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Abstract

Use of continuous shrinkage priors — with a “spike” near zero and heavy-tails towards infinity
— is an increasingly popular approach to induce sparsity in parameter estimates. When the
parameters are only weakly identified by the likelihood, however, the posterior may end up with
tails as heavy as the prior, jeopardizing robustness of inference. A natural solution is to “shrink
the shoulders” of a shrinkage prior by lightening up its tails beyond a reasonable parameter range,
yielding a regularized version of the prior. We develop a regularization approach which, unlike
previous proposals, preserves computationally attractive structures of original shrinkage priors.
We study theoretical properties of the Gibbs sampler on resulting posterior distributions, with
emphasis on convergence rates of the Polya-Gamma Gibbs sampler for sparse logistic regression.
Our analysis shows that the proposed regularization leads to geometric ergodicity under a broad
range of global-local shrinkage priors. Essentially, the only requirement is for the prior z,..(-) on

the local scale 4 to satisfy me.(0) < oo. If m( - ) further satisfies lim, _ ¢ 4)/ A < oo fOr a > 0, as
in the case of Bayesian bridge priors, we show the sampler to be uniformly ergodic.
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1 Introduction

Bayesian modelers are increasingly adopting continuous shrinkage priors to control the
effective number of parameters and model complexity in a data-driven manner. These priors
are designed to shrink most of the parameters towards zero while allowing for the likelihood
to pull a small fraction of them away from zero. To achieve such effects, a shrinkage prior1

aki.nishimura@jhu.edu .
Iwe drop the word “continuous” since “shrinkage priors” are commonly understood in the literature as continuous ones, which
exclude traditional discrete spike-slab mixtures.
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has a density with a “spike” near zero and heavy-tails towards infinity, encoding information
that parameter values are likely close to zero but otherwise could be anywhere. Originally
developed for the purpose of sparse regression (Carvalho et al., 2009), shrinkage priors have
found applications in trend filtering of time series data (Kowal et al., 2019), (dynamic) factor
models (Kastner, 2019), graphical models (Li et al., 2019), compression of deep neural
networks (Louizos et al., 2017), among others.

Of particular interest in this paper is an application of Bayesian shrinkage to a
logistic regression model y, | x,, ,3~Bern0ulli(logit_1(x,»T ﬁ)) and computational properties of the

corresponding posterior inference via Gibbs sampling. Due to the possibility of g being only
weakly identifiable, use of a shrinkage prior on g here warrants proper modification of the
prior’s tail in order to ensure reasonable computational and statistical behaviors. Under our
tail regularization strategy, we show that the Gibbs sampler achieves geometric ergodicity
under a broad range of shrinkage priors. Notably, our proof technique unifies analyses of the
Gibbs samplers under various shrinkage priors, providing an easily verifiable condition for
geometric and uniform ergodicity.

Shrinkage priors are often expressed as a scale mixture of Gaussians on the unknown
parameter g = (f,, ..., §,) (Polson and Scott, 2010):

(B, | 7, (0, 722)), Ao+

(0]

This global-local representation simplifies the posterior conditionals and lead to
straightforward inference via Gibbs sampling. The global scale = controls the average
magnitude of ;s and hence overall sparsity level. The /ocal scale 4, is specific to individual

B, and its density (- ) controls the size of the spike and tail behavior of the marginal g, | =.

For instance, the popular horseshoe prior of Carvalho et al. (2010) uses m(,c(/l) o« (1 + /12)_1,

inducing a marginal =(g; | ) with the spike proportional to —log(|8;/]) as |8,/z] — 0 and the
tail proportional to (/Jj/r)_2 as |p,/t| — oo. Another notable example is the Bayesian bridge
prior of Polson et al. (2014), which generalizes the Bayesian lasso of Park and Casella
(2008) with z(g; | z) having a larger spike as |,/z] — 0 and heavier tails as |,/7| — oo. Most
importantly from the computational efficiency perspective, the bridge prior possesses a
closed-form expression z(, | r) « exp(—|B,/7|") for a € (0,1) and thus allows for a collapsed
Gibbs update from = | g with 4,’s marginalized out.

For a simple purpose such as estimating the unknown means of independent Gaussian
observations, a broad class of shrinkage priors achieve theoretically optimal performance
(van der Pas et al., 2016; Ghosh and Chakrabarti, 2017). The lack of prior information in the
tail of the distribution is problematic, however, in more complex models where parameters
are only weakly identified. In such models, the posterior may have a tail as heavy as the
prior, resulting in unreliable parameter estimates (Ghosh et al., 2018).
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To address the above shortcoming of shrinkage priors, we build on the work of Piironen
and Vehtari (2017) and propose a computationally convenient way to regularize shrinkage
priors. The basic idea is to modify the prior so that the marginal distribution of || has
light-tails beyond a reasonable range. Our formulation has computational advantages over
that of Piironen and Vehtari (2017) due to a subtle yet important difference. By preserving
the global-local structure (1.1), our regularized shrinkage priors can benefit from partial
marginalization approaches that substantially improve mixing of Gibbs samplers (Polson
et al. 2014; Johndrow et al. 2018; Appendix E). In addition, our regularization leaves the
posterior conditionals of 4,’s unchanged, allowing their conditional updates via existing
specialized samplers (Griffin and Brown 2010; Polson et al. 2014; Appendix F).2

Our regularized shrinkage priors allow for posterior inference via Gibbs sampler whose
convergence rates often are provably fast. As an illustrative example, we consider Bayesian
sparse logistic regression models, whose need for regularization motivated the work of
Piironen and Vehtari (2017). Gibbs sampling via the Pélya-Gamma data augmentation of
Polson et al. (2013) is a state-of-the-art approach to posterior computation under logistic
model. When combined with advanced numerical linear algebra techniques, this Gibbs
sampler is highly scalable to large data sets (Nishimura and Suchard, 2018), but its
theoretical convergence rate has not been investigated. Assuming that the prior density (1)
is continuous and bounded except possibly at 4 = 0, we establish that the Gibbs sampler

is geometrically ergodic whenever ,..(0) < . Stronger uniform convergence is achieved

when /3~ 'z,(2)d2 < co. The integrability condition holds in particular when 7..(4) = 0(4°)

for a > 0 as 4 — 0, which is the case for normal-gamma priors with shape parameter larger
than 1/2 (Griffin and Brown, 2010) and for Bayesian bridge priors (Polson et al. 2014 and
Appendix E).

Previous studies of the convergence rates under shrinkage models have focused exclusively
on linear regression with specific parametric families of shrinkage priors (Pal and Khare,
2014; Johndrow et al., 2018). In contrast, our analysis requires no parametric assumptions
on the shrinkage prior, at the same time extending the convergence results to the logistic
model and, in Appendix A, to the probit model.

To summarize, this work provides two major contributions to the Bayesian shrinkage
literature. First, we propose an effective and Gibbs-friendly approach to suitably modify
shrinkage priors for use in weakly-identifiable models (Section 2). Second, we develop
theoretical tools to study the behavior of shrinkage model Gibbs samplers near the spike

B, = 0 without any parametric assumption on =, - ), thereby unifying convergence analyses
of the logistic regression Gibbs samplers under a range of shrinkage priors (Section 3).

We conclude the article in Section 4 by demonstrating a practical use case of regularized
shrinkage models via simulation study, which emulates increasingly common situations
where the sample sizes are large yet the signals are difficult to detect. Our simulation results
in particular highlight the dual role of the regularization; by eliminating heavy-tails in the

2Appendix F describes a simple and provably efficient rejection-sampler for the conditional distributions of local scale parameter A,’s

under the horseshoe prior. Despite the horseshoe’s popularity, we find that no existing algorithm for the conditional update comes with
theoretically guaranteed efficiency.
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shrinkage model posterior, it induces both more stable parameter estimates and faster mixing
of the Gibbs sampler.

2 Regularized shrinkage prior

This section explains how our regularization approach allows us to incorporate prior
information on the largest possible parameter values while maintaining the computational
tractability of the original shrinkage prior.

Piironen and Vehtari (2017) proposes to control the tail behavior of a global-local shrinkage
prior by defining its regularized version with s/ab width ¢ > 0 as

1 17!
Bt A, C~M0|—=+—=—]| |
J J 42 1'2/1/2

2.1

with the prior z..( - ) on the local scale 4, unmodified. This regularization ensures that the

variance of g, | z, 4, ¢ is upper bounded by ¢% and hence p; | ¢ marginally has a density with
Gaussian tails beyond || > ¢. The slab width ¢ can be either given a prior distribution or
fixed at a reasonable value.3

While beneficial in improving statistical properties (Piironen and Vehtari, 2017),
regularization the form (2.1) compromises the posterior conditional structures of shrinkage
models. Specifically, the conditional distribution of z, 4 is altered through their dependency
on ¢. This structural change is at best an inconvenience and potentially a cause of
computational inefficiency, prohibiting the use of common acceleration techniques. For
instance, the global scale = is known to mix slowly when updating from its full conditional,
so the state-of-the-art Gibbs samplers for Bayesian sparse regression marginalize out a
subset of parameters when updating = (Johndrow et al., 2018; Nishimura and Suchard,
2018). The analytical tractabilities of the integrals, which these marginalization strategies
rely on, is lost when using the regularization as in (2.1).

We propose a more computationally convenient formulation, which induces regularization
similar to that of (2.1) while keeping = and 4 conditionally independent of ¢ given g. Our
regularized prior ..,( - ) defines the distribution of g, 4, | ,¢ as

Tee(Bjs A | T,¢) o exp|— i Lexp —i Tioc( A7)
wee(Bjs 45 | T 22 227 oc( 4

Ly - 1+T2/1’?_1/27r (1)
- A 5 loc!
2 2z 2 i

«/V(ﬂ,l(),

22

Swhile an appropriate choice of ¢ is application specific, by way of illustration, we suggest { = 2 as a weakly informative and
sensible starting point in biomedical applications with standardized predictors. Schuemie et al. (2018) surveys 59,196 published effect
estimates in the observational study literature and finds only a small portion of them exceeds 2.
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where (- | 0,0%) denotes the centered Gaussian density with variance o2. In other
words, in addition to defining z(g, | 7, 4, ¢) as in (2.1), we alter the prior on 4, as

7(4 | 7.¢) < mo(A)I 1 + 22422 Incidentally, we see that our regularized prior is very similar
to that of Piironen and Vehtari (2017), but has a slightly lighter tail due to the factor

11 + 7222/¢ which, as 4, — oo, behaves like ¢/74,.

Alternatively, we can achieve the equivalent regularization through fictitious data that makes
values || > ¢ unlikely. While it may appear unnatural to introduce an auxiliary likelihood
for the purpose of indirectly modifying a prior, this alternative formulation makes the
regularization mechanism and resulting posterior properties more transparent. Figure 2.1
schematically describes this alternative construction of our regularized prior as well as

the corresponding posterior structure when data y and X inform g through the likelihood

Given a global-local prior g, | 7, 4~.#(0,724), we introduce fictitious data z, whose realized
value and underlying distribution are assumed to be

z;=0,z;| B C~-/V(ﬁ,-, CZ)

(23)

for j=1,..., p. We then define the regularized prior as the distribution of g, conditional on
z; = 0. Under this model, the distribution of g, | 7, 4, ¢, z; = 0 coincides with that of (2.1). On

the other hand, the scale parameters z, 1 are conditionally independent of the others given g,

d
so that the posterior full conditional z, 1 | ,¢, z, y, X( =1, ﬂ) has the same density as in the

unregularized version. Our regularization thus allows the Gibbs sampler to update z, A with
the exact same algorithm as the one designed for the original shrinkage prior. We summarize
our discussion as Proposition 2.1 below.

o 3 ()
X

(b) Of the form (2.3) as in Proposition 2.1.
(a) Of the form (2.1) as previously proposed. = Regularization does not affect the posterior

The posterior conditional of (7, ) is affected  conditional of (7,A) as the parameters re-
by their dependency on ¢ through 3. mains decoupled from (.

Figure2.1:
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Directed acyclic graphical model (a.k.a. Bayesian network) representation of regularized
shrinkage priors under the two alternative formulations.

Proposition 2.1. Consider a global-local shrinkage prior p, | . i~/ (0.724). Armo( - ) and
~mgo( - ). INtroducing the fictitious data z = 0 as in (2.3) Is equivalent to using the reqularized
prior (2.2) on (8, 4;), yielding

Bilt, 2,8, z,= 0~/V(0,

!
ST
Or, with A, marginalized out, we have

2
7(py | 762, = 0) o #(f,| r)exp(‘zﬂr:/?}

When the likelihood depends only on g, the posterior full conditional of =, A has density

1 2
(7, A| B) o mao(T )H ﬁeXP(—%]”locU/)-
j J 27 ﬂj

(24

3 Geometric and uniform ergodicity under regularized sparse logistic
regression

Shrinkage priors’ popularity stems from, to a considerable extent, the ease of posterior
computation via Gibbs sampling (Bhadra et al., 2017). As we have shown in Section

2, shrinkage models can incorporate regularization without affecting its computational
tractability. We now investigate how fast such Gibbs samplers converge. While
regularization was originally motivated to remedy statistically problematic behavior of
heavy-tailed shrinkage priors, our results show that it can also improve the Gibbs samplers’
convergence rates. The simulation results of Section 4 further corroborate the theory.

As a representative example where regularization is essential, we focus on Bayesian sparse
logistic regression (Piironen and Vehtari, 2017; Nishimura and Suchard, 2018). To be
explicit, we consider the model

| % ﬁ~Bemou]li(10git_ 1(x7ﬁ)),
z; =0 for z; | ﬁ,~/V(ﬂ,, Cz),
By 1 7 Am (0,72 ), o - ), Ao - ).

(CR0)

The P6lya-Gamma data-augmentation of Polson et al. (2013) is a widely-used approach to
carry out the posterior computation under the logistic model. By introducing an auxiliary
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parameter o = (w,, ..., »,) having a Polya-Gamma distribution, the Gibbs sampler induces
a transition kernel: (o*, p*, 1%, 7%) — (@, B, 1, 7) through the following cycle of conditional
updates:

1. Draw = | g*, 2* from the density proportional to (2.4). When using Bayesian
bridge priors, draw from the collapsed distribution = | g* (Appendix E).

2. Draw 4 | g*, = from the density proportional to (2.4).
3. Draw o, | p*, X~P01yaGamma(shape = 1, tilting = x,Tﬁ*) fori=1,...,n
4, Draw B8 | w, 7, 4, y, X, z = 0 from the multivariate-Gaussian

Blaot, iy X,z= 0~/V(<I)_1XT(y - %) <1>‘1) for®d=X'OX+¢ 2+ 2472,

32

where Q = diag(w) and A = diag(1).

Note that the transition kernel actually depends neither on @* nor z* (nor A* in the Bayesian
bridge case) because of conditional independence. We refer readers to Polson et al. (2013)
for more details on this data augmentation scheme. In our analysis, we do not use any
specific properties of the Pdlya-Gamma distribution aside from a couple of results from
Choi and Hobert (2013) and Wang and Roy (2018).

The Polya-Gamma Gibbs sampler for the logistic model has previously been analyzed under
a Gaussian or flat prior on g (Choi and Hobert, 2013; Wang and Roy, 2018), but not

under shrinkage priors. We establish geometric and uniform ergodicity — critical properties
for any practical Markov chain Monte Carlo algorithms (Jones and Hobert, 2001). These
properties imply the Markov chain central limit theorem and enables consistent estimation of
Monte Carlo errors, ensuring that the Gibbs sampler reliably estimates quantities of interest
(Flegal and Jones, 2011). To avoid cluttering notations and obscuring the main ideas, our
analysis below assumes the slab width ¢ to be fixed; however, the same conclusions hold if
we only assume a prior constraint of the form ¢ < ¢,.. < oo (Remark 3.9).

Below are the main ergodicity results we will establish in this section, the uniform rate under
Bayesian bridge and geometric rate under more general shrinkage priors:

Theorem 3.1 (Uniform ergodicity in the Bayesian bridge case). /f the prior z,.( - ) s
supported on [T, oo ) forr.., > 0, then the Polya-Gamma Gibbs sampler for reqularized
Baysian bridge logistic regression is uniformly ergodic.

Theorem 3.2 (Geometric ergodicity). Suppose that the local scale prior satisfies
| moe Il < oo and that the global scale prior z,.( - ) IS SUPPOrted on |, tw.| for

0 < Tyin < Tow < 0. Then the Polya-Gamma Gibbs sampler for regularized sparse logistic
regression is geometrically ergodic.

Bayesian Anal. Author manuscript; available in PMC 2024 May 20.
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Remark. Uniform / geometric ergodicity is an essential requirement for, yet not a guarantee
of, practically efficient Markov chains (Roberts and Rosenthal, 2004). In fact, the simulation
results of Section 4 show that the benefit of regularization is greatest when ¢ is chosen small
enough to impose a reasonable prior constraint on the value of g,’s.

3.1 Proof approach: minorization and drift conditions

To establish Theorem 3.1 and 3.2, we verify that each Gibbs sampler satisfies the
minorization and drift conditions, upon on which geometric and uniform ergodicity are
immediately implied by the well-known theory of Markov chains (Meyn and Tweedie, 2009;
Roberts and Rosenthal, 2004). Here we introduce the relevant notions in terms of a generic
transition kernel P(6*, d6).

In the statements to follow, we assume that P(6*, d6) has a corresponding density function
which, with slight abuse of notation, we denote by P(6 | 6+); in other words, the two satisfy
the relation P(6*, A) = [, P(6 | 6*)d6. A chain on the space 6 € ® with transition kernel

P(0*, dO) is said to satisfy a minorization condition with a small set s if there are s > 0 and a
probability density =( - ) such that

P(6| 0%) > 67(6) for all 0% € S .

The chain is uniformly ergodic when s = @. Otherwise, the chain is geometrically ergodic if
it additionally satisfies a drift condition i.e. there is a Lyapunov function v(6) > 0 such that,
fory<1land b < oo,

PV(0%): = / V(@)P(e | 6)d6 < yV(6%) + b

and S = {6:V(0) < d} is a small set for some d > 2b/(1 — y) (Rosenthal, 1995).

For a two-block Gibbs sampler on the space (0, ¢) that alternately samples 0~z( - | ¢)

and ¢~z(- | 8), geometric and uniform ergodicity of the joint chain follows from that

of the marginal chain with transition kernel P(0 | 6*) = [z(6 | ¢)=(¢ | 6*)d¢ (Roberts and
Rosenthal, 2001). In establishing the uniform ergodicity under the Bayesian bridge
(Theorem 3.1), we decompose the collapsed Gibbs sampler into components g and (o, 7, 1)
and study the marginal chain in g. In the subsequent analysis establishing the geometric
ergodicity under a more general class of regularized shrinkage priors (Theorem 3.2), we
decompose the Gibbs sampler into components (B, 1) and (@, z) and study the marginal chain

in (B, 4).

3.2 Behavior of shrinkage model Gibbs samplers near ff; = 0

In many models, establishing minorization and drift condition amounts to quantifying the
chain’s behavior in the tail of the target. In studying convergence rates under shrinkage
models, however, we are faced with an additional and distinctive challenge: the need to
establish that the chain does not get “stuck” near the spike at g, = 0 (Pal and Khare, 2014;

Bayesian Anal. Author manuscript; available in PMC 2024 May 20.
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Johndrow et al., 2018). Regularization effectively eliminates the possibility of the chain
meandering to infinity, making it relatively routine to analyze its behavior as g, — 0. On the
other hands, the existing results provide no general insights into the behavior near g, = 0. In
fact, a careful examination of the proofs by Pal and Khare (2014) and Johndrow et al. (2018)
reveals that the analyses under various shrinkage priors could have been unified if we had a
more general characterization of shrinkage model Gibbs samplers’ behavior near g, = 0.

To fill in this theoretical gap, we start our analysis by abstracting key model-agnostic results
from our proofs of minorization and drift condition for the sparse logistic regression Gibbs
sampler. Our Propositions 3.3 and 3.4 below characterize properties of the distribution of

A; | B, = — this distribution, due to conditional independence, typically coincides with the
full posterior conditional of 4, and critically informs behavior of the subsequent update of

B, in a shrinkage model Gibbs sampler. Our proof techniques apply to a broad range of
shrinkage priors, essentially requiring only that || z.. ||, = max,m.(4) < 0.4

©

Proposition 3.3 below plays a critical role in our proof of minorization condition. The
proposition tells us that a sample from 4, | g;, = has a uniformly lower-bounded probability
of 4, > a as long as |,/ is bounded away from zero. In turn, the subsequent update of

#,; conditional on 4, should also have a guaranteed chance of landing away from zero.
Intuitively, we can thus interpret the proposition as suggesting that a shrinkage model Gibbs
sampler should not get “absorbed” to the spike at g, = 0. The difference in the limiting

behavior as

f;/7| — 0, depending on whether j/l‘lmw(,l)dzl < oo, is also significant and leads

to the difference between geometric and uniform convergence under the sparse logistic
regression example through Theorem 3.6.

Proposition 3.3. For any a > 0, the tail probability (A, > a | p;, ) Is a decreasing function
of |5,/ 1f [ 4™ o 2)d2 = oo, then as|f;17] — 0 the tail probability converges to 0, i.e. the
conditional A, | g;,t converges in distribution to a delta measure at 0. If [ A~ ! mm(,l)d,l < oo,

then the conditional 4, | p;, = converges in distribution to n(A,) « 4; 'm.(A;) as|6;/t| — 0.

Another key property of 4, | g, 7, featured prominently in our proof of the drift condition
(Theorem 3.8), is provided by Proposition 3.4 below. To briefly provide a context, a
Lyapunov function of the form v(B) = 8| has proven effective in analyzing a shrinkage
model Gibbs sampler (Pal and Khare 2014, Johndrow et al. 2018, Section 3.4). And
bounding the conditional expectation of z=%4;“ as below often constitutes a critical step

in establishing the drift condition.

Proposition 3.4. Let R > 0 and a € [0,1). If|| m.. ||, < oo, then there is an increasing function
y(r) > 0 withlim, .y (r) = 0, for which the expectation with respect to 4, | §;, = satisfies

1duosnuen Joyiny

4The results presented in this article, specifically those that depend on Proposition B.2 and Lemma B.3, implicitly assume that 7z;,.(4)
is absolutely continuous at A,;, = inf{ A: m..(4) > 0}. This is a purely technical assumption as any shrinkage prior in practice should
satisfy m..(4) > 0 for A > 0 and be a differentiable function of A.
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E[r=4 | 7. 6] < y(R/T)(|p}‘|“" + |R|'“).

33

Proposition 3.3 and 3.4 are substantial theoretical contributions on their own, but we
defer their proofs to Appendix B so that we can without interruption proceed to establish
ergodicity results in the regularized sparse logisitic regression case.

Remark. The assumption || . ||, < oo is sufficient but not necessary one for the conclusion
of Proposition 3.4 and later of Theorem 3.8. Following the analysis by Pal and Khare
(2014), we can show that the conclusions also hold under normal-gamma priors with any
shape parameter a > 0. These priors have the property zr.m.(/l)~0(/12“ ~!)as 24— 0and hence

lim, _,m(A) = oo for a < 1/2. We leave it as future work to characterize the behavior of

general shrinkage priors with || z,. ||, = oo.

o

Remark. In Appendix A, we show that Proposition 3.3 and 3.4 can also be applied to
establish uniform/geometric ergodicity of a Gibbs sampler for Bayesian sparse probit
regression, demonstrating their relevance beyond the sparse logistic regression example.

3.3 Minorization — with uniform ergodicity in special cases
Having described the noteworthy model-agnostic results within our proofs, from now on we
focus exclusively on the regularized sparse logistic regression case. We first consider the
Gibbs sampler with fixed z in Lemma 3.5 and Theorem 3.6. While fixing the global scale
parameter is a common assumption in the ergodicity proofs for shrinkage models (Pal and
Khare, 2014), we subsequently show that this assumption can be replaced with much weaker
ones; we only require z~z,,( - ) to be supported away from 0 in Theorem 3.1 and additionally
away from + o in Theorem 3.7.

Let P(B | B*, 7, A) denote the transition kernel corresponding to Step 3 and 4 of the Gibbs
sampler as described in Page 6 and P(B | p*, ) corresponding to Step 2 — 4. In other words,
we define

P(B| p* 7, A) = /ﬂ(ﬂ |®,7,4,y, X,z =0)n(w | p*, X)do,

PG 1) = / P(B| B, 7. A)x( | f¥)di.

The following lemma builds on a result of Choi and Hobert (2013) and plays a prominent
role, along with Proposition 3.3, in our proofs of minorization conditions.

Lemma 3.5. WheneverminstA; > R > 0, there is &' > 0 — independent of - and A except
through R — such that the following minorization condition holds.

Bayesian Anal. Author manuscript; available in PMC 2024 May 20.



1duosnue Joyiny 1duosnuey Joyiny 1duosnue Joyiny

1duosnuen Joyiny

Nishimura and Suchard Page 11

P(B| B*.7, 2) 2 8/N(B; e ),

where®, = 1 XX + {21+ R~ and p, = @ X (y-1/2)

We defer the proof to Appendix C.
We now establish a minorization condition for the Gibbs sampler with fixed .

Theorem 3.6 (Minorization). Lete, R > 0. On a small set {p*:min|B,/z| > €}, the marginal
transition kernel satisfies a minorization condition

P(B | B*.7) 2 8(2) V(B py. '),

where u, and ®, are defined as in Lemma 3.5, and s(r) > 0 Is Increasing in t and otherwise
depends only one, R, and ... Moreover, the minorization holds uniformly on g+ € R” in
case the prior satisfies [ 3~ ' m.(2)d1 < .

Proof. Using Lemma 3.5, we have
P(B|p*.7) = fP(ﬂ | B*, 7, Mz(4 | p*,7)dA
= A‘ninjr/ljzR] P(ﬁ | ﬂ*’T’ )’)ﬂ(l | ﬂ*, T)d),

> 5 (P @) [T [ a1 5,50
j R/t

for ' > 0 depending only on R. Also, Proposition 3.3 implies that whenever |/z| > e

f”n(z, | B, 7)dd, > f;n(u |p¥17 | = €)da> 0.
R/t T

Hence, [T, /&.7(4; | 5. 7)d4; is lower bounded by a positive constant depending only on e and
R/z.Incase C = /"2~ 'm.(4)dd < oo, we can forgo the assumption |5/ > e and obtain a

uniform lower bound since
f /1 | B 7)dA; > / AT ﬂlm( )d1>0
A Cc

We now relax the assumption of fixed z. The results of van der Pas et al. (2017) suggest
that a constraint of the form 0 < z,,, < 7 < 7,... < oo Can improve the statistical property of
shrinkage priors. As it turns out, such a constraint also enables us to establish minorization
conditions for the full Gibbs sampler under sparse logistic regression with r update
incorporated. We can in fact take r,.,, = oo in case of the Bayesian bridge prior, whose
unique structure allows us to marginalize out 4,’s when updating = (Polson et al. 2014;
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Appendix E). This collapsed update of = from = | g makes it possible to deduce the uniform
ergodicity result of Theorem 3.1 as an immediate consequence of Theorem 3.6 by studying
the marginal transition g* — g with kernel

Pp1 5= [ 1 ate) e,

mi

34

Proof of Theorem 3.1. It suffices to establish uniform minorization for the marginal
transition kernel (3.4). Under the Bayesian bridge prior, we have moc(/l) x 0(,12“) as i —0
(Appendix E) and hence /4~ 'z.(4) < co. The minorization condition of Theorem 3.6 thus

holds uniformly in g*, yielding

[ T P(B | o)l | ) > N (B D7) f " s(0)n(e | p)d,

‘min ‘min

3.5

for R > 0. Theorem 3.6 further tells us that 5(z) > 0 is increasing in z, So we have

[mé(‘r)ﬂ(r | )t > 8(Tmin) > 0.

min

3.6)

The inequalities (3.5) and (3.6) together establish uniform minorization. O

For more general shrinkage priors, the global scale - must be updated from the full
conditional = | B, 1. This makes it necessary to study the marginal transition (*, A*) — (B, 1),
jointly in regression coefficients and local scales, with kernel

P(B. 1| B*. A%) = / P15 D[], 7(4 1 6. )x(z | p*, 2%)de.

@

We establish a minorization condition for this general case in Theorem 3.7.

Theorem 3.7. If the prior zy( - ) 15 SUPPOIED ON [ Tuins Twax| TOr0 < Toin < Toax < o0, then

the marginal transition kernel P(B, 1 | p*, A*) of the Pdlya-Gamma Gibbs sampler for
regularized sparse logistic regression satisfies a minorization condjtion on a small set
{(B,2%):0<e<|f]| < E< o forall j}.

Proof. By Lemma 3.5 and the fact ¢4, > ,;,4,, we know that for R > 0

P(B| B*, 7, A) = 1{minzynd; > R} N (B: pp, PF).

3.8
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To lower bound the term [T, #(4, | 8, z) in (3.7), we first recall that

“lexo(— 72120222\ (4,
(41 8).7)= /m jj— f;l:( ﬂj*izr ;,)anj) ‘
0 p(_ﬁj 1222 )ﬂloc(ﬂ)d/l

When 7., < 7 < 7., and e < || < E, we have

exp(— Ezlzf;inAz) < exp(— /1,?/212/12) < exp(—e2/2r3mx/12).

It follows from the above inequalities that

. h 1exp(— E%/ ZTiinl/z)ﬂlocu/)
2 o e

= rlﬁlower(/‘l/)

3.9

for # > 0 and density m,..( - ) independent of g, and z. Combining (3.8) and (3.9), we can
lower bound the transition kernel (3.7) as

P(B. 2| p*, %)

Tmax

]/V(ﬁ; He <I>;‘)th,wc, (1) a(r | B, A)dr
J

Tmin

R

Tmin

> 6'nl lmin/lj >
J

= 5 (s e @) [T 1% 2 2| oer (2
J min

O

3.4 Drift condition and geometric ergodicity

Here we establish a drift condition for geometric ergodicity under sparse logistic regression.
As discussed in Section 3.2, the regularization prevents the Markov chain from meandering
to infinity, so the main question is whether the chain can get “stuck” for a long time near

g; = 0. The following result shows that this does not happen as long as the global scale = is
bounded away from zero.

Theorem 3.8. Suppose that the local scale prior satisfies || x.. ||, < oo and that the global
scale prior z,( - ) 15 Supported on [z, oo ) fort., > 0. Then the marginal transition kernel

P(B. A | B*, A*) satisfies a drift condition with a Lyapunov function V() = Y,|p|™" for any

0<a<l.

Proof. Note that PV (p+) can be expressed as a series of iterated expectations with respect to
Q) Ble,7.4,y.X,2=0,2) @] p* (3) 1| p*,7,and (4) = | p*, A*. We will bound the iterated
expectations of ||~* one by one.
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Since B | .7, 4,y, X, z = 0 is distributed as Gaussian, denoting by x, and o; the conditional
mean and variance of g,, Proposition 3.10 below tells us that

l—a
)
[E[|ﬁ/|_a |, 7,4, y,X,z= 0] < Cy(p;/0;)o; where sup C,(t) < a/22\/— and C,(t) = O(|t|_a) asft|— oo .
t 2 T

For the purpose of this proof, we can simply set C, to be its global upper bound; however,
a tighter bound may be obtained when the posterior concentrates away from zero and
thereby resulting in |u,/0| — o and C,(u;/5;) — 0 as the sample size increases. Combined
with Proposition 3.11 below, the above inequality implies

CL[E[|/7,|“" | 0.7, 4,9, X,2=0] <t704 + %+ 1 -

(3.10)

In taking the expectation of (3.10) with respect to @ | g*, we use the result E[w, | p*] < 1/4 of
Wang and Roy (2018) to obtain

1 - e
a[E[|ﬂ,| oAl <9 + 7%+ 1 -

(3.11)
Taking the expectation of (3.11) with respect to 1 | z, p*, we have

Cia[E[m,r“ | 7. B*| <E[z=%4 | 7. ]+ C'

n
a,X) where C'(a, X) = ¢~ %+ 1 —%+% >

Now choose R > 0 small enough that y(R/7) < y(R/z,;,) < C;' in Proposition 3.4. Then we
have the following inequality for " := C,y(R/zmn) < 1:

CE[e " | 7. 5] < y'(

oI+ R

for all = > z,,,. Incorporating the above inequality into (3.12), we obtain

Ell6] 1 z.6%] < v |8 "+ |R[”" + C.C'(a, X).

Since z(z | p*, A*) is supported on = > r,,, by our assumption, taking the expectation with
respect to = | p*, A* yield
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E[lB | g% 2¥] < |8+ 7| R[] + C.C(a. X).

Theorem 3.7 and 3.8 together imply the geometric ergodicity result of Theorem 3.2:

Proof of Theorem 3.2. \We show that V(ﬁ) =Y+ 11 B ||2 is a Lyapunov function for the
marginal transition kernel P(B, 1 | g%, 2*). Note that

1817 10545 X.2=0]
= IE[flon Ay X.z=0|* + Y va(§} | @7, A,y X,z = 0)

1) .2
= EXT(y_ 5) I+ Zle,TEe,

_ NI
for X = (XTQX+ A+ 2A 2) . Since = < £I, we have e/Ze, < ¢? and

I EXT(y - %) <2 XT(y - %) I>. Thus we have

1) .2
(1812 1o.m 4y Xz =0] < EXT(y— 3] I+ 2.

(3.13)

Since the right-hand side does not depend on e, 7, 4, the expectation with respect to
P(B, 1| p*, A¥) satisfies the same bound:

2
E[1812 1% < AN EXT(y= 3] 17+ e,

In addition to the above bound, we know that 3|5~

is a Lypunov function by Theorem
3.8. Hence, V(ﬁ) =X+ 118 12 is again a Lyapunov function. Moreover, by Theorem
3.7, we know that the Gibbs sampler satisfies a minorization condition on the set
{B*:0<e< || <E< oo forall j} fore>0and E < co. Thus the sampler is geometrically
ergodic. O

Remark 3.9. As mentioned earlier, the geometric and uniform ergodicity as well as
analogues of the intermediate results continue to hold when we relax the assumption of
fixed ¢ to a prior constraint of the form ¢ < ¢,.. < . The proof goes as follows. Due to

the conditional independence, the Gibbs sampler on the joint space draws alternately from
(|l Bz=0and B,w,7, 4|y, X,z =0,¢. By repeating all the previous arguments with ¢, in
place of ¢, we obtain essentially the identical minorization and drift bounds that hold for all
¢ < & Since the bounds hold uniformly on the support ¢ < ¢,..., the identical bounds again
hold when taking the expectation over ¢ | g,z = 0.

Auxiliary results for proof of geometric ergodicity—Proposition 3.10 and 3.11
below are used in the proof of Theorem 3.8 and are proved in Appendix D. Proposition 3.10
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is a refinement of Proposition Al in Pal and Khare (2014) and of Equation (41) in Johndrow
et al. (2018), neither of which have the D(u/c) term.

Proposition 3.10. Fora € (0.1) and p~A(u. c*), we have

—-a 1-—
Lt

- 2(1/2\/;

6~ %min 1, D|u/c|},

where D(t) = O(|(|”*) — 0 as|t| — oo and can be chosen as

D) = ! 2%_(1 2 +2l+“r(“)|z|—“
- (g 1- a) T—a P77 2 2 :
27 2

(3.14)

Proposition 3.11. The diagonals o, of £ = (XTQX +¢°1 + T_ZA_Z)_I satisfy the following

inequality for0 < a < 1.

4 Simulation

We run a simulation study to assess the computational and statistical properties of

the regularized sparse logistic regression model. We use the Bayesian bridge prior

(B, | 7) & 7~ lexp(—|B,/7|") to take advantage of the efficient global scale parameter update
scheme. This prior also allows us to experiment with a range of spike and tail behavior by
varying the exponent a, inducing larger spikes and heavier tails as « — 0. For the global scale
parameter, we chose the objective prior nglo(r) « 1 (Berger et al., 2015, Appendix E) with

the range restriction 1076 < E[|5] | =] < 1 to ensure posterior propriety, though in practice
we never observe a posterior draw of z outside this range. For the posterior computations,
we use the Pélya-Gamma Gibbs sampler provided by the bayesbridge package available
from Python Package Index (pypi.org); the source code is available at the GitHub repository
https://github.com/OHDSI/bayes-bridge.

4.1 Data generating process: “large n, but weak signal” problems

Piironen and Vehtari (2017) demonstrate the benefits of regularizing shrinkage priors in the
“p > n” case, when the number of predictors p exceeds the sample size »n. To complement
their study, we consider the case of rare outcomes and infrequently observed features,
another common situation in which regularizing shrinkage priors becomes essential. For
example in healthcare data, many outcomes of interests have low incidence rates and many
treatments are prescribed to only a small fraction of patients (Tian et al., 2018). This
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results in binary outcomes y and features x; filled mostly with 0’s, making the amount of
information much less than otherwise expected (Greenland et al., 2016).

To simulate under these “large n, but weak signal” settings, we generate synthetic data with
n=2,500 and p = 500 as follows. We construct binary features with a range of observed
frequencies by first drawing 2w~Beta(1/2,2) for j = 1, ...,500; this in particular means

0 < w; < 0.5 and E[w,] = 0.1. For each j, we then generate x,~Bernoulli(w,) fori =1,...,n.

We choose the true signal to be g, =1 for j=1,...,10and g, = 0 for j = 11, ...,500. To
simulate an outcome with low incidence rate, we choose the intercept to be g, = 1.5 and draw
y~Bernoulli(logit(—x/ B)), resulting in y, = 1 for approximately 5% of its entries.

4.2 Convergence and mixing: with and without regularization

With the above data generating process, outcome y and design matrix X barely contain
enough information to estimate all the coefficients g;’s. In particular, sparse logistic model
without regularization can lead to a heavy-tailed posterior, for which uniform and geometric
ergodicity of the Polya-Gamma Gibbs sampler becomes questionable.

These potential convergence and mixing issues are evidenced by the traceplot (Figure

4.1a) of the posterior samples based on bridge exponent a = 1/16. As we are particularly
concerned with the Markov chain wandering off to the tail of the target, we examine

the estimated credible intervals to identify the coefficients with potential convergence and
mixing issues. Plotted in Figure 4.1 are the coefficients with the widest 95% credible
intervals; these coefficients also have some of the smallest estimated effective sample sizes,
though the accuracy of such estimates is not guaranteed without geometric ergodicity. When
regularizing the shrinkage prior with a slab width ¢ = 1, the posterior samples indicate no
such convergence or mixing issues (Figure 4.1b) and yield more sensible posterior credible
intervals (Figure 4.2).
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Unregularized bridge Gibbs sampler iteration
(a) Without regularization, the Markov chain takes multiple “excursions” — each lasting over

hundreds of iterations — into the unreasonable value range of the coefficients. The deviation
in Bi72 is particularly prominent around the 42,000th iteration. More severe deviations may
occur if the chain is run longer.
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0 10000 20000 30000 40000 50000
Regularized bridge Gibbs sampler iteration

(b) With regularization, the Markov chain does not display any serious mixing issues. The
noticeable auto-correlation is due to the multi-modality of the posterior, an unavoidable feature
of shrinkage models. Note that the coefficients with widest credible intervals do not coincide
with the unregularized setting.

Figure4.1:
Traceplot under the Bayesian bridge logistic regression with exponent 1/16. Shown are the

three coefficients with most potentially problematic mixing behaviors; see the main text for
the details on our criteria.

15, 15
X posterior mean —
10{ — credible interval 101
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Index of coefficients with largest credible intervals

Figure4.2:
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10

0-1

Ten widest 95% posterior credible intervals under the Bayesian bridge logistic regression
with (right) and without (left) regularization. Without regularization, the intervals are
unrealistically large compared to the signal size of g,=1for j =1, ...,10.

We emphasize that there is no fundamental change in the Gibbs sampler itself when
incorporating the regularization, the only change being the addition of the ¢ =21 term in the
conditional precision matrix (3.2) when updating . It is the change in the posterior - more
specifically the guaranteed light tails of the g marginal — that induces faster convergence
and mixing.

We also assess sensitivity of convergence and mixing rates on the slab width ¢. The
regularized prior recovers the unregularized one as ¢ — oo. This means that, as seen from
the problematic computational behavior of the unregularized model, ¢ cannot be taken too
large in this limited data setting. In other words, the choice of ¢ has to reflect some degree
of prior information on g,’s. We need not assume strong prior information, however; Figure
4.3 demonstrates that even small amount of regularization (e.g. ¢ = 2 or 4) can noticeably
improve the computational behavior over the unregularized case.
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Regularized bridge (with { = 4) Gibbs sampler iteration
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0 10000 20000 30000 40000 50000
Regularized bridge (with = 2) Gibbs sampler iteration

Figure4.3:
Traceplots under different slab widths: ¢ = 2 (bottom) and ¢ = 4 (top). The settings are

otherwise identical to those of Figure 4.1. As before, the three coefficients with most
problematic mixing behaviors do not always coincide across different slab widths.
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4.3 Statistical properties of shrinkage model for weak signals

To study the shrinkage model’s ability to separate out the non-zero g, from the g, = 0, we
simulate 10 replicate data sets and estimate the posterior for each of them. In total, we obtain
5,000 marginal posterior distributions — 10 independent replication for each of the p = 500
regression coefficients — with 100 for the signal g, = 1 and 4,900 for the non-signal g, = 0.
As all the predictors x;’s are simulated in an exchangeable manner, the 100 (and 4,900)
posterior marginals for the signal (and non-signal) are also exchangeable.

Figure 4.4 show the posterior credible intervals. Due to the low incidence rate and infrequent
binary features, many of the signals are too weak to be detected. We also find that the
credible intervals seemingly do not achieve their nominal frequentist coverage for signals
below detection strength. This finding is consistent with the existing theoretical results on
shrinkage priors and is unsurprising in light of the impossibility theorem by Li (1989) —
confidence intervals cannot be optimally tight and have nominal coverage at the same time.
Credible intervals produced by Bayesian shrinkage models tend to be optimally tight and
thus require appropriate manual adjustments to achieve the nominal coverage (van der Pas et
al., 2017). No statistical procedure is immune to this tightness-coverage trade-off; therefore,
the apparent under-coverage should be seen not as a flaw but more as a feature of Bayesian
shrinkage models.

We benchmark the signal detection capability of the posterior against the frequentist lasso,
arguably the most widely-used approach to feature selection. Obtaining the lasso point
estimates requires a selection of the hyper-parameter commonly referred to as the penalty
parameter. For its choice, we first follow the standard practice of minimizing the ten-fold
cross-validation errors (Hastie et al., 2009). However, this approach yields inconsistent
and poor overall performance, detecting only 13 out of the 100 signals (Figure 4.4). Cross-
validation likely fails here because each fold does not capture the characteristics of the
whole data when the signals are so weak. As a more stable alternative for calibrating

the penalty parameter, we try an empirical Bayes procedure based on the Bayesian
interpretation of the lasso (Park and Casella, 2008). We first estimate the posterior marginal
mean of the penalty parameter from the Bayesian lasso Gibbs sampler. Conditionally on
this value, we then find the posterior mode of g. This procedure seems to yield more
consistent performance, detecting 39 out of the 100 signals albeit with the estimates more
shrunk towards null than the Bayesian posterior means. The empirical Bayes procedure
demonstrates more consistent behavior for the non-signals as well (Figure 4.5).

We also assess how the spike size and (pre-regularization) tail behavior of the prior influence
statistical properties of the resulting posterior. For this purpose, we fit the regularized bridge
model with the exponent a~! € {2.4,8,16 to the same data sets. Figure 4.6 summarizes

the credible intervals under the a = 1/4 case. The credible intervals are centered around the
values similar to the a = 1/16 case (Figure 4.4), but are much wider overall. We observe

the same pattern throughout the range of the exponent values: similar median values, but
tighter intervals for the smaller exponents. In particular, as can be seen in Figure 4.7, more
“extreme” shrinkage priors with larger spikes and heavier-tails seem to yield tighter credible
intervals for the same coverage.
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X bridge (16th exponent) posterior mean -
2.01 " — bridge 95% credible interval - =
1.5{ © lasso (empirical-bayes) — — 2

lasso (cross-validation)

1.0
0.51
0.01
1 20 40 60 80 100
Signal index (sorted)
1.01 . . -
*  bridge (16th exponent) posterior mean =
0.51 bridge 95% credible interval -
0_0-»~~—M-»-
-05{ *
-1.0__— , , , , ,
1 1000 2000 3000 4000 4900
Non-signal index (sorted)
Figure4.4:

The 95% posterior credible intervals for the signals g, = 1 (top) and non-signals g, =0
(bottom) under the Bayesian bridge logistic regression with the bridge exponent 1/16. The
intervals are sorted by the posterior means. To avoid clutter, the top plot shows only the non-
zero values of the lasso estimates. The lasso estimates for the non-signals are summarized in
Figure 4.5 and are not shown in the bottom plot.
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Figure4.5:
Comparison of the 4,900 Bayesian bridge posterior means and lasso estimates for the

non-signals g, = 0. Lasso with cross-validation produces a larger number of false positives.
Lasso with the empirical Bayes calibration yields the estimates more in line with the bridge
posterior.
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Figure 4.6:
The 95% posterior credible intervals under the Bayesian bridge logistic regression with

the bridge exponent 1/4. Compared with the 1/16 exponent case (Figure 4.4), the posterior
distributions have similar means but much wider credible intervals.
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Average width of credible intervals
Figure4.7:

Average width v.s. coverage of the credible intervals. The plots are produced by computing
the equal-tailed credible intervals at a range of credible levels. The x-axis is in the logyg
scale for the non-signals.
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5 Discussion

Shrinkage priors have been adopted in a variety of Bayesian models, but the potential

issues arising from their heavy-tails are often overlooked. Our method provides a simple

and convenient way to regularize shrinkage priors, making the posterior inference more
robust. Both the theoretical and empirical results demonstrate the benefits of regularization
in improving the statistical and computational properties when parameters are only weakly
identified. Much of the systematic investigations into the shrinkage prior properties has so
far focused on rather simple models and situations in which signals are reasonable strong.
Our work adds to the emerging efforts to better understand the behavior of shrinkage models
in more complex settings.
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Appendix A: Further results on behavior of shrinkage model Gibbs
samplers: probit regression as example

As we discussed in Section 3.2, Propositions 3.3 and 3.4 are quite general in scope and can
provide insight into behavior of shrinkage model Gibbs samplers more broadly.

Here we demonstrate the broader relevance of these results, as well as of a few additional
results, by applying them to establish uniform/geometric ergodicity of a Gibbs sampler for
regularized Bayesian sparse probit regression. More explicitly, we consider the model

¥i | x;, f~Bernoulli(®(x;/ ).

z;=0for z | ﬁjN/V(ﬂf’ gz)’

pilz, A,~/V(O, 1'2/1,2), T~7rgh,( . ), /l,~n:h,c( . ),

where @(r) denotes the cumulative distribution function of the standard Gaussian. The
corresponding Gibbs sampler induces a transition kernel (g*, 1*, *) — (B, A, ) through the
following cycle of conditional updates:

1 Draw 7 | p*, A* from the density proportional to (2.4). When using Bayesian
bridge priors, draw from the collapsed distribution z | g+ (Appendix E).

2. Draw A | g*, = from the density proportional to (2.4).

3. Draw B | 7, 1,y, X, z = 0 from the density proportional to
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27174,y X,2=0) x Lywi(y | X, )L(z =0 B)z(B | 7, 1)
[S3 mebn(y | X’ ﬁ)”(ﬁ | T, l’ z= 0)

(A1)

where L(y | X, ﬂ) = [1,&(x'B)’(1 — &(x'B))" ~ ¥ is the probit likelihood. The

density (A.1) belongs to a unified skew-normal family, from which we can draw
independent samples by the algorithm of Durante (2019).

Borrowing terminology from Durante (2019), we refer to the above Gibbs sampler as the
conjugate Gibbs samplerfor probit models to distinguish it from the more traditional one
based on the data augmentation scheme of Albert and Chib (1993).

Theorems A.1 and A.2 below provide uniform and geometric ergodicity results for the
conjugate Gibbs sampler and are exact analogues of the corresponding results Theorems 3.1
and 3.2 for the logistic case.

Theorem A. 1 (Uniform ergodicity for probit model). /f the prior z,.( - ) Is supported on
[Twine 00 ) TOr 7., > 0, then the conjugate Gibbs sampler for regularized Baysian bridge probit
regression is uniformly ergodic.

Theorem A. 2 (Geometric ergodicity for probit model). Suppose that the local scale
prior satisfies || m.. ||, < oo and that the global scale prior z,.( - ) IS SUPPOrted 0N | Tuin, T
for0 < 7., < 7. < oo. Then the conjugate Gibbs sampler for reqularized sparse probit
regression is geometrically ergodic.

A.1 Proofs of Theorem A.1 and A.2

The proof of Theorem A.1 (and A.2) above follows a path essentially identical to the
proof of Theorem 3.1 (and 3.2) with most arguments carrying through verbatim or with
trivial modifications; we only need to replace a few model-specific inequalities with

the corresponding ones for the probit model. For establishing minorization conditions,
Lemma A.3 below replaces Lemma 3.5. For establishing drift conditions, the bound on the
conditional expectation of |g|~* in Lemma A.4 replaces Eq. (3.11), and the bound on the

conditional expectation of || g ||> in Lemma A.5 replaces Eq. (3.13). Remarkably, Lemma
A.4 and A.5 only requires a likelihood L(y | X, ) to be a bounded function of g and thus
may be applicable beyond the probit case.

We sketch out the proofs of Theorem A.1 and A.2 below. Again, the omitted details are
essentially identical to the logistic case or, in fact, simpler because the probit case does not
involve the additional Polya-Gamma parameter.

Proof of Theorem A.1. A minorization result analogous to Theorem 3.6 follows from
Proposition 3.3 and Lemma A.3. This minorization result straightforwardly implies a
uniform minorization under Bayesian bridge priors as in Theorem 3.1. See the proofs of
Theorem 3.6 and 3.1 for details. O
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Proof of Theorem A.2. A minorization result analogous to Theorem 3.7 follows
from Lemma A.3. Proposition 3.4, Lemma A.4, and Lemma A.5 together imply that

v(8)= 2,187+ 1 B I” is a Lyapunov function as in the proofs of Theorem 3.8 and 3.2.

The geometric ergodicity then follows from the minorization and drift condition. See the
proofs of Theorem 3.7, 3.8, and 3.2 for details. O

A. 2 Minorization lemma for probit model
Lemma A.3. Whenevermingza, > R > 0, there are 6,5 > 0 — independent of = and A except
through R — such that the following minorization condition holds.
Bl 1,4y, X,2=0)
> 5L 0.2+ rY)!
> 3Ly |y | X. B (20 (2 + R

> S’/V(ﬁ; 0, [XTX + (§‘2 + R_Z)I]_ 1),

(A2)

Proof. The conditional distribution of g | z, 1, y, X is given by

_ _ Lwrobil(y | X’ ﬁ)”(ﬁ | 7, l’ z= 0)
BV dy Xz =0 = X p)af [ hz =0

(A3)

Since &(r) =1 - @(—1) < 1 forall 7, we have || L, ||, < 1and

/ Lo (¥ | X, B)2(B | 7, 2,2 = 0)df’ < / (B | . Az=0)dp =1.

(A4)

Also, we can easily verify that the following inequality holds whenever min;z4; > R:
_ 1/2 _
(Bl 7, A,z=0) = H%(g 2, r—2,1j—2) exp(—%(g 2, r—ZA;z)ﬂJg)
J
1 1(.-2 -2\ 2
> I;Iﬁexp(—§<§ +R )ﬂj).
(A5)
Combining (A.4) and (A.5), we can lower bound (A.3) with 5 > 0 as

- _ _n—1
B, A,y,x,z=o>z(st..‘,bn(y|x,/sw(/s;o,(g 24 R 1),

(A.6)

establishing the first inequality in (A.2).
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To establish the second inequality in (A.2), we will show that

min{®(t), 1 — @(1)} > min[l — (1), ! ]exp(—tz);

227

(A7)

this will imply meb“(y | X, ﬁ) > min[l ~ (1), (2@)_1}exp(— Il XB1° ) and complete the
proof. Eq 7.1.13 of Abramowitz and Stegun (1965) tells us that

(A.8)

We therefore have

(A.9)

the latter inequality follows from the fact that r~' > exp(~*/2) for + > 1, which can be
proven, for example, by noting that %(texp(—tzlz)) <ofors>1.Fors <1, we have

1 —@(r) > 1 — (1) since &(¢) is increasing in r. Combining the lower bounds for 7 > 1 and
t <1, we obtain

1-@() > min(l - @(1), ﬁexp(—tz) > min[l - (1), ﬁ]exp(—tz).

Since @(r) = 1 — @( — 1), the same lower bound also holds for &(r), yielding (A.7). O

A. 3 Drift condition lemmas for bounded likelihood models

As we mentioned in Section A.1, Lemma A.4 and A.5 here apply not only to the probit

case but also to any model whose likelihood is a bounded function of g. Lemma A.4 in
particular holds with or without the fictitious likelihood L(z = 0 | g) for regularization. While
stated in terms of a generic bounded likelihood L(y | X, g), Lemma A.4 can be applied to
regularized models simply by replacing the likelihood g — L(y | X, ) in its statement with
the regularized one p— L(y | X, B)L(z=0] B).

LemmaA.4. Let « € [0,1). Suppose the likelihood satisfies || L ||., = supsL(y | X, f) < o
and is strictly positive and continuous at B = 0. Then the following inequality holds for the
conditional expectation under B | =, A, y, X with constants C,C’ < oo depending only on a and
functionals of the likelihood p — L(y | X, B):
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E[l8]™% | 7. Ay, X] < Clea| "+ C'.

(A.10)
Proof. The conditional distribution of g | z, 4, y, X is given by
___LylX prBlz.4)
M1 A d )= T LT X p)elp 2. 2)B
(A11)

We consider the conditional expectation (A.10) under two separate cases: max,z4; < e and
min;zA, > ¢, Where ¢ > 0 is any value small enough to guarantee the likelihood to be positive
on the set || B ||,, = max || <e.

When max,z4; < €, we have

[rorxpupinaeg > [, L1 XPmE 5008

>|  min L(y|x,ﬂ'))H / ()| ., 4,)dB,
I Il <e i
p
> min L(yIX,ﬁ’))(¢(1)—<D(—1)),

I8 llo<e

where &( -) is the cumulative distribution function of the standard Gaussian. Using the above
lower bound on the numerator, we can bound (A.11) as

(Bt 4.y, X)<Cx(p]|z,1)
(A12)

for C.= || L | /(minyp, <.L(y | X,p))(@(1) — ®( - 1))”. It now follows that

E[l8]% | 7. 4.y, X| < CE[|B]% | 7. 4] = C.Clra| %

(A.13)

1-a
2
moments of Gaussians (Winkelbauer, 2012).

where the latter equality with C, = F( )/2“’ 2\/7—[ derives from the formula for negative

Turning to the case min,z4; > ¢, We have
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Jir
k| er

/LI X, ﬁ/)H _exp(— b z)dﬂ’
J

21'21]

L

=Blr 4y X) =

I L s
- B =C
= [ Ly X, ﬂ/)Hjexp(_ﬁjz/zfz)dﬁ’

(A14)
Using the above bound on the conditional density, we obtain
E[I8]”% 1 = A y. X] < 1+E[lp|"“1{lp) < 1} | 7. A, y. X]
1
<1 +C;f 6~ %dp;
-1
=1+2C/(1-a).
(A.15)

The bounds (A.13) and (A.15) together show that an inequality of the form (A.10) holds for
any value of z and 4, whether in {max;z4; < e} Or {minz4; > ¢}. O

Lemma A.5. Suppose the likelihood satisfies the assumptions as in Lemma A.4. Then
the conditional expectation of g; under g | =, .y, X, z = 0 Is bounded by a constant which
depends only on ¢ and functionals of the likelihood g — L(y | X, ).

Proof. We will derive the following bound on the conditional density

)—]/2/’/

ﬁ(ﬁ | 7.4,y X,2= 0| <TH[B:0, g21)(1 + /V(ﬁ; 0, TZAZ)) =T (B0, CZI) + (25 + ¢
(ﬂ; 0, (T—ZA‘2 + g‘zl)_ 1),

(A.16)

which will imply the desired bound on the conditional expectation:

B[ 1 72,5, X, 2= 0] < €%+ &4 + &) l/z(f-%ﬁ + g‘z)_l

P -312
= G2+ Ce2i(20 + )

P —12
<G+ ccz(fz,ﬁ ¥ c2)

<Gl ice.

To complete the proof, therefore, it remains to establish (A.16). Our argument here closely
follows those we use in deriving the bounds (A.12) and (A.14) in the proof of Lemma A.4.
The conditional distribution of g | 7, 1, y, X, z = 0 is given by
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o|e LOIXALE=01pxBl 7
APV A X == = TG X Bz = 01 Be(p |, 1B

(A17)

As before, we choose ¢ > 0 to be any value small enough to guarantee the likelihood to
be positive on the set || B’ ||, = max,|g| < e. We can repeat an argument analogous to the
derivation of the bound (A.12) to conclude that, when max;z4; < ¢,

(Bl 7.4.y.X.2=0)<CL(z=0| p)r(B | 7, 4)

(A.18)

for C.= || L(y | X, B) Il.. /(miny < L(y | X, B)L(z = 0| B))(@(1) — &( - 1))" with the || - ||,
norm taken with respect to g. For the case min;z4; > ¢, we follow the derivation of the bound
(A.14) to conclude that

=C.L

ﬂ(ﬁ | 7,4, y. X

C. I Ly X, B) Nl
z=0] p|where C, = ' .
)W N [ Ly | X, B)L(z =01 B[] jexp(-5712¢%)ap

(A.19)

Combining (A.18) and (A.19) yields the desired bound (A.16). O

Appendix B: Proofs for Section 3.2

B.1 Proof of Proposition 3.3

The key ingredient in our proof of Proposition 3.3 is the following general result on
the stochastic ordering of tilted densities. The result allows us to study the behavior of

#(4 | p*, ) viewed as a product of f(,l) = /1‘17%(,1) and G(/l) = exp(— g* 2/272/12).

Proposition B.1. Consider probability densities zo(2) « G(A)f(A) and zu(A) < H(A)f(A)
oniel0, o) for f,G, H > 0. Suppose that f satisfies [” f(1)dA < oo foru> 0.

Suppose also that G and H are absolutely continuous and increasing, G < H, and
lim, _ ,G(A) = lim, _ . H(1). Then = Is stochastically dominated by =, i.e.

/ 76(A)dA < / u(A)dA for anya e R.

(B.1)

Proof. Multiplying G and H with an appropriate constant if necessary, without loss of
generality we can assume lim,_. .G(4) = lim,_ .H(A) = 1 so that G and H can be interpreted
as cumulative distribution functions.
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We first deal with the case G(0) = H(0) = 0; when /[ f(1)dA = oo, this assumption is in fact
implied by the integrability of G(4)f(4) and H(4)/(4). In this case, we have G(4) = /;'g(u)du
and H(4) = /;h(u)du for density functions g.» > 0. As can be verified using Fubini’s theorem
for positive functions, we can express z,; and r;; as

7(+)= / f( |uwg(u)du and zy( - ) = f S+ | wh(u)du,

where f(- | u) for u > 0 denote a probability density
iy SOTA>
S Tu) WO

Again by Fubini’s theorem for positive functions, we have

‘[mﬂg(/l)d/1=f F,(u)g(u)du and [mn’H(l)d/l=/ F(u)h(u)du

(B2

where

nﬁx(a,u}f(i)d/1

F(u) = / " f(4 1 wdd = N

Note that the integrals in (B.2) can be represented as expectations with respect to
distributions G and:
/ " 2o(A)dA = Ey o[ F.(U)] and / " 2u(2)dA = Eu_u[ FU)].

(B3)

Since F, is an increasing function and G is stochastically dominated by H by our
assumption, the representation (B.3) implies the desired inequality (B.1).

Earlier, we made a simplifying assumption G(0) = H(0) = 0. More generally, we have the
relation G(4) - G(0) = /;'g(u)du and H(2) — H(0) = /,'h(u)du for integrable functions g, » > 0.
Essentially the identical arguments as before show that the identity (B.3) and hence the
conclusion (B.1) still hold in this case. O

Proof of Proposition 3.3. Note that

B
V2r'

(41 6.7) exp(—czllljz)ij_'moc(ij) for ¢ = c(f;/7) =
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Applying Proposition B.1 with f(4) = 4~ 'z..(4), we see that

P(4,>al f.7) <P(4,>al B 7)

whenever |/7| > |8 /|-

Suppose now that [/ FImm(i)d/l = 0. For any g;/z, we have

00 2 00
/ exp|— ﬁé S 147 Toe( 4,)d4; < f A ' T 4)dA; < Va.
a 2t A/’

a

(84)
On the other hand, by Fatou’s lemma,
lim inf exp|— b Pt -1 =
p ) Toe(4)dA 2> A me(A)dA = oo .
|6;/7] — 0 2024
(B.5)

From (B.4) and (B.5), we conclude that for any a > 0

B B2
) _
/ exp(—z’r2 2)/@- Tioc(4))d A,

a

P(4,>al . 7)= — Oas |f;/7] -0,

i.e. z(4, | B, 7) converges in distribution to a delta measure at 0.

We now turn to quantifying the limiting behavior when / /l‘lf:h,c(/l)d/l < . For any

a € [0, o ], the dominated convergence theorem yields

y . ’
lim exp(— ﬂ,-2 z)ﬂfln.‘,c(ﬂ,)di,= A r(2)da.
|ﬂf‘/r| =0 0 2 4 0

The above convergence result implies the point-wise convergence of the cumulative
distribution function:

* A7 T 47)d A,
lim IP’(A,-SaIﬂ}“,ﬂ:M

g/t — 0 / rlzzloc(z)da '
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B. 2 Proof of Proposition 3.4

Proof. In upper-bounding E[4; | =, *], we can without loss of generality assume that
7(0) > 0 by virtue of Proposition B.2 below. In terms of the constants € and C"’(a, 7,.) as
defined in Lemma B.3 below, let

4¢2

1+,
2

y(r) = C"(a, mo.)/10g

(B.6)

By Lemma B.3 and the monotonicity of y(r), we then have

[E[f_a){" | , /3;] < y(R/r>|ﬂ;|_a whenever |ﬂ;| <R.

On the other hand, since the distribution 4, | 7, §; stochastically dominates 4, | z, 5, whenever
g, > g (Proposition 3.3), we have

E[z=%4“ | 7. f] < E[r~%4;%|7, |8 | = R] whenever || > R.

(B7)

Combining (B.6) and (B.7) yields the inequality (3.3).

Proposition B.2. Given a prior x.( - ) such that z,(0) = 0 and || . ||, < oo, there is

a aensity m.( - ) such that m..(2) is continuous at i = 0, m,(0) > 0, || i ||, < o0, @nd

o A) x G(A)mo(4) for a bounded increasing function G > 0. Consequently, a density x( -)
stochastically dominates ='( - ) when n(2) « f(A)me(A) and ='(1) < f(A)m«(4) for f > 0. By
taking f(/l) =A" 1exp(— ﬂjzlzrz,lf) in particular, we have the following inequality between the

expectations with respect to (- ) and '( - ):
E[4°| 7. 8] <E[4"| 78] fora>0.

(B.9)

Proof. Redefining m,(4) @S 7oA — Awin) fOr A, = inf{A: m.(4) > 0} if necessary, we can
without loss of generality assume that =,.(4) > 0 for all sufficiently small 1 > 0. Define

A
G(4) :min[”ﬂhm”m,/ max[O,
0

e (u)]du] .

(B.9)

Then G is clearly increasing and bounded. The definition (B.9) further guarantees
that lim, _ m,(4)/G(4) = 1, me. < G, and lim, _ G(4) = || me ||... Define m,( - ) via the
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relation me(4) « m.(4)/G(4) for A > 0 and m,(0) = lim, _ o (4). Then m,( - ) satisfy
| e Il = ﬁ{OC(O) =(f 7:(/1)/G(/1)d/1)'1 > 0, as well as all the other desired properties.

When z(4) « f(4)m.(4) and z'(4) « f(A)m.(4), the densities satisfies the relation

7'(1) « G(A)x(A). By applying Proposition B.1 with # = || G ||.., we conclude that =( -)
stochastically dominates z'( - ). The inequality (B.8) is an immediate consequence of this
stochastic ordering. O

Lemma B.3. Suppose that r...(A) is continuous at . = 0 and r,,.(0) > 0. Fora € [0,1) ande > 0
small enough that min, ¢, 4m.(1) > m.(0)/2, We have the following inequality.

4722

B[z~ | 7. *] < C'(a, mod)| )| “/log| 1 + a
"

J

where C"'(a, m,) > 0 is a constant depending only on « and =,.( - ) given by

" 2+ /2l e lleo 1 1
C (a ﬂloc) =2 ”loc(o) A Al T anp ? dA.

Proof. Observe that

. 1 c 1 e
o *] = - - — -
[E[/l, | 7, B ] [ : exp( 2)7r106(/1)dﬂ/‘/0‘ AeXp( 2)71']0c(/1)d/1,

(B.10)

where ¢, = c(z, ) = |#|/y/2r. With the change of variable 4 — A/c,, we can write the right-hand
side of (B.10) as

1L 1 1 1 1
- oo(c;A)d A/ = - oc(CjA)dA .
o i1+a°"p( /12)”‘ (e4) [ f"P( /12)”‘ (e/4)

i Jo

(B.11)

We can upper bound the numerator as

1 R |
c?'[ Al o ( )mm(c A)dA < — ||7T10¢|| f exp( )dﬂ.

(B.12)

To lower bound the denominator, we restrict the range of integration to [0, /¢;] for ¢ > 0 and
apply the change of variable ¢ = 4™
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0 elej
1 1 . 1 1
7CXP(_ ]ﬂloc(c’/‘l)dA > ( min ”loc)/ —exp(_i)dl
[ AR o ), A2

= ( min 7[1‘,0)/ ¢ IGXP(—¢)d¢ .
[()7 e] 1'12/62

The inequality of Gautschi (1959) tells us that jj“qb‘lexp( — ¢)dd > log(1 +2a71)/2, 50 e

obtain

<1 1 . 1
—exp| ——5 |moc(c;4)dA > | min 7. |51log
[ 7 ( /12) ' 0.¢ )2

2
1+2€—2
CJ

(B.13)

From the upper bound (B.12) of the numerator and lower bound (B.13) of the denominator,
it follows that the ratio (B.11) is upper bounded by

o 2|l 7ioc |loo 1 xp(— 1 )dﬂ
T - e —|dA4.
(mmlo_eyr,oc)log(l + 2€2c/ 2) . Al +a 12

Substituting ¢, = |8|/+/27 into the above expression completes the proof. O

Appendix C: Proof of Lemma 3.5

Our proof of Lemma 3.5 builds on the known fact below.

Proposition C.1 (Choi and Hobert, 2013). For fixed © and 1, the marginal transition kernel
satisfies the minorization condition

P(B| B*,7,2) 2 5N (Bs Hers 'I);Al)

where®,, = 21X X +{ T+ 2A" 2, = d);;XT(y - 1/2), and

2 2A

_2|1/2
72 X

511 = Cn

_ _n—1
p[le[d);f—(g 2I+‘L’_2A 2) ]w]
2
|(I)11|

(€1

forw = XT(y - 1/2) and c, > 0 depending only on n.
Proposition C.2 and C.3 below are the main workhorses for our proof of Lemma 3.5 along

with Proposition C.1. We first state the results and use them to prove Lemma 3.5, before
proceeding to prove the results themselves.
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Proposition C.2. As a function of t, the minorization constant (C.1) /s uniformly bounded
below by a positive constant on the set minjzA; > R > 0.

Proposition C.3. /f two precision matrices ® and ®' satisfy ® < ®', then a minorization
(B: 1, <I>‘1) > 6.4(B; W, @~ 1) holds for s > 0 given by

172

" 1/2“"{‘%(”' - /‘)T‘I’[(‘I” ~ o) (@ - op) - u” :

||

(€2

When the means take the form u = ® 'w and y’ = ® 'w, (C.2) simplifies to

172
|1/2'

172
172

- ol
@]

exp{le(®—1 o - 1)w} > @]
2 Y

Proof of Lemma 3.5. On the set { 1:min;zA; > R}, Proposition C. 1 implies that

P(B| p*.7. ) > ( min %)Mﬁ; o @),
A

TA; >

where min,; . 6., is guaranteed to be strictly positive by Proposition C.2.

We complete the proof by showing that the following inequality holds whenever min;z4; > R:

1/2
D]

N(Bs e 1) 2 N (B; g, PR

|®R|1/2

(C3)

for @, = 2 X" X +¢ 21 When min;r4, > R, we have R~ — z=24;> > 0 and hence

Dp— D, = (R_ZI - T-2A‘2) ~0.

By Proposition C.3, it follows that

172
D, _
| 1|1 /2 '/V(ﬂ7 #Rs (I)Rl) .

'/V(ﬂs 1278 ;/11) >
|®

&l

(C4)
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The above inequality in fact holds not only on the set {1:z4, > R} but also on the closure
{4:min;z4, > R} since all the quantities depend continuously on z4,. The inequality (C.3)
follows from (C.4) by observing that ®,, > @, and hence |®,,| > |®.|. O

Proof of Proposition C.2 and C.3

In the proofs to follow, we will make use of the following elementary linear algebra
facts about positive definite matrices. We will denote the largest, ith largest, and smallest
eigenvalue of a matrix A as v,..(A4), v(A), and v,;,(A4). The determinant of A is denoted by
|A] and the trace by tr(A). The notation A < B means that B — A is positive definite or,
equivalently, v Av < vT Bv for any vector v # 0.

Proposition C.4. Given positive definite matrices A and B, we have

1 (A+B)_1 <Al

2 (A+B) >4 a7lBa"!

3. Vi(A) + Voin(B) < vi(A + B) < v(A) + vor(B) for alli.
4. |A|<|A+B|

S e s] <ol oo

When A < C for another positive definite matrix C, we can apply above results with
B = C - A >0 to obtain analogous inequalities.

Proof: The eigenvalues of I + B are given by 1 + v(B) and those of (I + B)™! by
1/(1 + v(B)) < 1, S0 we have (I + B)‘1 < I. This result holds when B is replaced by
A~Y2BA 12 and thus implies that

,,T(A+B)—1,, - UTA—1/2(1+A—I/ZBA—I/Z)—lA—I/ZUT

< UTA—I/ZA—I/ZVT

for v # 0. Hence we have (A + B)_l <A™

To prove Property 2, we first show (I + B)_l > I — B. By applying a change of basis if
necessary, we can assume that B is diagonal. Since (1 + B,,»)_l > 1 - B,, we have

-1

o7 v=Y(+B) > Y (1-B)i=vT(I-Bp.
i i

I+B

Since the result (I + B)~! > I — B holds when B is replaced by A~'>BA~!/2, we obtain
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- — — — -1 _
(A+ B) 1 —A ]/2(I+A l/ZBA 1/2) A 172
>A—l/Z(I_A—I/ZBA—IIZ)A—I/Z

A" l_alpa~l.
Property 3 is Theorem 8.1.5 of Golub and Van Loan (2012) and immediately implies
Property 4.

For Property 5, observe that

1A+ B = [[u(a+B) < [T{u(4) + vu(B)).

i

Taking the logarithm and applying the inequality log(1 + x) < x, we have

ma: B
log|A + B| — log|A| < Zlog(l + vv(g)))
- i

Vmax(B)
= E vi(A)

= vmax(B)tr(A_ 1).

O

.. . -2
Proof of Proposition C.2. Throughout the proof, we use the notation ®_, = %XTXC Iso

that @, = d, + 72472 By Proposition C.4, we have

‘g‘zl + T_ZA_2| > |C_21‘
@+ 72477 < |@.fexp{ (max,e 2457 (@3]

The above inequalities imply that

2+ T_ZA_2‘1/2 ‘g‘zl‘

72 Z @] P

1 -1
- tr( D )1 -
|®| min jrzﬂ,z r( ))

(C9)

Also by Proposition C.4, we have

_ =1

(g 21+ 2A 2) <

_n—1 _

(tpm +72A 2) > o7 — o2 20 .
We therefore have
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_ _n—1
wT[(D;f—(cj 2I+1_2A 2) ]w
>wlolw-wl ol A 20w -2 | w|?
> wlow- losw * -2 w)? .

1
21/2

J

(CH)

From (C.5) and (C.6), we see that for all min,z4, > R

172

‘3_21‘ 2 2
6.2 C, explw O w - | w|* -

= 172
|P|

0

(P + || PLw ||2
R? '

O

Proof of Proposition C.3. Note that

. /V(ﬁ;,u,d)_l) _ |<I>|1/2 o
ﬁ/’/(ﬁ;ﬂ,’d)/—l) I(I),ll/z“ P

5

1.
~infA(p)
*p

where

A(B) =B~ w) @B~ (B ) @(p— ).

The quadratic function A(g) has a unique global minimum since the Hessian d;4 = ®' — ® is
positive definite by our assumption. Differentiating 4(g), we see that the minimum occurs at
B such that

@'(B— p') - DB u) =0, or equivalently p = (&' — @)~ Loy -op).

The minimum 4 = 4(B) can be expressed as

4

—(u - u)T<I>(ﬁ - H)

R [CERORCIER MEME

In the special case y = ® 'wand ' = ® ~ 'w, we have

1

A= - -p'op=-( " w—<I>_1w)Tw=wT(<1>_1 —o " Nw>o,

where the last inequality follows from®~! >~ @ ~ 1.0
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Appendix D: Proof of Proposition 3.10 and 3.11

Proof of Proposition 3.10. Winkelbauer (2012) tells us that a negative moment of Gaussian

is given by
—a 1-a
r 2
E|p =7( 2 )U_aM(a,l,—”,
2 2’2 962
227
where M( -, -, -) is Kummer’s confluent hypergeometric function (see Proposition D.1).
2
To complete the proof, therefore, it suffices to show that M(% % - 2"—2) is bounded by the
(o

smaller of 1 and the function D(u/c) as given in (3.14).

2
Since a/2 < 1/2, Proposition D.1 tells us that M(% % - 2“—2) is bounded by 1 and admits the
lon
integral representation
' l—a 1
2
a 1 M2 _ 1 a -1 ”2
M(j 5 —?)_ 1-u uy exp(—?ud .

(D.1)

To bound the integral, we break up the domain of integration into [0, 1/2] and [1/2, 1] and
observe that

1 l—«a a 2 o 2 1 l—«a
A-uwy 2~ luz = lexp|=Zouldu <2' = Fexp|l-42| [ -7 ~ldu
12 262 462 )Jin2
a 2
_22 exp) _K A
1-a 462
(D.2)
and that
12 l-a a 2 l—a pi2 g 2
/ -0 72 ~lg- ICXP(_LQM)C‘M <2l=73 f w3 ~lexp —Lzu du
0 20 0 20

2
1+a 2\=5 5 «a
=2"2 ”—2 2/4“2115_ 1exp(—u)du
20 0
1+ 2 >
a -5 po a
2 -1
<27 £ ) / vy ~ lexp(-v)dv
262 0
1 —a
—o5 TaH &
=22 ’o" F(Z)'

(D.3)
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By (D.1), (D.2), and (D.3), we obtain
5

27 2
M( S =4 exp(—:?

. 1

272

a

oy el

| R
| —
]

O

Proposition D.1. Forb > a > 0, Kummer’s confluent hypergeometric function 1) satisfies the
inequality M(a, b, z) < max{1,exp(z)} and2) admits the integral representations

1-bz/2
M(a,b,z):%/(l—u)b_a_1(1+u)a_lezu/2du
> —1
(D4)
1 ! b—a-1 1
_ _b—a—-1a—1,zu
_B(a,b—a)[(l u) u e“"du.
(D.5)

Proof. Kummer’s function can be represented as the following infinite series (Gradshteyn
and Ryzhik 2014, Section 9.210):

gi+a(a+l)zz+a(a+l)(a+2)z3+
11 B(b+ 1) 21 T b+ 1)b+2) 3T

M(a,b,z) =1+

Since b > a > 0, the series representation immediately implies

2 3
M(a,b,z) <1 +%+%+%+ ... =exp(z).
(D.6)
for z > 0. For z < 0, we first note that
M(a,b,z) =exp(z)M(b—a,a, —z)
(D.7)

by the identity (9.212.1) in Gradshteyn and Ryzhik (2014). Since »> b—a > 0 and —z > 0,
we can apply our previous bound (D.6) to conclude that M(b — a,a, — z) < exp( - z).
Combined with (D.7), this yields M(a,b,z) < 1 for z < 0.

The integral representation (D.4) is given in Section 9.211 of Gradshteyn and Ryzhik (2014).
To obtain (D.5), we apply the change of variable v = (1 + u)/2:
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b—a-1 a-—1
M(a, bz 2(1 - u]] (2u) e2(20=1)/25 gy,

_ol=bgzi2 !
~ B(a,b-a) A

S 1l—vb_a_lva_lezudu
" B(a,b—a) J,

O

Proof of Proposition 3.11. A conditional precision (in expectation) is always larger than the
marginal one, so we have

n
- -1 -2 —2,-2
gjzg(z )jj:g +072); +i21w,.x,-2j.

Exponentiating both sides of the inequality, we obtain

—a
o;" <

n al2
C_2+r_22]2+ Z a),»xizj)
i=1

n al2
SR z co,-x,zj)
i=1
(D.8)
n
SR | +% Z WX} — 1),
i=1
(D.9)

where (D.8) follows from the property of L*-norm (|a| + |56])* < |a|* + |#|* and (D.9) from
the Taylor expansion of the concave function x — x*at x = 1. O

Appendix E: Properties of Bayesian bridge prior

Bayesian bridge is characterized by the density of g, | = given as

ﬂ(ﬂ | T) x 77 1exp(— |ﬁ/r|a).

(E.1)
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We obtain the global-local representation of (E.1) with the conditional 4| z, i~#/(0, 224%)

when
nlm(/l) « ,1‘2”5‘(,1‘2/2),

where z,( - ) denote the density of the one-sided stable distribution, characterized by location

u =0, skewness g = 1, characteristic exponent a/2, and scale ¢ = cos(air/4)2/ 4 (Hofert, 2011).
This follows from the Laplace transform identity for the stable distribution:

0 2
cxalc1arf) =5 [ o2 | S
0

« [ m/V(ﬁ; 0,72~ Ja(@)ag,

for ﬂ(qﬁ) <~V znﬂ(d;/z), the density of ¢ = 272,

We can characterize the behavior of (1) at 4 ~ 0 from the following asymptotic behavior
of the stable distribution as x — 0 (Nolan, 2018).

1 . I'(a+1)
AR LCE

where w ~ 3.14159 is Archimedes' constant. In particular, we have

mw(/l) - 0(/12") asA—0.

The availability of the marginal z(8, | z) = /#(f;:0.724;)m..(4,)d4, allows for a Gibbs update
of = from the posterior with the local scale parameters 4,’s marginalized out. More precisely,
instead of drawing from = | g, 4, the Bayesian bridge Gibbs sampler can directly target the
conditional

b

T

)4
(| B) (T_pnexp(—
F=T

a))ﬂglo(‘r) .

Since B | = belongs to the location-scale family, the reference prior is ﬂglo(r) « 1 (Berger

et al., 2015), which also happens to be a conjugate prior. More generally, in terms of the
parametrization ¢ = %, a prior ¢~Gamma(shape = s,rate = r ) belongs to a conjugate family,
yielding the posterior conditional

(e | [3)~Gamma(shape =s+prate=r+ ZL . |ﬂ,-|).
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In the limit s, » — 0, the gamma prior on ¢ recovers the reference prior 7rg|(,(1') « z~ 1 which is

invariant under reparametrization,

Appendix F: Sampler for local scale posterior under horseshoe prior

Our theoretical results on convergence rate assume the ability to sample independently from
the conditionals 4; | g,z for j = 1, ..., p. While not necessarily trivial, this task is typically
quite manageable given the wide range of algorithms available to deal with univariate
distributions (Devroye, 2006; Ripley, 2009).

As an illustration, we present a simple rejection sampler for the conditional 4, | g, = under the
prior m..(4,) « 1/(1 + 4;) — corresponding to the horseshoe prior, arguably the most popular
of the existing shrinkage priors (Bhadra et al., 2017). The rejection sampler, as we will show,
has uniformly high acceptance probability for all g, and = with the minimum acceptance
probability ~ 0.6975 (Figure F.3). On the precision scale , = 4;7, the prior is given by

1
n*(L+m)

1 _
Tioe(1y) = Toe(A7)|d A/ dryy| o 1 —1l; ¥ =
+1;

The full conditional #; | 5, = has the density

1 A
77(’1/ | Bj» T) x ﬂlnc(ﬂj)”(ﬂj |z, ’1j) x Tmexp(_nj?)-

The task of sampling from the local scale posterior, therefore, boils down to that of sampling
from the family of univariate densities

1
zr(n) 3 mexp(— bn)for b > 0.

(F1)

To sample from (F.1), the online supplement of Polson et al. (2014) describes a slice
sampling approach and Makalic and Schmidt (2015) a data augmentation method. However,
we find that both approaches suffer from slow-mixing as » — 0 and the slow-decaying term

(1+ ;7)‘l becomes significant (Figure F.1 and F.2).

F.1 Rejection sampler algorithm

Our rejection sampler acts on a transformed parameter w = log(1 + n) that maps back as
n = e¥ — 1. The density of v is given by
ﬂ(l[/) « ﬂ(n)’dn/dy/’ = Lwexp(— be¥)e¥ = exp(—be¥)ony > 0.
e

We now define a function g, that upper bounds the unnormalized target density
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Tow) = exp(=be¥).

For b > 1, we set

&(w) = exp{ = b(1 +y)},

which coincides with an unnormalized density of the distribution exp(rate = b). For b < 1, we
set

_ [exp(=b) for y < log(1/b)
g”(‘”) - |exp{ — 1 (v —log(1/b))} for y > log(1/b)

which coincides with an unnormalized density of a mixture of Uniform (0,1og(1/b)) and
Exp(1) shifted by log(1/6). To draw a random variable X from this mixture, we set
X~Uniform (0, log(1/b)) with probability log(1/5)/(log(1/b) + ¢® = 1) and X — log(1/b)~exp(1)
otherwise. R and Python code of the rejection sampler are available at https://github.com/
aki-nishimura/horseshoe-scale-sampler.

101

log(n)

0 200 400 600 800 1000
Slice sampler iterations (B;/T = 0.001)

<10 1.01
e
o)
0 20 40 60 0 20 40 6o
Bj/T=0.01 Bjfr=0.001

Lag (slice sampler)

Figure F.1:
Trace and auto-correlation plots when slice sampling n from (F.1) as proposed in Polson

et al. (2014). For the two different values of » = /272, the auto-correlations at stationarity
are computed from 10,000 iterations of the sampler to demonstrate how the mixing rate
degrades as b — 0.
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10
=
(@)}
S
0.
0 200 400 600 800 1000
Data-augmented sampler iterations (B;/T = 0.001)
'S 1.01 1.0
©
[}
£0.5 ‘ 0.5 l
: I
o
0 20 40 60 0 20 40 60
Bj/t=0.01 Bj/t=0.001
Lag (data-augemented sampler)
Figure F.2:

Trace and auto-correlation plots when sampling » from (F.1) with the data-augmentation
scheme of Makalic and Schmidt (2015). The auto-correlations at stationarity are computed
from 10,000 iterations of the sampler.
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Acceptance prob

.
o

O
U

a2 0 2

log10(b)

Figure F.3:
Acceptance probability of the proposed rejection sampler as a function of » = /272,

The probability is uniformly lower-bounded and increasesto 1 as » — 0 and b — oo (See
Theorem F.1). The minimum probability is ~ 0.6975.

F. 2 Analysis of acceptance probability

The acceptance probability of a rejection sampler is given by the ratio of the integrals of the
target to the bounding density (Ripley, 2009). In particular, the rejection sampler described
in Section F.1 has the acceptance probability

A(b) _ fowfb(ﬂ)d'? .
Jo g(n)dn

(F2)
Figure F.2 plots the acceptance probability A(»), evaluated to high accuracy via numerical
integration of the integrals in (F.2), and supports the theoretical results below.

Theorem F.1. The acceptance probability A(b) is uniformly lower bounded overb > 0 by a
positive constant. Moreover, A(b) convergesto 1 asb— 0 andb— oo.

Proof. We can show that both the denominator and numerator of (F.2) depend continuously
on b, and so does A(b), by a simple application of the dominated convergence theorem. The
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continuity of A(b) implies a uniform lower bound on » € (0, c ) as soon as we establish
A(b) — 1 towards the boundary » — 0 and b — co.

We establish a lower bound on the acceptance probability (F.2) by explicitly computing the
denominator and then lower bounding the numerator. We first consider the case » > 1, when
the denominator is given by

[wgb(n)dw = /U‘weXp{—b(l +y))dy=b"leD,
(F3)

2
Then, using Taylor’s theorem and the fact %ew =¥, we have
W

2 max ¥ =y2eV.

v €[0,v]

0<eY—|1+y|<y

The above inequality in particular implies that

Filw) = exp(=be¥) 2 exp{—b(1 + ) exp(~byZe¥).

(F4)

We now apply (F.4) to lower bound the numerator of (F.2); for any L > 0,

o L
/ exp(—be¥)dy > f exp{—b(1 + y/)}exp(—bwze"’)dy/
0 0

> exp(—bLzeL)fLexp{—b(l + )}y
=bh le_ bexp(—bLzeL)(l —e” bL).
(F5)

From (F.3) and (F.5), we obtain the following lower bound on the acceptance probability,
which holds for any L > 0:

A(b) > exp(—bLzeL)(l —embLy.

Choosing L = log(xb)/b With x > 1, for example, we obtain the lower bound

Alb| > exp

_(logrb)2 1/b 1/b)( _ 1)
k''%b 1 .
b kb

(F.6)
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It is straightforward to show that, for example by the derivative test, the function » — »'/*

has the global maximum exp(e~!) on » > 0. We can therefore simplify the lower bound (F.6)
to

1 2
- (]

(F7)

The lower bound in (F.7), and hence A(b), convergesto 1 as b — oo.

We now turn to establishing a lower bound on the acceptance probability in the case b < 1.
We have

[ cogb(w)dw = [ 1ug(”b)e"’ dy + / ;/h)exp{ -1- (u/+logb)}dw
= e Dlog(1/b) + e 1.

(F8)

To lower bound /[ f,(w)dy, we first observe that, by the change of variable y' = y/log(1/b)

log(1/b) 1 1 1-vw'
f exp(—be¥)dy = log(z)c(b) where C(b) = / exp(—b v )du/’ .
0 0

(F9)

On the interval v’ € [0,1), the integrand converges to 1 as » — 0 and hence the dominated
convergence theorem implies C(b) — 1 as b — 0. On the interval y € [log(1/b), oo ), we have

f exp(—bey/)dy/ = / exp{—beIOg(l /b)ew - IOg(I/b)}dy/ = f exp(—e‘l’)dy/ >e 1 C'(K) for C/(K)
log(1/5) log(1/5) 0
= exp(—(logk)zx)(l - %)

(F.10)

where the last inequality follows from (F.5) with 5 = 1 and L = log(x) for x > 1. It follows
from (F.8), (F.9), and (F.10) that for » < 1

s log(1/6)C(b) + e~ 1C'(x)

A( ) - e_blog(llb)+e_1

(F11)

where lim, _ ,C(b) = 1 and C’(x) ~ 0.264 for x = 1.57. The lower bound in (F.11), and hence
A(b), convergesto las »— 0.0
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