparison between experimental and predicted stresses by the four models. Furthermore, it presents 
an evaluation and assessment for the predictability of the flow behavior by the four models using statistical 
parameters. This is applied to the Ti55531 alloy. Finally, the MFB and IMZA are validated by evaluating and 
assessing the predictability of the flow behavior for SP700 and TC4 alloys.
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Determination of models’ constants
Considering experimental data, the effect of strain, strain rate, and temperature on the flow behaviour of the 
Ti55531 alloy are studied. Accordingly, the parameters that constitute the modified models are suggested and 
determined as will be explained in this subsection.

FB model constants
Taking logarithm of Eq. (1), it turns to:

Considering lnK  and ln ε· are constants at a certain temperature. Then, n is given by taking derivative of 
Eq. (15) as n = d lnσ/d ln ε . By plotting d lnσ versus d ln ε , n can be determined as the slope. According to the 
combinations of strain rate and temperature, different n values are obtained. Figure 1a shows that a linear rela-
tionship between ln ε· and n for the four tested temperatures can be introduced as:

The slope of the curves gives the value A1 , in which the average of the four values of A1 can be utilized as the 
slope of four curves that is equal to n1 in Eq. (3), which is determined as  − 0.0082. By plotting 1/T versus A as 
shown in Fig. 1b, n0 and n2 in Eq. (3) are determined as 0.8162 and  − 748.32, the values of intercept and slope 
respectively.

Considering lnK  and ln ε are constants at a certain temperature. Then, m is given by taking derivative of 
Eq. (15) as m = d lnσ/d ln ε· . By plotting ln σ versus ln ε· as shown in Fig. 2a, the intercept is obtained for the four 

(15)ln σ = lnK + n ln ε +m ln ε·

(16)n = A1 ln ε
·
+ A

Figure 1.   (a) ln ε· versus n , and (b) 1/T versus A.

Figure 2.   (a) ln ε· versus ln σ , and (b) 1/T versus m.
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temperature values, and plotted versus 1/T as shown in Fig. 2b. The values of m0 and m1 in Eq. (4) are determined 
as 0.7282 and − 413.96 from the slope and intercept of the curve presented in Fig. 2b.

To obtain the constant K in Eq. (2), Eq. (1) can be expressed as:

Substituting the obtained values of n and m using Eqs. (3) and (4) into Eq. (17), different K  values at dif-
ferent strain rates and different temperatures are determined. By plotting ln ε· versus K  for the four different 
temperatures, the value K1 in Eq. (2) is determined as  − 1.131 by taking the average of the slope values as shown 
in Fig. 3a, while both values of the parameters K0 and K2 are determined as  − 100.7 and 258417 respectively by 
plotting 1/T versus the intercepts ( B ) as shown in Fig. 3b.

MZA model constants
At reference strain rate, Eq. (5) reduces to:

Reference strain rate is chosen as 0.001 s−1. Constant C1 is determined as the yield stress with value of 90 MPa. 
Taking logarithm of both sides, Eq. (18) can be introduced as:

By plotting T∗ versus ln σ at reference strain rate, the slope and intercept can be determined as −(C3 + C4ε) 
and ln

(

C1 + C2ε
N
)

 respectively, for the four temperature values and with strain from 0.1 to 0.8 with an increment 
of 0.1 (cf. Figure 4a). To determine C2 , C3 , and C4 , let I1 = ln

(

C1 + C2ε
N
)

 and S1 = −(C3 + C4ε) . The intercept 
I1 can be rewritten in the next form after taking logarithm for both sides and performing some rearrangements:

By plotting lnε versus ln
(

exp I1 − C1

)

 as shown in Fig. 4b, C2 is determined as 38.976 from the intercept 
and N is determined as 0.9842 from the slope. The constants C3 and C4 are determined as − 0.0096 and 0.0055 
respectively, via plotting ε versus S1 , in which C3 represents the intercept and C4 represents the slope (cf. Fig-
ure 4c). To determine C5 and C6 , Eq. (5) can be written in the next form after taking logarithm and performing 
some rearrangements:

By plotting lnε•∗ versus lnσ for the left values of strain rate and temperature, C5 + C6T
∗ can be determined 

as the slope. Let S2 = C5 + C6T
∗ , and plot T∗ versus S2 , C5 and C6 represent the intercept and slope that are 

determined as 0.00065 and 0.184 respectively (cf. Figure 4d).

MFB model constants
At a chosen reference strain rate of 0.001 s−1 and reference temperature of 760 °C, Eq. (7) can be fitted to experi-
mental data as next (cf. Fig. 5):

(17)K =
σ

εnε·m

(18)σ =
(

C1 + C2ε
N
)

exp
{

−(C3 + C4ε)T
∗
}

(19)ln σ = ln
(

C1 + C2ε
N
)

− (C3 + C4ε)T
∗

(20)ln
(

exp I1 − C1

)

= lnC2 + N ln ε

(21)ln σ = ln
(

C1 + C2ε
N
)

− (C3 + C4ε)T
∗
+

(

C5 + C6T
∗
)

ln ε·∗

Figure 3.   (a) ln ε· versus K , and (b) 1/T versus B.
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Figure 4.   (a) T∗ versus ln σ , (b) lnε versus ln
(

expI1 − C1

)

 , (c) ε versus S1 , and (d) T∗ versus S2.

Figure 5.   Experimental Stresses versus strains at 0.001 s−1 and 760 °C.
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where the constants K , E0 , E1,and E2 are determined as 69.375 MPa,  − 0.0537,  − 0.5991, and 1.601 respectively.
To determine the parameter m(ε, ε•) (see Eq. (9)), the effect of both strain and strain rate on m at reference 

temperature is studied and shown in Fig. 6. As it can be seen, both strain (cf. Figure 6a) and strain rate (Fig. 6b) 
can be fitted to m with quadratic function. Therefore, the parameter m can be introduced as next:

Using Eqs. (22) and (23), Eq. (9) can be written in the next form:

Although that the relationship between the output in the left side of Eq. (24) and both strain and strain rate 
in the right side is non-linear, the equation remains linear in the coefficients. Therefore, the constants can be 
determined by linear regression model that is based on least square fit using Matlab. The constants m0 , m1 , m2 , 
m3 , m4 , m5 , and m6 are determined using regression analysis as 0.1769, 0.0379, 0.0029,  − 0.035,  − 0.057, 0.0032, 
and  − 0.007 respectively.

To determine the parameter D(ε, ε•,T) (see Eq. (10)), the effect of strain, strain rate, and temperature is 
analyzed at the left combinations of strain rate and temperature on parameter  D , and shown in Fig. 7. The first 
raw in Fig. 7 shows the effect of strain versus D at 790 °C, 820 °C, and 840 °C, while the second raw represents the 
effect of strain rate on D at 790 °C, 820 °C, and 840 °C, and finally the third raw displays the effect of temperature 
on D at 0.001 s−1, 0.01 s−1, and 0.1 s−1. As it can be seen, quadratic fitting can be implemented with both strain 
and strain rate, while a linear fitting might be enough for temperature; therefore, the parameter D(ε, ε•,T) can 
be introduced as:

Using Eqs. (22), (23) and (25), Eq. (10) can be written in the next form:

Considering the same procedure as done with the determination of constants in Eq. (24), the constants  
D0 , D1 , D2 , D3 , D4 , D5 , D6 and D7 are determined using regression analysis as 8.359, 9.649, 0.557,  − 0.016, 
0.239,  − 7.172,  − 0.003 and 0.106 respectively.

Finally, the MFB model can be expressed as:

(22)σ = KεE0+E1ε+E2ε
2

(23)m
(

ε, ε·
)

= m0 +m1ε +m2 ln ε
·
+m3ε ln ε

·
+m4ε

2
+m5 ln ε

·2
+m6ε

2 ln ε·2

(24)ln
σ

Kεn(ε)
/ ln ε·∗ = m0 +m1ε +m2 ln ε

·
+m3ε ln ε

·
+m4ε

2
+m5 ln ε

·2
+m6ε

2 ln ε·2

(25)D
(

ε, ε·,T
)

= D0 + D1ε + D2 ln ε
·
+ D3T + D4ε ln ε

·
+ D5ε

2
+ D6 ln ε

·2
+ D7ε

2 ln ε·2

(26)

ln
σ

Kεn(ε) × (ε·∗)m(ε,ε·)
/ln

(

T
/

Tr

)

= D0 + D1ε + D2 ln ε
·
+ D3T + D4ε ln ε

·
+ D5ε

2
+ D6 ln ε

·2
+ D7ε

2 ln ε·2

(27)

σ = Kεn(ε)
(

ε·
/

ε·◦

)m(ε,ε·)(
T
/

Tr

)D(ε,ε· ,T)

n(ε) = E0 + E1ε + E2ε
2

m(ε, ε·) = m0 +m1ε +m2 ln ε
·
+m3ε ln ε

·
+m4ε

2
+m5 ln ε

·2
+m6ε

2 ln ε·2

D(ε, ε·∗,T) = D0 + D1ε + D2 ln ε
·
+ D3T + D4ε ln ε

·
+ D5ε

2
+ D6 ln ε

·2
+ D7ε

2 ln ε·2

Figure 6.   (a) ε versus m(ε) at T = 760 °C, and (b) ln ε·∗ versus m(ln ε·) at T = 760 °C.
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IMZA model constants
At a chosen reference strain rate of 0.001 s−1 and reference temperature of 760 °C, the strain hardening term in 
Eq. (12) can be fitted to experimental data with cubic function as shown in Fig. 8, and expressed as:

Figure 7.   Effect of ε, ε· , and T
/

Tr
 on D (a, b, c) ε versus of D(ε) at 790 °C, 820 °C, and 840 °C, (d, e, f) ln ε·∗ 

versus D(ln ε·) at 790 °C, 820 °C, and 840 °C, and (g, h, i) T
/

Tr
 versus D(T) at 0.001 s−1, 0.01 s−1, and 0.1 s−1.

Figure 8.   Experimental Stresses versus strains at 0.001 s−1 and 760 °C.
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where constants A0 , A1 , A2 , and A3 are determined as 90.757 MPa, − 30.177, − 76.062, and 86.014 respectively.
To determine the parameter B(ε,T∗) (see Eq. (13)), the effect of both strain and temperature on B at refer-

ence strain rate is studied and shown in Fig. 9. As it can be seen, both strain (cf. Figure 9a) and temperature 
(cf. Figure 9b) can be fitted to D with quadratic function. Therefore, the parameter B can be introduced as next:

Using Eqs. (28) and (29), Eq. (13) can be written in the next form:

Considering the same procedure of determining the constants in the previous subsection, the constants 
B0 , B1 , B2 , B3 , B4 , B5 and B6 are determined using regression analysis as − 0.0043, 0.0179, − 0.0039, − 0.0003, 
2.8 × 10−6, − 0.0002, and 0.62 × 10−6 respectively.

To determine the parameter C(ε,T∗, ε·∗) (see Eq. (14)), the effect of strain, temperature, and strain rate on 
parameter C is analyzed at the left combinations of strain rate and temperature, and shown in Fig. 10. The first 
raw in Fig. 10 shows the effect of strain versus C at 0.01 s−1, 0.1 s−1, and 1 s−1, while the second raw displays the 
effect of temperature on C at 0.01 s−1, 0.1 s−1, and 1 s−1, and finally the third raw represents the effect of strain 
rate on C at 790 °C, 820 °C, and 840 °C. As it can be seen, quadratic fitting can be implemented with both strain 
and strain rate, while a linear fitting might be enough for temperature; therefore, the parameter C(ε,T∗, ε·∗) 
can be introduced as:

Using Eqs. (28), (29) and (31), Eq. (14) can be written in the next form:

Following the same procedure of determining constants in the previous subsection, the constants C0 , 
C1 , C2 , C3 , C4 , C5 , C6 and C7 are determined using regression analysis as 0.2415, 0.108,  − 0.0005, 0.00044, 
0.005,  − 0.1478,  − 0.0015 and  − 0.0005 respectively.

Finally, the IMZA model can be expressed as next:
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Figure 9.   (a) ε versus B(ε) at s = 0.001 s−1, and (b) T∗ versus B(T∗) at s = 0.001 s−1.



10

Vol:.(1234567890)

Scientific Reports |         (2024) 14:8359  | https://doi.org/10.1038/s41598-024-58568-9

www.nature.com/scientificreports/

Predicted stresses compared to experimental stresses
In this subsection, a comparison between predicted stresses by the FB, MZA, MFB, and IMZA models and 
experimental stresses is presented and addressed. Then, the predictability of the four models is assessed and 
evaluated using the well-known statistical parameters R, AARE, and RMSE.

A comparison between predicted stresses by FB model and experimental stresses for the Ti55531 alloy during 
hot deformation is shown in Fig. 11. Clearly, the figure shows that the FB model failed to accurately predict the 
hot flow behavior of the Ti55531 alloy. A possible reason is that the FB model does not take the softening effect 
into account. Another possible reason is the complex behavior of the Ti55531 alloy at hot working conditions, 
in which the parameters K , n, and m are simplified as linear functions in strain, strain rate, and temperature in 
the FB model.

Figure 12 Shows a comparison between predicted stresses by MZA model and experimental stresses of 
Ti55531 alloy during hot deformation. Obviously, the figure shows that the MZA model failed to accurately 
predict the hot flow behavior of the Ti55531 alloy. Despite that the MZA model considers the coupling effect of 
strain and temperature, and temperature and strain rate, this effect is simplified with linear relationship; however, 
the behavior of the Ti55531 alloy during hot working conditions is complex, which might be a possible reason 
for this lack of accuracy. Another possible reason is the coupling effect of strain, strain rate, and temperature, 
which had to be considered in the MZA.

A comparison between predicted stresses by MFB model and experimental stresses of the Ti55531 alloy 
during hot deformation is shown in Fig. 13. As it can be seen, the figure shows that the MFB model can predict 
the flow behavior of the Ti55531 alloy during hot deformation with a very good accuracy. Certainly, adding the 
softening effect to the MFB model can be one of the possible reasons for the obtained accuracy. Another reason is 
that the coupling effect of strain, strain rate, and temperature is considered in the MFB model. Only at strain rate 
of 0.1 s−1 and temperature of 760 °C, the MFB model could not succeed in accurately predicting the flow behavior, 
which might be affected by the complex non-linear behavior of the Ti55531 alloy at hot working conditions.

The predicted stresses obtained by IMZA model are compared to experimental stresses of the Ti55531 alloy 
during hot deformation as shown in Fig. 14. As it can be seen, the figure shows that the IMZA model can predict 
the flow behavior of the Ti55531 alloy during hot deformation with a very good accuracy at strain rates of 0.001 

Figure 10.   Effect of ε,T∗ , and ε·∗ on C (a, b, c) ε versus of C(ε) at 0.01 s−1, 0.1 s−1, and 1 s−1, (d, e, f) T∗ versus 
C(T∗) at 0.01 s−1, 0.1 s−1, and 1 s−1, and (g, h, i) lnε·∗ versus C(lnε·∗) at 790 °C, 820 °C, and 840 °C.
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and 0.01 s−1, and with good accuracy at strain rates of 0.1 and 1 s−1. Taking the coupling effect between strain, 
strain rate, and temperature into account might be considered as one possible reason for the obtained accuracy. 
The complex non-linear behavior of the Ti55531 during hot working conditions might be a reason for the not 
very accurate predictions at strain rates of 0.1 and 1 s−1.

Assessment and evaluation of the models
The predictability of the FB, MZA, MFB, and IMZA models are evaluated and assessed using the statistical 
parameters R, AARE, and RMSE that are computed as 12:

where σe and σe introduces experimental stresses and its mean value, while σP and σP  represent predicted stresses 
and its mean value, and N introduces the total number of observations.

A correlation between experimental stresses and predicted stresses by FB, MZA, MFB, and IMZA models 
using Eq. (34) is shown in Fig. 15. The figure shows that the MFB model gives the best R value with 0.996, and 
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Figure 11.   Experimental stresses (markers) compared to predicted stresses (solid lines) by FB model for 
TI55531 alloy at (a) 0.001 s−1, (b) 0.01 s−1, (c) 0.1 s−1, and (d) 1 s−1. Experimental data are gotten from53.
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the second best R value is given by the IMZA model with 0.992, while both FM and MZA models give the lowest 
R values with 0.974 and 0.977 respectively.

Calculated values of AARE (see Eq. (35)) and RMSE (see Eq. (36)) are plotted using histograms in Fig. 16. As 
it can be seen, the MFB model gives the best AARE value of 3.34%, and the IMZA model comes next with AARE 
value of 3.54%, while the FB and MZA models give higher AARE values of 9.08 and 9.66% respectively (cf. Fig. 
16a). Concerning RMSE, the MFB model gives the best RMSE with a value of 5.64 MPa, and the IMZA comes 
next with a value of 8.84 MPa, while the MZA and FB models give 16.42 and 19.06 MPa respectively (cf. Fig. 16b).

Validation of the models
In this subsection, the applicability of the FB, MZA, MFB, and IMZA models are investigated by studying R, 
AARE, and RMSE of two other titanium-based alloys SP700 and TC4. The hot deformation behavior of the two 
alloys is considered in59 and60 respectively.

Figure 17 shows the correlation between experimental stresses and predicted stresses by FB, MZA, MFB, 
and IMZA models for the SP700 alloy (Fig. 17a, b, c, d) and TC4 alloy (Fig. 17e, f, g, h). It is shown that the MFB 
model gives the best R values for both alloys with values of 0.994 and 0.992 for TC4 and SP700 respectively. The 
IMZA model gives the second good values with an R of 0.984 and 0.982 for SP700 and TC4 respectively. On 
the other hand, the lowest R values are obtained by the MZA model with values of 0.936 and 0.923 for TC4 and 
SP700 respectively.

Figure 18 shows a histogram for the AARE values of the FB, MZA, MFB, and IMZA models for the SP700 
alloy (see Fig. 18a) and for the TC4 alloy (see Fig. 18b). The lowest AARE value is 7.32%, which is obtained 
by the IMZA model for SP700 alloy, and the second value is related to the MFB model with a value of 7.48%, 
while the high values 11.36% and 18.99% are obtained with FB and MZA models respectively. With respect to 
TC4 alloy, the lowest AARE value 4.85% is associated with the MFB model, and the second lowest AARE value 
5.68% is related to the IMZA model, while the high values 9.93% and 12.88% are associated to the FB and MZA 
models respectively.

Figure 12.   Experimental stresses (markers) compared to predicted stresses (solid lines) by MZA model for 
TI55531 alloy at (a) 0.001 s−1, (b) 0.01 s−1, (c) 0.1 s−1, and (d) 1 s−1. Experimental data are gotten from53.
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A histogram for the RMSE of the FB, MZA, MFB, and IMZA models for the SP700 alloy and TC4 alloy is 
shown in Fig. 19. Considering SP700 alloy, the lowest RMSE value 12.35 MPa is associated to the MFB model, and 
the second lowest value 18.08 MPa is related to the FB model, while the high values 20.51 MPa and 42.04 MPa are 
associated to the IMZA and MZA models respectively (cf. Fig. 19a). Considering TC4 alloy, the lowest RMSE 
value 14.04 MPa is associated to the MFB model, and the second lowest value 23.18 MPa is related to the IMZA 
model, while the high values 32.98 MPa and 50.28 MPa are associated to the FB and MZA models respectively 
(cf. Fig. 19b).

Conclusion
In this study, modified Fields-Backofen and Zerilli-Armstrong constitutive models are presented to predict the 
hot deformation behavior of titanium-based alloys. To find the best performance, the modified models along with 
the original Fields-Backofen model and another modification of the Zerilli-Armstrong model are investigated 
by studying the flow behavior of Ti55531 alloy during hot deformation. In addition, the models are validated 
by studying its predictability on other two titanium-based alloys namely SP700 and TC4. Conclusions can be 
summarized as:

•	 The MFB model gives the best R value among the four models for the Ti53331, TC4, and SP700 alloys with 
values of 0.996, 0.994, and 0.992 respectively. The IMZA model gives the second-best values of 0.992, 0.982, 

Figure 13.   Experimental stresses (markers) compared to predicted stresses (solid lines) by MFB model for 
TI55531 alloy at (a) 0.001 s−1, (b) 0.01 s−1, (c) 0.1 s−1, and (d) 1 s−1. Experimental data are gotten from53.
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and 0.984 respectively. On the contrary, the original FB and the MZA give the lowest values of R that ranges 
from 0.923 to 0.982 for the three alloys.

•	 Considering the AARE, the MFB model along with the IMZA model give the lowest AARE values of 3.34% 
and 3.52% for the Ti55531 alloy and 7.48% and 7.32% for the SP700 alloy respectively. Regarding the TC4 
alloy, the best AARE value of 4.85% is associated to the MFB model, while the second-best AARE value of 
5.68% is related to the IMZA. On the other hand, the original FB and the MZA give the high AARE values 
that range from 9.93% to 18.99% for the three alloys.

•	 The best RMSE values of 5.65 MPa, 12.35 MPa, and 14.04 MPa are associated to the MFB model for the 
Ti55531, SP700, and TC4 respectively. The IMZA gives the second-best RMSE values of 8.84 MPa and 
23.18 MPa for the Ti55531 and TC4 respectively, while the FB gives the second-best value of RMSE of 
18.08 MPa for the SP700 alloy. Conversely, the original FB and the MZA models give the high values that 
ranges from 16.42 MPa to 50.28 MPa for the three alloys.

In sum, among the four models, the MFB model gives the best performance and the IMZA comes in the 
second-best place with a very good accuracy, while the original FB model and the MZA model come in the third 
and fourth best place with not accurate predictions.

Figure 14.   Experimental stresses (markers) compared to predicted stresses (solid lines) by IMZA model for 
TI55531 alloy at (a) 0.001 s−1, (b) 0.01 s−1, (c) 0.1 s−1, and (d) 1 s−1. Experimental data are gotten from53.
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Figure 15.   Correlation of experimental stresses and predicted stresses by (a) FB model, (b) MZA model, (c) 
MFB model, and (d) IMZA model.

Figure 16.   (a) AARE for FB, MZA, MFB, and IMZA models, (b) RMSE for FB, MZA, MFB, and IMZA models.
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Figure 17.   Correlation of experimental stresses and predicted stresses by (a) FB, (b) MZA, (c) MFB, and (d) 
IMZA models for SP700 and (e) FB, (f) MZA, (g) MFB, and (h) IMZA models for TC4.

Figure 18.   (a) AARE of FB, MZA, MFB, and IMZA models for SP700 alloy, (b) AARE of FB, MZA, MFB, and 
IMZA models for TC4 alloy.
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Data availability
The dataset used and analysed during the current study is available from the corresponding author on reason-
able request.
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