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Abstract: The EOF of a viscoelastic Maxwell fluid driven by an alternating pressure gradient and
electric field in a parallel plate microchannel with sinusoidal roughness has been investigated within
the Debye–Hückel approximation based on boundary perturbation expansion and separation of
variables. Perturbation solutions were obtained for the potential distribution, the velocity and the
mean velocity, and the relation between the mean velocity and the roughness. There are significant
differences in the velocity amplitudes of the Newtonian and Maxwell fluids. It is shown here that the
velocity distribution of the viscoelastic fluid is significantly affected by the roughness of the walls,
which leads to the appearance of fluctuations in the fluid. Also, the velocity is strongly dependent on
the phase difference θ of the roughness of the upper and lower plates. As the oscillation Reynolds
number ReΩ increases, the velocity profile and the average velocity um(t) of AC EOF oscillate rapidly
but the velocity amplitude decreases. The Deborah number De plays a similar role to ReΩ, which
makes the AC EOF velocity profile more likely to oscillate. Meanwhile, phase lag χ (representing
the phase difference between the electric field and the mean velocity) decreases when G and θ are
increased. However, for larger λ (e.g., λ > 3), it almost has no phase lag χ.

Keywords: AC EOF; electric double layer (EDL); wall roughness; Maxwell fluid; microchannel;
Deborah number

1. Introduction

With the developments in microfluidic technology, the electroosmotic flow (EOF) [1]
is used widely in chemical and biomedical fields, such as DNA separation, cell sorting,
ion transport, sample separation, and mixing in microfluidic chips, etc. [2]. EOF is a
specific phenomenon of electrodynamic flow in micro- or nano-scale channels. This flow
phenomenon offers the advantages of requiring no external mechanical force, consuming
low energy, and being simple to operate. Compared to the conventional-scale channels, the
flow within micro-scale channels possesses its own special characteristics, such as relative
surface roughness, micro-scale effects, slip effects, surface forces and capillary effects, rapid
heat conduction effects, etc. [3]. Domestic and foreign scholars have conducted a large
number of studies on the EOF of Newtonian [4–10] and non-Newtonian fluids [11–14] in
smooth microchannels of different geometries with regard to theory, numerical simulation,
and experimentation. In addition, the effect of Joule heating on the fluid is negligible in
microchannels with a small cross-sectional area and high thermal conductivity [15].

The aforementioned studies all consider smooth wall EOF flows. Usually, the wall
roughness of microchannels is induced by the manufacturing process of the device or the
precipitation of other substances (such as macromolecules) on the wall. On the other hand,
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for all practical purposes, in order to boost the mixing efficiency of the fluid system at times,
some roughness may be artificially designed on the channel walls. Therefore, the wall
roughness in microchannels can be viewed as an intentionally designed feature rather than
just an unavoidable defect. In microflow, the relative wall roughness (i.e., the ratio of wall
roughness to channel radius) is increased due to the small size of a microchannel. Thus, the
wall roughness can affect fluid flow in a microchannel. Different flow velocity modes will
affect the component-separation efficiency, mixing reactions, flow rates, and heat-transfer
process of the microfluidic systems. The effect of roughness on flow is a complex issue with
pros and cons. At present, much of the research in this area by scholars is limited to the
flow driven by electric field forces in smooth microchannels, and very few studies consider
wall roughness. Since 1970, several scholars have considered the problem of laminar flow
problems with rough walls. Wang [16] first researched the Stokes flow between flat plates
with corrugated roughness. Chu [17] has applied the perturbation expansion method to
study the effect of corrugated roughness on fluid flow. Malevich et al. [18] have investigated
the theoretical knowledge of three-dimensional Couette flow between rough plates. Ng
and Wang [19] obtained the exact solution of Darcy–Brinkman flow. Xia et al. [20] used
the complex potential function and the boundary integral method to show the analytical
solution of the EOF of a microchannel composed of parallel plates with one smooth wall
and a sinusoidal ripple boundary on the other wall, and they analyzed the influence of
ripple amplitude and the width between the two plates on the flow field. Shu et al. [21]
utilized the boundary perturbation method (BPM) to tackle the EOF analytical solution
of a parallel plate microchannel with longitudinal sinusoidal ripple boundaries, and they
verified its accuracy. Cho et al. [22–24] employed the finite volume method (FVM) to study
the DC/AC EOF of Newtonian fluid and power-law fluid between rough parallel plates
with two superposed sinusoidal functions. In special cases, when degenerating into a single
sinusoidal function to simulate ripples, the results obtained are consistent with those of
Xia [20].

BPM has been widely used to study the EOF problem in microchannels with rough
wall surfaces. For instance, Chang et al. [25] researched the EOF of circular microfluidic
channels with axial roughness using BPM. The reason for the increase or decrease of the
velocity is to take into account the influence of the relative roughness amplitude, wavenum-
ber, and pressure gradient on the electric potential and velocity distribution. The increase in
velocity is due to the fact that the EDL electric field force is larger than the electric field force
at the center of the channel, and the pressure gradient also amplifies the flow velocity. Kera-
mati et al. [26] have investigated the impact of corrugated roughness on fully developed
EOF and heat transfer in circular microtubes, revealing that higher corrugation numbers
and relative roughness result in reduced Nusselt numbers, indicating negative effects on
both hydrodynamic and thermal features of EOF, while also identifying the Nusselt number
correlation with decreasing joule heating rate and increasing dimensionless Debye–Hückel
parameter. Messinger and Squires [27] found that when the wall conductivity is too high,
the nano-scale wall roughness that usually appears on micromachined metal electrodes can
significantly inhibit EOF. Zhang et al. [28] used molecular dynamics methods to numeri-
cally study the effect of wall roughness on micro-scale EOF. Fakhari and Mirbozorg [29]
used FVM to numerically study the impact of sinusoidal, sawtooth, and square-tooth wall-
surface roughness on EOF between parallel plates. It has been shown that the wall-surface
roughness may degrade the velocity and thus reduce the EOF velocity. Buren et al. [30]
have used BPM and studied electromagnetic hydrodynamic (EMHD) flow in micro-parallel
channels with sinusoidal roughness under the Debye–Hückel approximation and have
obtained perturbation solutions for velocity and electric potential. In addition, the EMHD
of transverse and longitudinal roughness have been studied [31,32]. Recently, the effect
of small-amplitude random lateral wall roughness on EMHD flow in microchannels in
parallel plates [33] and cylindrical [34] microchannels was studied using the perturbation
method of stationary random function theory. Hosham et al. [35] studied the heat and
mass transfer effects in EOF based on the viscoplastic Bingham fluid model in complex
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corrugated microchannels. The flow and heat-transfer characteristics in a microchannel
with a cross-section that periodically expands gradually and suddenly contracts was nu-
merically studied by Zhu et al. [36]. In addition, microchannels with the same volume and
a similar convective heat-transfer area are compared. The pressure and viscous resistance
of the groove walls were analyzed analytically to explain why the groove can sustain a low
microchannel pressure drop. Mohammadi et al. [37] have studied the effect of nanofluids
as coolants and sinusoidal wave walls on the performance of rectangular microchannel
heat sinks by using the FVF method, revealing that higher wave amplitudes and lower
wavelengths improve heat-transfer performance.

In industrial and engineering applications, microfluidic devices are widely used to
analyze biological fluids, which are frequently solutions of long-chain molecules that
exhibit some non-Newtonian fluid properties. Therefore, it is of practical interest to study
non-Newtonian fluids in microchannels. Martínez et al. [38] simplified the PTT fluid
control equation through lubrication theory and then used BPM to resolve the simplified
PTT fluid EOF approximate analytical solution in a parallel plate with transverse sinusoidal
roughness, but the result only retained first-order accuracy. Si and Jian [39] utilized the
BPM to provide approximate analytical solutions for the velocity and volumetric flow rates
of periodic EMHD flows involving a conductive, incompressible, and viscous Jeffrey fluid
within micro-parallel plates featuring sinusoidal roughness.

In summary, there has not been enough attention paid by domestic and international
scholars to the EOF of non-Newtonian fluids with roughness in microchannels. In particular,
studies using theoretical analysis and numerical simulations are still in the development
stage, and there are a large number of fundamental and mechanistic systematic studies
that need to be carried out. Based on this status quo, in this paper, we studied the effect of
periodic EOF of Maxwell fluid in parallel plate microchannels with sinusoidal roughness
using the linearized Poisson–Boltzmann equation and the Cauchy momentum equation.
The paper is organized as follows: Section 2 presents the mathematical modeling, results
and comparisons are discussed in Section 3; and the conclusions are drawn in Section 4.

2. Mathematical Modeling
2.1. Description of the Problem

The mathematical model of the AC EOF for an incompressible, linear, and viscoelastic
Maxwell fluid in a microchannel is considered in Figure 1. The mean height of the mi-
crochannel is 2H. The length and width are much larger than the height of the microchannel.
As shown in the rectangular coordinate system (x*, y*, z*), the x* axis is located in the mid-
dle of the plate, and an AC electric field with a strength of E*0 and periodic pressure are
applied at both ends of the channel. At this time, the fluid is considered to be along the z*
direction of flow. The applied electric field strength is significantly lower than 105 V/m.
Additionally, the flow system is not expected to reach a chaotic state due to the time scale
associated with electromigration in the EDL, which is estimated to be within the range of
10−8~10−7 s [12]. This time scale is at least two orders of magnitude smaller than the EOF,
ranging from 10−5~10−3 s. Therefore, the transient effects of the EDL can be disregarded.
Due to the small channel cross-sectional area and high thermal conductivity of silica, we
assume negligible Joule heating effects and assume that fluid properties are independent of
temperature variations. The corrugated wall surface of the lower plate and the upper plate
are, respectively, expressed as [30]

yl
∗ = H[−1 + δ sin(λ∗x∗ + θ)], y∗u = H[1 + δ sin(λ∗x∗)], (1)

where, δ is the ratio of the ripple amplitude to the average half-height of the channel, λ* is
the wave number, and θ is the phase difference.
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Figure 1. Schematic of AC EOF through a microchannel with sinusoidal wavy walls.

2.2. Mathematical Models and Approximate Solutions

According to the electric double layer theory, the relationship between the electric
potential Ψ(x*, y*) and the net charge density ρ*e(x*, y*) can be described by the Poisson–
Boltzmann (P-B) equation [1]

∇∗2Ψ = −ρ∗e
ε

, (2)

ρ∗e = −2n0zvesin h
zveΨ
kbT

, (3)

where, zν, e, n0, ε, kb, and T, respectively, represent the valence, the charge carried by the
electron, the concentration of liquid ions, the dielectric constant of the electrolyte solution,
the Boltzmann constant, and the absolute temperature.

If Ψ is small enough (<<25 mV), namely zveΨ/(kbT) << 1, the term sinh(zveΨ/(kbT)) ≈
zveΨ/(kbT). This linearization is called Debye–Hückel linearization (Physically, it means
that the electric potential energy is very small compared with the thermal energy of ions).
According to Equations (2) and (3), the linearized P-B equation is obtained

∂2Ψ
∂x∗2 +

∂2Ψ
∂y∗2 = κ2Ψ. (4)

The corresponding boundary conditions are given as

Ψ(x∗, y∗) = ζu, at y = yu
∗

Ψ(x∗, y∗) = ζl , at y = yl
∗ (5)

here we assume that ζu and ζl are constants [21].
An incompressible Maxwell fluid should satisfy the continuity and Cauchy momentum

equations
∇∗ · U = 0, (6)

ρ

(
∂U
∂t∗

+ (U · ∇∗)U
)
= −∇∗P +∇∗ · τ+ ρ∗e E∗

0 (t)ez∗ . (7)

The generalized Maxwell fluid constitutive relationship of linear viscoelasticity is as
follows [12,40]

τ+ λ1
∂τ

∂t∗
= η0[∇∗U + (∇∗U)T ]. (8)

It is considered that there is only flow along the z* direction (flow velocity U = (0, 0,
W)). According to the incompressibility condition (6), the convection term in the Cauchy
momentum Equation (7) will disappear. Combined with the constitutive Equation (8), the
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operator 1 + λ1∂/(∂t*) acts on both sides of the Cauchy momentum Equation (7), and the
governing equation is simplified as follows

ρ

(
1 + λ1

∂

∂t∗

)
∂W
∂t∗

= −
(

1 + λ1
∂

∂t∗

)
∂P
∂z∗

+ η0∇∗2W + ρ∗e (x, y)
(

1 + λ1
∂

∂t∗

)
E∗

0 (t). (9)

Assume that the velocity and pressure of the alternating electric field and the periodic
EOF can be written in the following complex functional form

E∗
0 (t

∗) = ℜ
{

E0eiωt∗
}

, W(x∗, y∗, t∗) = ℜ
{

w∗(x∗, y∗)eiωt∗
}

, P(z∗, t∗) = ℜ
{

p∗(z∗)eiωt∗
}

, (10)

then, Equation (9) can be simplified to

iωρ(1 + iλ1ω)w∗ = −(1 + iλ1ω)
∂p∗

∂z∗
+ η0∇∗2w∗ + (1 + iλ1ω)ρ∗e E0. (11)

The boundary conditions of the upper and lower walls of the channel corresponding
to Equation (11) are

w∗(x∗, y∗) = 0, at y = yu
∗, y = yl

∗ (12)

Introduce a set of dimensionless parameters:

y =
y∗

H
, K = κH, ζ =

ζl
ζu

, φ =
Ψ
ζu

, w =
w∗

Ueo
, Ueo = − εζuE0

η0
, ReΩ =

ρωH2

η0
, G = − H2

η0Ueo

∂p∗

∂z∗
, De = λ1ω, (13)

In the above formula, the dimensionless electric width K represents the ratio of the
half-height (H) of the microchannel to the Debye length (1/κ, where κ = zve(2n0/εkbT)1/2);
the physical meaning of the oscillation Reynolds number ReΩ is the ratio of the diffusion
time scale (tdiff = ρH2/η0) and the period of the external electric field (tE = 1/ω); Deborah
number De represents the ratio of the relaxation time λ1 of the fluid to the vibration time
1/ω of the electric field; and G represents the dimensionless pressure gradient applied in
the axial direction of the channel.

Substituting the dimensionless parameter (13) into the P-B Equation (2), the EOF
control Equation (10) and the boundary conditions (3) and (12), the equation satisfied by
corresponding dimensionless electrical potential φ(x, y) and velocity w(x, y) is

∂2 φ

∂x2 +
∂2 φ

∂y2 = K2 φ, (14)

∂2w
∂x2 +

∂2w
∂y2 − iReΩ(1 + iDe)w = −(1 + iDe)G − K2(1 + iDe)φ. (15)

The corresponding boundary conditions are

φ(x, y) = 1, w(x, y) = 0, at y = yu,

φ(x, y) = ζ, w(x, y) = 0, at y = yl . (16)

In the absence of roughness, the electrical potential φ and velocity w are only functions
of y. However, the presence of wall roughness causes a function change in the x direction.
In the following analysis, it is assumed that δ << 1 and the electrical potential φ and velocity
w expanded to the power of δ as

R(x, y) = R0(y) + δR1(x, y) + δ2R2(x, y) + · · · , (17)

The Taylor expansion of the function R, at y = 1 and y = −1 on the upper wall y = yu
and the lower wall y = yl, respectively, is
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R(x, 1 + δ sin(λx)) = R(x, 1) + δ sin(λx)Ry(x, 1) +
δ2 sin2(λx)

2
Ryy(x, 1) + · · ·

= R0(1) + δ[sin(λθ)R′
0(1) + R1(x, 1)] + δ2[

sin2(λθ)

2
R′′

0(1) + sin(λθ)R1y(x, 1) + R2(x, 1)] + O(δ3).

R(x,−1 + δ sin(λx + θ)) = R(x,−1) + δ sin(λx + θ)Ry(x,−1) +
δ2 sin2(λx + θ)

2
Ryy(x,−1) + · · ·

= R0(−1) + δ[sin(λx + θ)R′
0(−1) + R1(x,−1)] + δ2[

sin2(λx + θ)

2
R′′

0(−1) + sin(λx + θ)R1y(x,−1) + R2(x,−1)] + · · · . (18)

Substituting Equation (17) into Equations (14) and (15), we obtain the boundary value
problem of the differential equation that is satisfied by the power of δ

δ0 :
d2 φ0

dy2 = K2 φ0,
d2w0

dy2 − iReΩ(1 + iDe)w0 = −(1 + iDe)G − K2(1 + iDe)φ0. (19)

δ1 :
∂2 φ1

∂x2 +
∂2 φ1

∂y2 = K2 φ1,
∂2w1

∂x2 +
∂2w1

∂y2 − iReΩ(1 + iDe)w1 = −K2(1 + iDe)φ1. (20)

δ2 :
∂2 φ2

∂x2 +
∂2 φ2

∂y2 = K2 φ2,
∂2w2

∂x2 +
∂2w2

∂y2 − iReΩ(1 + iDe)w2 = −K2(1 + iDe)φ2. (21)

The corresponding boundary condition (16) uses the Taylor expansion of the function
R at y = ±1 (18), and it can be obtained that the following boundary conditions are

δ0 : φ0(1) = 1, φ0(−1) = ζ, w0(1) = 0, w0(−1) = 0, (22)

δ1 : φ1(x, 1) = − sin(λx)φ′
0(1), φ1(x,−1) = − sin(λx + θ)φ′

0(−1), w1(x, 1) = − sin(λx)w′
0(1), w1(x,−1) = − sin(λx + θ)w′

0(−1), (23)

δ2 : φ2(x, 1) = − sin2(λx)
2

φ′′
0(1)− sin(λx)

∂φ1
∂y

|y=1, φ2(x,−1) = − sin2(λx + θ)

2
φ′′

0(−1)− sin(λx + θ)
∂φ1
∂y

|y=−1,

w2(x, 1) = − sin2(λx)
2

w′′
0(1)− sin(λx)

∂w1

∂y
|y=1,w2(x,−1) = − sin2(λx + θ)

2
w′′

0(−1)− sin(λx + θ)
∂w1

∂y
|y=−1. (24)

where
iReΩ(1 + iDe) = (α0 + iβ0)

2, (25)

then it can be calculated

α0 = (
ReΩ

2
)

1/2
[
√

1 + De2 − De]
1/2

, β0 = (
ReΩ

2
)

1/2
[
√

1 + De2 + De]
1/2

, (26)

combining Equations (19) and (22), we can calculate

φ0(y) = A0 cosh(Ky) + B0sinh(Ky),

w0(y) = C0 cosh[(α0 + iβ0)y] + D0sinh[(α0 + iβ0)y] + a0 cosh(Ky) + b0sinh(Ky) +
G

iReΩ
, (27)

Substituting Equation (22) into (27), the undetermined constants A0, B0, C0, D0, a0, b0
can be obtained. See Appendix A.

According to the boundary condition (23), the solution expression of Equation (20) can
be written as

φ1(x, y) = f1(y) sin(λx) + g1(y) cos(λx), w1(x, y) = F1(y) sin(λx) + G1(y) cos(λx). (28)

Substituting Equation (28) into Equation (20), we can obtain

f1(y) = A1 cosh(K1y) + B1sinh(K1y), g1(r) = A2 cosh(K1y) + B2sinh(K1y),

F1(y) = C1 cosh(α1 + iβ1)y + D1sinh(α1 + iβ1)y + a1 cosh(K1y) + b1sinh(K1y),
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G1(y) = C2 cosh(α1 + iβ1)y + D2sinh(α1 + iβ1)y + a2 cosh(K1y) + b2sinh(K1y). (29)

where K2
1 = K2 + λ2, (α1 + iβ1)

2 = (α0 + iβ0)
2 + λ2, the undetermined constants Aj, Bj,

Cj, Dj, aj, bj (j = 1, 2), see Appendix A.
According to the boundary condition (24), the solution expression of Equation (21) can

be given as follows

φ2(x, y) = h(y) + f2(y) sin(2λx) + g2(y) cos(2λx),

w2(x, y) = H(y) + F2(y) sin(2λx) + G2(y) cos(2λx). (30)

Substituting Equation (30) into Equation (21), we can obtain

h(y) = A3 cosh(Ky) + B3sinh(Ky), f2(y) = A4 cosh(K2y) + B4sinh(K2y),

g2(y) = A5 cosh(K2y) + B5sinh(K2y),

H(y) = C3 cosh[(α0 + iβ0)y] + D3sinh[(α0 + iβ0)y] + a3 cosh(Ky) + b3sinh(Ky),

F2(y) = C4 cosh[(α2 + iβ2)y] + D4sinh[(α2 + iβ2)y] + a4 cosh(K2y) + b4sinh(K2y),

G2(y) = C5 cosh[(α2 + iβ2)y] + D5sinh[(α2 + iβ2)y] + a5 cosh(K2y) + b5sinh(K2y). (31)

where K2
2 = K2 + 4λ2, (α2 + iβ2)

2 = (α0 + iβ0)
2 + 4λ2, the undetermined constants Aj, Bj,

Cj, Dj, aj, bj (j = 3, 4, 5), see Appendix A.

2.3. Average Velocity

The flow velocity per unit width through the microchannel is averaged over one
wavelength of wall roughness, and the complex amplitude of the average velocity can
be derived

u =
λ

4π

∫ 2π
λ

0
dx

∫ 1+δ sin(λx)

−1+δ sin(λx+θ)
w(x, y)dy =

λ

4π

∫ 2π
λ

0
{
∫ 1

−1
w(x, y)dy +

∫ 1+δ sin(λx)

1
w(x, y)dy +

∫ −1

−1+δ sin(λx+θ)
w(x, y)dy}dx = u0m + δ2u2m + o(δ2) (32)

where u0m = C0
(α0+iβ0)

sinh(α0 + iβ0) +
a0
K sinhK + G

iReΩ
,

u2m =
C3

(α0 + iβ0)
sinh(α0 + iβ0) +

a3

K
sinhK +

1
4
[
F1(1) + w′

0(1)− F1(−1) cos θ − G1(−1) sin θ − w′
0(−1)

]
. (33)

Note that the Taylor expansion at y = ±1 was used in the last two integral calculations
of Equation (32).

Therefore, the average velocity of AC EOF in the rough microchannel can be ex-
pressed as

um(t) = ℜ{u exp(it)} = |Um| cos(t + χ). (34)

where χ is the main argument of the average velocity u, which also represents the phase
difference between the electric field and the average velocity, which is called phase lag.

3. Results and Discussion

In this section, we resolved the approximation of AC EOF for Maxwell fluid in a mi-
crochannel with sinusoidal roughness. The findings are mainly influenced by the following
dimensionless parameters: electrodynamic width K (parameters related to the thickness
of the electric double layer), the ratio of the ripple amplitude to the average half-height
of the channel, the oscillation Reynolds number ReΩ, the zeta potential ratio ζ between
the upper and lower walls, the wave number λ of the rough wall, the phase difference θ
between the rough walls, the dimensionless pressure gradient G, and the Deborah number
De. In engineering, in order to tackle practical problems, dimensionless parameters need to
be converted into dimensioned parameters. The relaxation time must be smaller than the
oscillation period (observation time), that is, it must satisfy λ1 < 2π/ω or De < 2π. Typically,
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the value of EDL thickness 1/κ at room temperature is 10−7 m to 5 × 10−7 m. Moreover, the
linearized P-B equation is valid when the wall zeta potential is less than 25 mV. Therefore,
the range of the Helmholtz–Smoluchowski EOF velocity Ueo of a Newtonian fluid is about
10−5 to 2.5 × 10−4 ms−1. From the condition λ1Ueo/(1/κ) << 1, we determined that the
effective range of relaxation time λ1 is 4 × 10−4 s to 5 × 10−2 s. Some typical parameter
value ranges are as follows [10–14]: H = 100 µm, ρ = 103 kg·m−3, η0 = 10−3 kgm−1s−1.
At the same time, the applied electric field frequency ranges from 0 to 1.6 kHz, and the
variation range of the corresponding angular frequency ω is from 0 to 104 s−1. Therefore,
the oscillation Reynolds number ReΩ could take a value between 0 and 100. According to
references [12,39], the value range of the relaxation time λ1 is set from 10−4 s to 103 s.

Figure 2 plots the AC EOF velocity amplitude for a Maxwell fluid for a given x = 0.
As can be seen from Figure 2, the velocity amplitude is smaller in the rough microchannel
than that in the smooth microchannel. The reason for this is that the increased contact area
between the corrugation on the lower wall and the fluid causes the flow resistance of the
fluid to increase, which reduces the amplitude of the velocity. In addition, the velocity
profile in the smooth microchannel shows central symmetry, which is consistent with the
results obtained by Liu et al. [12].
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Figure 3 depicts the three-dimensional pure AC EOF velocity and contour distribution
diagram of a Newtonian fluid corresponding to different δ and θ. Figure 3a shows the
velocity diagram under smooth channel (i.e., δ = 0). It can be seen from Figure 3 that,
especially near the wall, as the dimensionless ripple amplitude δ increases the fluctuations
in the Newtonian fluid velocity profile become more and more obvious, and the velocity
distribution depends on the phase difference θ of the upper and lower plate roughness
ripples. In addition, it can also be seen that the classic pin-shaped velocity profile similar to
this is also presented.
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Figure 3. Three-dimensional AC EOF velocity distributions and contours for different δ and θ (G = 0,
K = 10, λ = 8, ζ = 1, δ = 0.05, De = 0, ReΩ→0). (a) AC EOF velocity distribution in the smooth
microchannel; (b) θ = 0; (c) θ = π/2; (d) θ = π.

Figure 4 displays the three-dimensional pure AC EOF velocity and contour distribution
map of a Maxwell fluid corresponding to different δ and θ. The velocity distribution under
a smooth channel (i.e., δ = 0) is shown in Figure 4a. For a given δ = 0.05, it is easy to see
from Figure 4b,d that when the rough wall changes from in-phase (θ = 0) to out-of-phase
(θ = π), the velocity profile is significantly affected by the wall roughness and obvious
wave phenomena appeared. In addition, the velocity distribution depends on the phase
difference θ of the upper and lower plates’ roughness ripples. Combined with Figure 5, it
is easy to see that for a given G, K, λ, ζ, De, and θ, the velocity profile oscillates rapidly, and
the amplitude decreases with the increase of ReΩ. Moreover, the amplitude is larger in the
narrow EDL region near the wall and gradually decreases away from the EDL region. The
reason for this is that the vibrational period is much shorter than the dissipation timescale
and the fluid motion does not have enough time to diffuse to the plane in the middle of
the two walls of the microchannel. In addition, for linear generalized Maxwell fluids, the
larger the De, the smaller the resummation capacity and the larger the elastic effect. The
velocity profile is more likely to oscillate under the action of an external electric field, which
is caused by Maxwell’s “fading memory” phenomenon.
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Figure 4. Three-dimensional AC EOF velocity distributions and contours for different δ and θ (G = 0,
K = 10, λ = 8, ζ = 1, De = 2, ReΩ = 100). (a) δ = 0, θ = 0; (b) δ = 0.05, θ = 0; (c) δ = 0.05, θ = π/2;
(d) δ = 0.05, θ = π.

Figure 6 reveals the three-dimensional pure AC EOF velocity and contour distribution
diagram of a Maxwell fluid corresponding to different δ. When the two parallel plate
walls possess opposite charges (i.e., ζ = −1), the direction of the EOF in the micro-parallel
channel is directly related to the polarity of the charge on the channel wall. This conclusion
is similar to the outcome obtained in reference [8]. It is easy to see from Figure 6 that when
the ζ potential of the lower plate is high (i.e., ζ = 2), the velocity will rapidly increase from
zero to the maximum value in the EDL region of the lower wall. Subsequently, the velocity
will decrease with the distance away from the lower plate wall, gradually increasing in
the EDL region of the upper wall as the velocity reaches zero on the upper wall surface,
which can be attributed to the fact that the flow of the fluid is driven by the electroosmotic
force result from the interaction of the external electric field and the EDL. This due to the
higher ion concentration in the EDL, which causes the fluid to flow more violently in the
EDL region of the lower parallel plate wall. In the EDL region of the upper parallel plate
wall, the ion concentration is low and the fluid flow is relatively slow.



Micromachines 2024, 15, 4 11 of 18Micromachines 2024, 14, x FOR PEER REVIEW  11  of  18 
 

 

 

 
Figure 5. Three‐dimensional AC EOF velocity distributions and contours for different δ, De and ReΩ 

(G = 0, K = 10, λ = 8, ζ = 1, θ = 0). (a) δ = 0, De = 2, ReΩ = 10; (b) δ = 0.05, De = 2, ReΩ = 10; (c) δ = 0.05, 

De = 2, ReΩ = 50; (d) δ = 0.05, De = 0.5, ReΩ = 50. 

Figure 6 reveals the three‐dimensional pure AC EOF velocity and contour distribu‐

tion diagram of a Maxwell fluid corresponding to different δ. When the two parallel plate 

walls possess opposite charges (i.e., ζ = −1), the direction of the EOF in the micro‐parallel 

channel is directly related to the polarity of the charge on the channel wall. This conclusion 

is similar to the outcome obtained in reference [8]. It is easy to see from Figure 6 that when 

the ζ potential of the lower plate is high (i.e., ζ = 2), the velocity will rapidly increase from 

zero to the maximum value in the EDL region of the lower wall. Subsequently, the velocity 

will decrease with the distance away from the lower plate wall, gradually increasing in 

the EDL region of the upper wall as the velocity reaches zero on the upper wall surface, 

which can be attributed to the fact that the flow of the fluid is driven by the electroosmotic 

force result from the interaction of the external electric field and the EDL. This due to the 

higher ion concentration in the EDL, which causes the fluid to flow more violently in the 

EDL region of the lower parallel plate wall. In the EDL region of the upper parallel plate 

wall, the ion concentration is low and the fluid flow is relatively slow. 

Figure 5. Three-dimensional AC EOF velocity distributions and contours for different δ, De and ReΩ

(G = 0, K = 10, λ = 8, ζ = 1, θ = 0). (a) δ = 0, De = 2, ReΩ = 10; (b) δ = 0.05, De = 2, ReΩ = 10; (c) δ = 0.05,
De = 2, ReΩ = 50; (d) δ = 0.05, De = 0.5, ReΩ = 50.

Micromachines 2024, 14, x FOR PEER REVIEW  12  of  18 
 

 

 

Figure 6. Three‐dimensional AC EOF velocity distributions and contours for different ζ (G = 0, K = 

10, λ = 8, De = 1, ReΩ = 50, θ = 0, δ = 0.05). (a) ζ = −1; (b) ζ = 2. 

From Equation (32), it can be seen that u2m > 0 or u2m < 0 correspond to an increase or 

decrease, respectively, of  the mean velocity  in  the microchannels with roughness com‐

pared to that in the smooth channels. In AC EOF, there is a time difference χ (called phase 

lag) between the velocity and the applied electric field, which represents the time required 

for momentum diffusion. Figure 7 indicates the variation of phase lag χ with λ, ReΩ, De, 

K, and ζ at different G and θ, and the changes of χ with G at different θ. As expected, the 

phase lag χ reduces with augmented G. The reason for this is that the forward pressure 

gradient promotes flow while the reverse pressure gradient hinders flow. For larger wave 

numbers (such as λ > 3), there is almost no phase lag χ between the electric field and the 

average velocity, which increases with the increase of θ and is more obvious for smaller 

wave numbers (such as λ ≤ 3). This conclusion is consistent with the results of the litera‐

ture [28] (Figure 7a). For a given ReΩ, the phase lag χ also increases or decreases signifi‐

cantly with θ. On the other hand, the results show that the velocity profile oscillates rap‐

idly with the increase of ReΩ and the amplitude becomes smaller. Under certain parame‐

ters, the same ReΩ number will produce the same χ peak value (as shown in Figure 7b). 

The reason for this is that the rough wall changes from in‐phase (θ = 0) to the out‐of‐phase 

(θ = π). Although the increased surface area of the flowing fluid in contact with the solid 

wall  results  in greater  resistance,  the  shear  thinning effect of a Maxwell  fluid exhibits 

faster flow (as shown in Figure 7c). The phase lag χ first increases and then decreases with 

the increase of K. The increase of K means that the thickness of the EDL decreases. When 

the EDL is very thin, ions only need to overcome a small potential difference to reach the 

electrode surface. At this point, the flow velocity is faster, but the motion of the fluid on 

the microchannel walls  is affected by ripples and roughness, resulting  in a  larger  flow 

resistance. When  the EDL  is  thick  (small K),  the effect  is opposite. Therefore,  in rough 

corrugated microchannels, the appropriate EDL thickness is selected according to specific 

conditions to achieve the required fluid control and transmission effects (Figure 7d). The 

phase lag χ varies with ζ and G and there is almost no phase lag (Figure 7e,f). 

Figure 6. Three-dimensional AC EOF velocity distributions and contours for different ζ (G = 0, K = 10,
λ = 8, De = 1, ReΩ = 50, θ = 0, δ = 0.05). (a) ζ = −1; (b) ζ = 2.

From Equation (32), it can be seen that u2m > 0 or u2m < 0 correspond to an increase or
decrease, respectively, of the mean velocity in the microchannels with roughness compared
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to that in the smooth channels. In AC EOF, there is a time difference χ (called phase lag)
between the velocity and the applied electric field, which represents the time required for
momentum diffusion. Figure 7 indicates the variation of phase lag χ with λ, ReΩ, De, K,
and ζ at different G and θ, and the changes of χ with G at different θ. As expected, the phase
lag χ reduces with augmented G. The reason for this is that the forward pressure gradient
promotes flow while the reverse pressure gradient hinders flow. For larger wave numbers
(such as λ > 3), there is almost no phase lag χ between the electric field and the average
velocity, which increases with the increase of θ and is more obvious for smaller wave
numbers (such as λ ≤ 3). This conclusion is consistent with the results of the literature [28]
(Figure 7a). For a given ReΩ, the phase lag χ also increases or decreases significantly with
θ. On the other hand, the results show that the velocity profile oscillates rapidly with the
increase of ReΩ and the amplitude becomes smaller. Under certain parameters, the same
ReΩ number will produce the same χ peak value (as shown in Figure 7b). The reason
for this is that the rough wall changes from in-phase (θ = 0) to the out-of-phase (θ = π).
Although the increased surface area of the flowing fluid in contact with the solid wall
results in greater resistance, the shear thinning effect of a Maxwell fluid exhibits faster flow
(as shown in Figure 7c). The phase lag χ first increases and then decreases with the increase
of K. The increase of K means that the thickness of the EDL decreases. When the EDL is very
thin, ions only need to overcome a small potential difference to reach the electrode surface.
At this point, the flow velocity is faster, but the motion of the fluid on the microchannel
walls is affected by ripples and roughness, resulting in a larger flow resistance. When the
EDL is thick (small K), the effect is opposite. Therefore, in rough corrugated microchannels,
the appropriate EDL thickness is selected according to specific conditions to achieve the
required fluid control and transmission effects (Figure 7d). The phase lag χ varies with ζ
and G and there is almost no phase lag (Figure 7e,f).

Figure 8a,b expresses the average velocity um(t) of AC EOF in different θ and G for
rough microchannels as a function of t. For a given ζ, it is easy to see in the figure that
the velocity profile becomes larger when the pressure gradient changes from a reverse
pressure gradient (G = −1) to a forward pressure gradient (G = 1). This demonstrates
that the pressure gradient hinders or promotes the flow (see Figure 8a). When the two
parallel plate walls are oppositely charged, the electroosmotic force becomes resistance,
so the velocity profile along the pressure gradient near the lower plate is smaller than
the velocity profile reverse pressure gradient (see Figure 8b). It can also be seen from the
figure that there is no phase lag phenomenon in different θ velocity profiles. For given
parameters, the average velocity um(t) oscillates rapidly with the increase of ReΩ and the
amplitude becomes smaller (see Figure 8c), which is consistent with the previous known
results (see Figure 4). It can also be seen from Figure 8 that the average velocity um(t)
oscillates periodically with t, that the period is consistent with the external electric field,
and that no phase lag appears.

The amplitude of the mean velocity |Um| as a function of the parameters ReΩ, De,
and λ is given in Figure 9. For a given K, a larger ReΩ and a smaller G will result in a
smaller |Um| (see Figure 9a). For a given ReΩ, the same De will result in the same peak
value of |Um|. This is because the elastic effect of the fluid will cause the AC EOF velocity
to increase for some De numbers and decrease for others. In addition, under a larger
elastic effect (that is, a larger De number), |Um| decreases with the increase of the wall
roughness phase difference θ between the upper and lower plates. The reason for this is
that when the rough wall changes from in-phase (θ = 0) to out-of-phase (θ = π), the area of
the wall where the flowing fluid contacts the solid increases, resulting in greater resistance
(Figure 9b). |Um| does not change significantly with increasing wave number. For larger
wave numbers (such as λ ≥ 2.5), the impact of the roughness phase difference θ on |Um|
is negligible (Figure 9c).
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4. Conclusions

In this section, the AC EOF problem for a Maxwell fluid between micro-parallel plates
with sinusoidal wall roughness is studied using the boundary perturbation expansion
method and the linear superposition principle. From the above theoretical and drawing
analysis, the following conclusions can be drawn:

The velocity distribution of the fluid is significantly affected by the wall roughness,
there is an obvious fluctuation phenomenon, and the velocity distribution depends on θ.
The velocity profile oscillates rapidly with the increase of ReΩ and the amplitude becomes
smaller. The amplitude is larger in the narrow EDL region near the wall and gradually
decreases away from the EDL region. For some given parameters, the larger the De is,
the easier it is for the velocity profile to oscillate under the action of an external electric
field. When the ζ potential is high, the velocity rapidly increases from zero to a maximum
value in the EDL region. The phase lag χ diminishes with the growth of G. For larger wave
numbers (such as λ > 3), there is almost no χ between the electric field and the average
velocity. For a given ReΩ, the χ also increases or decreases significantly with θ. On the
other hand, it shows that the velocity profile oscillates rapidly and the amplitude becomes
smaller and smaller as ReΩ increases. For a given larger De number, a different θ has a
more obvious χ, and χ declines as θ improves. χ first increases and then lessens with the
enhancement of K, and there is almost no phase lag phenomenon with ζ and G. The velocity
profile of the average velocity um(t) increases with the increase of G, and there is no phase
lag in different θ velocity profiles. The um(t) oscillates rapidly and the amplitude decreases
with the increase of ReΩ. For a given K, a larger ReΩ and a smaller G result in a smaller
average velocity amplitude |Um|. For a given ReΩ, the same number of De will produce
the same |Um| peak value. For larger De numbers, |Um| reduces as θ enhances. |Um| has
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no obvious change with the augmentation of wave number λ. For larger wave numbers
(such as λ ≥ 2.5), the influence of θ on |Um| is negligible.
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Nomenclature

(x*, y*, z*) dimensionless cartesian orthonormal coordinate system
(x, y) cartesian orthonormal coordinate system
ℜ{} the real part of the periodic EOF function
ReΩ oscillatory Reynolds number
De deborah number De = λ1ω

K dimensionless electrokinetic width K = κh
zν valence of ion
H average half-height of microchannel
t time
w(x, y, t) dimensionless velocity along the z-axis direction
wj dimensionless velocity of δj-order equation (j = 0, 1, 2)
P pressure of the liquid
G dimensionless pressure gradient
E0 *(t) AC electric field
nv valence of ion
n0 ion density of bulk liquid
e elementary charge
kb Boltzmann’s constant
T absolute temperature
Ueo Helmholtz–Smoluchowski electroosmotic velocity
u average velocity in rough microchannel
|Um| complex amplitude of ac EOF mean velocity
U velocity vector
u0m average velocity in smooth microchannel
u2m increment of average velocity in rough microchannels
Greek symbols
αj, βj real numbers (j = 0, 1, 2)
λ wave number
θ phase difference
ε0 dielectric constant in vacuum
λ1 relaxation time or relaxation time of a fluid
τ shear stress tensor
ρe net charge density per unit volume
η0 zero shear viscosity of fluid
ω oscillation angular frequency of AC electric field
Ψ(x*, y*) electric potential
φ(x, y) dimensionless electric potential
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φj dimensionless electric potential of δj order equation (j = 0, 1, 2)
χ phase lag
ε dielectric constant
δ the ratio of the ripple amplitude to the average half-height of the channel
1/κ, λD thickness of EDL
ρ density of fluid

Appendix A

A0 = 1+ζ
2 cosh K , B0 = 1−ζ

2sinhK , a0 = K2(1+iDe)A0

(α0+iβ0)
2−K2 , b0 = K2(1+iDe)B0

(α0+iβ0)
2−K2 , C0 = − iReΩa0 cosh K+G

iReΩ cosh(α0+iβ0)
,

D0 = − b0sinhK
sinh(α0+iβ0)

, A1 = f1(−1)+ f1(1)
2 cosh(K1)

, B1 = f1(1)− f1(−1)
2sinh(K1)

, A2 = g1(−1)
2 cosh(K1)

, B2 = − g1(−1)
2sinh(K1),

aj =
K2(1+iDe)Aj

(α0+iβ0)
2−K2 , bj =

K2(1+iDe)Bj

(α0+iβ0)
2−K2 , (j = 1, 2, 3, 4, 5), C1 = F1(−1)+F1(1)−2a1 cosh(K1)

2 cosh(α1+iβ1)
,

D1 = F1(1)−F1(−1)−2b1sinh(K1)
2sinh(α1+iβ1)

, C2 = G1(−1)−2a2 cosh(K1)
2 cosh(α1+iβ1)

, D2 = −G1(−1)+2b2sinh(K1)
2sinh(α1+iβ1)

,

A3 = h(−1)+h(1)
2 cosh(K) , B3 = h(1)−h(−1)

2sinh(K) , A4 = f2(−1)+ f2(1)
2 cosh(K2)

, B4 = f2(1)− f2(−1)
2sinh(K2)

, A5 = g2(−1)+g2(1)
2 cosh(K2)

,

B5 = g2(1)−g2(−1)
2sinh(K2)

, C3 = H(−1)+H(1)−2a3 cosh(K)
2 cosh(α0+iβ0)

, D3 = H(1)−H(−1)−2b3sinh(K)
2sinh(α0+iβ0)

,

C4 = F2(−1)+F2(1)−2a4 cosh(K2)
2 cosh(α2+iβ2)

, D4 = F2(1)−F2(−1)−2b4sinh(K2)
2sinh(α2+iβ2)

,

C5 = G2(−1)+G2(1)−2a5 cosh(K2)
2 cosh(α2+iβ2)

, D5 = G2(1)−G2(−1)−2b5sinh(K2)
2sinh(α2+iβ2)

.

where, K2
1 = λ2 + K2, (α1 + iβ1)

2 = λ2 + (α0 + iβ0)
2, f1(−1) = − cos θφ′

0(−1), f1(1) = −φ′
0(1),

g1(−1) = − sin θφ′
0(−1), F1(−1) = − cos θw′

0(−1), F1(1) = −w′
0(1), G1(−1) = − sin θw′

0(−1),

K2
2 = 4λ2 + K2, (α2 + iβ2)

2 = 4λ2 + (α0 + iβ0)
2,

h(−1) = − 1
4 φ′′

0(−1) − 1
2 cos θ f ′1(−1) − 1

2 sin θg′1(−1), h(1) = − 1
4 φ′′

0(1) − 1
2 f ′1(1),

f2(1) = − 1
2 g′1(1), f2(−1) = − 1

4 φ′′
0(−1) sin 2θ − 1

2 f ′1(−1) sin θ − 1
2 g′1(−1) cos θ,

g2(−1) = 1
4 φ′

0(−1) cos 2θ − 1
2 g′1(−1) sin θ + 1

2 f ′1(−1) cos θ,

g2(1) = 1
4 φ′′

0(1) +
1
2 f1

′(1),

H(1) = − 1
4 w′′ 0(1)− 1

2 F′
1(1), H(−1) = − 1

4 w′′ 0(−1)− 1
2 cos θF′

1(−1)− 1
2 sin θG′

1(−1),

F2(−1) = − 1
4 w′′ 0(−1) sin 2θ − 1

2 F′
1(−1) sin θ − 1

2 G′
1(−1) cos θ,

F2(1) = − 1
2 G′

1(1), G2(1) = 1
4 w′′ 0(1) + 1

2 F′
1(1),

G2(−1) = 1
4 w′′ 0(−1) cos 2θ − 1

2 G′
1(−1) sin θ + 1

2 F′
1(−1) cos θ.

References
1. Li, D. Encyclopedia of Microfluidics and Nanofluidics; Springer: New York, NY, USA, 2008.
2. Stone, H.A.; Stroock, A.D.; Ajdari, A. Engineering flows in small devices: Microfluidics toward a lab-on-a-chip. Annu. Rev. Fluid

Mech. 2004, 36, 381–411. [CrossRef]
3. Bayraktar, T.; Pidugu, S.B. Characterization of liquid flows in microfluidic systems. Int. J. Heat Mass Tran. 2006, 49, 815–824.

[CrossRef]
4. Banerjee, D.; Pati, S.; Biswas, P. Analytical study of two-layered mixed electro-osmotic and pressure-driven flow and heat transfer

in a microchannel with hydrodynamic slippage and asymmetric wall heating. Phys. Fluid 2022, 34, 032013. [CrossRef]

https://doi.org/10.1146/annurev.fluid.36.050802.122124
https://doi.org/10.1016/j.ijheatmasstransfer.2005.11.007
https://doi.org/10.1063/5.0080107


Micromachines 2024, 15, 4 17 of 18

5. Jian, Y.; Yang, L.; Liu, Q. Time periodic electro-osmotic flow through a microannulus. Phys. Fluid 2010, 22, 042001. [CrossRef]
6. Yang, C.; Li, D.; Masliyah, J.H. Modeling forced liquid convection in rectangular microchannels with electrokinetic effects. Int. J.

Heat Mass Tran. 1998, 41, 4229–4249. [CrossRef]
7. Wang, C.Y.; Liu, Y.H.; Chang, C.C. Analytical solution of electro-osmotic flow in a semicircular microchannel. Phys. Fluid 2008,

20, 063105. [CrossRef]
8. Kang, Y.; Yang, C.; Huang, X. Electroosmotic flow in a capillary annulus with high zeta potentials. J. Colloid Interface Sci. 2002, 253,

285–294. [CrossRef] [PubMed]
9. Chang, L.; Sun, Y.; Buren, M.; Jian, Y. Thermal and Flow Analysis of Fully Developed Electroosmotic Flow in Parallel-Plate

Micro-and Nanochannels with Surface Charge-Dependent Slip. Micromachines 2022, 13, 2166. [CrossRef]
10. Park, H.M.; Lee, J.S.; Kim, T.W. Comparison of the Nernst–Planck model and the Poisson–Boltzmann model for electroosmotic

flows in microchannels. J. Colloid Interface Sci. 2007, 315, 731–739. [CrossRef]
11. Sousa, J.J.; Afonso, A.M.; Pinho, F.T.; Alves, M.A. Effect of the skimming layer on electro-osmotic—Poiseuille flows of viscoelastic

fluids. Microfluid. Nanofluidics 2011, 10, 107–122. [CrossRef]
12. Liu, Q.; Jian, Y.; Yang, L. Time periodic electroosmotic flow of the generalized Maxwell fluids between two micro-parallel plates.

J. Non-Newton. Fluid Mech. 2011, 166, 478–486. [CrossRef]
13. Li, X.X.; Yin, Z.; Jian, Y.J.; Chang, L.; Su, J.; Liu, Q. Transient electro-osmotic flow of generalized Maxwell fluids through a

microchannel. J. Non-Newton. Fluid Mech. 2012, 187, 43–47. [CrossRef]
14. Liu, Q.; Jian, Y.; Yang, L. Alternating current electroosmotic flow of the Jeffreys fluids through a slit microchannel. Phys. Fluid

2011, 23, 102001. [CrossRef]
15. Gui, L.; Ren, C.L. Analytical and numerical study of joule heating effects on electrokinetically pumped continuous flow PCR

chips. Langmuir 2008, 24, 2938–2946. [CrossRef] [PubMed]
16. Wang, C.Y. On Stokes flow between corrugated plates. J. Appl. Mech. 1979, 46, 462–464. [CrossRef]
17. Chu, Z.K.H. Slip flow in an annulus with corrugated walls. J. Phys. D-Appl. Phys. 2000, 33, 627. [CrossRef]
18. Malevich, A.E.; Mityushev, V.V.; Adler, P.M. Couette flow in channels with wavy walls. Acta Mech. 2008, 197, 247–283. [CrossRef]
19. Ng, C.O.; Wang, C.Y. Darcy–Brinkman flow through a corrugated channel. Transp. Porous Med. 2010, 85, 605–618. [CrossRef]
20. Xia, Z.; Mei, R.; Sheplak, M.; Fan, Z.H. Electroosmotically driven creeping flows in a wavy microchannel. Microfluid. Nanofluidics

2009, 6, 37–52. [CrossRef]
21. Shu, Y.C.; Chang, C.C.; Chen, Y.S.; Wang, C.Y. Electro-osmotic flow in a wavy microchannel: Coherence between the electric

potential and the wall shape function. Phys. Fluid 2010, 22, 082001. [CrossRef]
22. Cho, C.C.; Chen, C.L. Electrokinetically-driven non-Newtonian fluid flow in rough microchannel with complex-wavy surface. J.

Non-Newton. Fluid Mech. 2012, 173, 13–20. [CrossRef]
23. Cho, C.C.; Chen, C.L. Characteristics of combined electroosmotic flow and pressure-driven flow in microchannels with complex-

wavy surfaces. Int. J. Therm. Sci. 2012, 61, 94–105. [CrossRef]
24. Cho, C.C.; Chen, C.L.; Chen, C.K. Characteristics of transient electroosmotic flow in microchannels with complex-wavy surface

and periodic time-varying electric field. J. Fluid Eng. 2013, 135, 021301. [CrossRef]
25. Chang, L.; Jian, Y.; Buren, M.; Liu, Q.; Sun, Y. Electroosmotic flow through a microtube with sinusoidal roughness. J. Mol. Liq.

2016, 220, 258–264. [CrossRef]
26. Keramati, H.; Sadeghi, A.; Saidi, M.H.; Chakraborty, S. Analytical solutions for thermo-fluidic transport in electroosmotic flow

through rough microtubes. Int. J. Heat Mass Tran. 2016, 92, 244–251. [CrossRef]
27. Messinger, R.J.; Squires, T.M. Suppression of electro-osmotic flow by surface roughness. Phys. Rev. Lett. 2010, 105, 144503.

[CrossRef]
28. Zhang, C.; Lu, P.; Chen, Y. Molecular dynamics simulation of electroosmotic flow in rough nanochannels. Int. Commun. Heat Mass

Tran. 2014, 59, 101–105. [CrossRef]
29. Fakhari, M.M.; Mirbozorgi, S.A. Numerical analysis of the effects of roughness on the electro-osmotic laminar flow between two

parallel plates. Meccanica 2021, 56, 1025–1045. [CrossRef]
30. Buren, M.; Jian, Y.; Chang, L.; Li, F.; Liu, Q. Combined electromagnetohydrodynamic flow in a microparallel channel with slightly

corrugated walls. Fluid Dyn. Res. 2017, 49, 025517. [CrossRef]
31. Buren, M.; Jian, Y.; Chang, L. Electromagnetohydrodynamic flow through a microparallel channel with corrugated walls. J. Phys.

D-Appl. Phys. 2014, 47, 425501. [CrossRef]
32. Buren, M.; Jian, Y. Electromagnetohydrodynamic (EMHD) flow between two transversely wavy microparallel plates.

Electrophoresis 2015, 36, 1539–1548. [CrossRef] [PubMed]
33. Ma, N.; Sun, Y.; Jian, Y. Electromagnetohydrodynamic (EMHD) flow in a microchannel with random surface roughness.

Micromachines 2023, 14, 1617. [CrossRef] [PubMed]
34. Wang, Z.; Sun, Y.; Jian, Y. The effect of random roughness on the electromagnetic flow in a micropipe. Micromachines 2023, 14, 2054.

[CrossRef] [PubMed]
35. Hosham, H.A.; Thabet, E.N.; Abd-Alla, A.M.; El-Kabeir, S.M.M. Dynamic patterns of electroosmosis peristaltic flow of a Bingham

fluid model in a complex wavy microchannel. Sci. Rep. 2023, 13, 8686. [CrossRef] [PubMed]

https://doi.org/10.1063/1.3358473
https://doi.org/10.1016/S0017-9310(98)00125-2
https://doi.org/10.1063/1.2939399
https://doi.org/10.1006/jcis.2002.8453
https://www.ncbi.nlm.nih.gov/pubmed/16290861
https://doi.org/10.3390/mi13122166
https://doi.org/10.1016/j.jcis.2007.07.007
https://doi.org/10.1007/s10404-010-0651-y
https://doi.org/10.1016/j.jnnfm.2011.02.003
https://doi.org/10.1016/j.jnnfm.2012.09.005
https://doi.org/10.1063/1.3640082
https://doi.org/10.1021/la703201p
https://www.ncbi.nlm.nih.gov/pubmed/18257592
https://doi.org/10.1115/1.3424575
https://doi.org/10.1088/0022-3727/33/6/307
https://doi.org/10.1007/s00707-007-0507-z
https://doi.org/10.1007/s11242-010-9580-1
https://doi.org/10.1007/s10404-008-0290-8
https://doi.org/10.1063/1.3467035
https://doi.org/10.1016/j.jnnfm.2012.01.012
https://doi.org/10.1016/j.ijthermalsci.2012.06.008
https://doi.org/10.1115/1.4023441
https://doi.org/10.1016/j.molliq.2016.04.054
https://doi.org/10.1016/j.ijheatmasstransfer.2015.08.089
https://doi.org/10.1103/PhysRevLett.105.144503
https://doi.org/10.1016/j.icheatmasstransfer.2014.10.024
https://doi.org/10.1007/s11012-020-01257-4
https://doi.org/10.1088/1873-7005/aa5ad9
https://doi.org/10.1088/0022-3727/47/42/425501
https://doi.org/10.1002/elps.201500029
https://www.ncbi.nlm.nih.gov/pubmed/25873183
https://doi.org/10.3390/mi14081617
https://www.ncbi.nlm.nih.gov/pubmed/37630153
https://doi.org/10.3390/mi14112054
https://www.ncbi.nlm.nih.gov/pubmed/38004911
https://doi.org/10.1038/s41598-023-35410-2
https://www.ncbi.nlm.nih.gov/pubmed/37248253


Micromachines 2024, 15, 4 18 of 18

36. Zhu, Q.; Su, R.; Hu, L.; Chen, J.; Zeng, J.; Zhang, H.; Sun, H.; Zhang, S.; Fu, D. Heat transfer enhancement for microchannel heat
sink by strengthening fluids mixing with backward right-angled trapezoidal grooves in channel sidewalls. Int. Commun. Heat
Mass Tran. 2022, 135, 106106. [CrossRef]

37. Mohammadi, R.; Shahkarami, N. Performance improvement of rectangular microchannel heat sinks using nanofluids and wavy
channels. Num. Heat Tran. Part A-Appl. 2022, 82, 619–639. [CrossRef]

38. Martínez, L.; Bautista, O.; Escandón, J.; Méndez, F. Electroosmotic flow of a Phan-Thien–Tanner fluid in a wavy-wall microchannel.
Colloid Surfaces A 2016, 498, 7–19. [CrossRef]

39. Si, D.; Jian, Y. Electromagnetohydrodynamic (EMHD) micropump of Jeffrey fluids through two parallel microchannels with
corrugated walls. J. Phys. D-Appl. Phys. 2015, 48, 085501. [CrossRef]

40. Bird, R.B.; Curtiss, C.F.; Armstrong, R.C.; Hassager, O. Dynamics of Z, Volume 2, Kinetic Theory; Wiley: Hoboken, NJ, USA, 1987.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

https://doi.org/10.1016/j.icheatmasstransfer.2022.106106
https://doi.org/10.1080/10407782.2022.2083840
https://doi.org/10.1016/j.colsurfa.2016.02.036
https://doi.org/10.1088/0022-3727/48/8/085501

	Introduction 
	Mathematical Modeling 
	Description of the Problem 
	Mathematical Models and Approximate Solutions 
	Average Velocity 

	Results and Discussion 
	Conclusions 
	Appendix A
	References

