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Abstract

Magnetic resonance (MR) conditional actuators and encoders are the key components for MR-
guided robatic systems. In this article, we present the modeling and control of our MR-safe
pneumatic radial inflow motor and encoder. A comprehensive model is developed that considers
the primary dynamic elements of the system, including: 1) motor dynamics, 2) pneumatic
transmission line dynamics, and 3) valve dynamics. After model validation, we present a
simplified third order model that facilitates design of a first order sliding mode controller (TO-
SMC). Finally, the motor hardware is tested in a 7T MRI. No image distortion or artifacts were
observed. We posit the MR-safe motor and dynamic model will lower the entry barriers for
researchers interested in MR-guided robots and promote wider adoption of MR-guided robotic
systems.
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INTRODUCTION

MAGNETIC resonance (MR) guided robotic interventions have been extensively studied
in the past several decades due to the intrinsic advantage of coupling precise motions
with high-resolution image feedback [1]. These robotic systems are capable of accurately
delivering therapeutic treatments and have been proposed for several clinical procedures,
including thermal ablation [2], intracerebral hemorrhage removal [3], [4], tumor ablation
[5], prostate and gynecological brachytherapy [6], [7], [8], lower back pain injections [9],
needle-based surgical interventions [10], and many more clinical scenarios [1].

Despite the benefits of MRI, robotic development is impeded by the limitations imposed

by the magnetic field, which restricts ferromagnetic materials within the five gauss line
[11]. Consequently, common robotic actuators like direct-current (dc) motors are unsuitable
for MR-guided interventions. Commercial piezoelectric motors (PM) have been suggested
as an alternative, which operate by inducing strain in crystals through the piezoelectric
effect [12]. Monfaredi et al. [13] developed an MR-guided robot for needle placement in
arthrography using PMs (Piezo LEGS, Upsala, Sweden). Li et al. [14] developed a robot for
MR-guided lower back pain injections using PMs (Piezo LEGS, PiezoMotor AB, Sweden,
and USR60-S4N, Shinsei Corp., Japan) that operate a bead-driven gear-box. Although PMs
are an off-the-shelf solution, the driving electric current can still impact image quality

[15]. Thus, imaging typically does not take place during motor operation. These limitations
have motivated the development of alternative actuation modalities, such as hydraulic and
pneumatic actuators [12]. Although, hydraulic actuators pose operational concerns due to
the use of an external liquid that risks leakage within the MRI room, the motive force for
pneumatic systems is safe, clean, and readily available (compressed, sterile air is available in
the MRI room).

MR-conditional pneumatic actuators can be categorized into three types: 1) deformation-
based stepper actuators (DBSA), 2) non-DBSA (nDBSA), and 3) continuous-based actuators
(CBA). DBSAs convert deformation into step-based motion using unique geometries [12].
For example, Comber et al. [16] and Musa et al. [17] developed bellows actuators, while
Pfeil et al. [18] implemented an auxetic-based actuator, all designed for needle-based
interventions. However, these devices are often large and tailored to specific applications.
nDB-SAs employ novel mechanisms for step-based motion, such as meshing gear teeth
adopted by the authors in [19], [20], and [21], cycloidal motion presented by Liang and Tse
[22], and reciprocating pistons demonstrated by Farimani and Misra [23]. Unlike DBSAS,
nDBSAs have an output shaft for general rotary motion. However, both approaches typically
require short pneumatic transmission lines (PTL), which necessitates proper shielding of

the valves to preserve image quality [24]. For a comprehensive review of MR-conditional
actuators, see [12].

CBAs operate analogously to brushed dc motors. Mass flow rate of the air (similar

to electrical current) is supplied by a compressor (similar to electrical potential) to a

rotor, enabling continuous rotary actuation. However, dynamic analysis of these pneumatic
systems is complex due to their intrinsic nonlinear behavior with many unknowns.
Consequently, control algorithms are often developed without a model, necessitating
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intricate controller design. Some examples include fuzzy logic controllers [25], fuzzy sliding
mode controllers [26], and neural networks [27]. A recent study presented a nonlinear state
space controller for a turbine CBA, but the PTL dynamics were ignored [28]. Instead,

the system controller used pressure transducers at the motor input with short PTLs, an
impractical setup for MR-guided interventions.

A. Contributions and Prior Work

In prior work, we developed a turbine-based CBA [29] for MR-guided interventions [3],

[4]. Although the motor in [29] was empirically characterized, the governing equations
describing the motor dynamics were not investigated. In our recent study, we presented
fabrication protocols, as well as a preliminary investigation into the motor steady-state
response [30]. However, we did not investigate the complete system dynamics. This article
introduces the dynamic modeling and control of our MR-safe pneumatic radial inflow motor
and encoder (PRIME, see Fig. 1). Our contributions are as follows.

1. We developed a lumped dynamic model based on the continuity and differential
energy equations that describe the dynamics of the motor, PTL, and valve. This
enables PTL mass flow rate and pressure prediction in both space and time, as
well as motor torque and response prediction.

2. Using the lumped dynamic model with an understanding of the PTL behavior,
we develop a simplified model to facilitate a nonlinear control design that utilizes
only motor position error feedback and enables system stability.

To our knowledge, this is the first comprehensive model and model-based dynamic control
strategy for analyzing turbine CBAs for MRI with long PTLs. We believe the theoretical
contributions, along with the open-source motor hardware design [30], are vital for
advancing MR-safe robotics, promoting wider adoption of MR-guided robotic interventions.

The rest of this article is organized as follows. Section Il discusses the derivation of
the dynamic model. Section 111 presents the control framework. Section IV details the
experiments and results. Finally, Section V concludes this article.

I[I. PRIME Dynamic MopeL

The system model (see Fig. 2 for the modeling framework) includes the dynamics of

the motor (see Section I1-A), PTL (see Sections 11-B through Section 11-D), and valve

(see Section II-E). In this section, we detail the modeling methodology and potential
uncertainties. This model considers the pneumatic fluid (herein, air) to be compressible,
where density, pressure, and mass flow rate are functions of space and time. This section

is divided as follows. Section I1-A discusses the motor dynamics; Sections I1-B and 11-C
derive the differential equations for the mass flow rate and pressure distribution through the
system using the continuity equation. Section I1-D derives the pressure loss of the air using
the differential energy equation. Section II-E discusses the valve dynamics. Finally, Section
I1-F concludes the section with a discussion of the potential system uncertainties.
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A. Motor Dynamics

The derivation of the motor dynamics starts by writing the change in the angular momentum
of the air applied to the rotor

@)

where T is the total torque exerted on the rotor and H is the time rate of change of the air’s
angular momentum. The torque exerted on the rotor can be written as
T= [rXF3+/r><gp ¥ + Tk + b6 + J6

@

where r is the vector from the rotor’s axis of rotation k to the point of the applied force, F,
are the parasitic surface forces due to friction and pressure, g is the gravity vector, p is the air
density, ¥, is the rotor volume, T, is an external load torque, 5 is the damping coefficient, J is
the rotational inertia, and 6 and ¢ are the rotational velocity and acceleration of the rotor. H
can be written as [31]

. d
H—E[mru]k

©)

where m and u are the mass and velocity of the air, respectively. To simplify the
abovementioned expressions, we rely on the following widely-used assumptions for turbine
analysis [31].

1. The body forces on the rotor due to gravity are symmetric and equal (i.e.,
Jrxgpd¥ =0).

2. The load torque is significantly larger than the surface forces. In other words,
T,>rxF, .. rxF,x0).

Rewriting (1) by substituting (2) and (3) and using the abovementioned assumptions, we
solve for the angular acceleration as

6= H[%[mr ul - T/]k - bé} )
4
The first term is often written for turbines with one flow path as

d .
E[mr ulk = — m(ruy,, — ru,)

®)
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where m is the mass flow rate of the air leaving the nozzle and ru, , and r.u, , are the products
of the rotor radius and tangential velocity component of the air at the blade tip (subscript 1)
and root (subscript 2) of the rotor, respectively (see Fig. 3). The tangential velocity at the
blade tip can be written as

uy,; = |uy| cos (y)

(6)

where |u| is the magnitude of the velocity of the air leaving the nozzle and y is its angle

of attack. Ideally, the tangential velocity of the air leaving the rotor at the blade root is

zero (i.e., u,, = 0). However, swirling can occur (i.e., u,, # 0), reducing efficiency. This
swirling effect will vary with rotor speed. To account for this phenomenon, we first write the
magnitude of the velocity of air through a cross section as

i =
=

)

where A is the cross-sectional area of the flow. Using (7) (where the mass flow rate
entering and exiting the rotor are equal) and assuming constant density across the rotor

w4, = |u|4, = ) the magnitude of the velocities can be related by
p

C))
where A, and A4, are the cross-sectional areas of the flow at the nozzle and blade root,
respectively. Given |uy, we write its tangential component as a function of the efficiency # as
U, = |uz|(1 )
C)
where 7 is a function of rotational speed, written as
n=m- 6+b
1

m=——(n;—n.), b=mn

0m£\xv m

(10)
where 5; and #, are the efficiencies at the maximum rotational speed and stall torque,
respectively, and 6., is the maximum measured rotational velocity of the rotor. The

maximum ideal rotational velocity can be calculated as
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Uy

Omax = —— .
r
(11)
Thus, we evaluate »; and #, as follows:

Ormax,m

"
(12)

7, = argmin,[m(rty,; — ritdy ;) + Toax,m)

(13)

where =, is the measured stall torque at the maximum steady-state mass flow rate defined
by the system design parameters (i.e., supply pressure and pneumatic losses). The torque
applied by our motor, which has two inlets (herein flow paths, which produce clockwise and
counterclockwise rotation), can be written in terms of the mass flow rate as

|m2N+2|m2N+2(rl r )
T=——""—=—cos(y)———(1 -
P2 N+2 A, &4 Az( "

|rita, v + olrits N+2( r r )
———————=|—=cos (y) — —(1 -
P4, N +2 A &4 Az( "

(14

where 7 is the actual torque applied to the motor due to the air, and n, v, and p, ., are the
mass flow rates and densities of the air, respectively, from the two different flow paths, j = 2
and j = 4, leaving their respective nozzles. The subscript N + 2 corresponds to a node at the
motor nozzle (as shown in Fig. 2); the derivation for the mass flow rate and density of these
nodes in the two possible flow paths will be discussed in Sections I1-B and 1I-C. Finally, the
rotor acceleration is written as

.1 .
6 =|r =T~ bé]
(15)
where T, is the load torque about the rotor’s axis of rotation k.

B. Pneumatic Flow Analysis

Solving (14) and (15) requires the mass flow rate and density of the air at the rotor. This
section derives the differential equations for the time and space dependent i) pressure and ii)
mass flow rate. We start with the continuity equation of a control volume
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9p _
V~pu+§—0

(16)

where p and u are the density and velocity of the fluid, respectively, within the control
volume. Assuming the flow is collinear with the PTL center-line, which is reasonable due to
the small PTL diameter, we rewrite (16) as

a X
pu +@_

ox = ot =0

(1n

where u, is the velocity of the air with respect to position x along the PTL. Rewriting (17) in
its expanded form, we obtain

(18)
Using the relationship defined by the total derivative
Dp dp _9dp dp
Dr =~ dr ~or Thox
(19)
We can rewrite (18) as
dp ou,
ar ok T 0
(20)
Using (7) and the Ideal Gas Law, written as
P¥ = mRT
(21)

where P, ¥, m, R, and T are the pressure, volume, mass, specific gas constant (air: 287.05
[J/(kg - K)]), and temperature, respectively, within the control volume ¥, (20) can be rewritten
to solve for the time rate of change of pressure as

1
dP _  RTom _ pmRT a(;)
dr ~ A ox A ox

(22)
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Equation (22) is the first primary governing equation.

To obtain the time rate of change of the mass flow rate, we analyze the forces acting on the
air in the control volume [32]

du, JP
pAdxTE = PA - A(P + 3) —dPA

(23)

where dP,, is the pressure loss of the fluid across the control volume in the form of
frictional and pneumatic losses. Note that d P, is affected by flow speed in a nonlinear
manner and will be discussed in Section I1-D. Using (7), (23) can be rewritten to solve for
the time rate of change of mass flow rate as

(24

Equation (24) is the second primary governing equation. For PTLs, (22) and (24) must be
evaluated in a lumped model. Section I1-C will discuss this process.

C. Lumped Model of Section II-B

To apply (22) and (24), a lumped model is proposed. The pneumatic system is divided into
two flow paths representing each valve outlet, labeled as 2 and 4 per 5-3 valve convention.
Each flow path has (N + 2) segments describing the dynamics from the valve outlet to the
exhaust (see Fig. 2). This results in 2(~ + 2) + 1 nodes, with the final node representing the
joining of the flow paths at the exhaust.

The pressure change in the ith node (i € [1, ..., N + 2, Exit]) of the jth flow path (j € [2, 4])
can be written using (22) as

dP;;  RT (m;;—m;;_,)

a ~ A dx;

A

(25)

where m,,_, and m;, are the mass flow rates entering and leaving the node, respectively, dx;

1
is the length of the node, 4, , is the cross-sectional area of the node, and @ from (22) is
neglected as the density is constant across the node. Note that A, ; of the PTL (5233K52,
McMaster, USA) is assumed constant. This is supported by a hoop strain analysis of the
PTL [33], which has an outer and inner diameter of 6.35 mm and 3.175 mm, respectively,
and a durometer of 65 A that corresponds to a modulus of elasticity of 4.43 MPa using

the relationship in [34]. Subjecting the tube to a 0.62 MPa internal pressure (the maximum

pressure in this study) results in a diameter change of only 0.0027%. This suggests that tube

IEEE ASME Trans Mechatron. Author manuscript; available in PMC 2024 June 18.
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deformation due to internal pressure will not impact the PTL dynamics. The change in mass
flow rate in the ith node of the jth flow path can be written using (24) as

(26)

where P,,_, and P, are the pressures driving the mass flow rate, d P, ;. is the pressure loss

1
dl—
across the node, and Q from (24) is often neglected [32]. These differential equations are
subject to the following boundary differential equations at the inlet of the tube (i = 1) and the

exhaust of the motor (i = Exit):

_ RT (|| = ma.1) iy > 0
dP,, Ay dx,,
dt "~ | RT (-my) .
- . <
Ay dxa m, <0
(27)
_ RT (|| — 1) i, <0
dP,, Ay dxs
dt _ RT (=) >0
Ay odxy,
(28)
dPgi _ RT (1712, N 42 + 114, v 12) = Migxit)
dr Agyic dXgxi
(29)
dexi( _ PExi( - PAlm dPloss,Exil
dr Apsi dXpg Apsi dxXgyiq
(30)

where m, is the mass flow rate leaving the valve (see Section II-E), P, is the atmospheric
pressure, and g, and Py, are the mass flow rate and pressure at the exhaust. The
inequalities in (27) and (28) are based on the valve operation, which eliminates flow to

one outlet when the other is open. By solving the 4(N + 2) + 2 differential equations, m, y .,
My n+2 Pon+2 @Nd py v, from (14) can be solved. Note that a discussion is still warranted on
dPy ;i
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D. General Energy Equation Analysis of Pressure Loss

In this section, we provide a formulation for d P, in (26) and (30). We start with the general
energy equation describing the energy of the air between two locations, written as

2 2
mu mu
Hi+ =" +mgzi+ 0y = Hy+ =+ mgz + W

(©)

where g is the acceleration constant of gravity, H and z are the enthalpy and height of the
air, Q, is external heat added to the air, and W is the work done by, or on, the air. Due to the

low fluid speeds (u < 100%) we assume the process is adiabatic. Thus, Q, = 0 and AH can be

written as

2
AH=H2—H1=/¥dP.
1

(32
Substituting (32) into (31) and dividing by the mass, we obtain
1 dP = Lz
5 —w+§(uz—u1)+g(z2—z1)
(33)
where w is work per unit mass. Expressing (33) in differential form, we obtain
dPyss = p(dwp + dwy + udu + gdz)
(34)

where dwy is the pressure loss due to PTL friction and local resistances and dwr is the
pressure loss due to differential work performed by the air. Often, udu is neglected and gdz is
zero due to the negligible height change. dw; is written as

d
duwy = (fD—’; + K)#

(35

where £ is the dimensionless friction factor obtained using Churchill’s explicit formulation
[35], K is the dimensionless local resistance coefficient [36], dx is the differential length, and
D, is the effective diameter of the cross section. The differential work extracted from the
turbine is written as

dwr=ré.

(36)
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Using (34) through (36), the pressure loss in each node of flow path j for all nodes except
i = N + 2 (rotor) can be written as

_ [ 4% 1 o
dPloss,j.I - (fDE,j,i + Kj,[) ij,iAj.i
@n
and for node i = N + 2 (rotor), we can write
dPioss,j N2 = 0.
(38)

Using (37) and (38), (26) and (30) can be evaluated. However, an expression for m, is needed
to complete the derivation.

E. Valve Dynamics

In our system, a proportional directional control valve is used (MPYE-5-1/8-LF-010-B,
Festo, Germany). In this type of control valve, the spool position is proportional to the valve
signal. However, it is critical to note flow rate is not proportional to spool position. Thus, the
dynamics of the valve must be considered, which can be divided into two domains: 1) the air
dynamics and 2) the mechanical spool dynamics.

The air dynamics of the control valve can be written as [32]

P quPAun

(39)

where P, is the pressure entering the valve (herein, P, = P,, where P, is the supply pressure in
Fig. 2), P, is the pressure exiting the valve, and b, is the critical pressure ratio. C, is the sonic
conductance due to spool position, which is linearly approximated with respect to spool
position as

(40)

where C is the sonic conductance defined by the manufacturer and d is the percent valve
displacement, which is proportional to voltage (i.e., 10 V o« 100% and —10 V « — 100%). In
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this work, positive and negative valve displacement indicates flow through port 2 and port 4
of the valve, respectively. As a result, the P, term changes based on spool position, written as

Py C; 20

““lp,. c <o0.

(41)

This concludes the air dynamics of the valve as the exhaust ports on the valve are plugged.

The mechanics relating the spool position of the valve to the input signal is modeled
assuming that the spring-loaded spool is a second order system [32]. We assume that the
system is critically damped and define the natural frequency w, of the system using the
manufacturer specified switching time. The switching time is defined as the time for the
spool to displace from 0 to 100%. We choose to define the natural frequency of the system
using the 5% settling time criterion, written as

Wy = e

2(0.951,)
(42)

where ¢ = 1 is the damping ratio and 1, is the switching time. This results in a natural
frequency (760 rad/s) approximately equal to the critical frequency of the valve [37].

Using the second order system to find the spool position, the sonic conductance can be
solved using (40). Substituting (40) into (39), 1, can be used to define the inputs into
(27) and (28) to evaluate the lumped dynamic model described by (25)—(30). Solving the
4(N +2) + 2 differential equations, we are able to obtain the mass flow rates and density
of the fluid at the rotor from (14) (i.e., 5y x 42, My 42, Po.v+2 &N py v .,), defining the motor
dynamics in (15). This concludes the derivation of the full system dynamics.

F. System Model Uncertainties

The results of all pneumatic system models, both dynamic and steady-state, are subject to
uncertainties. These uncertainties include variance due to tubing tolerances specified by the
manufacturer, such as length and diameter, and local resistance loss assumptions [K;, term
in (37)]. In this section, we predict the overall anticipated uncertainty based on the relative
uncertainty defined by the manufacturer tolerances.

Consider a simulation result R with J parameters X (i.e., R(X,, X,, ..., X,)). Each parameter
can be written as

Xi=XoxU;

(43)

where X, is the nominal parameter value of the simulation and U, is the uncertainty in the
physical system. The effect of all the uncertainties on the results can be written as

IEEE ASME Trans Mechatron. Author manuscript; available in PMC 2024 June 18.
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s (0R )2
Ur= + Zle(aX,U")

(44)

where U, is the total uncertainty in the result. The relative uncertainty can, thus, be written
as

H+

U _ ZI AR X,\2(U)\2
==\ 2w/ %)

(45)

where the first squared term can be thought of as the normalized sensitivity coefficients

and the second squared term can be thought of as the relative uncertainty caused by each
individual uncertainty. In this work, the i) mass flow rate and ii) torque output can be used to
validate Sections I1-A through Sections 1I-E in steady state.

The steady-state mass flow rate in the system is dependent on PTL length L, diameter D,
loss coefficients K, and the pressure loss across the system. The total pressure loss across
the system is known by P, — P,... Thus, the uncertainties of the mass flow rate include
R.(L, Dy, K). The relative uncertainties are defined by each component’s tolerance. The
length of the PTL can be cut to a tolerance of 1.58 mm (0.16% for 1 m PTL and 0.02%
for 10 m PTL), the diameter tolerance, as specified by the manufacturer, is 0.08 mm (2.52%
of 3.175 mm ID tube), and the loss coefficient K of the system is often approximated as
10% of the sum of all coefficients [38]. Evaluating the partials and solving for the relative
uncertainty, we obtain an overall relative uncertainty for the mass flow rate of £10.58%.
These anticipated errors are similar to other PTL models [39], [40]. Thus, the goal of this
work is to provide a model that approximates mass flow rate with an error of +10.58%
(validating Sections I1-B through Section I1-D).

The resulting torque at a given speed in steady-state conditions is dependent only on the
mass flow rate. The relative uncertainty of the mass flow rate is 10.58%. Evaluating the
partial of torque to mass flow rate, we obtain a relative uncertainty in the torque of +
21.17%. Thus, we aim to provide a model that approximates the torque with an error of
+21.17% in the steady-state condition (validating Sections II-A through Section II-E).

[1l.  SimpLiriep MobeL ano Motor ConTroL

In the previous sections, a comprehensive lumped model was presented describing the
system dynamics. However, the model uses a set of equations that are not suitable for control
algorithm design. In this section, we propose a simplified dynamic model based on the
lumped model and apply it to a model-based, robust nonlinear control framework.

IEEE ASME Trans Mechatron. Author manuscript; available in PMC 2024 June 18.
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A. Simplified Dynamic Model Derivation

To enable effective control of the proposed motor, several assumptions are made to produce
a simplified model.

1) Motor Dynamics Assumptions:

1. The PTL is treated as if it has only one flow path, where the nozzle changes the
flow direction based on the sign of m. Thus, (14) can be written as

= P Rcos () - 221 = ).
(46)
2. The rotor is small and the air jet stream travels a short distance, allowing the air
stream area to remain constant. Thus, A, = A, = A in (46), where A is the nozzle
area.
3. The motor dynamics are of significant interest near the setpoint. Thus, control is

crucial when the rotor is not near its terminal velocity. As such, n = #, in (46).

4, The PTL causes back-pressure and a significant lagging behavior. Due to this
phenomenon, along with the switching behavior of the proposed controller,
pressure is relatively constant at the rotor as the motor approaches the setpoint.
Thus, the density in (46) can be approximated as constant. The lumped fluidic
model is used to obtain p based on PTL length with the valve fully open [i.e.,

Pyn. .
p =~ When d = 100% in (40)].

2) PTL Dynamics:

5. The PTL dynamics can be approximated using =7 [41], where e here is the
exponential constant, T = % is the time delay, L is the PTL length, and c is
the speed of sound (343 m/s). Since we are primarily interested in the lagging
behavior, and our system is minimum phase, we approximate =7 using a

first-order Taylor Series expansion to facilitate controller design, written as
N VR
ST 7 (1 +sT)°
3) Valve Dynamics:

6. Similar to assumption 4, P, in (39) can be treated as constant. The lumped fluidic
model is used to obtain P, based on PTL length with the valve fully open [i.e.,
, = P, ;, when d = 100% in (40)].

7. Due to the fast-operational speed of the valve, the mechanical dynamics of the
valve can be ignored.

Using assumptions 1-4 and 6-7, we can write (46) as
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6=1[ab +pU), U =1lml m

a= - gvﬂ = C_O,ig)("l —n(l=n)).

(47

Then, applying assumption 5 to (47), we can compensate for the PTL dynamics, writing the
transfer function as

0(s) _ B
U(Gs) ~ s(s—a)(1+Ts) "

(48)

B. Control Algorithm Derivation

Due to the motor’s wide range of applications, our objective is to develop a control
algorithm that ensures system robustness and accuracy. We achieve this goal by first using
the second order simplified model in (47) to design a first-order sliding mode controller
(SO-SMC). We further improve system control performance by compensating the PTL
dynamics using the third order simplified model in (48) to design a sliding mode controller
(TO-SMC).

The control signal in our system is the voltage signal that activates the valve (see Section
I1-E). Therefore, it is important to present the mapping from the designed control rule to the
input voltage. Using (47), the flow rate can be calculated as

m= sign(U)\/ﬁ .

(49)

Using (49), the valve position, d, in (40) can be found based on (39) and assumption 6,
which can then be mapped to voltage. The following sections will derive the control rule U.

1) Second Order System Sliding Mode Control: By neglecting PTL dynamics
when a short PTL is used, we can use (47). Thus, the SO-SMC can be defined as follows
[42]:

S2=e'+2/12e+/1§fedt

(50)

where e is positional error (i.e., e = 6 — 6,), and 1 is a positive constant value. The control
rule can be defined as
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U= %(éd —2Mé — Jie — @0 — ky - sign(sS>))

(51)

where k is a positive constant used to compensate unknown dynamics and & is the
approximation of «. By implementing (51) in (47), the closed-loop system can be described
as follows:

S,=@—2)0—k,- sign(Sy).

(52)

By considering the dynamics of the system and relying on our simplified model, the
uncertainties of the system can be considered bounded, written as I(a — @)d! < F,. System
stability is proved with the Lyapunov function, derived as [42]

V,= %S%

(83)

where the differentiation of (53) can be written as
Vy=5,8,=58, F,— kl|S).

(54

Choosing k, > F, + n,, where %, > 0, (54) can be rewritten as
Vy< - 1]
(5%)

which proves system stability.

2) Third Order System Sliding Mode Control: It has been shown that approximating
the PTL dynamics will increase the system order. To improve system performance, we
derive the TO-SMC based on (48), rewritten as

é’:%[aé+(ar—1)é+ﬁU].

(56)

The sliding surface is defined as

Ss=é+3/13e'+34§e+/1§/edz.
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(57
We derive the control rule based on (48) as
U= %(é’d — 3056 — 3236 — e — %9’ - (“TT_ D6 _ k- sign(Sy)).
(58)
Using (58) in (56), the closed-loop system can be written as
S, = (a ;, 5)9 +(a— @) — ks - sign(Ss).
(59)

Similar to the SO-SMC formulation, and relying on our model, we argue the system
uncertainties are bounded, written as

1@ }&) 6 + (a — @)fl < F5. Writing the Lyapunov function as
V= %sg
(60)
and choosing k; > F; + #,, System stability is guaranteed by
V3 < - 7]3|S;| .
(61)

3) Proportional-Derivative (PD) Controller: An overdamped PD controller is used
to highlight the superiority of our proposed SMC approaches. To avoid tracking issues and
instability caused by the PTL dynamics, we exclude the integral action. The PD controller is
implemented to facilitate tunability for different PTL lengths, written as

V= —G(Kye+Ku)

(62)

where K, is the proportional gain, K, is the derivative gain, G is the output gain for ease of
tuning, and v is the valve voltage.

IV. ResuLts anp Discussions

A. Evaluation of Motor Modeling: Steady State

In this section, we confirm the evaluation of i) , using (25)-(39) and ii) = and 6 using
m,, (14), and (15) when the system is in steady state conditions for one flow path (i.e.,
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drh/,/'_drhExil_de.[_dPExit_ . o n P . H
== _T_oandmj_,_mmande_oforj_zandz_1,2,.,.,N+2,EX|t

and N = 10). The motor was coupled to an electromagnetic brake (B6-12-2, Placid, USA) to
simulate a load torque (see supplementary material). P, was varied from 0.34 to 0.62 MPa

in 0.069 MPa increments. At each P,, the load torque was increased from zero to the stall
torque for a gear reduction of 100:1 and 500:1. Each configuration was tested witha 1 m
and 10 m PTL (5233K52, McMaster, USA). For each configuration, the mass flow rate was
measured by recording the duration required for the compressor tank pressure to drop from
0.79 MPa to 0.65 MPa while the pressure to the valve is regulated to P,. There were 20 data
points for mass flow rate and 20 torque and power curves.

The mass flow rate error, calculated as the absolute difference between the measured

and model predicted (lumped model) mass flow rate, averaged 6.71%+3.81% across

all experiments. This is below the 10.58% uncertainty bound discussed in Section II-F,
confirming the validity of Sections I1-B through Sections II-E. The torque error, calculated
as the absolute difference between the measured and model predicted (lumped model)
torque, averaged 9.82% + 5.08% across all experiments. This is below the 21.17% potential
uncertainty, confirming the validity of Sections I1-A through Sections II-E. A comparison of
the torque and power curve for a 500:1 gear reduction with a 10 m PTL [see Fig. 4(a)] and
a100:1 gear reduction with a 1 m PTL [see Fig. 4(b)] can be seen in Fig. 4. Note 5, ~ 0.55
and #, = 0.45 for all configurations. This provides a reliable approach for motor optimization
given operation requirements. The motor, prior to the gear reduction, achieved a maximum
torque and rotational speed of 1.18 N-mm and 34500 r/min, respectively, for the 10 m PTL
at 0.62 MPa.

B. Evaluation of Motor Modeling: Dynamic State

In this section, we validate the proposed lumped model [i.e., solve for ¢ using (14), (15), and
(25)—(39)] and the simplified model [i.e., solve for 6 using (48)] in an open-loop transient
state. The experimental setup in Section IV-A was used, but without the electromagnetic
brake. P, was 0.55 MPa. A chirp signal with a frequency range of 0.1 Hz to 1 Hz over 10 s
was applied to the valve [see Fig. 5(a)]. Model validation was performed using a 100:1 gear
reduction with both a1 m PTL and a 10 m PTL [see Fig. 5(b)]. For the 1 m PTL, the average
percent position error was 3.2% * 2.36% for the lumped model and 11.03% =+ 4.23% for the
simplified model. For the 10 m PTL, the average percent position error was 4.42% + 2.72%
for the lumped model and 9.51% + 6.86% for the simplified model.

Fig. 5(c) presents the open-loop Bode plot for the 10 m PTL, highlighting the accuracy

of the lumped model and the suitability of the simplified model for controller design. The
absolute error of the magnitude and phase was calculated at each frequency. The magnitude
error between the simplified model and experimental results remained below 2.14 dB, while
the magnitude error between the lumped model and experimental results remained below 1.6
dB. Both the simplified and lumped models exhibited phase errors below 1° compared to the
experimental results. It is worth noting that although the simplified model exhibited slightly
higher error, this will be compensated for by the proposed SMC.
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C. Motor Control Performance

The proposed controllers were evaluated under various system configurations. These include
1 mand 10 m PTL, as well unloaded and loaded motor conditions. In the loaded evaluations,
a torque of 25 N-mm (~35% of the stall torque of the motor with a 100:1 gear reduction

and 10 m PTL) was applied at the output shaft. Note that the stall torque of rotary PMs are
typically < 80 N-mm [12]. Experiments were conducted for setpoint (see Table I) and sine-
wave tracking (see Table I1) using a Simulink xPC target machine at a sampling frequency
of 10 kHz. Examples of the performance can be found in the supplementary material. The
errors presented in Tables I and Il represent the mean and standard deviation of the L, norm
of the error data points. Additionally, the number of occurrences of 0° error during setpoint
tracking is presented in Table I. Motor rotation was measured using the manufactured rotary
encoder [30]. Speed is numerically differentiated and filtered from encoder feedback and

acceleration is numerically differentiated and filtered from speed. The differentiation and

30s

filtering are performed using a transfer function in Simulink, written as (730

1) Controller Implementation for Setpoint Tracking: Setpoint tracking was
performed for five sequential setpoints (360°, —360°, 720°, —720°, and 1080°), repeated
seven times to obtain statistically significant results (35 data points). The results can be seen
in Table I, and the real-time performance can be found in the supplementary material.

For the simplest control scenario, which consisted of a 1 m PTL and no external load,

the SO-SMC and TO-SMC present a high accuracy with mean L, norm error below 1°,
while the PD controller exhibited errors over 20 times larger than the SMCs (see Table I).
Following the unloaded case, a 25 N-mm load was applied to the output shaft. The TO-SMC
and SO-SMC maintained their performance with the same control parameters, while the PD
control output required an adjustment by a factor of 2 to obtain a similar response to the
unloaded case.

Control performance was then evaluated with a 10 m PTL. Note that long PTLs preclude
the use of large gains, as this can induce system instability due to the slow system response.
Similar to the prior experiment, the controllers were first evaluated without any load. The
TO-SMC resulted in the best accuracy, with a mean L, norm error < 3°, Both the TO-SMC
and SO-SMC outperformed the PD control scheme. The system was then evaluated with

a 25 N-mm load added to the output shaft. Again, the TO-SMC provided the best system
performance. All results can be seen in Table I.

The proposed SMCs outperformed the PD controller, demonstrating their effectiveness. Note
that the SMCs only require a change in 4 during implementation for different operation
scenarios, showcasing their robustness and generalizability, and the efficacy of the simplified
motor model. Furthermore, the proposed TO-SMC exhibited a reduced mean and standard
deviation error, and a higher number of 0° error occurrences in all tested scenarios,
emphasizing the significance of compensating for the PTL dynamics.

2) Controller Implementation for Trajectory Tracking: Trajectory tracking was
evaluated for 35 cycles for a sine-wave with an amplitude and frequency of 360° and 1
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rad/s, respectively, emulating dynamic targeting scenarios, such as cardiac ablation [43] or
liver interventions [17], [44]. These tracking experiments introduce additional complexities
as they require compensation of dead zones introduced by the plastic gearbox and PTL
length during continuous rotation. The results are summarized in Table I1, and controller
performance can be visualized in the supplementary material.

For the 1 m PTL configuration, both SMC’s outperformed the PD controller. The
performance of the SO-SMC and TO-SMC are comparable due to the negligible PTL
dynamics (T = 0.002 s). However, with the 10 m PTL and the corresponding noticeable PTL
dynamics (T = 0.29 s), the TO-SMC demonstrated a superior response, as highlighted in the
supplementary material, emphasizing the effectiveness of the higher order simplified model
for improving performance.

The controllers were then evaluated with 25 N-mm load applied to the motor output shaft.
Using the 1 m PTL, the TO-SMC and SO-SMC presented smooth tracking capability while
the PD controller exhibited an on-orr behavior. In the 10 m PTL loaded scenario, which can
be considered as the most challenging, the TO-SMC presented the best accuracy due to its
ability to compensate the PTL dynamics.

3) Disturbance Rejection of TO-SMC: Disturbance rejection was evaluated for the
proposed controller (TO-SMC) using the configuration with a 10 m PTL and 100:1 gear
reduction. An initial setpoint of 360° was prescribed. External disturbances were applied to
the motor in different directions (see supplementary material). The motor was disturbed 25
times, providing a mean L, norm error of 5.26° + 3.61°. However, as shown in our prior
applications, the motor is typically coupled with a translational lead-screw, which further
reduces the output error and speed and increases the torque [4], [45].

4) Repeatability and Reliability of TO-SMC: To evaluate the long-term reliability

of the system, the motor was actuated for 1000 of the sine-wave cycles discussed in the
previous subsection. This testing occurred after the experimental results presented in the
prior sections and was followed by a 3-month holding period. Subsequently, the system was
used to perform setpoint and sine-wave tracking with a 10 m PTL. No significant deviations
in performance or accuracy were observed. For example, Fig. 6 depicts the sine-wave
tracking results for the 10 m PTL with no load.

5) Application Example of TO-SMC: In a final system evaluation, the motor was
used to control the trajectory of a translational lead-screw supporting a 4.5 kg mass (see
experimental setup in the supplemental material). The translational lead-screw is a part of
our ongoing work on robot-assisted shim coil positioning [46]. The motor used a 10 m PTL
with a 100:1 gear reduction. The desired trajectory was a sine-wave with an amplitude and
frequency of 20 mm and 0.25 rad/s. The motor tracking was repeated twice, as shown in
Fig. 7. No significant deviation was observed between experiments, and the error remained
below 1 mm after the initial acceleration. The mean L, norm error was 0.39 + 0.18 mm.
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D. MRI-Compliance

An imaging experiment was performed in a 7 Tesla scanner, as shown in Fig. 8(a) (Bruker
Biospin Avance 111 HD) to validate the MR-compliance of PRIME attached to a linear

rail made of plastic and carbon fiber components. Two-dimensional spoiled gradient-echo
imaging (FOV: 96x96x1 mm3, 0.5x0.5 mm? resolution, TR/TE = 50/2 ms) was performed
on a spherical water phantom 3 cm from the motor and 1 cm above the carbon fiber

linear rails. The experiment compared the signal-to-noise ratio (SNR) in three conditions:

1) absence of the robotic assembly, 2) presence of the robotic assembly in the scanner and
turned off, and 3) operation of the robotic assembly inside the scanner [see Fig. 8(b)]. The

SNR is evaluated in a 30x30 region of interest (ROI) as SNR = £, where g, is the mean

(2}
signal and o, is the standard deviation of the ROI in the noise background of the image.
There was less than 1% change in the SNR when the system was absent versus present and
operating, validating the utility of the proposed system in high-strength MRI fields.

V. ConcLusion

In this article, we present the modeling and control of PRIME, an MR-safe motor that

is suitable for MR-guided robotic interventions. The primary contributions of this paper

are twofold. 1) We present a comprehensive model using the continuity equation and the
differential energy equation for analyzing the dynamics of an open pneumatic system.

The model successfully predicted the system’s mass flow rate and the motor’s torque and
rotational speed in the steady-state case, as well as position in the dynamic case. 2) Based
on the lumped model, a simplified model is developed for design of a robust control scheme
for setpoint tracking and sine-wave tracking given the PTL and motor parameters. It has
been shown that by considering the PTL dynamics in the model and designing a TO-SMC,
the controller can produce superior results compared to conventional control algorithms. We
posit the proposed modeling and control framework will promote PRIME in the open-source
community, which will eventually benefit other researchers, MRI scientists, physicians, and
patients as a whole.

Supplementary Material

Refer to Web version on PubMed Central for supplementary material.
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Fig. 1.
Proposed scalable motor design for MR-guided robotic interventions.
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1|: Section I1I-B: Continuous Pneumatic Model Section IlI-A: Motor Dynamics
:n C: Lumped Pneumatic Model
. D: Pressure Loss Analysis
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Fig. 2.

Modeling schematic of the system. This model includes the valve dynamics, PTL (lumped
pneumatic model) dynamics, and the motor dynamics. Note that the valve has five ports.
Port 1 is the inlet, port 2 and 4 are outlets, and port 3 and 5 are exhausts (which are

plugged).
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Fig. 3.
Rotor control volume (orange) and the absolute (solid arrow) and tangential (dashed arrow)
velocity components of the air entering (red u, at r,) and leaving (purple u, at r,) are depicted.
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100:1 Gear Reduction and 1 m PTL
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Fig. 4.

Motor model validations of the lumped model (solid line) compared to the experimental
results (dashed lines). Torque and power curves for (a) 500:1 gear reduction with a 10 m
PTL and (b) 100:1 gear reduction witha 1 m PTL.
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Fig. 5.

Chirp signal (a) was applied to the valve to compare the experimental data (blue) to the
lumped model (red) and the simplified model (green) in a dynamic scenario using a (b) 10 m
PTL with a 100:1 gearbox. The position for the output shaft is shown. The Bode plot for (b)
is shown in (c).
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100:1 Gear Reduction and 10 m PTL
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Fig. 6.

Sine-wave (blue) tracking performance using 10 m PTL with no load. Pre-fatigue data (red)
is compared to post-fatigue data (black).
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~100:1 Gear Reduction and 10 m PTL with Translational Lead Screw
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Fig. 7.
Sine-wave tracking performance using 10 m PTL with a 4.5 kg mass. Test 1 (red) can be

seen compared to Test 2 (black) with respect to the desired trajectory (blue).
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299.44 MHz

7T MRI Bore

(B) No Motor Motor Off Motor On

Fig. 8.
(@) 7T MRI bore with the robot system inside. (b) MRI images with different operation

scenarios for comparative study.
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