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Mounting experimental evidence supports the existence of a liquid–liquid transition (LLT) 
in high-pressure supercooled water. However, fast crystallization of supercooled water has 
impeded identification of the LLT line TLL(p) in experiments. While the most accurate 
all-atom (AA) water models display a LLT, their computational cost limits investigations 
of its interplay with ice formation. Coarse-grained (CG) models provide over 100-fold 
computational efficiency gain over AA models, enabling the study of water crystallization, 
but have not yet shown to have a LLT. Here, we demonstrate that the CG machine-learned 
water model Machine-Learned Bond-Order Potential (ML-BOP) has a LLT that ends in a 
critical point at pc = 170 ± 10 MPa and Tc = 181 ± 3 K. The TLL(p) of ML-BOP is almost 
identical to the one of TIP4P/2005, adding to the similarity in the equation of state of 
liquid water in both models. Cooling simulations reveal that ice crystallization is fastest 
at the LLT and its supercritical continuation of maximum heat capacity, supporting a 
mechanistic relationship between the structural transformation of water to a low-density 
liquid (LDL) and ice formation. We find no signature of liquid–liquid criticality in the ice 
crystallization temperatures. ML-BOP replicates the competition between formation of 
LDL and ice observed in ultrafast experiments of decompression of the high-density liquid 
(HDL) into the region of stability of LDL. The simulations reveal that crystallization occurs 
prior to the coarsening of the HDL and LDL domains, obscuring the distinction between 
the highly metastable first-order LLT and pronounced structural fluctuations along its 
supercritical continuation.

water | polyamorphism | crystallization | glass transition | ice

The existence of a liquid–liquid phase transition (LLT) in supercooled water has been 
debated for over three decades (1, 2). Low-density amorphous (LDA) and high-density 
amorphous (HDA) ices are widely considered vitrified manifestations of the high- and 
low-density liquids (LDL and HDL), respectively, because their interconversion on com-
pression and expansion has the sharpness and hysteresis typical of first-order transitions 
(3–5). However, it is not a foregone conclusion that the two nonequilibrium amorphous 
phases are the glasses of two distinct equilibrium liquids (6).

Isobaric cooling experiments have not been able to provide direct evidence of a LLT because 
water crystallization takes place before a transformation between the metastable liquids can 
be detected (7). However, recent ultrafast isochoric laser heating of HDA and LDA to drive 
water across the anticipated LLT has reported signatures consistent with the presence of a 
liquid–liquid transformation just before supercooled water crystallizes to ice I (8, 9).

Despite decades of efforts, the LLT line TLL(p) has not yet been directly established in 
experiments. The experimental limits of stability of LDA and HDA upon isothermal com-
pression and decompression, respectively, extrapolate to a possible liquid–liquid critical point 
(LLCP) with critical temperature Tc ≈ 180 K and critical pressure pc ≈ 200 MPa (10). However, 
equations of state (EOS) of water parameterized from stable and supercooled liquid water 
support a LLT that ends at a LLCP with pc between 27 and 125 MPa (11–17).

Several all-atom water models have a LLT. These include the rigid nonpolarizable ST2 
(18, 19), TIP4P/2005 (20) and TIP4P/Ice (20) models, as well as the flexible models 
q-TIP4P/F (21), E3B3 (22), WAIL (23), and the DPMD-SCAN neural network derived 
from density functional theory calculations (24). However, the high computational cost 
of all-atom models has hindered their use in addressing the interplay between LLT and 
crystallization observed in experiments (8, 9).

Coarse-grained (CG) models based on short-ranged anisotropic interactions (SRAI) are 
over 100 times computationally more efficient than the least expensive all atom models with 
long-range electrostatics (25, 26). The monatomic water model mW (25), based on the 
Stillinger–Weber potential (27), is the most studied of that class of models. While mW 
crystallizes in accessible simulation times (28–31), it does not have a LLT (32, 33). The more 
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recently developed Machine-Learned Bond-Order Potential 
(ML-BOP) (26) is a CG SRAI water model based on the Tersoff 
potential (34) that crystallizes in accessible simulation times (26, 35), 
while reproducing the anomalies and equation of state of liquid water 
with the accuracy of TIP4P/2005, and the experimental melting line 
of ice Ih with the accuracy of TIP4P/Ice (35). ML-BOP captures 
well the pressure dependence of the height g2 of the second peak of 
the oxygen-oxygen radial distribution function of water (35), as well 
as the pressure-induced amorphization of ice Ih and the structure 
and phase behavior of LDA and HDA and their interconversion on 
compression and expansion (36). In what follows we show that 
ML-BOP has a LLT, with a critical point very close to those of 
TIP4P/2005 and TIP4P/Ice models (20, 37). We further demon-
strate that ML-BOP reproduces the competition between LLT and 
crystallization of ultrafast HDL decompression experiments (9), and 
that the LLT coincides with the temperature of maximum ice crys-
tallization rate of the model.

ML-BOP Has a LLT

One of the characteristics of a liquid approaching a critical point 
is the increase of the correlation length of density fluctuations. 
These long-range density fluctuations can be trapped during vit-
rification and appear as static correlations in the glass (38). 
Debenedetti et al. demonstrated that glasses made by isobaric 
cooling of TIP4P/2005 display a pronounced maximum in long-
range density correlations near the pressure of the LLCP of that 
model, while these correlations are muted in the mW model and 
inexistent in a Lennard-Jones fluid (38). We cooled a periodic 
simulation cell with 8,000 ML-BOP molecules from the liquid 
to the glass at 10 K ns−1 at various pressures and characterize the 
extent of long-range correlations by extrapolation of the structure 
factor S(q) to zero wavevector (38) (SI Appendix, section A).

Fig. 1 shows that ML-BOP displays a pronounced increase of 
long-range structural correlations at both negative and positive 
pressures. The increase in correlations at negative pressures arises 
from the instability of the liquid against cavitation (35), while the 
increase at positive pressures is associated to a phase transforma-
tion in the supercooled liquid. The extrapolated long-range cor-
relations of ML-BOP at positive pressures are most pronounced 
at 180 MPa and 177 K (Fig. 1 A and B), suggesting that to be 
close to the location of the LLCP.

To determine the location of the LLT and critical point of the 
ML-BOP model, we perform isothermal–isobaric simulations with 
a cell containing 192 molecules, following ref. 24. The small cell 
enables the sampling of phase coexistence between LDL and HDL 
through system-wide oscillations of the density and structure of the 
liquid as a function of time (SI Appendix, Figs. S3–S6), while also 
delaying the formation of ice. The timescales of the oscillations 
between the two liquids in ML-BOP are shorter than in all-atom 
models of water (20, 24), consistent with the faster translational 
dynamics of the coarse-gained model (26). We sample the density 
ρ and potential energy E of the 192 water molecule periodic cell over 
15 independent trajectories at each T and p, collecting data until the 
onset of crystallization (SI Appendix, Figs. S9–S12), and compute 
the free energy from the corresponding histograms. Fig. 2 shows that 
the free energy profiles as a function of liquid density at pressure 
above 170 MPa have two well-defined minima, corresponding to 
the HDL and LDL phases. We identify the liquid–liquid tempera-
tures TLL(p) as the T-p loci where the two liquid phases have the 
same free energies G(ρ) (Fig. 3 A and B).

The free energy basins for the two liquids merge at 170 MPa 
and 181 K (Fig. 3 A and B). As the maximum in extrapolated S(0) 

at 170 and 180 MPa are identical within their error bars (Fig. 1A), 
we assess that the LLCP of ML-BOP is located at pc = 170 ± 10 
MPa and Tc = 181 ± 3 K. The critical density is ρc = 1.01 ± 0.02, 
same as for TIP4P/2005 and TIP4P/Ice (20). A study of the poten-
tial energy landscape of ML-BOP published when this manuscript 
was under review concurs that the model has a LLCP located at 
175 ± 10 MPa and 181.5 ± 1 K (40). We estimate that the liq-
uid–liquid surface tension is ~1 mJ m−2 at 300 MPa, comparable 
to the ~2 mJ m−2 reported for ST2 (19). The negative dρ/dT slopes 
of the LDL and HDL sides of the binodal of the LLT of ML-BOP 
(Fig. 3C) are consistent with predictions by EOS based on exper-
imental water data (8).

Fig. 4 displays the phase diagram of ML-BOP. The ice-liquid 
equilibrium temperatures Tm(p) (35) are listed in SI Appendix, 
Table S1. The liquid–liquid equilibrium temperatures TLL(p) of 
ML-BOP obtained from the free energy calculations (Figs. 2 and 
3) are shown with blue circles and listed in SI Appendix, Table S2. 
The LLCP of ML-BOP aligns closely with that reported for 
TIP4P/2005, TIP4P/Ice and other all-atom water models (17, 
18, 20, 22, 23, 41) (Table 1). Indeed, SI Appendix, Fig. S13A 
shows that the TLL(p) of ML-BOP is almost indistinguishable 
from the one predicted for TIP4P/2005 from its two-state equa-
tion of state (TSEOS) (37).

It is intriguing that the LLCP of ML-BOP, TIP4P/2005, and 
TIP4P/Ice are in good agreement with the extrapolation of the 
crossing of the limit of stability of the low- and high-density amor-
phous ices in experiments (8, 10), although those extrapolations 
carry significant uncertainty. More recent analyses suggest that the 
LLCP of water is located at Tc = 195 to 210 K and pc =100 to 125 
MPa (11, 13, 17).

A

B

Fig. 1.   Long-range correlations in ML-BOP along vitrification simulations. The 
correlations are represented by the extrapolated zero wavenumber structure 
factor, S(0) as a function of (A) temperature and (B) pressure, computed from 
cooling simulations with 8,000 water molecules at 10 K ns−1 rate following the 
procedure of ref. 38 (see SI Appendix, Figs. S1 and S2 in SI Appendix, section A). 
The uncertainties computed from 10 independent simulations are shown as 
shaded error regions in (A) and as error bars in (B). The amount of ice in the 
hyperquenched glasses at 77 K is ~5% (36) is consistent with the fraction of 
ice in experiments at the minimum cooling rate needed for vitrification of 
water (39).
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ML-BOP Replicates the Competition between 
LLT and Crystallization Observed in Ultrafast 
Experiments on Water

Having established the existence of a metastable LLT in ML-BOP, 
we investigate the interplay between LLT and ice crystallization 
through large-scale nonequilibrium simulations. Our approach is 

inspired by experiments of Kim et al. that monitored the popu-
lations of HDL, LDL, and ice as HDL decompressed from 250 
to 350 MPa and ~205 K toward room pressure (Fig. 5A) (9). Heat 
transfer to the cold surroundings was estimated to occur in ~100 
μs, and decompression to 0.1 MPa in ~10 ns to 100 μs (8, 9).

In our simulations, we instantaneously decompress HDL equil-
ibrated at 160 K and pressures either 400 or 255 MPa to a final 

A B C D

E F G H

Fig. 2.   Free energy profiles of supercooled liquid ML-BOP as a function of density ρ, normalized by the thermal energy β−1 = RT. Each panel presents free energy 
profiles at the temperature indicated in the graphs and pressures (A) 300 MPa, (B) 200 MPa, (C) 180 MPa, (D) 170 MPa, (E) 160 MPa, (F) 140 MPa, (G) 120 MPa, 
and (H) 50 MPa. We identify 170 MPa as the critical pressure: At p > 170 MPa, there are temperatures with two basins for stable and/or metastable HDL and 
LDL, while at p < 170 MPa, there is only one minimum in the free energy landscape of the liquid. Sampling used for the calculation of TLL(300 MPa) (SI Appendix, 
Figs. S5 and S6) may be insufficient because of its closeness to Tg(300 MPa) (Fig. 4). SI Appendix, Fig. S8 presents snapshots of HDL and LDL in coexistence in the 
small simulation cell.

A

C

B

Fig. 3.   Liquid–liquid equilibrium in ML-BOP water. (A) Free energy as a function of density � along the LLT line. (B) Two-dimensional free energy as a function 
of density ρ and potential energy E for the state points of panel (A), as well as a supercritical liquid at 50 MPa and 204 K. The p and T are indicated in each I to VI 
panel. Panel (B) II corresponds to the LLCP. (C) T-ρ phase diagram of supercooled ML-BOP showing in light blue the region of two-phase coexistence.
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pressure where HDL is unstable. We conduct our simulations at 
constant pressure and enthalpy (NpH ensemble), to model the 
slow heat transfer of the experiment (9). Previous modeling efforts 
have explored the decompression of HDL across the LLT and its 
supercritical continuation for TIP4P/Ice (42) and ST2 (43) along 
isothermal pathways with linearly decreasing pressure. However, 
isothermal decompression pathways result in complete transfor-
mation of HDL to LDL (42, 43), without the two-phase coexist-
ence plateau depicted in Fig. 5A. The all-atom simulations did 
not reach the microsecond timescales at which ice formation was 
observed in the experiments (Fig. 5A).

We classify the molecules in the liquid as LDL-like (L) if they 
have local coordination 4, and as HDL-like (H) if they have higher 
coordination; ice is identified using CHILL+ (44). Fig. 5B presents 
the populations of H, L, and ice for a simulation cell with 216,000 
ML-BOP molecules instantaneously decompressed from 160 K 
and 400 to 215 MPa, in the two-phase region above pc. ML-BOP 
captures the stages of structural evolution of water in the experi-
ment, including the fast partial conversion of HDL to LDL, the 
coexistence of the two liquids, and the formation of ice (Fig. 5 A 
and B). The isoenthalpic simulation with ML-BOP captures all 
stages of the ultrafast HDL decompression experiment.

The time scales to reach the HDL-LDL plateau and to crystal-
lize 2.5% of the liquid are ~200 times shorter in ML-BOP than 
in water. The speedup is consistent with the faster dynamics of 
the high-density liquid of the monatomic model, which at 0.1 
MPa has a diffusion coefficient ~20 and ~200 times larger than 

water at 227 K and 210 K, respectively (26, 45). The less pro-
nounced temperature dependence of the diffusion coefficient of 
ML-BOP (26) leads to a larger increase in mobility with respect 
to water at lower temperatures (36).

SI Appendix, Fig. S15 shows that the isoenthalpic decompres-
sion of HDL to 215 MPa reproduces the rise and fall of the 
integrated small angle region of the structure factor reported in 
the HDL decompression experiments of Kim et al. (9). The sim-
ulations indicate that the decrease in integrated SAXS signal from 
0.1 to 0.3 Å−1 originates in the growth of ice crystals, and not in 
further coarsening of the liquid domains. The S(q) peak around 
2.15 Å−1 characteristic of HDL continuously moves toward the 
1.7 Å−1 position of LDA (36) along the decompression simulation 
(Movie S2). The same was observed in simulations of isothermal 
decompression of TIP4P/Ice and ST2 models across their LLT 
(42, 43). In contrast to the simulations, the experimental S(q) was 
shown to change mostly in the intensity of the peaks assigned to 
HDL and LDL, with minor alterations in their positions (9). 
However, it is worth noting that the HDL in that study was pre-
pared by heating e-HDA, which also exhibits a “two-phase” evo-
lution of S(q) when heated at 0.1 MPa (46), despite the absence 
of a first-order LLT in water at ambient pressure (45).

Movie S1 offers a molecularly resolved perspective on the struc-
tural changes occurring during the decompression of HDL to 
produce LDL and ice at 215 MPa. Initially, the decompression of 
HDL generates patterns of H and L domains characteristic of 
spinodal decomposition (Fig. 5C and Movie S1), consistent with 
results from isothermal decompression ramps (42, 43). The exo-
thermic transition from HDL to LDL (Fig. 3B) rises the temper-
ature to a plateau (Fig. 5D) where the two liquids coexist (Fig. 5B). 
That coexistence temperature is TLL.

TLL(p) computed from the plateau of decompression simula-
tions with p = 170 to 250 MPa (SI Appendix, Fig. S16) is consist-
ently 3 K above the ones obtained from the liquid–liquid 
oscillations of the cell containing 192 molecules (SI Appendix, 
Table S2 and Fig. 4). This small discrepancy could stem from a 
bias in the weighting of HDL and LDL populations used to 

Fig. 4.   Phase diagram of ML-BOP water. The black line shows the equilibrium 
melting line of hexagonal ice Tm

Ih(p) (SI Appendix, Table S1) (35). The blue line 
shows the average between the LLT temperatures TLL(p) computed from large-
scale isoenthalpic decompression simulations of HDL (blue circles) and the 
TLL(p) determined from free energy calculations with a small cell (blue triangles) 
(SI Appendix, Table S2). The cyan circle and cyan triangle indicate the LLCP, 
located at pc = 170 ± 10 MPa and Tc = 181 ± 3 K (free energy calculations) or 
Tc = 184 ± 1 K (NpH decompression of HDL). The open blue circles indicate 
the temperature of maximum heat capacity in the supercritical extension of 
the LLT (SI Appendix, Table S2). The magenta line shows the nonequilibrium 
line of maximum crystallization rate Tx(p) determined by isobaric cooling of 
simulation cells with 8,000 or 216,000 ML-BOP water molecules at the fastest 
cooling rate qc that results in crystallization of at least ~10% of the molecules, 
except for 300 MPa for which is 6% (SI Appendix, Figs. S21–S23 and Tables S2 
and S3). The green line represents the glass transition temperature Tg(p) on 10 
K ns−1 cooling simulations (wider p range presented in SI Appendix, Fig. S24). 
The purple dashed line is the extrapolation of the LLT and TCpmax using a 3rd 
order polynomial. The gray line shows the temperature of maximum structural 
correlations TS(p) upon isobaric cooling at 10 K ns−1 (Fig. 1). The red triangle at 
360 MPa and 110 K indicates the intersection of the extrapolated TLL(p) with 
Tg(p). The red square shows that the extrapolated pressure for TLL(p) = 78 K is 
410 MPa. SI Appendix, Fig. S13B presents a zoomed view of the phase diagram 
focused on TLL(p) and Tx(p).

Table 1.   Liquid–liquid critical pressure pc and tempera-
ture Tc for various water models
Water model pc (MPa) Tc (K)

ML-BOP 170 ± 10 181 ± 3* (184 ± 1†)

ML-BOP‡ 175 ± 10 181.5 ± 1

TIP4P/2005§ 170 182

TIP4P/2005¶ 186.1 ± 0.9 172 ± 1

TIP4P/Ice# 173.9 ± 0.6 188.6 ± 1

TIP4P/Ice|| 165 ± 15 195 ± 5

ST2** 167 ± 24 237 ± 4

E3B3†† 210 ± 10 180 ± 2

WAIL‡‡ 36.5 ± 0.8 210.5 ± 0.3

DeePMD§§ 268.7 ± 0.68 224 ± 3

q-TIP4P/F¶¶ 167 ± 9 159 ± 6
*Computed from the free energy profiles of Figs. 2 and 3.
†Tc computed from the isoenthalpic decompression of HDL to 170 MPa, SI  Appendix, 
Fig. S16.
‡Computed from the potential energy landscape in ref. 40.
§Computed from TSEOS in ref. 37.
¶Computed using 3D Ising fit in ref. 20.
#Computed using 3D Ising fit in ref. 20.
||Computed from Maxwell construction in ref. 17.
**Computed using histogram reweighting Monte Carlo simulations in grand canonical 
ensemble in ref. 18.
††Computed from the extrapolation of extrema in kT and Cp in ref. 22.
‡‡Computed from TSEOS in ref. 23.
§§Computed from TSEOS in ref. 41.
¶¶Computed from TSEOS in ref. 21.
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compute the free energies, given that ice tends to crystallize more 
readily from LDL, or it might indicate a finite-size effect. However, 
our investigations reveal no discernible difference in the TLL(p) 
values obtained by decompressing HDL from 400 to 215 MPa 
using cells containing 216,000, 8,000, 4,000, or 2,000 molecules 
(SI Appendix, Fig. S17 A and B). Remarkably, even simulations 
comprising as few as 1,000 molecules exhibit a temperature pla-
teau, albeit with larger fluctuations, and crystallization time  
comparable to those observed in the largest cells (SI Appendix, 
Fig. S17C).

The relative insensitivity of the decompression results to cell 
size seems to originate in the formation of ice at the liquid–liquid 
line before the coarsening of the LDL and HDL domains extends 
beyond a few nanometers (Fig. 5 and Movie S1). In the next 
section, we show that the LLT is the locus of maximum crystalli-
zation rate, at which the crystallization times τx(p) are predicted 
to be independent of the sample size (30, 47), provided that the 
properties are not limited by finite-size effects. Our simulations 
suggest that isoenthalpic decompression utilizing cells as small as 
1,000 to 4,000 molecules may offer a promising avenue to explore 
the interplay between LLT and crystallization in microseconds-long 
simulations with all-atom models.

Is the response to decompression different at the critical pres-
sure? Movie S3 shows the evolution of H, L, and ice for a 216,000 

ML-BOP simulation cell of HDL at 160 K and 255 MPa decom-
pressed to 170 MPa, which is at or close to the critical pressure pc 
=170 ± 10 MPa. Movie S4 shows only the ice along the same 
simulation, and SI Appendix, Fig. S16 the temperature evolution. 
The impossibility to grow long-range density correlations before 
crystallization heats the system away from the LLCP results in a 
response at the critical point indistinguishable from that on the 
liquid–liquid line.

We find that the proportion of molecules identified as ice 
increases steadily along the liquid–liquid coexistence plateau 
(Fig. 5C and SI Appendix, Fig. S18). While some of these “ice” 
molecules may be intrinsic to the structure of LDL, their contin-
uous increase implies that LDL of ML-BOP cannot be fully equil-
ibrated before the onset of crystallization. Furthermore, because 
ice clusters do not become apparent in the structure factor S(q) 
(Movie S2) until they contain a few hundred molecules, they could 
potentially remain undetected in the S(q) used to calculate pop-
ulations in the experiments.

The response of HDL to decompression to the region of stability 
of the LDL is the same in the two-phase, critical, and supercritical 
liquid–liquid pressures. SI Appendix, Figs. S16 and S18–S20 show 
that HDL decompressed to p < pc results in structural and thermal 
response indistinguishable from that to pressures along the LLT. 
The temperature first increases due to the exothermic conversion 

A

C

B D

Fig. 5.   LLT and crystallization upon decompression of HDL into the region of stability of LDL. (A) Experimental conversion of HDL into LDL and ice upon 
decompression of the high-density liquid prepared by isochoric heating of e-HDA to ~205 K and 250 to 350 MPa (9). The continuous increase in the ratio of 
LDL to HDL with time may stem from slow decompression or heat exchange to the surroundings. (B) Conversion of HDL into LDL and ice upon isoenthalpic 
decompression of HDL from 160 K and 400 to 215 MPa in a simulation cell with 216,000 ML-BOP molecules. (C) Snapshots along the evolution of the simulation 
of isoenthalpic decompression of HDL at 215 MPa, times since decompression and percent of ice indicated at the Bottom. Snapshots in the Upper row show all 
ML-BOP molecules, classified as high-coordination liquid H (red), low-coordination liquid L (blue), and ice (cyan). The Lower panel shows only the ice in these 
configurations. Movie S1 presents the 21 first ns of the evolution of the simulation cell. (D) Evolution of the temperature along the decompression simulation. 
The blue line signals TLL(215 MPa) = 171 K, and the black line the ice-liquid equilibrium Tm(215 MPa) = 255 K. The gray region in (B) and (D) represents the center 
of the liquid–liquid coexistence plateau region. The integrated low q intensity of the structure factor in the simulation (SI Appendix, Fig. S17) has the same 
behavior as in the experiment.

http://www.pnas.org/lookup/doi/10.1073/pnas.2322853121#supplementary-materials
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of high- to low-coordination environments, heating the system 
to the locus of high heat capacity along the supercritical contin-
uation of the LLT. We approximate that the T(t) plateau corre-
sponds to the temperature of maximum heat capacity, TCpmax(p); 
a more accurate mapping of Cp(T) = (dH/dTplateau)p could be 
obtained from decompression of HDL with different initial 
enthalpies. We conclude that rapid crystallization preceding the 
coarsening of high- and low-coordination domains blurs the dis-
tinction between the highly metastable short-lived liquid–liquid 
equilibrium and pronounced structural fluctuations along the 
Widom line.

Ice Crystallization Is Fastest at the LLT and Its 
Supercritical Continuation

While the experiments of decompression of HDL (9) or compres-
sion of LDL (8) produce signatures consistent with a LLT, they 
have not yet been able to determine TLL(p). It has long been con-
jectured that the LLT is close to the line of homogeneous nucle-
ation observed in isobaric cooling experiments. However, the 
relationship between crystallization rates and liquid–liquid coex-
istence has remained elusive.

The minimum cooling rate required to vitrify water microdroplets 
in experiments at 0.1 MPa is ~107 K s−1 (10−2 K ns−1) (39). Even at 
these high rates, ice formation cannot be fully avoided, resulting in 
~5% of ice in crystallites large enough to be detected by X-ray dif-
fraction (39). Xu et al. demonstrated that the nucleation rate must 
reach ~1030 m−3 s−1 to account for 3% ice formation in hyperquench-
ing experiments at 107 K s−1 (0.01 K ns−1), consistent with the ~200 
ns minimum time to crystallize water films in experiments (48). 
ML-BOP cooled at ambient pressure at a rate of 0.5 K ns−1 crystal-
lizes ~5% of the sample, while further reduction of the cooling rate 
to 0.2 K ns−1 results in significant crystallization (35). The compar-
ison of the critical rates for crystallization of ~5% of the sample in 
the experiments and simulations at 0.1 MPa indicates that the crys-
tallization of deeply supercooled ML-BOP at ambient pressure is 
~50 times faster than in water, comparable to the ~20 and ~200 
ratios we estimated for the diffusion coefficients of ML-BOP and 
water at 227 and 210 K, respectively (26, 45).

SI Appendix, Table S3 lists the fastest cooling rate qc(p) that 
crystallizes at least 10% of the sample in isobaric cooling simula-
tions at pressures from 0.1 to 300 MPa using simulation cells with 
8,000 and 216,000 molecules (SI Appendix, Figs. S21 and S22, 
respectively). We find qc(p) to be quite insensitive to pressure up 
to ~200 MPa, despite the decrease in crystallization temperature 
with pressure. We anticipate that the strongest temperature 
dependence of the mobility of water will result in most pro-
nounced decrease in qc(p) in experiments. The crystallization times 
derived from the inverse of qc in the cooling simulations are com-
parable to the ones obtained from the decompression simulations 
(Fig. 5 and SI Appendix, Figs. S16 and S19).

We define the temperature of maximum crystallization rate Tx(p) 
as the ice nucleation temperature at qc(p) (SI Appendix, Tables S2 
and S3; magenta circles in Fig. 4). Tx(p) is the nose of the time–
temperature–transformation curve for ice crystallization (30).  
It demarcates the boundary between nucleation-limited crystalli-
zation above Tx(p) and growth-limited crystallization below Tx(p) 
(30). Tx(p) is insensitive to the size of the simulation cell because 
the minimum crystallization time τx(p) that originates from the 
cross-over of nucleation and growth times depends on the diffu-
sional time and thermodynamic properties but is independent of 
the volume of the sample (30, 47).

Previous analyses using classical nucleation theory with exper-
imental data for water and molecular simulations with the mW 

model predicted that Tx at ambient pressure coincides with the 
temperature of maximum heat capacity TCpmax (30). These pre-
dictions were later confirmed by experiments at ambient pressure 
that locate a maximum in crystallization rate at ~227 K for ~10 
μm-sized droplets (49) and ~226 K for water films (50), in good 
agreement with TCpmax = 229 K for water (51), and confirmed a 
pioneering conjecture by Speedy and Angell on a causal relation-
ship between the nucleation of ice and the maximum in heat 
capacity of liquid water (52).

Fig. 4 reveals that the coincidence between the temperature of 
maximum crystallization rate Tx(p) and the locus of structural 
transformation of supercooled water extends through the line of 
maximum heat capacity to the first-order LLT line. The tiny value 
of the liquid–liquid surface tension, γHDL-LDL < 1 mJ m−2, supports 
that there is little barrier to transform HDL to LDL within ~1 K 
of the LLT. We conclude that the coexistence of the HDL and 
LDL, or pronounced LDL-like fluctuations in the high-density 
liquid leads to low ice-LDL surface tension, results in small ice 
nucleation barriers. together with significant mobility due to the 
presence of HDL that facilitates growth of ice, result in maximum 
ice crystallization rate as the liquid transitions from high to low 
density.

The alignment of Tx(p) with TLL(p) suggests a close relationship 
between the LLT of water and the homogeneous nucleation line 
Thom(p) established by Angell and coworkers by cooling emulsified 
water droplets at a rate of 0.05 Ks−1 (53). Thom of ref. 53 at 0.1 
MPa stands 7 K above both the temperatures of maximum crys-
tallization (49, 50) and maximum heat capacity (51) of water. A 
recent estimation of water's LLCP, derived from calculations 
involving TIP4P/Ice and comparison with experimental liquid 
EOS, suggested the LLCP to be where the ice nucleation rate 
would be ~1024 m−3s−1, at 195 K and 125 MPa, (17) about 18 K 
below Thom of ref. 53.

We find that when the temperatures of maximum κT and Cp 
separate at p ≪ pc, Tx aligns with the latter. SI Appendix, Fig. S14 
shows that κT of ML-BOP at 0.1 MPa reaches its peak at 227 ± 
1.0 K, close to the 229 K reported for water (54), while Cp con-
tinues to increase until at least 215 K. From the change in enthalpy 
in fast cooling simulations, we anticipate that Cp will peak around 
Tx = 207 ± 1.0 K at 0.1 MPa. Within the two-state thermody-
namics framework of water, the implication is that ice crystalliza-
tion occurs most rapidly when the structural changes in the liquid 
are most pronounced, rather than when long-range fluctuations 
are at their peak.

LLCP Does Not Enhance the Rate of Ice 
Crystallization

The experimental ice nucleation temperature Thom(p) (53) does 
not display any anomaly within the pressure range where the 
LLCP of water is anticipated, nor does Tx(p) in our simulations 
(Fig. 4 and SI Appendix, Table S2). qc and the times to crystallize 
2.5% of the system from isoenthalpic decompression of HDL also 
evolve monotonously around the LLCP (SI Appendix, Fig. S16 
and Table S3). Our findings are aligned with studies of the impact 
of a metastable fluid–fluid liquid critical point on the rate of 
crystallization of model systems, which found that the rate of 
crystallization was not exceptional at the LLCP (55, 56). In agree-
ment with the analyses of those studies, our simulations support 
that the insensitivity originates on the local nature of the crystal-
lization process, that seems to be controlled by the coexistence of 
LDL and HDL domains, and not the length scale of the fluctua-
tions. We conclude that crystallization data alone is insufficient 
to locate the liquid–liquid critical pressure.

http://www.pnas.org/lookup/doi/10.1073/pnas.2322853121#supplementary-materials
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Debenedetti et al. proposed to experimentally access the loca-
tion of the critical pressure through the analysis of long-range 
correlations S(0) in water glasses prepared by hyperquenching at 
distinct pressures, identifying pc as the one of the glass with max-
imal long-range structural correlations (38). The success of the 
approach hinges in accessing a cooling rate for which the glass 
transition temperature Tg(p) passes close to the LLCP and arrests 
the growing fluctuations. That is the case for TIP4P/2005 at cool-
ing rate 0.1 K ns−1, which is just one order of magnitude higher 
than the one used for vitrification of water in experiments. The 
maximum correlations in hyperquenched glasses of ML-BOP, on 
the other hand, occur at 250 to 300 MPa, well above pc (Figs. 1 
and 4), because its HDL retains mobility to significantly lower 
temperatures (see Discussion in SI Appendix, section F). We antic-
ipate that the interplay between glass transition and liquid–liquid 
transformation in water resembles the one of TIP4P/2005, sup-
porting the determination of pc from the S(0) of glasses prepared 
over a wide range of accessible cooling rates.

Conclusions and Outlook

The existence of a LLT has been the focus of the debate over the 
origin of water anomalies since it was proposed from pioneering 
molecular simulations with the ST2 model (1). Intense research 
in the last years has established that the most accurate all-atom 
models of water have a LLT (18, 20–23). However, a LLT had 
not been found in CG water models. In the present study, we 
demonstrate that the monatomic machine-learned model ML-
BOP has a LLT that ends in a critical point at pc = 170 ± 10 MPa 
and Tc = 181 ± 3 K. Significantly, the LLT line and critical point 
of ML-BOP closely align with predictions made for the all-atom 
TIP4P/2005 water model (20, 37), bolstering the likeness of the 
EOS of these models (35, 36).

The expense of all-atom models has limited the modeling of 
the competition between LLT and crystallization observed in 
experiments (8, 9). The 100-fold increase in computational effi-
ciency due to the CG nature of ML-BOP (26), together with the 
~100-fold increase in the dynamics in the deeply supercooled 
region, endows it with ~104 increase in efficiency of the sampling 
of the free energy landscape compared to all-atom water models 
that accurately reproduce the dynamics of water, such as 
TIP4P/2005 (57, 58). These combined efficiencies uniquely posi-
tion ML-BOP for the investigation of the interplay between LLT 
and crystallization in deeply supercooled water.

Cooling simulations with ML-BOP reveal that the temperature 
of maximum crystallization rate, Tx(p) at which the crystallization 
rate transitions from nucleation-limited to growth-limited, coin-
cides with the LLT line and its supercritical continuation of max-
imum heat capacity. The simulations suggest that ice crystallization 
occurs most rapidly when both low- and high-density coordina-
tion domains are present during the conversion of water from 
high- to LDL phases, and not necessarily when the magnitude of 
the long-range fluctuations are maximal. Consistent with the lat-
ter, we find that the LLCP does not produce a discernible signature 
in the rates or temperatures of ice crystallization.

Large-scale nonequilibrium simulations of isoenthalpic decom-
pression of the high-density liquid of ML-BOP replicate the exper-
imental signatures of ultrafast HDL decompression experiments 
(9). We find that the conversion of HDL to LDL heats the system 
to the liquid–liquid coexistence line, where both phases coexist 
until the heat produced by ice crystallization drives the system 
away from the metastable LLT. The fraction of molecules identified 
as ice gradually increases throughout the liquid–liquid coexistence 
region of ML-BOP, indicating that the LDL fails to equilibrate 

before undergoing crystallization. It is an open question whether 
the instability of the LDL is a feature that originates from the 
monatomic nature of the model or it is shared with water. 
However, we note that the relatively small size of the crystallites 
formed during the LDL-HDL plateau would challenge their iden-
tification in the structure factor utilized to compute the ice frac-
tion in the experiment.

The simulations reveal qualitatively similar responses to the 
decompression of HDL to an unstable pressure in the region of 
two-liquid phase coexistence, the critical point, or the Widom 
line. This similarity originates in the slow coarsening of the LDL 
and HDL fluctuations before ice formation heats the system 
toward the melting line. The agreement in the evolution of the 
low-q region of the experiments (9) and ML-BOP simulations 
supports that slow coarsening before crystallization is also the case 
for water. We conclude that the short-lived highly metastable LLT 
is effectively indistinguishable from structural fluctuations along 
its supercritical continuation of high heat capacity.

Methods

Molecular dynamics simulations are performed with the ML-BOP water model (26) 
using LAMMPS (59) in the NpT ensemble with a time step of 5 fs using periodic cubic 
simulation cells with periodic boundary conditions in the three Cartesian directions. 
The temperature and pressure are controlled with the Nosé–Hoover thermostat and 
barostat with time constants of 0.5 and 5 ps, respectively. The initial configurations 
for all liquid simulation boxes are generated using Packmol (60).

We calculate the zero wave number structure factor S(0) of liquid and vitrified 
ML-BOP along isobaric cooling simulations at 10 K ns−1 from 298 K to 78 K at  
p = −100, 0.1, 100, 170, 180, 200, 250, 300, 400, 600, and 1,000 MPa following 
the procedure of ref. 38 (SI Appendix, section A). S(0) at each T and p is averaged 
over 10 independent cooling simulations. We report the SD among these 10 
simulations as the error bar. We use the CHILL+ algorithm (44) to compute the 
amount of ice in the glasses.

To determine the LLT line TLL(p) from free energy calculations, we perform NpT 
simulations with cells containing 192 ML-BOP molecules at the T and p listed 
in SI Appendix, Table S4. We evolve 15 independent 500 ns long simulations 
at each thermodynamic condition (T, p), each initialized with different sets of 
random velocities consistent with the selected temperature. The small size of the 
cell enables heterophasic oscillations as a function of time (61) between HDL and 
LDL, before crystallization takes over. SI Appendix, Fig. S7 shows that fluctuation 
in density between LDL and HDL correlates with the fraction of 4-coordinated 
water molecules in the liquid. We collect density � and potential energy E of 
the system until 12 water molecules (6% of the total) are classified as ice I using 
CHILL+. Smaller ice crystallites are subcritical and do not lead to ice formation 
in the whole cell.

We build probability histograms of observing a particular density and 
energy P(E, �)  from this collection of trajectories, from which we compute the 
free energies: �G(E, �) = − ln

[

P(E, �)
]

  , where β = (kbT)−1. We calculate one-
dimensional probability and corresponding free energy profiles as a function 
of density by integrating out energy (E) from the two-dimensional free energy 
surfaces, �G(E, �)  . The regions with two minima in the free energy are further 
analyzed to identify the T and p of equilibrium between the two liquids as the loci 
for which the basins of LDL and HDL have approximately the same populations. 
We estimate the liquid–liquid surface free energy as the barrier between the HDL 
and LDL states in Fig. 3A, divided by twice the area of the cell to account for the 
two LDL-HDL interfaces in the periodic cell (SI Appendix, Fig. S8).

We also estimate TLL(p) and its supercritical continuation of maximum heat 
capacity Cp

max(p) from simulations that decompress previously equilibrated HDL 
into the region of stability of LDL and evolve the dynamics at constant pressure 
and enthalpy. The simulations are performed with simulation cells containing 
216,000 or 8,000 ML-BOP molecules preequilibrated in the HDL phase for 5 ns 
at a pressure peq and temperature Teq (SI Appendix, Table S5) and then instanta-
neously depressurized to a target pressure p = 50, 100, 150, 170, 200, 215, or 
250 MPa and evolved in the NpH ensemble for 22 to 100 ns with a time step of 
1 fs and a 20 ps constant for the barostat.

http://www.pnas.org/lookup/doi/10.1073/pnas.2322853121#supplementary-materials
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We determine the fastest cooling rate that results in crystallization, qc(p) 
as the one that produces at least 10% of ice (cubic or hexagonal, identified 
with CHILL+) before the rest of the sample vitrifies. The cutoff is selected to 
account for the 5% ice detected in hyperquenched glassy water in experi-
ments (10, 39). qc = 0.2 K ns−1 at 0.1 MPa was determined in ref. 35 with a 
simulation cell containing 8,000 molecules scanning q = 10, 4, 1, 0.5, 0.2, 
0.1, 0.05 K ns−1. Here, we follow the same protocol to compute qc(p) at p = 
150, 160, 170, 200, 250, and 300 scanning subsets of the same cooling rates 
(SI Appendix, Fig. S20). We do not scan for p < 150 MPa because we find that qc 
at 150 MPa is the same than at 0.1 MPa. We determine qc for cells containing 
216,000 molecules at 170 and 200 MPa (SI Appendix, Fig. S21). We compute 
the temperature of maximum crystallization rate Tx(p) as the temperature of ice 
nucleation when the simulation cell is cooled at qc. We report in SI Appendix, 
Tables S2 and S3 Tx(p) as an average over five independent cooling simulations 
at the corresponding qc(p), listed individually in SI Appendix, Table S3. We 

calculate the glass transition temperature as a function of pressure Tg(p) as 
the temperature at which the mean displacement of the particles becomes 
less than 0.8 Å in cooling simulations with a rate 10 K ns−1 at pressures from 
−100 to 1,000 MPa (SI Appendix, Fig. S24).

Data, Materials, and Software Availability. All data of this study are included 
in the article and/or supporting information.
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