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We introduce a discrete mathematical model for the mechanical
behaviour of a planar slice of human corneal tissue, in
equilibrium under the action of physiological intraocular
pressure (IOP). The model considers a regular (two-
dimensional) network of structural elements mimicking a
discrete number of parallel collagen lamellae connected
by proteoglycan-based chemical bonds (crosslinks). Since
the thickness of each collagen lamella is small compared to the
overall corneal thickness, we upscale the discrete force balance
into a continuum system of partial differential equations and
deduce the corresponding macroscopic stress tensor and strain
energy function for the micro-structured corneal tissue. We
demonstrate that, for physiological values of the IOP the
predictions of the discrete model converge to those of the
continuum model. We use the continuum model to simulate
the progression of the degenerative disease known as
keratoconus, characterized by a localized bulging of the corneal
shell. We assign a spatial distribution of damage (i.e. reduction
of the stiffness) to the mechanical properties of the structural
elements and predict the resulting macroscopic shape of the
cornea, showing that a large reduction in the element stiffness
results in substantial corneal thinning and a significant increase
in the curvature of both the anterior and posterior surfaces.

1. Introduction

The cornea is the external lens of the eye, with specific mechanical

and optical functions. The cornea confines and protects the anterior

chamber, and it refracts the light rays supplying about two-thirds of

the total refractive power of the eye. Structurally, the cornea is a
Electronic supplementary material is available layered shell, where each layer is approximately uniformly
online at https://doi.org/10.6084/m9.figshare.c.
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curved, being pressurized on the posterior surface by the intraocular pressure (IOP) due to the presence of [ 2 |
ocular fluids. The cornea comprises five main layers; from the anterior surface, the layers are the
epithelium, the Bowman membrane, the stroma, the Descemet membrane and the endothelium. The
stroma is the thickest layer, playing the main structural role, and it is composed of a network of
approximately equidistant-equidiameter collagen fibrils immersed in a matrix of proteoglycans,
responsible for the formation of chemical bonds (crosslinks). The stroma is the core of our modelling study.

Layers of collagen fibrils, organized into ribbon-like lamellae, are interwoven in a complicated pattern
to give the cornea structural integrity [1,2]. Average mechanical properties of human corneal tissue can be
estimated ex vivo using simple experimental tests [3,4], but more recent work has highlighted how material
properties vary through the tissue thickness [5-7]. Aiming to understand how the organization of the
constituents of the cornea affects the overall mechanical response, theoretical and numerical approaches
have been used to introduce this information in constitutive models [8-12]. In general, the human
cornea is modelled as a nearly incompressible hyperelastic material with highly nonlinear behaviour.
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The strain energy function is decomposed into an isotropic contribution, modelling the proteoglycan
ground matrix (e.g. neo-Hookean or Mooney—Rivlin materials), and an anisotropic contribution,
incorporating nonlinear strain-stiffening effects, describing preferential orientations and spatial
dispersion of the collagen fibrils [13-15]. However, continuum models are rather limited in their ability
to incorporate local changes in the material properties and are thus unable to fully capture the localized
degeneration of the various stromal components [16]. Moreover, as all non-collagenous components of
the cornea are accounted for as a single (isotropic) contribution to the strain energy, the mechanical role
of the crosslinked network of proteoglycans is not explicitly modelled.

Keratoconus is a degenerative disease of the eye characterized by corneal thinning and uneven
protrusion of the corneal tissue, which can lead to a loss of vision. Despite the availability of several
clinical treatments (e.g. corneal transplant [17], lamellar keratoplasty [18] and crosslinking with
riboflavin [19,20]), the aetiology of keratoconus is not yet fully understood. Multiple irreversible
changes in the organization of the collagen architecture and in the chemical composition have been
shown to accompany the progression of the disease [21-24]. Firstly, keratoconus is associated with a
reduction in the number of collagen lamellae through the corneal thickness [25,26]. Secondly, in
keratoconus, the collagen fibril structure has been observed to become disordered, contrary to the
high level of fibril organization typical of a healthy cornea [27]. Thirdly, these changes in the collagen
composition within the cornea are also mirrored by changes in the interconnecting proteoglycan
bonds. For example, keratoconus is associated with a reduction in the density of keratan sulfate
proteoglycans compared to a healthy cornea [28,29] and a corresponding increase in dermatan sulfate
molecules, which are comparatively softer [30]. Several distinct perturbations (including chemical,
genetic and mechanical) have been investigated (alone or in combination) as potential causes of the
disorder [24], but the exact causal relationships between these changes and their impact on
mechanical, geometrical and optical properties of the cornea remain unclear.
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Theoretical models of corneal mechanics have been adapted to model the progression of keratoconus,
mimicking the underlying weakening of the tissue via a localized reduction of the material stiffness. While
existing continuum models have successfully predicted small modifications of the initial (nearly spherical)
shape of the cornea, these approaches have so far been unable to predict large-scale conical deformations
because the underlying models cannot systematically capture microstructural changes in the disease [16,31].
Recent discrete models have managed to overcome this barrier, but are so far limited to two collagen layers
through the corneal thickness and so cannot reliably represent the stromal microstructure [24,32].

In this study, we propose an extension of these discrete models which includes a large number of
layers of collagen lamellae, from which we can systematically derive a continuum model capable of
predicting the large-scale cornea deformations evident in keratoconous. Specifically, we propose a
discrete, two-dimensional model of the human cornea which allows us to describe progressive
changes in the mechanical properties, leading to a modification of the corneal shape. The model
includes an explicit representation of the collagen fibrils and of the crossslink microstructure. For
simplicity, here we restrict our attention to a meridian slice of the corneal stroma of fixed depth. The
strip is fixed at both ends to the limbus, as a segment of a cylindrical annulus in plane-strain
configuration, loaded with the IOP on the posterior surface. Aiming at a rational continuum
description of the stroma, we use discrete-to-continuum upscaling to obtain the corresponding strain-
energy density [33,34], which will provide the stress and the local stiffness of the tissue. We use this
framework to model the onset and progression of keratoconus, by imposing a reduction in the
stiffness of the stromal components localized at the central portion of the cornea, and compute the
resulting displacement field and the corresponding stress and strain distributions.



The paper is organized as follows. In §2, we propose a new discrete model for the mechanical B
behaviour of a slice of human corneal tissue. In §3, we use discrete-to-continuum analysis to derive a
corresponding macroscale continuum description of this tissue slice. In §4, we compare the outcomes
of discrete and continuum models, and then apply the continuum model to investigate response of
the tissue to a prescribed reduction in stiffness of both the collagen lamellae and the proteoglycan
matrix, as a simple model for the formation of keratoconus. The model is critically discussed in §5.

2. Discrete model

We consider a two-dimensional model of the human cornea, consisting of a thin meridian slice of fixed
depth D and uniform thickness T. We assume that the unloaded anterior and posterior surfaces of the
cornea are concentric circular arcs, spanned by an angle 2@*. We introduce a planar coordinate system
with origin at the centre of the circular arcs, parameterizing the domain with two-dimensional Cartesian
coordinates (X, Y), such that the X-axis cuts the midpoint of the two circular arcs, see figure 1. In the
following, dimensional variables are denoted with the tilde, while dimensionless variables are plain.

The geometry of the model is described by three parameters: the curvature radius of the anterior
surface R4 =7.8mm, the uniform thickness T = 0.62mm, and the anterior in-plane diameter
D4 = 11.46 mm [16]. The in-plane diameter is related to the aperture angle 2@* as D4 = 2R 4 sin &,
and it follows that @* ~ 0.83 rad.

We note that in plane strain configuration the depth is set to one unit of length, in this case D = 1 mm.
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2.1. Corneal microstructure

In the discrete approach, we model the cornea as a set of N +1 concentric arcs, each representing an
individual collagen lamella, separated by the distance L

(2.1)
The radius of the ith circular arc is

Ri=Ra-T+il®, (i=0,...,N), (2.2)

thus, the radius of the posterior surface is Ro = R4 — T and the radius of the anterior surface is Ry = R,
see figure 1. Each arc is subdivided into M (even) equally spaced arcs, each sweeping an angle ¢* =2@*/
M, so that

= (j-%)o. =0 ..m, 23)

and @y=—@" and @y, =P* identify the boundaries. The intersections between adjacent segments are
defined by a set of planar points with coordinates

Xj,j:RiCOS(I)j and l?,',jzfiisintbj (i=0,...,N, j=0,...,M). (2.4)

The resulting discretization size is defined by N and M, and the mesh aspect ratio y = M/N is taken as a fixed
parameter. In the spirit of truss models, two adjacent nodes are connected by a straight segment, thus each
collagen lamella is a piecewise linear approximation to a circular arc. We denote the lamellar segments with
the superscript . The geometric/mechanical properties of the lamellar segment between the angles @; and
;. are denoted by the subscript i, j + 1/2. Hence, the current length of each segment is I; ]il 2 whlle the
initial length L is independent of j and proportional to the arc radius through the relation

-1 ~ . (D
" = 2R;sin (ﬁ) (2.5)

In the human cornea, the collagen lamellae have an average thickness of about 2 pm, and the number
of lamellae across the corneal thickness varies between 200 and 500 [2]. In our model, we assume that
each circular arc is representative of the behaviour of several parallel lamellae. For computational
reasons, we limit our model to a maximum number of arcs N = 64. The lamellae are connected to one
another via a dense network of chemical bonds (crosslinks) originated by the proteoglycans.
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Figure 1. The unloaded geometry. Zoom onto the macroscale geometry of an idealized two-dimensional corneal slice (created with
BioRender.com). The unloaded-configuration cornea is shown in blue, the key parameters are indicated in red and the green dotted
lines (circles) depict the curves of constant ® (ﬁ). The unloaded configuration is then discretized (N = 4, M = 80, v = 20). The panel
on the bottom right presents a zoom onto the unit cell with the dimensional lengths of the elements (denoted with ftilde)
dependent on the radial position (index i). Terms in red represent corresponding quantities in the continuum limit (N — oo)
of the dimensionless model. Note that while the unit cell for a finite N and M forms an isosceles trapezoid, in the continuum

limit this becomes a rectangle.

The hydrated ground matrix of proteoglycans compressed by the IOP transmits the load to the collagen
structure [35]. We model the function of the matrix by introducing a set of radial struts, denoted with the
superscript . The current length of the radial struts spanning between the nodes i and i+ 1 at the polar
angle @; is denoted as I +1/2j- The corresponding initial length, i? , equation (2.1), is uniform.

Tensile stresses resulting from the action of IOP are primarily carried by the collagen lamellae, whose
mechanical stability is partially provided by extracellular matrix components. The sliding between lamellae
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Table 1. Material parameters used in simulations.

component elastic modulus stiffness

lamellar segments Em 7656 K 0 7.2
radial crosslnks £ 7.656 K 0.0072
diagonal crosslinks Em 535.92 K ®) 0.504

is contrasted by the presence of proteoglycans, which create crosslinks between collagen fibrils [30]. Elastin
fibres, covered with a sheath of microfibrils, may also contribute to contrast the lamellar sliding [7,35,36].
We mimic the combined action of these elements in providing shear stiffness to the structure by
introducing diagonal struts, with geometrical and mechanical properties denoted with the
superscript . The node (i, j) is connected diagonally to the nodes of the two adjacent la}/ers, ie.
points i+1, j+1 and i—1, j+1. The current length of the diagonal struts is denoted with 11(11 f2,j41/2"

The corresponding initial lengths
=(3 =(1)=(1 =2
L2 = VLLY, + @, (26)

are independent of j and increase from the posterior to the anterior layer, proportionally to the radius R;
of the arc.

We choose an aspect ratio y = M/N that guarantees a marked inclination of the diagonal struts, so that
the corresponding axial forces contribute to contrast the sliding between the lamellae and avoid zero
energy deformation modes.

The discrete balance equations are stated under the assumption of finite kinematics, therefore the
problem can lead to multiple solutions. The unknowns of the problem, thus, are either the current
coordinates X, i of the nodes or the node displacements iix, iiy.

2.2. Constitutive models

We assume that all the elements are stress-free in the unloaded configuration, disregarding the presence
of pre-stresses, typical in arteries [37]. For simplicity, we assume that the force in each structur(al) element
is modelled as a linear function of its elongation, i.e. the difference between the current length [ " and the
A 7 (m) _ . . .
initial 1(er>1gth L™, m=1, 2, 3. Denoting the stretch of a structural element in the m family as
A =" / L(m>, the force in each element is given by

;c(m) (i(m); i(m)) K(m)(i(m) -~ i(m)) _ K(m)i(m)(A(m) —1)

i (m) 5 (m) (2.7)
and K(m) = Ei,
7(m)

N

where K™ is the strut axial stiffness (a force per unit length). The axial stiffness is expressed as the
product of Young’s modulus E " of the material and of the cross-sectional area A" [38]. In the
electronic supplementary material (Sec. S1), we estimate from experimental data and from previous
numerical studies the axial stiffness for each structural element. The adopted values are listed in table 1.

Since the mesh aspect ratio y is constant, the length of all structural elements must scale as O(1/N) in
the limit as N — oo, cf. equations (2.1)-(2.6). Also, the cross-sectional area A(m of all structural elements
must scale as O(1/N) to ensure that the total volume of the discretized tissue remains constant. It follows
that the elemental axial stiffness K" is independent of N.

Finally, we note that both L and L increase slightly with the radius. However, this variation is small,
because the thickness of the cornea is small compared to the radius of curvature of the anterior surface.
Therefore, in equation (2.7), we use R = R, to estimate the stiffness for all the structural elements in
the network.

2.3. Boundary conditions

The cornea is constrained at the two ends to the limbus, a stiff collageneous structure that contrasts the in-
plane radial displacements. To mimic the limbus, we impose zero displacement for the nodes located
along @ =+@*. The posterior surface is pressurized by the IOP 7 while the anterior surface is traction
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Figure 2. Healthy cornea loaded with IOP. The central panel shows the loaded configuration (p = 2 kPa) of the discrete model
with N =4 and M = 80. Note that the colour represents the axial force in the elements with positive (negative) values indicating
tension (compression). Schematic in the left panel depicts how continuum IOP is transformed into discrete forces at posterior hinges.
Panels on the right present zoomed-in steady-state force distributions through the corneal thickness at the apex (top) and the
limbus (bottom).

free. The force acting on a segment of the lamellar arc between j and j+1 on the posterior surface is
computed by integrating the IOP over the surface of the segment in the form

Fjap) = l +(1/2) D pPij1y2), (2.8)
where 7, (12 is the inward unit normal to the segment. In a trusswork, only nodal loads are allowed, so
the equivalent force acting on a node on the posterior surface is computed as the sum of half

contributions from the two adjacent segments, see figure 2, as

= IOP

F] (10] 1/2 (29)

)
~/2) F lojraivas)-

2.4. Discrete force balance

Under loading, each node point moves from its initial location Xi,j = (X, s Y; ;) to a deformed location
xij = (Xij, J;;) generating forces in the connected rods. The force balance on each internal node of the
domain includes the contribution of eight struts, in the form

+3)
~ l; 2),j—(1/2 ~ < pd
+§% ( SR (i1 — %) 29

j(l) i(l)
. ij—(1/2) | ,~ - ij+(1/2) |~ -
0=3" ,Ji(l) (%ij1 — xij) +3" l]i(l) (Xijs1 — Xif)
i i
1(2) (2
~2) [ fi—(1/2),] +(
+g( ) i(2> (Xz—lj - X1]) x1+1] - xz]
~(3) |
- LZa)-a)2 - (1/2),j+(1/2) | , ~ -
+g(3) (1 (~(3;] (1/2) (Xl 1jo1 — Xl,]) g ~é3) (1/2) (xi—l,j+l _ xi,j)
Li7(1/2) Li7(1/2>
1(3)
i+(1/2),j+(1/2)

7(3)
Liiay2)

(Xiz1jr1 — Xij).

(2.10)
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To facilitate the upscaling procedure described in §3, we have introduced the force per unit length 3™
m=1, 2,3, as a function of the stretch, in the form

7 (i) =k"a-an. (211)

Clearly, each node at the posterior and anterior surfaces of the cornea receives the contribution from
five struts. The nodes on the posterior surface are loaded with the IOF, equation (2.9). The nodes on the
limbus are fixed and they are excluded from the balance equations.

2.5. Nondimensionalization

We formulate the problem in non-dimensional form as follows. We proceed by dividing all the Ienﬁths by

the initial corneal thickness T and all forces by the ‘reference’ force in the lamellar segments KT, The
resulting model is governed by seven dimensionless quantities
B ~ 2(2)
y:A_A/ ®*/ RAfgl DZQ! K<2):I<_/
N T T &V
_3) ~ (2.12)
ko =K, PL
K( ) K( )

where y defines the mesh aspect ratio, ¢* the angle swept out from limbus to limbus, R,4 the radius of the
anterior surface, D the ratio between depth and thickness, K?® and K® the stiffness of the radial and of
the diagonal elements, and p the IOP, respectively.

For convenience, we introduce the dimensionless ratios between the initial lengths of the structural
elements as

~(2) ~ 7(2)
L T L i1
gi = 5 — ——— . and Wit (1)2) = ) = qidi+ . (213)
L) 2NR;sin(®"/M) L apm 1+ qigita
From equation (2.11), we obtain the dimensionless force per unit length in each strut as
g™ =K™Ma-ah, m=1,2,3. (2.14)

The dimensionless balance equations of the system are rendered as follows. For the interior points of
the domain (i=1,..., N—1and j=1,..., M—1), the balance equation (2.10) takes the form

0 = g @iNLj—12)(Xij1 — Xij) + &V @iNLj 1 (12)) (Xijs1 — Xi )
+ 8PN (12 ) (Xiz1,5 — Xig) + 8P Ny (1/2))(Xi1,j — Xij)
+g(3)(wi a2NLiay2),i-a/2)(Xi-1j-1 — Xij)

+ 89 @i 1/2)Nli_12) j4(1/2) (Xiz1j41 — Xij

( )
+ 89 @iy (1) Nli1/2),-(1/2)) (Xis1-1 — X))
( ).

+ 8% @i (1) Nl (1/2)-(1/2) (Xis 1,41 — Xij (2.151)
The boundary conditions at the limbus (i=0, ..., N and j = 0 or M) become
xio = Xiop and  Xim = Xjm- (2.15b)

The nodes on the posterior surface (j=1,..., M —1 and i =0) satisfy the equation

0 =g (qoNly;—(1/2)(x0j-1 — Xo;) + 8" G0N j4 (1/2)) (X, 11 — Xo,)
+ 8P NI o) (x1, = x05) + 8% @ /2) Nl 2)-1/2)) (X1 = Xo,)
+89@a Nl 2)ja/2) (%41 = Xo,)

D (1)
7(10,]'7(1/2)”1'—(1/2) + lo,j+(1/2)”j+(1/2>)~ (2.15¢)
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The nodes on the anterior surface (j=1,..., M—1 and i= N) satisfy the equation

0= g(l)(QNNIN,j—(l/Z))(XN,j—l —xn,j) + gm(EINNZN,j+(1/z))(XN,j+1 —Xn,j)
+ g(z)(NlN—(l/Z),j)(xN—l,j —Xn,j)
+ 89N (1/2)NIN-(1/2)j-1/2)) (XN-1j-1 — XN,7)
+ 89 n—(1/2)NIN—(1/2)j+1/2)) (XN-1,41 — XN,j)- (2.154)

3. Upscaling to a continuum model

Clearly, the discrete model becomes computationally intractable as N becomes large, as we will show in
§4. We investigate the possibility to reach the continuum limit as the number of lamellae becomes large,
i.e. we look at the asymptotic limit N — co while holding the mesh aspect ratio y fixed. By introducing
€ =1/N as a small parameter and expanding equation (2.13) in the limit N — oo, we obtain that
equation (2.13) becomes

VT 2
= — + O(e and w; =
20°R; (e7) i+(1/2)

yT
\/(2¢*)2R,-R,-i1 +(4T)°

gi + O(&?). (3.1)

Technical details of the upscaling procedure are provided in §52 of the electronic supplementary
material. Here, we summarize the key concepts. The discrete node coordinates (x;j, y;;) are mapped to
the position functions x(X, Y) and y(X, Y) such that

x,‘/]' = X(X = X,‘/]', Y= Yi,j) and yi,j = y(X = Xi,j/ Y = Y,',j). (32)

Similarly, the discrete lengths g; and w;.(;,2) defined in equation (2.13) can be mapped to continuum
functions of the Cartesian coordinates (X, Y). However, in consideration of the circular geometry, it is
more convenient to express the lengths in terms of the radial coordinate R = v'X? + Y?, such that

g(R) = R w(R) and k= (3.3)

a1
Vit P \/1 + (kR)?
In the continuum limit, we define the angle S(R) between the diagonal crosslinks and the lamellae as

B(R) = tan”' (q(R)), (3.4)

see figure 1.

Next, we use Taylor expansion to relate all the quantities contributing to the discrete force balance at
node (i, j), see equation (2.15a). In the expansion, the differences between adjacent nodes are mapped into
spatial derivatives and we obtain, at O(&?), the continuum form of the balance equation as

0= (g<2> (\/ 22+ y122>(er YR)

+g% (w\/ (& + KxX0) + (R + Ky4>)2) (R + KX, YR + KY )

+g® <w\/ (g — kx0) + (Y& — Kyzp)z) (¥R — KXa, YR — qu>)>
R

+ K(g(l) (‘1 (kxo)” + (Ky<p)2)(:<x<p, KY )

+g® (w\/ (g + K¥o) + (Y + Ky4>)2) (R + KX, YR + KY )

—¢® (w\/(xR — Kkxg)’ + (YR — qu:)z)(xk — KXa, YR — Kyzp)> : (3.5)
®

Finally, to facilitate the interpretation of the obtained equations in the circular geometry, we
switch from Cartesian to polar coordinates, expressing the displacements in the form (r, ¢) and resolve
in the radial and azimuthal directions along (#, ¢) to obtain the continuum balance equation at the
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macroscale in the form

0 = {2 (oGM)p — r¢%G") + (rRGP)r — r¢2G?)
+ (g + k)G + (rk — kre)GP)R
+ k(g + kr0)GY — (R — k10)G D)0
— (¢ + k) g + k1) TS — (g — k) rebg — Krbe)GNi
+ {12 deG Mo + 10deGM) + (rdprG Pk + 1R PrGP)
+ (rg + k)G + (rg — kTG
+ k((répg + Krd)zp)gf )~ g — kr )G

+ (g + k)R + kTD)GY) + (b — kP) 1R — kT 0)GD b, (3.6)
where
G (R, @) =" (g1/ (e + (0,
GV (R, @) =5 (/5 + () (37)
and (R, @) = g® (w\/ (rr + kre)* + (rép + Krdv(p)z).

Under the assumption of elasticity (reversibility), we derive the corresponding upscaled strain energy
function of the stroma, by pulling the vectors back to the unloaded configuration, electronic
supplementary material, equation S10. The local linear momentum balance in the reference
configuration is expressed in terms of the second Piola—Kirchhoff stress tensor and is directly linked to
the displacement field through the stretch. The symmetric second Piola—Kirchhoff stress tensor in
polar coordinates is given by

N T T
7 Tre Tro
Treo Too

- ], where (3.8a)

D ¢ OB (o B R S Ry Y (30w RN (o) )
RR — =
kRD
~(3),, ~ — ~ ~ —
Ty K@ (Ce) 1/;— @, - (Ce.) V) (3.8)
and 7o - KRETA @y (Coa) ') + f<<3)<zb— @ - (Ce) @ (e

From the second Piola—Kirchhoff stress and its work conjugate deformation tensor, it is possible to derive
the strain-energy density of the upscaled material, see §52 of the electronic supplementary material for
the derivation. Specifically, the strain-energy density function has the form.

Wo L {(KR)ZK(]) («/é(p (Céa) — 1>2+f<(2> (Ve (Cx) - 1)2

2«kRD

1+ RPIKY {(\/a (Ce) — 1>2+(\/é, (Ce_) — 1)2} } (3.9)

where C is the right Cauchy—Green tensor and ég, é¢ and e are the unit normal vectors pointing along
the directions of the radial crosslinks, collagen lamellar segments and the diagonal crosslinks,
respectively. This result is consistent with the general form of an elasticity tensor for an anisotropic
linearly elastic material with two orthogonal lines of symmetry [39], which is obtained in the
continuum limit of the discrete geometry, i.e.

~(1) ~ -
Lfg; :Rfﬂ =1+8~7T*>1 ase —0,
L R; R;

where we have used equations (2.5), (2.2) and (2.1), see §52.6 in the electronic supplementary material.
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Table 2. Independent parameters of the corneal model and their default values.

macroscale geometry discretization stiffnesses and BCs

k(Z)
(mm) (mm) (mm) — — (kPa) (Nmm™) (Nmm™) (kPa) — —
0.62 78 11.46 32 20 638 0.0072 0.504 2 4 0.99

4. Results

In the simulations of discrete and continuum models, we assume an unloaded cornea in the reference
configuration. The structure is loaded up to 2 kPa IOP (=15 mmHg, the average value in human [16]).
The baseline parameters are listed in table 2.

We solve the discrete problem on a standard desktop computer for N ranging from 2 to 64, by using
the Newton’s method implemented in MarLaB (fsolve tool) and adopting default values of error
tolerances (StepTolerance:FunctionTolerancezl0_6). Computational times range from 30s for N=4 to
1 week for N = 64. Simulations beyond N =64 become too expensive.

We solve the continuum problem by a finite-element package (FEniCS, [40]) with standard bilinear
Lagrange elements, and a mesh discretized with 64 elements in the radial direction and 20 x 64 = 1280
elements in the meridian direction. Varying the number of elements in the radial direction from 32 to
128, we found that the percentage change in the apex displacement (compared to the baseline case,
ie. 64 elements) was less than 0.01%. The finite element code requires the definition of the strain
energy (3.9) stored in the domain and of the extra energetic contribution for the IOP (as described in
[40]). The baseline continuum simulation with 64 elements in the radial direction runs for less than 90
s and shows a significant improvement on the computational time of the discrete model.

We first consider the deformation of a healthy cornea (i.e. baseline parameter values) as it is
loaded with IOP, §4.1. We then simulate damage to the corneal structure and use the continuum
model to predict the corresponding macroscale deformation as might be expected during
keratoconus, §4.2.

4.1. A healthy cornea

In order to elucidate how the predictions of the discrete model depend on the number of layers of collagen
lamellae, in figure 3, we show the results of the simulations for the discrete system equation (2.15) for
increasing N keeping the mesh aspect ratio and elastic stiffness fixed to the baseline values. The
displacements are small, the maximum displacement at the apex being ~0.04mm (figure 3a).
Furthermore, the deflections of the posterior and anterior surfaces are very small, and so their curvature
remains almost uniform. The corresponding force in the structural elements is shown for a baseline
simulation with N=2 (figure 3b), N=4 (figure 3c) and N=8 (figure 3d), which corresponds to the
displacement profile shown in figure 3a. As the number of layers is increased, the equivalent IOP force is
distributed over an increasing number of structural elements decreasing their internal force (figure 3b—d).

Within the discrete model, we estimate the azimuthal component of the normal stress vector along
each lamellar segment as

(li,ji(l/z) - Li

%D ’

To@ij+/2) = (4.1)
where the force exerted on the segments is divided by their cross-sectional area in the reference configuration.
This component of lamellar stress is plotted for each structural element in discrete simulations with N =4
layers (figure 3e), N = 8 layers (figure 3f) and N =16 (figure 3g). A consistent limit emerges as N increases,
where close to the centre of the cornea the lamellar stress is close to uniform and (approximately)
independent of the radial coordinate (figure 3f,g). However, the lamellar stress is very large (small) on the
posterior (anterior) surface of the cornea adjacent to the limbus, leading to large gradients in stress in the
radial direction, revealing the presence of a bending moment due to the rigid boundary constraints.
Finally, we note that the lamellar stress distribution predicted by the discrete model (figure 3g)
approaches the corresponding prediction of the Tgp component of the stress tensor T as defined in
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Figure 3. For a healthy cornea under physiological IOP (2 kPa), node displacements are small (a) and the axial forces in individual
elements decrease as N — oo (b—d). The discrete axial forces in the lamellae can be divided by an appropriate cross-sectional area
to get equivalent lamellar stresses. These stresses for large enough N (e—g) agree well with the circumferential stress Tpg in the
continuum limit (h), because the lamellar segments are the stiffest elements. Note that while T in the continuum model exceeds
the displayed range in small regions near domain corners, we for ease of comparison restrict the colourbar to the same range as for
the discrete model.

equation (3.8) (figure 3h). Note that the continuum stress component will also contain contributions from
diagonal and radial families of structural elements.

Further details on the convergence of the predictions of the discrete model to those of the continuum
is provided in figure 4, which explores the convergence of the discrete-to-continuum upscaling, figure 4
compares the anterior and posterior profiles of the deformed cornea predicted by the discrete model with
the corresponding profiles provided by the continuum model, as the number of lamellar layers increases.
As expected, the predicted shapes of the discrete model approach the predicted shapes of the continuum
model for growing N, on both posterior (figure 4a) and anterior surfaces (figure 4b). For N = 32 layers in
the discrete model, the two profiles are almost indistinguishable.

Figure 4c shows the apex displacement in the radial direction for the discrete model as a function of
the number of layers, showing that it gradually approaches the corresponding value predicted by
the continuum model. The rate of this convergence is made explicit by plotting in figure 4d the
absolute error between the predictions of the discrete and continuum models as a function of N; this
absolute error scales as N
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Figure 4. Details of posterior (a) and anterior (b) surfaces near the apex for a healthy cornea inflated to 2 kPa I0P. Using M = 20N,
the discrete profiles for N = 2 (blue squares), N = 4 (red pluses), N = 8 (green diamonds), N = 16 (cyan circles) and N = 32 (purple
crosses) converge to the continuum predictions (solid black curves). Note that in order to make visible the otherwise small
differences between the discrete and continuum solutions, we used different scales for X and V¥ axes (all indicated length units
are still in mm). Panels on the right depict the predictions for apex displacement from discrete and continuum models. Panel
() shows that the prediction of the discrete model for increasing N (blue squares) approaches that of continuum model
(horizontal black line). Panel (d) documents that the absolute error, defined as the difference in apex displacement between
the discrete and the continuum model, decreases to 0 as O(1/N).

The healthy cornea allows us to establish a good qualitative and quantitative agreement between the
discrete and continuum models. The corresponding convergence for a highly damaged cornea is
documented in §S3 of the electronic supplementary material. In the following, we proceed to explore
the onset of keratoconus by using only the continuum model.

4.2. A damaged cornea: a model for keratoconus

In order to simulate the degenerative eye disease keratoconus, we follow previous modelling work and
impose a systematic reduction of the stlffness of the structure [24,32]. In particular, we decrease the
stiffness of both the lamellar segrnents2 (K ) and the diagonal crosslinks (K(S)) while holding
the stiffness of the radial crosslinks (K"’) fixed since their primary function is to keep collagen
lamellae well-spaced. Since deterioration of microstructure is more pronounced near the corneal apex
[16], we impose a damage profile D(Y) in the Y-direction which has a local maximum, specifically
Dmax (0 < Dmax < 1), at the centre of the cornea and is negligible at the limbus, as

- ¢
D(?) = Dmax 1- (_YY ) ’
max

where ?max is the Y coordinate of the node where the anterior surface meets the limbus. The spatial
localization of the damage profile can be modulated by varying the exponent {=2, 4, 6, ...: profiles
with larger £ have average damage closer to the maximum damage parameter. In the spirit of
damage models, the damage profile affects the stiffness of the structural elements according to the
linear relation

(4.2)

M ®3)

=1-pK"” and K%(¥)=01-DK (4.3)

Figure 5 shows the profiles of the anterior and posterior surfaces for several values of the maximum
damage Dpmax and for several choices of the exponent £. The decrease in elemental stiffness in the
damaged case results in more significant deformations compared to the healthy case, as expected. In
particular, for a given value of the exponent &, the deformation becomes increasingly more
pronounced as the maximum damage parameter is increased, where both the anterior and posterior

surfaces bulge outwards, suggesting the formation of a conus. The profiles in figure 5a—d are
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Figure 5. Predicted diseased corneal shapes using the continuum model with the parabolic (£ =2 in (4.2)); (a—d), quartic (£ =4;
e—h) and sextic (£ = 6; i—I) damage profiles and varying value of central damage Dya = 0.8~(ﬁrst column), 0.9 (second column),

0.95 (third column), 0.9 (fourth column). Panels on the right show the circumferential stress T g at Dpax = 0.99 for the three
considered values of £E—this can be compared with the healthy profile in figure 3h.

computed for & =2, in figure 5e-h for £ =4, and in figure 5i-I for £ = 6. For a given value of the maximum
damage parameter, the bulging of the anterior and posterior surfaces becomes more pronounced as the
exponent & increases.

The profile of the normal stress in the direction of the lamellae for the damaged cornea, figure 5d,k,1, is
significantly different from the profile of the healthy case, where the approximately uniform stress near
the apex is decreased but the large stress gradients adjacent to the limbus are greatly increased both in
magnitude and in spatial extent, and are visible over a much longer length scale compared to the healthy
case. The amplification in the lamellar stress becomes even more pronounced as the spread of the damage
is increased (i.e. as £ is increased, figure 5h,1).

To quantify the extent of corneal deformation following damage, figure 6a plots the apex displacement
versus the maximum damage parameter and figure 6b plots the central corneal thickness versus the
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Figure 6. Key experimental metrics, apex displacement (AD; a) and central corneal thickness (CCT; b), plotted for varying damage
parameters, Dy and &.

maximum damage parameter. As expected from figure 5, the apex displacement increases dramatically as
the maximum damage parameter approaches one, becoming even more pronounced as the parameter &
increases. For the maximum damage parameter Dpa = 0.99, which is of the same order of magnitude as
in previous studies [24], the corresponding apex displacement exceeds 1mm. Furthermore, the
corresponding thickness of the cornea decreases as a function of the maximum damage parameter, but
the predictions are almost independent of the parameter £, figure 6b. This can be explained by the fact
that we do not reduce the stiffness of the radial crosslinks, which oppose the thinning of the cornea.
Studies measuring the central corneal thickness reported a reduction of (on average) 10-20% in
keratoconus compared to the healthy thickness [41,42]. Figure 6b predicts this reduction to be
approximately 21-23% for Dmax = 0.99, which is slightly greater but of the same order of magnitude as
the clinically measured values. We conclude that only the maximum damage parameter has a significant
effect on the corneal thickness, and the predictions for Dpya =0.99 are consistent with clinical
measurements.

In what follows, we restrict attention to an extreme value of the maximum damage parameter, setting
Dmax = 0.99, and fix the localization parameter as £ = 4. In order to further quantify the change in corneal
shape resulting from the imposed reduction in elemental stiffness, figure 7 computes the curvature of
both the posterior (figure 7a) and anterior surfaces (figure 7b) comparing the healthy (baseline) case to
a heavily damaged case. We describe each surface in the current coordinates as ¥ = F(f), from which
we then compute the curvature [43]

=

K(E) (4.4)

In the healthy case, the curvature of the posterior and anterior surfaces are only mildly changed
compared to the unloaded (constant) value: both surfaces have a local maximum (minimum)
curvature at the centre-line, which gradually decreases towards the limbus (blue curves in figure 7).
However, when the cornea is heavily damaged, the variations in surface curvature are much more
significant (red curves in figure 7). The curvature profiles of both surfaces are in all cases symmetric
about the centre-line, with anterior curvatures attaining a maximum at the centre Y'=0. For Y >0, the
curvature of the anterior surface decreases monotonically toward the limbus (figure 7b), but
conversely the posterior curvature for a damaged cornea attains a local maximum for some finite
value of Y before decreasing (figure 7a).

We conclude with a sensitivity analysis of the continuum model predictions to the main parameters.
Figure 8 presents a comprehensive sweep of the parameter spaces governed by the mesh aspect ratio
parameter y, the dimensionless stiffness of radial crosslinks K@ and the dimensionless stiffness of the
diagonal crosslinks K, illustrating their influence on the apex displacement (figure 8a—c), the central
corneal thickness (figure 8d—f) and the maximum curvature of the anterior (figure 8g—i) and posterior
surfaces (figure 8j-I). As expected, apex displacement is reduced as the stiffness of the radial and
diagonal structural elements increases (figure 8a—c). The central corneal thickness is increased by
increasing the stiffness of the radial elements (as these keep the lamellae spaced out, figure 8d,f) or by
decreasing the stiffness of the diagonal crosslinks (which makes it easier to expand in the azimuthal
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Figure 7. Comparison of reference, healthy and diseased (using Do = 0.99 and £ =4 in (4.2)) curvatures. Panels (a,b) show
curvatures of the posterior and anterior surface, respectively.

direction, figure 8d,e). The dependency on the mesh aspect ratio parameter y is less transparent, as it is
embedded within the definitions of the dimensional element stiffness (K", j=1, 2, 3, which are
proportional to y) and the parameter x defined in equation (3.3) (where increasing y essentially
reduces the relative size of azimuthal derivatives compared to radial derivatives); see details in
electronic supplementary material. As a result, in simulations, we observe that increasing the mesh
aspect ratio parameter, y, means that azimuthal stretching is more favourable than radial compression,
resulting in a mild increase in the apex displacement as the cornea elongates (figure 8b,c) and a
significant reduction in corneal thinning (figure 8¢,f). The maximum curvature of the anterior surface
is computed as the maximum value of equation (4.4), excluding the outer 10% at both ends to avoid
the boundary effects at the rigidly pinned limbus. The maximum curvature of the posterior surface is
calculated analogously. We identify only mild variation in the maximum anterior curvature across the
parameter space, though for the baseline value of y it is mildly decreased by stiffening the radial
crosslinks (figure 8¢) and mildly increased by increasing the values of the mesh aspect ratio
parameter and the stiffness of the diagonal crosslinks (figure 8g—i). The corresponding variation in the
maximum posterior curvature is more evident, following the same trend as the anterior surface for
changes in the stiffness of the radial and diagonal crosslinks (figure 8g-1), but for the baseline value
of K® it is now very mildly decreased by increasing the values of the mesh aspect ratio parameter
(figure 8k).

5. Discussion

In this paper, we have developed a multiscale modelling framework for the mechanics of the human
cornea when loaded with spatially and temporally uniform IOF, mimicking both the healthy shape
with almost uniform curvature in baseline conditions (figure 3), and a much more conical shape in
response to a prescribed degeneration of the carrying structure (figure 5). We proposed a discrete
model composed of a planar regular grid of nodes interconnected by three families of structural
elements (lamellar segments, radial and diagonal crosslinks, respectively), which contribute to a
(plane-strain) elastic description of a thin corneal slice uniformly loaded with IOP (figures 1 and 2).
For simplicity, we assumed that all structural elements can be modelled as linear springs, and we
estimated their corresponding elastic stiffness using measurements available in the literature. The
simplicity of the discrete framework facilitated a rational upscaling of the discrete model into a
continuum model (equation 3.9) which directly encodes the microscale properties of the structural
elements, e.g. the stiffness of the individual structural elements, the spacing of the crosslinks. The
predicted stresses in the collagen lamellae agree well between the discrete and continuum models,
even for relatively coarse discretizations, including the boundary effects which arise due to pinning at
the limbus (figure 3). We further demonstrated that the predictions of the discrete model converge
uniformly to the predictions of the continuum model as the number of collagen layers becomes large
(figure 4). Hence, the continuum model is a useful reduction of the discrete system which can be
solved for a fraction of the computational cost (see the first few paragraphs of §4) facilitating a wide
survey of the parameter space.
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Figure 8. Comparison of key metrics of diseased comeas (using Dyax = 0.9 and & =4 in (4.2)) for varying 7, k% and K.
In left, central and right panels, we fix at their baseline values y, K? and K(3), respectively, and vary the remaining parameters.
We plot the apex displacement (AD; a—c), the central corneal thickness (CCT; d—f), the maximum anterior curvature (MAC; g—i) and
the maximum posterior curvature (MPC; j—k). For comparison, we note that the reference (unloaded cornea) values are AD=0 mm,
((T=0.62 mm, MAC = 1/Ry ~ 0.128mm~", MPC = 1/R, ~ 0.139mm~" and the values for healthy cornea loaded with
physiological 10P are AD=0.04 mm, ((T=0.617 mm, MAC=0.131 mm~" and MPC=0.143 mm~". Black circles at bottom-left
c(g)ners of the panels indicate the case where all parameters are fixed at their baseline values (y =20, K2 =0.001 and
K= =0.07).

We employed this continuum model to explore how the key model parameters impact the macroscale
corneal shape. We found that by systematically reducing the stiffness of the collagen lamealle and the
diagonal crosslinks near the centre of cornea, in an attempt to mimick damage to the carrying
structure, the cornea became outwardly bulged with a significant reduction in thickness (figure 5).
The precise shapes of the corneal interfaces were only weakly dependent on the spatial profile of the
applied damage (figure 5). For highly damaged profiles, where the stiffness of structural elements at
the centre of the cornea was set to be only 1% of the baseline value, we observed formation of a
conical corneal shape and significant thinning (figures 5 and 6), typical of corneal shapes observed in
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patients suffering from the degenerative disease keratoconus. Although this level of damage is extreme,
this value is in line with those applied in other models in order to see large-scale deformation of the
cornea [24,32]. Furthermore, the observation that a large amount of damage is required to see
significant deformation of the structure is consistent with the known stiffening of truss-work
structures induced by diagonal elements [32].

Although the two-dimensional geometry considered in this study is highly idealized, it provides a
rational framework that can readily be adapted to include more physical ingredients. For example,
although the current model neglects the complex three-dimensional arrangement of collagen in a
human cornea [2], adding a third spatial dimension to the discrete model should not significantly
increase the complexity of the governing equations, although it will increase the computational run
time. The upscaling to a three-dimensional continuum model should work analogously. Similarly, the
discrete and continuum models could easily accommodate gradual stiffness changes across the
structural elements, e.g. from the posterior surface to the anterior [5], or from limbus to limbus due to
variations in the distribution of microfibril bundles [7,35]. Furthermore, the discrete model could also
be adapted to consider additional complexities such as through-thickness variation in the out-of-plane
lamellar inclination, lamellar interweaving and inhomogeneous distribution of preferential in-plane
lamellar orientations, although in these cases the upscaling to a continuum model could become more
challenging. Finally, the current framework can be modified to incorporate the effects of
heterogeneous corneal thickness, an asymmetrically localised damage profile and elevated IOP. Such
extensions will further inform our understanding of the aetiology of keratoconus.

One major advantage of the discrete framework proposed herein is the point-wise control over geometrical
and material properties of the carrying structure. Hence, this discrete model provides an ideal framework for
investigation of the role of ECM composition in promoting changes in corneal shape [25-29], as well as
informing protocols for corneal crosslinking therapies designed to arrest progression of keratoconus
[19,20]. The continuum model could similarly be adapted to include spatially dependent geometric and
material properties. However, investigation of these questions is postponed to future work.
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