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Several quantum hardware platforms, while being unable to perform fully
fault-tolerant quantum computation, can still be operated as analogue quan-
tum simulators for addressing many-body problems. However, due to the
presence of errors, it is not clear to what extent those devices can provide us
with an advantage with respect to classical computers. In this work, we make
progress on this problem for noisy analogue quantum simulators computing
physically relevant properties of many-body systems both in equilibrium and
undergoing dynamics. We first formulate a system-size independent notion of
stability against extensive errors, which we prove for Gaussian fermion mod-
els, as well as for a restricted class of spin systems. Remarkably, for the
Gaussian fermion models, our analysis shows the stability of critical models
which have long-range correlations. Furthermore, we analyze how this stability
may lead to a quantum advantage, for the problem of computing the ther-
modynamic limit of many-body models, in the presence of a constant error

rate and without any explicit error correction.

Quantum information processing systems hold the promise of
solving a number of problems in physics and computer science
faster than their classical counterparts?. However, most quantum
algorithms with theoretical performance guarantees require a
fault-tolerant quantum computer®>, While in principle possible,
implementing a fault tolerant quantum computer is a technolo-
gical challenge that could still take a long time to solve. This has
motivated several investigations trying to identify both quantum
algorithms, as well as physically relevant computational pro-
blems, that can be addressed by quantum hardware in the near
term and without any explicit error correction.

Analog quantum simulators, wherein a target Hamiltonian is
mimicked by an experimentally controllable system, have shown
some promise in solving problems arising in many-body physics
in the near term®®, A typical analog quantum simulator, while not
necessarily being able to perform an arbitrary computation,
would instead aim to approximately implement a relevant
spatially-local Hamiltonian, H. In several many-body problems, H
can additionally be taken to be translationally invariant. The
quantum simulator can then be used to prepare a physically

relevant quantum state py associated with the Hamiltonian H,
such as its ground state, Gibbs state or a state produced under
dynamics. In a typical quantum simulation experiment, we would
then measure the expectation value of an intensive observable O,
which is either often a local observable at a single site on the
lattice or a correlation function, i.e., a product of local obser-
vables at a few sites. Examples of such Hamiltonians and obser-
vables can be found in a variety of problems in physics—for e.g.,
in study of correlated electronic systems’, quantum spin
systems™™ as well as lattice-gauge theories’®". From a more
experimental standpoint, there have been several proposals to
implement quantum simulation of these models in different
hardware platforms, such as cold atoms in optical lattices, trap-
ped ion systems or superconducting qubits?® 2,

Practically, quantum simulators offer several distinct advan-
tages in solving many-body problems as opposed to general
purpose quantum computers. First, quantum simulators aim to
solve only a much smaller and specialized set of problems, and
thus have much milder hardware requirements than a universal
quantum computer. Furthermore, quantum simulators are more
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naturally suited to many-body problems, since they avoid a
Hamiltonian-to-circuit mapping e.g., by trotterizing the evolution
into a quantum circuit, which typically incurs in a rapid pro-
liferation of errors”®?°!, Additionally, since the observables of
interest are typically local intensive observables, we expect them
to be somewhat more robust to errors even if the global quantum
state of the simulator is very sensitive. These expectations make
quantum simulators very promising in providing some advantage
with respect to classical computers when addressing typical
quantum many-body physics problems.

However, developing rigorous criteria to outline the quantum
advantage of a quantum simulator runs into several theoretical issues.
First, quantum simulators do not implement any error correction and
typically simulate many-body physics in the presence of noise. While
several previous works have theoretically outlined the computational
power of noiseless quantum simulators by developing the notion of a
universal quantum simulator®?>* and rigorously established the pos-
sibility of quantum advantage, the presence of experimentally realistic
noise has to be carefully accounted for in understanding their utility in
many-body problems. Second, since quantum simulators are usually
devoted to analyzing intensive observables, and in many-body physics
we are typically interested in the thermodynamic limit of such obser-
vables, we need to revisit the usual notion of quantum advantage. In
particular, instead of characterizing the quantum and classical effort
required to compute the many-body observable as a function of the
system size, which is not meaningful in the thermodynamic limit, we
can characterize the effort required to compute the many-body
intensive observable within a user-specific precision of the thermo-
dynamic limit®°,

In this work, we address both of these issues—we provide evi-
dence that many physically relevant critical and non-critical many-
body models are stable to errors in the quantum simulator. Impor-
tantly, even without error correction, we can use a quantum simulator
to determine the thermodynamic limits of intensive observables in
these problems to a hardware-limited precision. Furthermore, we also
propose a notion of quantum advantage, in the presence of errors, for
such problems, where the figure of merit is the computational time to
obtain an intensive quantity in the thermodynamic limit to a hardware-
limited precision. By providing explicit lower bounds on certifiable
classical algorithms for the many-body problems that we consider, we
provide evidence that quantum simulators can possibly provide
superpolynomial to exponential quantum advantage over rigorous
classical algorithms even without error correction.

Target Model
L= E Lo
«

Fig. 1| Schematic depiction of our error model for analog quantum simulator.
A target Lindbladian £, expressed as sum of Lindbladian terms modeling interac-
tions between groups of spins, when implemented on an analog quantum simulator

O—O0—0O——O0—0O

Results

Setup

To keep our analysis general, we will consider quantum simulators for
solving both closed system (i.e., implementing a Hamiltonian) as well
as open system (i.e., implementing a Lindbladian) many-body pro-
blems. Suppose that the quantum simulator was trying to configure a
spatially local Lindbladian £ on n spins given by

L= ; Lg M

where £, is a Lindbladian acting on spins within a local region A,. For
translationally invariant problems, the superoperator £, would addi-
tionally be independent of A,, and for closed system problems, we can
assume L, = — i[h,,-] for some operator h, supported on A, The
quantum simulator would, in general, suffer from coherent errors in
the configured Lindbladian as well as incoherent errors arising due to
its interaction with an external environment. As depicted in Fig. 1, to
account for these errors, we model the ‘implemented’ Lindbladian on
the quantum simulator by

L'O)= (L, — ilhsg o), 1,)- (2a)
A

Here £, — £, is an error in the Lindbladian implemented on spins in
Aq—this can arise either from configuration errors in the Hamiltonian
and the jump operators corresponding to £,, or from incoherent
errors that can be well approximated as Markovian. Furthermore, we
also consider the possibility of non-Markovian incoherent errors—
these are captured by hsg 4(t), which accounts for the interaction of the
spins in the region A, with an external environment (in the interaction
picture with respect to the environment). For concreteness, we will
model the decohering environment as a Gaussian environment and
assume that

(2b)

n
hs o= A;o(OQ] .+ hic.,
i1

where Qy 4, Q; 4 --- Qy, o are the jump operators, each supported on
Ag, through which the spins in A, interact with a decohering environ-
ment, and Ay 4(£), A3, 4(t) ... A, o(t) are annihilation operators for the
environment. We assume that [Aj‘a(t),,:_ljl,'a,(t/)] =0q 40 ;K o(t = 1) for
bosonic environments or {Aj,,,(t),Aj, o EN=6446; ;K; (£ =) for

Q)

‘(\%@ o Environment
!
[:a /’/’\/}

Quantum Simulator

Lt)y=> L, —i> [hspalt),]

would have an hardware error per qubit—this error can either be due to anincorrect
configuration of the Lindbladian (i.e., implementing £, instead of £,) or due to
interaction with an external decohering environment.
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fermionic environments and we choose the normalization of Q;, such
that [ |K; ,(7)ldT=1. The function Kj,(r) can be understood as the
memory kernel corresponding to the non-Markovian system-environ-
ment interaction. In particular and not unexpectedly, choosing
K; o(r) = 6(r) would yield a Markovian master equation for an environ-
ment initially in the vacuum state.

We introduce a parameter & such that || £, — £,|| <& (recall
that the diamond norm ||S||, of a superoperator S is the smallest
number s that satisfies || S(p)||, <s for all p which are possibly defined
on a system larger than the support of S) and |Q; ,Il<+/6—the
parameter 6 can be considered to be the “hardware error rate” in the
quantum simulator. A well designed experimental setup can, in
principle, achieve §«1—however, since there are an extensive
number of errors in the simulator, we generically expect the state of
the simulator to be at a distance of § x n from the target state. In the
worst case, this would imply that the results of the quantum simu-
lator can only be trusted when 6 < o(1/n), and this would limit their
applicability to small-scale problems. Importantly, for applications
of quantum simulators to problems in many-body physics, this
would imply that noisy quantum simulators, in the worst case,
cannot be used to faithfully capture thermodynamic limits
(i.e., n > ).

An alternative viewpoint would be to ask if there are certain
interesting many-body problems for which a good estimate for the
thermodynamic limit can be produced with a hardware with constant
errors. This motivates us to look for ‘quantum simulation tasks” which
are stable to these extensive errors, as made precise in the following
definition.

GF: O(5°), where B is a model dependent constant. (Established in ref. 37

for gapped models).
SS: O(d). (Established in ref. 38 for Markovian errors).

SS: O(5t"). (Established in ref. 38 for Markovian errors).
SS: O(6log®(1/6)). (Established in ref. 46).
GF: O(5"), where 8 is a model dependent constant.

SS: O(3) (Established in ref. 54).

Stability, f(3)
GF: O(V/5).

GF: O(5t).

Definition 1. (Stable quantum simulation task). Consider the quantum
simulation task on n spins of measuring an observable O with || O] <1in
a state p associated with a target Lindbladian £. This task is said to be
stable if the corresponding state p/. prepared by the noisy simulator
satisfies

GF: Translationally invariant k - local

GF: Translationally invariant k - local
observables

GF: Translationally invariant k - local
observables.

SS: k - local observables.
observables.

GF: k-local observables.
SS: Local observables
SS: Local observables.
SS: Local observables

Observable

ITr(Op,) — Tr(Op,)| <f(5),

for some continuous f of the hardware-error rate &, independent of n,
such that fié) > 0as § > 0.

If a quantum simulation task is stable as per this definition, we
can hope to be able to estimate the thermodynamic limit of the
observable on a quantum simulator to a precision limited only by
the hardware error rate 6, and independent of the size of the pro-
blem. In particular, these problems would not require the hardware
error to be scaled down with system size even in the absence of
error correction, and it is reasonable to consider them to be pro-
blems that analog quantum simulators can conceivably solve in the
near term.

In the remainder of this section, we systematically study several
important problems arising in many-body physics, and show that
commonly considered intensive observables are expected to be stable
to errors. We first study geometrically local Gaussian fermion models
with Gaussian errors—these models, while being a restricted class of
many-body models, provide a setting where we are able establish
strong stability results. Furthermore, physically we expect the results
of these models to provide evidence of stability in more general
situations. For these models, we show that intensive observables
(either local observables, or translationally invariant sums of local
observables) are stable both for the problem of constant-time
dynamics and equilibrium without any restrictive assumptions on
the model—our results hold not only for gapped models, but also for
gapless models. Then, we examine the same question for (non-Gaus-
sian) many-body spin systems—here, we rely on, and in some cases
extend, stability results that show local observables are stable in
constant-time dynamics and in equilibrium, but with more restrictive

SS: Stably exponentially clustered

GF: No assumption.
correlations.

Assumption

GF: None.

SS: None.

GF: Assumption 1.
SS: Stable gap.
SS: Rapid Mixing.

GF: Coherent and Incoherent Markovian GF: Assumption 2.

Coherent Hamiltonian errors
errors.

General errors
SS: General errors

Error
Ground state Coherent Hamiltonian errors

Problem
Dynamics
Gibbs state
Fixed points

Table 1| Summary of the stability results for dynamical and equilibrium many-body problems, together with the required assumptions on the many-body model

and errors

Both results for Gaussian fermions and spin systems are summarized—"GF” indicates Gaussian fermions and ‘SS’ indicates spin systems. Note that observables for the Gaussian fermionic problems are all quadratic.

Nature Communications | (2024)15:6507 3



Article

https://doi.org/10.1038/s41467-024-50750-x

assumptions on the system. Our results are summarized in Table 1, and
lend strong evidence for several many-body problems being amenable
to noisy quantum simulation.

Stability of Gaussian fermion models

We will consider fermions arranged on a d—dimensional lattice with L
sites in each direction Z{, and at each site we have D fermionic modes
—we denote by cf for x € Zf,a € {1,2...2D} the Majorana operators
associated with each site x. We consider a general open quantum
simulation problem with geometrically local interactions with inter-
action range R. This is specified by a quadratic Hamiltonian H, and n;
linear jump operators L;, for every site x € Z‘L’ ,

2D
H= S rEbead
xye/f’ a,=1 (3a)
dx,)<R
L= Z ijy ¢, Vjieil2..n}.
ye%zi a=1 (3b)
dx,))<R

Without loss of generality, we can assume that |h§’:f| <1, |1ﬁx,y| <land
n; <2DQR+1)4

For the results in this subsection, we restrict ourselves to Gaussian
errors (coherent or incoherent) when this model is implemented on a
quantum simulator. Due to coherent hardware errors, the quantum
simulator instead implements a perturbed Gaussian fermion Hamil-
tonian H',

-y S afad,

x,yezd Pl
dx,y)<R

(4a)

such that |hy) B - hey "F| < 8. Furthermore, due to errors in the config-
uration of the jump operators or due to Markovian incoherent errors,
the quantum simulator implements perturbed jump operators L; ,

Z lem;y ¢, Vjiell2...n}.

ye ZL a=1 (4b)

d(x,y)<R
where again |[};, , — [} || <. Furthermore, we also consider Gaussian
incoherent interactions with a decohering environment which, fol-
lowing the general setup described previously, is captured by a
Gaussian system-environment Hgg () = erth)(, se(6) with

n
hy se(t) = ZAJ-,X(I)Q;‘X +h.c.. (5a)
j=1
Here
x= Z BrxyCy»
yeZf (5b)
dx,)<R

with |qj‘?fxy| <+/6 and A(¢) is an annihilation operator in the fermionic
environment coupling to sites in the neighborhood of x. These anni-
hilation operators satisfy {Ax(t),A;(s)} =6, Kyt — 5), where K (1) is
the memory kernel describing the system-environment interaction
and is assumed to satisfy [, |K,(7)ldT<1.

Finite-time dynamics. We first consider the problem of evolving the
quantum simulator for time ¢ and measure the expectation value of
Gaussian observables O which are either k—local, i.e., they act on a set
S < 7¢ of k sites

2D

0o= > > oijeac, (©)

x,yeSa,B=1

or weighted averages of k—local Gaussian observables i.e., are of the
form "M ,w,0;, where 0; is of the form Eq. (6), >, |w;| =1 and M can
possibly grow with n=DL% We consider an arbitrary Gaussian initial
state, and let the target state p be the state obtained by evolving it with
the target Lindbladian specified by Eq. 3 for time ¢. We show the fol-
lowing proposition in supplemental note IIA.

Proposition 1. The quantum simulation task of measuring k—local
Gaussian observables, or their weighted sums, after constant-time
dynamics under a spatially local Gaussian Hamiltonian is stable to
coherent and incoherent Gaussian errors modeled by Eqgs. 4 and 5
with f(6) = O(t6).

We point out that the dependence of the error between the
observable in perturbed and unperturbed models on ¢ is independent
of the dimensionality of the lattice d—this result is thus stronger than
what would be expected simply from locality, wherein the error would
be expected to grow as tx (Number of sites in the light cone at
time £) « t*"'—we revisit this in “Methods”.

Equilibrium. We next study the stability properties of intensive
observables in equilibrium. The observables for which we establish
stability results for equilibrium properties are more restrictive then the
observables studied in the problem of dynamics—in particular, we
assume that the observables are translationally invariant Gaussian
observables generated by averaging the observables in Eq. (6). More
specifically, if Og is a k—local Gaussian observable of the form of Eq. (6),
then we consider observables of the form

1
0=, > 1:(0y), %)

—d
XeZj

where 7,(0p) is the observable O translated by x. Physically, such
observables correspond to intensive observables which are
obtained on averaging contributions different points on the lattice
e.g., the average number of fermions 3" _ Zdaxax/L" Furthermore,
often in many-body physics, the equnllbrlum state of interest p is
itself translationally invariant i.e., 7,(p) = p for all x € ZL. In this case,
the expected value of a k—local observable Oy coincides with the
expected value of the local observable O generated by Oy as per Eq.
(7) since

Tr(pO)== Z Tr (p(0)7,(Op)),

erd

=— Z Tr(T_(p)(0p)) =Tr (pOy).

xazd

Consequently, for translationally invariant Hamiltonians, observables
of the form in Eq. (7) are not more restrictive than those considered in
dynamics (Eq. (6)).

For simplicity, we first consider the closed-system setting and
study the stability of the ground state and Gibbs state. Suppose that
the quantum simulator implements a target geometrically local
Hamiltonian (Eq. 3a), but due to the presence of coherent errors
instead configures a perturbed Hamiltonian H' (Eq. 4a). We emphasize
that we only consider the simpler coherent Hamiltonian errors while
studying the stability of ground state and Gibbs state, since these
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Fig. 2| Numerical study of the impact of errors in the SSH model. The observable
that we study here is O = Hssu[/1/n, where Hssyl /] is the Hamiltonian of the ideal
SSH model (Eq. (9)) a The error in the expected value of the observable O in the
ground state between the perturbed and unperturbed Hamiltonians, as a function
of &, the hardware error, and the number of sites n. For both gapped (/= 0.5,1.5) and
gapless (/=1.0) cases, we see that the error in O becomes independent of n as

N - =, b Numerically extracted error between the perturbed and unperturbed
models for n > e as a function of 6, and its fit with 6% ¢ The error between the
perturbed and unperturbed model as a function of /—for the same hardware error 6,
this error peaks at /=1 which is also the point at which the gap in the unperturbed
model closes. All the errors are computed by averaging over 500 random instances
of perturbed models.

states can only be meaningfully defined for a closed system. Later in
this section, we will study the more natural equilibrium problem of the
‘Lindbladian fixed point’ where incoherent errors can also be accoun-
ted for. Furthermore, we make the following additional physically
reasonable assumption on the density of modes of the target Hamil-
tonian H.

Assumption 1. The number of eigenfrequencies n, of H, which are
eigenvalues of the matrix hﬁf defining the target Hamiltonian, lying in
the interval [-n, n] for sufficiently small ; satisfy the upper bound

n,zsnf,,(rz)ﬂ((rz,n), (8)

where n=DL%is the number of fermionic modes, f,(n) < 0(n*) as n > 0
for some a >0 and k(n, n) is o(n) for any fixed n.

Alternatively stated, this assumption is a continuity condition on
the thermodynamic limit of the fraction of eigenmodes with energies
inthe interval [-, ] and it ensures that eigenvalues do not accumulate
too fast near zero—more precisely, it demands that lim,,_, . n,/n is a
Holder continuous function of 5. It is expected to be true for most
physically relevant models—in particular, it is weaker than the exis-
tence of a gap and thus contains gapped models, which are well known
to exist for many experimentally relevant many-body problems. For a
gapped Gaussian fermionic model, f;(7) = O since, if there are fermio-
nic eigenmodes near 0, then adding a fermion into these modes would
provide an excited state with only O(n™) energy higher than the
ground state energy. Furthermore, we also expect this assumption to
be generically true for translationally invariant local Hamiltonians,
where the eigenfrequencies can be described by a smooth dispersion
relation w(k) as a function of the momentum k associated with that

mode. In this case, f;() < O(n%), with a being determined by the deri-
vatives of w(k) in the vicinity of w=0.

Considering the target state to be the ground state of the Gaussian
fermion Hamiltonian satisfying assumption 1, we then obtain the fol-
lowing proposition (proved in supplemental note IIB).

Proposition 2. The quantum simulation task of measuring transla-
tionally invariant Gaussian observables generated k—locally as descri-
bed by Eq. (7), in the ground state of a spatially local Gaussian fermion
Hamiltonian whose distribution of modes satisfies Eq. (8) is stable to
coherent Hamiltonian errors as modeled by Eq. 4a with
f(6)=0(6)+ f,,(O((Sl/ 4))30(613) for some model-dependent con-
stant S.

We re-emphasize that the stability result above holds with only a
mild continuity assumption on the density of modes of the model. In
addition to gapped Gaussian fermion models whose stability has been
previously shown?, it holds for models which are not gapped, i.e., the
energy separation between the ground state and the first excited state
vanishes as n > «. As an example, consider the ground state of the 1D
Su-Schrieffer-Heeger (SSH) model on n fermions with periodic
boundary condition:

1 iodd,

Hssull1 = /] ieven.

l

n
tia:ai+1 + H.C, ti:{ (9)
=1

where a,.; = a,. This model displays a (topological) phase transition at
J=1, where the gap closes as 1/n, and is gapped otherwise. The
observable we consider is the energy density Hssyl/I/n of the unper-
turbed Hamiltonian. Figure 2(a) shows impact of changing system size

on this energy density—we see that for both gapped (/= 0.5, 1.5) and
gapless (/ = 1.0) cases, the error in the energy density becomes
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independent of n as n > «, verifying the expectation in proposition 2.
Furthermore, we show the error in the energy density for large n as a
function of § in Fig. 2(b) and see that, consistent with proposition 2,
this error > 0 as § > 0. Finally, Fig. 2(c) shows this error as a function of
J—we see the error peak near /=1 (i.e., the point where the gap in the
Hamiltonian closes), and that it is smaller for values of / where the
model is gapped.

The translational invariance of the observables considered here is
key to the stability result—translationally varying observables need not
be stable, even if they are intensive and local. A simple example here is
Anderson localization—consider H to be a 1D translationally invariant
tight-binding model ie., H=Y"l(al,,a;+aa;.,), with errors
%, 6;ala; where v; is chosen uniformly at random between [-§, 6].
The ground state of H is completely delocalized across the spin-chain.
In the presence of errors, no matter how small, this model is known to
be localized. Now, for every &;, ,...6,, consider the intensive obser-
vable O 5, 5 given by the average particle numbers on O(1/6) sites
around the site where the ground state is localized. This observable,
when measured in the delocalized ground state of the unperturbed
Hamiltonian H, yields an expected value of O as n > «. On the other
hand, in the ground state of the perturbed localized model it will yield
an expected value of O(1). Thus, not all translationally varying obser-
vables can be stable, even if we restrict ourselves to Gaussian fermion
models, with the observables being intensive and spatially local.

Next, we consider the Gibb’s state, e#/Tr(e#) where the inverse-
temperature S is a constant independent of n and again study the
stability of translationally invariant Gaussian observables that are
generated k—locally. We show the following proposition in supple-
mental note IIC.

Proposition 3. The quantum simulation task of measuring transla-
tionally invariant Gaussian observables generated k—locally as descri-
bed by Eq. (7), in the Gibbs state at inverse-temperature S of a spatially
local Gaussian fermion Hamiltonian is stable to coherent Hamiltonian
errors as modeled by Eq. 4a with f(6)=0(8v6).

We point out that, in contrast to the corresponding result for
ground states, this stability result corresponding to the Gibbs state
does not rely on an assumption on the density of modes of the target
Hamiltonian. However, f(6) grows with S, so this result does not
directly imply the stability of the ground state since f would in general
have to be increased with n for the Gibbs state to approximate the
ground state. However, for models with a gap above the ground state,
as well as only very few low-energy eigenstates, at sufficiently low
temperatures (i.e., high f), stability of the Gibb’s state is essentially the
stability of the ground state—in this case, the bound from proposition
2 should be applicable and would yield f{6) independent of .

In the more general setting of a Markovian open quantum system,
the fixed point of the master equation would capture its equilibrium
properties. Here, the quantum simulator is configured to implement
the Hamiltonian and jump operators in Eq. 3 but instead, due to
coherent and Markovian incoherent errors, implements the perturbed
Hamiltonian and jump operators in Eq. 4. Similar to the case of the
Hamiltonian ground state problem, we make an assumption on the
spectral properties of the target Lindbladian—in particular, similar to
assumption 1, we assume (Holder) continuity of the fraction of modes
with decay rates in the interval [0, 1],

Assumption 2. (Informal). The Gaussian Lindbladian has a unique fixed
point and the number of eigenmodes n,, with decay rates lying in the
interval (O, i, for sufficiently small n, satisfies the upper bound

n, <nf(n) + K, n), 10)

where n=DL?is the number of fermionic modes, f¢(17) < O(%) as n > 0
for some a > 0 and «(n, n) < o(n) for any fixed 7.

We provide a precise definition of eigenmode decay rate of a
Gaussian Lindbladian in supplemental note IID. We remark that this
assumption is very mild and is expected to be satisfied for physically
relevant models—in particular, similar to the case of Gaussian Hamil-
tonians, this assumption is satisfied for translationally invariant mod-
els. Furthermore, this assumption is expected to be satisfied for
Gaussian fermion models that are rapidly mixing in which case all the
modes other than the fixed point mode typically have a system size
independent decay rate (i.e., there is a gap in the decay rate spectrum
of the Lindbladian)*. Beyond rapidly mixing Lindbladians, assumption
2 includes systems which have eigenmodes with decay rates scaling as
0(1/n) (i.e., the Lindbladian decay rate spectrum is gapless), and take a
much longer time (-O(n)) to reach its fixed point. For models satisfying
assumption 2, we show the following proposition in supplemental
note IIA.

Proposition 4. The quantum simulation task of measuring transla-
tionally invariant Gaussian observables generated k—locally as descri-
bed by Eq. (7), in the fixed point of a spatially local Gaussian fermion
Lindbladian whose distribution of modes satisfies Eq. (10) is stable to
coherent and Markovian incoherent errors as modeled by Egs. (4a) and
(4b) with fi8) = 0(6") + O(f(6"*)) < O(&) for some model-dependent
constant f.

Quantum spin systems

While for Gaussian fermion models, we could prove tight stability
results with minimal assumptions on the model, looser stability results
hold for quantum spin systems under more restrictive assumptions on
their many-body spectrum. Here, we consider more general spin sys-
tems and show the stability of several quantum simulation tasks, in
both dynamics and equilibrium, using locality results that have already
been established in the many-body literature®-*¢,

Finite time dynamics. Consider first the setting where an initial state
p(0)=(]0)(0))®" is evolved under a Lindbladian £ (Eq. (1)) for a time ¢
that is independent of n. Since geometrically local Lindbladians are
expected to have a finite velocity of correlation propagation, obser-
vables at time ¢ should only be impacted by qubits which are within an
~ t distance of their support and thus not be impacted errors on all the
qubits. This motivates us to consider observables O that are supported
on n—independent number of qubits—more specifically, we consider
observables that are either local (i.e., act non-trivially on an n—inde-
pendent subset of spins), or of the form

0=0,0,...0,, (11a)
where 0, 0,...0; are local and k is independent of n, or
M
O = Z ini' (llb)

i=1

where Zfi1|w,~| =1, 0; are of the form of Eq. 11 and M can possibly grow
with n. For these observables, the stability of this quantum simulation
task can be stated:

Proposition 5. The quantum simulation task of measuring k — local
observables, or their weighted averages, for constant-time dynamics
under a spatially local Lindbladian is stable under coherent and inco-
herent errors with f(8) = O(¢16).

The proof of this result, provided in supplemental note IlIA uses
the Lieb-Robinson bounds**°*}, We note that a similar result has been
proven for coherent errors and Markovian incoherent errors in ref. 38.
Our contribution is to show that this bound holds in the more general
setting of coherent and non-Markovian incoherent errors, and thus is
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more directly applicable to experimentally realistic quantum
simulators.

Note also that for large ¢, the error between the target observable
and the observable measured on the quantum simulator grows as 14—
this result can be interpreted by noting that for a geometrically local
model in d-dimensions, the number of qubits within the light-cone of a
local observable at time ¢ is ~t“—since any error in a qubit within the
light cone and at any time ¢ could lead to an error in the local obser-
vable, we obtain a worst-case bound scaling as ~t“'! in the observable
value. Furthermore, this is looser than the corresponding result
in Gaussian fermion models (proposition 1), where the error grows
only as t.

Equilibrium. We next study the stability of the task of simulating the
ground state and Gibbs states of H, and focus only on understanding
the impact of coherent Hamiltonian errors. This problem has been
previously extensively investigated in many-body physics**>*¢, and in
this section we cross-examine these results from the perspective of
analog quantum simulation. We assume that H is gapped i.e., the
energy difference between the ground state and the first excited state
is larger than a constant 4 independent of n. Furthermore, we also
assume that the Hamiltonian remains gapped in the presence of errors
—we refer to such a target Hamiltonian H to be stably gapped. We point
out that the stability of the gap in the presence of errors or pertur-
bations has only been shown for certain frustration free models with
local topological order’° and is not true for all gapped models***"%,
but we posit it as a reasonable physical assumption. The stability of this
quantum simulation task is a direct consequence of the spectral flow
method developed by Hastings et al."**> which shows that there exists a
unitary taking the ground state of H to the ground state of H’ that is
quasi-local. We thus obtain the following proposition and we include a
proof of this in supplemental note IIIB.

Proposition 6. (From refs. 41,54). The quantum simulation task of
measuring k-local observables or their weighted averages (Eq. 11), in
the ground state of stably gapped spatially local Hamiltonians is stable
to coherent Hamiltonian errors with f(6) = 0(6).

The choice of observables here is crucial to having a stable
quantum simulation task—it is well understood that even for stably
gapped Hamiltonians, non-local observables would not be stable.
Furthermore, we point out that for the case of Gaussian Fermions and
for translationally invariant local observables, our stability result
(proposition 2) is less restrictive—in particular, it does not require even
the existence of a gap in the target Hamiltonian.

We next consider the Gibbs state of H at some temperature
independent of n, and assume that the Gibbs state has an exponential
clustering of correlation*® i.e., for any two observables A, B separated
by distance /,

(A @ B) — (A)(B)| < I|A]l|IB|O(e~),

for some model-dependent constant c,. Furthermore, as in the case of
ground states, we assume that this exponential clustering of correla-
tions is stable under errors. In this case, we obtain that the problem of
measuring 1-local observables and their weighted averages is stable—a
proof of this is included in supplemental note IIIC.

Proposition 7. (From ref. 46). The quantum simulation task of mea-
suring local observables or their weighted averages, as given by Eq. 11
with k=1, in the Gibbs state of spatially local Hamiltonians with stable
exponential clustering of correlations is stable to coherent Hamilto-
nian errors with f(6) = 0(6logd(1/6)).

More generally, we can consider the problem of finding local
observables in the fixed points of spatially local Lindbladians. For this,
we restrict ourselves to rapidly mixing Lindbladians which were

identified in ref. 38—a Lindbladian £ on n spins with fixed point o is
rapidly mixing if ||e“* — Tr(-)o||, <poly (m)e~®® i.e., irrespective of the
initial state, the state of the system converges exponentially fast to the
fixed point 0. Under this assumption, we can show the following sta-
bility result.

Proposition 8. The quantum simulation task of measuring k-local
observables, or their weighted averages, in the fixed point of spatially
local Lindbladians which satisfy rapid mixing is stable to coherent and
incoherent errors with f(8) = O(6).

The proof of this proposition, presented in supplemental
note lIID, builds on the analysis in ref. 38—in particular, we point out
that ref. 38 already establishes that local observables in fixed points of
spatially local rapidly mixing Lindbladians is stable to coherent errors
and incoherent Markovian noise. Our key contribution is to extend this
to the more general and experimentally realistic setting of non-
Markovian noise.

Quantum advantage without noise

In the absence of any noise, the advantage of a quantum algorithm
over a classical algorithm is often formulated in terms of their run-time
scaling with respect to the system size. However, in many-body physics
problems, the quantities of interest are the value of certain intensive
observables in the thermodynamic limit i.e., when the system size
n > «, Consequently, it is less meaningful to consider the algorithm’s
complexity as a function of system size and instead consider it as a
function of the target precision ¢ demanded in the computed ther-
modynamic limit*?¢, Apart from being theoretically meaningful,
expressing run-times in terms of precision might additionally be
practically relevant in scenarios where we are trying to calculate either
phase transition points®** or critical exponents characterizing a phase
transition, both of which are typical calculations of interest in many-
body physics. More precisely, let us consider a many-body model
defined as a family of Lindbladians {£,},.,, and observables {O,} .
where £,,, 0, act on n—spins. We are interested in the expected value
of 0, in a many body quantum state, e.g., in equilibrium or dynamics,
associated with the Lindbladian £,,, p, . We furthermore assume that
the models and observables under consideration have a well-defined
thermodynamic limit i.e.,

0 = lim Tr(p.,0p) 12)
exists. Now, given a precision ¢, it is reasonable to assume that we can
then choose n as a function of ¢ such that

0" = Tr(0,p.,) <&, 13)
i.e., approximate the thermodynamic limit by a finite-size problem
(note however, one can artificially construct models where this may
not be strictly possible™). The run-time of a quantum simulation or a
classical simulation for the finite-size problem can thus be expressed in
terms of the precision ¢ demanded in the thermodynamic limit. This
allows us to then compare the scalings of the run-time of these
algorithms with the precision &, and declare an algorithm to have an
advantage in precision compared to others depending on their
respective scaling. For instance, if a quantum algorithm has a
complexity Tq = poly(l/¢), then we will have a superpolynomial
advantage over a classical algorithm with complexity
Tq= exp(logz(l/s)) and exponential advantage over a classical algo-
rithm with complexity T, = exp(O(1/¢)).

Finite-time quantum dynamics. We consider first an initial product
state |0)®", and for t > 0, we take p,, =e“*((]0)(0))*"). The observable
of interest is a fixed local observable O,, = O. The existence of the
thermodynamic limit is obtained directly using the Lieb-Robinson
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bounds®**°, which also characterize the error between the thermo-
dynamic limit and its finite-size approximation—for the problem of
computing a local observable after evolving |0)®" for finite-time t with
respect to a d—dimensional spatially-local Hamiltonian, O exists and
fulfills Eq. (13) for n= Q(Iogd(l/s) +t9). On an ideal quantum simulator,
one would evolve n= O(Iogd(l/s) +¢%) qubits for a time ¢ and measure
the observable. The procedure would be repeated O(1/£2) to reduce the
measurement error in the observable to ¢, yielding a total run-time
of O(t/£2).

On a classical computer, in general, the only algorithms with a
rigorous guarantee known for the problem of computing local
observables for a finite number of spins n are either exact diag-
onalization or Krylov subspace methods®®. Using either of these
methods has a worst-case run-time that scales at least exponentially
with the number of spins n. To compute the thermodynamic limit to a
precision &, we would first approximate the thermodynamic limit by a
finite-size problem and then use these classical algorithms on the
resulting finite-size problem. In supplemental note IVA (proposition 1),
we exhibit a local observable in a simple nearest-neighbor tight-bind-
ing model on Z¢ such that the system size needed to approximate its
thermodynamic limit to a precision & for a fixed ¢, is at least
Q(log”(O(e71)/log? log(@(e71))). Thus, exact diagonalization or Krylov
subspace methods scale at least super polynomially with £ on worst-
case instances, yielding a super polynomial advantage of using quan-
tum simulators.

We note that there are several classical heuristic algorithms, which
use an efficiently contractable tensor network ansatz, that in many
problems are much faster than the worst case’’*®. However, these
methods do not have rigorous guarantees—since, when noiseless, the
quantum simulation of dynamics is not a heuristic, we only compare it
to classical algorithms with rigorous guarantees. We also point out that
one could also use other classical methods that operate directly in the
thermodynamic limit instead of analyzing a finite-size
approximation®*“°. For instance, in ref. 59 a method based on cluster
expansion was analyzed for which the computational time is upper
bounded by poly(¢™), although this upper bound scales super-
exponentially with time. To the best of our knowledge, providing a
lower bound on this classical algorithm is an open problem. However,
assuming that it has the same scaling with t as the upper bound pro-
vided in ref. 59, a quantum simulator will have an exponential quantum
advantage with respect to this method for evolution times ¢ - poly(¢™).

Ground state. Consider next the problem of estimating local obser-
vables in the ground state of many-body Hamiltonians in the ther-
modynamic limit. The convergence rate of a finite-size approximation
of a local observable to its thermodynamic limit for the ground state
problem is expected to depend on whether the model is gapped (and
hence the ground state has exponentially decaying correlations**®') or
gapless. While it is generally hard to rigorously characterize the rate of
convergence of a finite-size approximation to the thermodynamic limit
for ground states, it is physically reasonable to assume either Loga-
rithmic Convergence, where Eq. (13) holds for n =Q(Iogd(1/e)) with d
being the lattice dimension, or Power-Law Convergence where Eq. (13)
holds for n=Q(poly(s™)). The first case is expected to hold for gapped
models, and can be rigorously established for models satisfying local
topological quantum order condition*’*>*°, Additionally, for gapped
models, Logarithmic Convergence is expected to be tight since we can
easily construct examples of spatially local gapped Hamiltonians (such
as the AKLT model®?), for which a system-size of at least Q(Iogd(s‘l)) is
needed to approximate the thermodynamic limit of a local observable
to a precision ¢ (see supplemental note IVB, proposition 2). Power-Law
Convergence is expected to hold for critical (gapless) models—for
instance, this is the case for the Gaussian fermionic Hamiltonians
analyzed in the previous section, under very general conditions for the
Fermi surface. Similar to the situation with dynamics, currently

available classical algorithms with rigorous guarantees to compute a
ground state observable use either exact diagonalization or a Krylov
subspace method on the finite-size Hamiltonian approximating the
thermodynamic limit. Thus, for models satisfying the Logarithmic
Convergence condition, a classical computer would require time
exp(()(logd(s‘l))) in the worst case. Instead, for models satisfying the
Power-Law Convergence condition, a classical computer is expected to
require time exp(Q( poly (¢ 1))).

Furthermore, to ensure that there is a quantum algorithm that
reaches the ground state we will assume that H,, is adiabatically con-
nected to a family of Hamiltonians H” with efficiently preparable
ground states such that the minimal gap, A, along the adiabatic path
fulfills A,,>Q(1/poly(n)). This assumption ensures that using the adia-
batic algorithm one can reach the ground state within an error € in a
time Tq = poly(n, 1/¢), or Tq = poly(1/¢) if framed entirely in terms of the
precision of the thermodynamic limit and is expected to hold for
physically relevant gapped or gapless models. Moreoever, for a con-
stant gap, and with certain further assumptions on the frustration of
the Hamiltonian, it is provably possible to reach the ground state in
T =polylog(n,1/¢)**. Comparing this run-time with those of the clas-
sical algorithms discussed above, we then expect a superpolynomial
quantum advantage for (gapped) models satisfying Logarithmic Con-
vergence to the thermodynamic limit, and (gapless) models satisfying
Power-Law Convergence to the thermodynamic limit.

Fixed points. Similar to ground states of many-body Hamiltonians, we
can consider the problem of computing local observables in the fixed
points of many-body Lindbladians. Depending on the spectral prop-
erties of the Lindbladian, a local observable in the fixed point may
exhibit Logarithmic or Power-Law Convergence to the thermodynamic
limit. In particular, for rapidly mixing Lindbladians, it has been shown
in ref. 38 that local observables in the fixed point exhibit a logarithmic
convergence to the thermodynamic limit. Additionally, this con-
vergence is tight i.e., we can exhibit a specific rapidly mixing Lind-
bladian for which a system-size of at least Q(Iogd(s‘l)) is needed to
approximate the thermodynamic limit of a local observable to a pre-
cision ¢ (see supplemental note IIIC, proposition 3). Furthermore,
Lindbladians which are not rapidly mixing but take time polynomial in
the system size to reach their fixed points would have local obser-
vables satisfying Power-Law Convergence. Examples of such Lind-
bladians would be those corresponding to Glauber dynamics
corresponding to the 2D critical Ising model®.

As with the ground state problem, Krylov subspace or exact
methods, which have a rigorous guarantee, would require a worst-case
time exp(Q(Iogd(S*l))) for models with logarithmic convergence and
exp(Q( poly (¢71))) for models with power-law convergence. Further-
more, under the physically-motivated assumption that Lindbladian
dynamics, for a finite system with system-size n, reaches its fixed point
in at most poly(n) time, an ideal quantum simulator that implements
this Lindbladian would require a time O(poly(1/¢)) to approximate the
thermodynamic limit of local observable to a precision ¢. Thus, we
expect to obtain a superpolynomial quantum advantage for problems
with logarithmic convergence, and exponential quantum advantage
for problems with power-law convergence.

Quantum advantage with noise

In the presence of errors, the arguments formulated in the previous
subsection no longer hold. For unstable quantum simulation tasks, we
expect thermodynamic limits in the presence of errors to be a bad
approximation to the target thermodynamic limit. However, for stable
quantum simulation tasks in particular, the noisy quantum simulator
can still produce a faithful approximation of the thermodynamic limit
with the hardware error 6 setting a limit on the obtained precision.
More precisely and as depicted in Fig. 3, in time poly(1/¢’), the quan-
tum simulator is expected to compute the thermodynamic limit of the
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noisy model to a precision &—the precision of the target thermo-
dynamic limit obtained is thus upper bounded by

£<0(max(e, f(6))),

where f(8) is given in Definition 1. Therefore, in the presence of hard-
ware errors, the quantum simulator need not be run beyond a time
needed to obtain & =£(6), and we can expect to compute the target
thermodynamic limit to a precision of O(f(6)). As summarized in
Table 1, we typically obtain f(6) = O(6") for a > O for most stable many-
body simulation tasks, and thus to be able to obtain the thermo-
dynamic limit to a precision of O(poly(5)), determined entirely by the
hardware error ¢, in quantum-simulation time O(poly(1/6)).

A numerical illustration of this analysis is shown in Fig. 4—here, we
use the adiabatic quantum algorithm to find the energy density
observable in the ground state of the critical SSH model (i.e., Eq. (9)
with /=1). Figure 4a shows the convergence of the energy density
observable, in the absence of errors, to its thermodynamic limit—we
see that a power-law convergence is obtained, as physically expected
for gapless models. In Fig. 4b, we use a system-size that yields a pre-
cision of O(f(6)), as determined by the stability bounds on the ground-
state of this model, and simulate an adiabatic algorithm to find the
ground state in the presence of hardware error. We see that, in the
presence of errors, the accuracy in the achieved precision is funda-
mentally limited by the hardware precision 6—Fig. 4 shows the run-
time of the adiabatic algorithm as a function of this hardware-limited
precision. We see that this run-time scales polynomially with 1/¢, where
¢ is the hardware-limited precision that is achieved by the adiabatic
algorithm.

& &
@’*‘i@*‘%&& , n— o
Q@Q\‘v\/%\,’_\ € (vglth noise
& y ~@-
%Qo\&\k l/ Final \ / (5)
‘ State O
Initial Target TL
State

Fig. 3 | Precision and run-time attained by noisy quantum simulators. An
erroneous quantum simulator can obtain the thermodynamic limit of the per-
turbed model to a precision ¢ in time poly (1/¢’)—this thermodynamic limit,
however, can have an error f(6) from the target thermodynamic limit in the pre-
sence of hardware error 6.

To define a notion of advantage in the presence of noise, we can
now compare the classical and quantum run-times needed to achieve
this hardware-limited precision. Assuming f(6) = poly(5), it follows
from the discussion in the previous subsection that we would need
classical run-times that are either superpolynomial or exponential in
poly(1/6) to achieve the precision that can be achieved by quantum
simulators in time poly(1/6). That is, if § is decreased by a constant
factor, then the run-time of the quantum simulator will only increase
at-most polynomially with this factor, while the run-time of the clas-
sical simulator will increase by a super-polynomial or exponential
factor. We summarize our expectation of noisy quantum advantage for
the quantum simulation task of finding local observables in dynamics,
ground states and fixed points in the Table 2.

We emphasize the following two points regarding Table 2. First,
the “provable” quantum advantage for dynamics, stably gapped
ground states with logarithmic convergence, and fixed points of
rapidly mixing Lindbladians is only with respect to Krylov subspace
methods or exact methods, which are the only known classical algo-
rithms with rigorous guarantees known for these models. To the best
of our knowledge, it remains an open problem to provide a universal
lower bound on any possible classical algorithm or even connect a
possible quantum advantage for the specific many-body problems that
we consider to well-known complexity assumptions. Second, we only
conjecture the quantum advantage for critical models (both ground
states and fixed points)—our conjecture is based on the novel stability
results that we provide for Gaussian fermion models and under the
expectation that these models could capture the qualitative physics of
more complex non-Gaussian models, even though Gaussian fermion
models on their own can be solved efficiently on classical computers.

Discussion
We have considered both the stability and quantum advantage of
using near-term analog quantum simulators for thermodynamic
limits of many-body problems in physics. Based on both existing
theoretical results in many-body literature, and new technical
results for Gaussian fermion models, we argue that many physically
relevant many-body problems are stable to a constant rate of error
on the quantum hardware being used to solve them and thus are
accessible in near-term experiments. We also hypothesize that
these algorithms have an advantage, with respect to the obtained
precision, in computing thermodynamic limits of many-body pro-
blems. Our formulation and results provides some evidence for
near-term analog quantum simulators being useful for solving
many-body problems.

Extending the stability results for gapless/critical models to
the case of quantum spins, or non-Gaussian fermionic systems is
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Fig. 4 | Numerical study of quantum adiabatic algorithm in the presence

of error. We consider using the adiabatic algorithm to find the energy density
observable for the critical SSH model in the thermodynamic limit (TL).

a Convergence of the energy density to the thermodynamic limit as n > «—the
scaling of ¢ with n reveals a power-law scaling that is expected for gapless models.
b The adiabatic algorithm in the presence of hardware errors—the quantity being
plotted is the error of the noisy adiabatic algorithm from the thermodynamic limit

Adiabatic alg. time T

Final inverse error 1/¢

of the noiseless model. The precision achieved by the adiabatic algorithm is fun-
damentally limited by hardware errors. ¢ The final precision (¢) achieved by an
adiabatic algorithm in the presence of errors as a function of the adiabatic algo-
rithm run-time, confirming that T -~ poly(1/¢) as expected from our analysis. Thus, on
decreasing the hardware error, the error achievable by the noisy quantum simu-
lator decreases and the run-time of the quantum algorithm increases at most
polynomially.
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Table 2 | Summary of the classical and quantum run-times for thermodynamic limits needed to obtain the hardware-limited

precision with hardware error/noise &

Problem Error model Assumption

Classical run-time Quantum run-time

Provable noisy quantum advantage over Krylov Subspace/Exact methods

Dynamics General errors None exp(Q(log?(@6 ™)) O(poly(5™)
Ground state Coherent - Stable gap exp(Q(log?(©( ")) O(poly(5™)
Hamiltonian « Logarithmic convergence

errors

« Adiabatic path with a gap > Q(1/poly(n))

Fixed points General errors Rapid mixing

exp@Q(log?©@@ ™))  Olpoly(6™)

Conjectured noisy quantum advantage

Ground states Coherent

« Stable Q(1/poly(n)) gap

exp(Q(poly (67))) O(poly(5™)

Hamiltonian

« Power-law convergence

errors

« Adiabatic path with a gap > Q(1/poly(n))

Coherent and incoherent Markovian
errors

Fixed points
time

« Reaches e—close to fixed point in O(poly(n, 1/€))

exp(Q(poly (671))) O(poly(5™)

« Power-law convergence

For classical run-times, we only consider Krylov subspace methods or exact diagonalization as the classical algorithm for the provided lower bounds, and not heuristics which do not have rigorous

convergence guarantees. Note that Q suppresses log log(6~") factors.

an immediate open problem suggested by our work. While pre-
vious work by Hastings* indicates that, under some assumption
on the density of states of the many-body model, such a stability
result could hold for gapless spin systems, it would be interesting
to see if restricting observables to being translationally invariant
could help improve these results. Similarly, understanding the
stability of Lindbladian dynamics and fixed point problems for
quantum spin systems or non-Gaussian fermionic systems beyond
the rapid mixing assumption and under both Markovian and non-
Markovian errors would also be important directions. This has
been under investigation recently in the context of defining
stable phases of matter®°¢,

Methods

Here, we provide the key ideas behind the proofs of the theoretical
results presented in results section. Detailed proofs building upon the
ideas presented in this section can be found in the supplement.

To prove the stability results for the Gaussian fermion pro-
blems, we utilize the fact that both equilibrium and dynamical
properties of Gaussian fermion models can be captured by just the
covariance matrix of the state at hand—more specifically, for a time-
dependent Gaussian state p(t), the corresponding covariance
matrix is given by

e =3 ([et. o),

and its dynamics, for the quantum simulator model with gaussian
errors and noise sources described in results section, is derived in
lemma 3 in supplemental note Il. The stability result for dynamics
(proposition 1) is obtained from an application of rigorous time-
dependent perturbation theory on the effective equations of motion
for the covariance matrix.

For analyzing stability of equilibrium states, as described in the
results section (propositions 2-4), we consider only translationally
invariant observables (Eq. (7)). Suppose po and ps respectively denote
the noiseless and noisy equilibrium Gaussian states, then in lemma 6 of
supplemental note Il we establish the following bound on the error in
the expected translationally invariant observable O

4 (14)

ITr(Op) — Tr(Opg)| < L::k HaoHHF —Ts

1’

where I"and /5 are the covariance matrices corresponding to p and ps
respectively, Og is a k—local observable defined in Eq. (7) and O is a
2n x 2n matrix with matrix elements oj'(’,'f such that

0o = Z ZZ?&:loszchg'

x,yeZ‘L’

We remark that the bound in Eq. (14) is obtained by explicitly utilizing
the translational invariance of O and hence its block-diagonality in the
momentum basis. Without translational invariance, the best bound on
|Tr(Op) — Tr(Ops)| would be ||O0 |1l = I'4]l;, which for k, D < O(1) would
asymptotically be much worse than the bound in Eq. (14). Building on
Eq. (14), in supplemental note 1, we then show that || — I's||, < O(n&%),
for some a> 0, for all the considered equilibrium problems (ground
state, Gibb'’s state, fixed points).

The proofs of stability results for spin systems (propositions 5-8)
provided in supplemental note Ill builds on the quasi-locality results in
refs. 39-46. Proofs of propositions 5 and 8 build upon®® and addi-
tionally consider non-Markovian perturbation to the dynamics. The
key technical ingredient to handle non-Markovian perturbations is the
input-output equations for the environment which are commonly used
in quantum optics®’. The input-output formalism allows us to effec-
tively locally bound the effect of non-Markovian perturbations on the
dynamics of the quantum simulator, and together with Lieb-Robinson
bounds* allow us to prove propositions 5 and 8. The proofs of pro-
positions 6 and 7 are only minor modifications of the quasi-locality
results in ref. 45 and ref. 46 respectively.

Code availability
The code used for generating numerical results in this paper is publicly
available®®,

References

1. Jozsa, R. Quantum factoring, discrete logarithms, and the hidden
subgroup problem. Comput. Sci. Eng. 3, 34-43 (2001).

2. Montanaro, A. Quantum algorithms: an overview. npj Quantum Inf.
2, 1-8 (2016).

3. Aharonov, D., Ben-Or, M., Impagliazzo, R. & Nisan, N. Limitations
of noisy reversible computation. arXiv preprint quant-ph/9611028,
(1996).

4.  Aharonov, D. & Ben-Or, M. Fault-tolerant quantum computation
with constant error. In Proc. Twenty-Ninth Annual ACM Symposium
on Theory of Computing, pp 176-188 (1997).

Nature Communications | (2024)15:6507

10



Article

https://doi.org/10.1038/s41467-024-50750-x

10.

.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

20.

30.

31.

Aharonov, D., Kitaev, A. & Preskill, J. Fault-tolerant quantum com-
putation with long-range correlated noise. Phys. Rev. Lett. 96,
050504 (2006).

Altman, E. et al. Quantum simulators: architectures and opportu-
nities. PRX Quantum 2, 017003 (2021).

Daley, A. J. et al. Practical quantum advantage in quantum simula-
tion. Nature 607, 667-676 (2022).

Cirac, J. I. & Zoller, P. Goals and opportunities in quantum simula-
tion. Nat. Phys. 8, 264-266 (2012).

Zhou, X. et al. High-temperature superconductivity. Nat. Rev. Phys.
3, 462-465 (2021).

Stormer, H. L., Tsui, D. C. & Gossard, A. C. The fractional quantum
hall effect. Rev. Mod. Phys. 71, S298 (1999).

Broholm, C. et al. Quantum spin liquids. Science 367,

eaay0668 (2020).

Qin, M., Schéfer, T., Andergassen, S., Corboz, P. & Gull, E. The
hubbard model: a computational perspective. Annu. Rev. Condens.
Matter Phys. 13, 275-302 (2022).

Spalek, J. tj model then and now: a personal perspective from the
pioneering times. Acta Physica Polonica A 111, 409-24 (2007).

Mi, X. et al. Time-crystalline eigenstate order on a quantum pro-
cessor. Nature 601, 531-536 (2022).

Chen, I.-Chi, Burdick, B., Yao, Y., Orth, P. P. & ladecola, T. Error-
mitigated simulation of quantum many-body scars on quantum
computers with pulse-level control. Phys. Rev. Res. 4,

043027 (2022).

Pal, A. & Huse, D. A. Many-body localization phase transition. Phys.
Rev. b 82, 174411 (2010).

Vosk, R., Huse, D. A. & Altman, E. Theory of the many-body locali-
zation transition in one-dimensional systems. Phys. Rev. X' 5,
031032 (2015).

Rothe, H. J. Lattice Gauge Theories: An Introduction. (World Scien-
tific Publishing Company, 2012).

Kogut, J. B. The lattice gauge theory approach to quantum chro-
modynamics. Rev. Mod. Phys. 55, 775 (1983).

Esslinger, T. Fermi-hubbard physics with atoms in an optical lattice.
Annu. Rev. Condens. Matter Phys. 1, 129-152 (2010).

Houck, A. A., Tureci, H. E. & Koch, J. On-chip quantum simulation
with superconducting circuits. Nat. Phys. 8, 292-299 (2012).
Porras, D. & Cirac, J. |. Effective quantum spin systems with trapped
ions. Phys. Rev. Lett. 92, 207901 (2004).

Blatt, R. & Roos, C. F. Quantum simulations with trapped ions. Nat.
Phys. 8, 277-284 (2012).

Garcia-Ripoll, J. J., Martin-Delgado, M. A. & Cirac, J. |. Implementa-
tion of spin hamiltonians in optical lattices. Phys. Rev. Lett. 93,
250405 (2004).

Zohar, E., Cirac, J. |. & Reznik, B. Quantum simulations of lattice
gauge theories using ultracold atoms in optical lattices. Rep. Prog.
Phys. 79, 014401 (2015).

Zohar, E., Cirac, J. I. & Reznik, B. Simulating compact quantum
electrodynamics with ultracold atoms: probing confinement and
nonperturbative effects. Phys. Rev. Lett. 109, 125302 (2012).
Zohar, E., Cirac, J. . & Reznik, B. Simulating (2+1)-dimensional lattice
ged with dynamical matter using ultracold atoms. Phys. Rev. Lett.
110, 055302 (2013).

Banuls, M.C. et al. Simulating lattice gauge theories within quantum
technologies. Eur. Phys. J. D 74, 1-42 (2020).

Stilck Franga, D. & Garcia-Patron, R. Limitations of optimization
algorithms on noisy quantum devices. Nat. Phys. 17, 1221-1227 (2021).
De Palma, G., Marvian, M., Rouzé, C. & Franga, D.S. Limitations of
variational quantum algorithms: a quantum optimal transport
approach. Phys. Rev. X Quantum 4, 010309 (2023).
Gonzalez-Garcia, G., Trivedi, R. & Cirac, J. |. Error propagation in nisq
devices for solving classical optimization problems. PRX Quantum
3, 040326 (2022).

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44,

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

Kraus, C., Wolf, M. M. & Cirac, J. I. Quantum simulations under
translational symmetr. Phys. Rev. A 75, 022303 (2007).

Cubitt, T. S., Montanaro, A. & Piddock, S. Universal quantum
hamiltonians. Proc. Natl Acad. Sci. 115, 9497-9502 (2018).

Zhou, L. and Aharonov, D. Strongly universal hamiltonian simula-
tors. arXiv preprint arXiv:2102.02991, (2021).

Aharonov, D. & Irani, S. Hamiltonian complexity in the thermo-
dynamic limit. In Proc. 54th Annual ACM SIGACT Symposium on
Theory of Computing, pp 750-763 (2022).

Watson, J. D. & Cubitt, T. S. Computational complexity of the
ground state energy density problem. In Proc. 54th Annual ACM
SIGACT Symposium on Theory of Computing, pp 764-775 (2022).
Hastings, M.B. The stability of free Fermi Hamiltonians. J. Math.
Phys. 60(4) (2019).

Cubitt, T. S., Lucia, A., Michalakis, S. & Perez-Garcia, D. Stability of
local quantum dissipative systems. Commun. Math. Phys. 337,
1275-1315 (2015).

Lieb, E. H. & Robinson, D. W. The finite group velocity of quantum
spin systems. In Statistical mechanics, pp 425-431 (Springer, 1972).
Hastings, M. B. Lieb-schultz-mattis in higher dimensions. Phys. Rev.
B 69, 104431 (2004).

Hastings, M. B. & Wen, Xiao-Gang Quasiadiabatic continuation of
quantum states: the stability of topological ground-state degeneracy
and emergent gauge invariance. Phys. Rev. B 72, 045141 (2005).
Hastings, M. B. Locality in quantum and markov dynamics on lat-
tices and networks. Phys. Rev. Lett. 93, 140402 (2004).

Poulin, D. Lieb-robinson bound and locality for general markovian
quantum dynamics. Phys. Rev. Lett. 104, 190401 (2010).
Nachtergaele, B. & Sims, R. Lieb-robinson bounds and the expo-
nential clustering theorem. Commun. Math. Phys. 265,

119-130 (2006).

Bachmann, S., Michalakis, S., Nachtergaele, B. & Sims, R. Auto-
morphic equivalence within gapped phases of quantum lattice
systems. Commun. Math. Phys. 309, 835-871 (2012).

Brandao, FernandoG. S. L. & Kastoryano, M. J. Finite correlation
length implies efficient preparation of quantum thermal states.
Commun. Math. Phys. 365, 1-16 (2019).

Bravyi, S., Hastings, M. B. & Michalakis, S. Topological quantum
order: stability under local perturbations. J. Math. Phys. 51,
093512 (2010).

Bravyi, S. & Hastings, M. B. A short proof of stability of topological
order under local perturbations. Commun. Math. Phys. 307,
609-627 (201M1).

Michalakis, S. & Zwolak, J. P. Stability of frustration-free hamilto-
nians. Commun. Math. Phys. 322, 277-302 (2013).

Cirac, J. I., Michalakis, S., Pérez-Garcia, D. & Schuch, N. Robustness
in projected entangled pair states. Phys. Rev. B 88, 115108 (2013).
Cubitt, T. S., Perez-Garcia, D. & Wolf, M. M. Undecidability of the
spectral gap. Nature 528, 207-211 (2015).

Bausch, J., Cubitt, T. S., Lucia, A. & Perez-Garcia, D. Undecidability
of the spectral gap in one dimension. Phys. Rev. X 10,

031038 (2020).

Bausch, J., Cubitt, T. S. & Watson, J. D. Uncomputability of phase
diagrams. Nat. Commun. 12, 452 (2021).

Osborne, T. J. Simulating adiabatic evolution of gapped spin sys-
tems. Phys. Rev. A 75, 032321 (2007).

Bosse, J.L., Santos, R. & Montanaro, A. Sketching phase diagrams
using low-depth variational quantum algorithms. Quantum Sci.
Technol. 9, 035034 (2024).

Brenes, M., Varma, V.K., Scardicchio, A. & Girotto, I. Massively
parallel implementation and approaches to simulate quantum
dynamics using krylov subspace techniques. Comput. Phys. Com-
mun. 235, 477-488 (2019).

White, S. R. Density matrix formulation for quantum renormalization
groups. Phys. Rev. Lett. 69, 2863 (1992).

Nature Communications | (2024)15:6507



Article

https://doi.org/10.1038/s41467-024-50750-x

58. Jordan, J., Orus, R., Vidal, G., Verstraete, F. & Cirac, J. |. Classical
simulation of infinite-size quantum lattice systems in two spatial
dimensions. Phys. Rev. Lett. 101, 250602 (2008).

59. Wild, D. S. & Alhambra, A. M. Classical simulation of short-time
quantum dynamics. PRX Quantum 4, 020340 (2023).

60. Fawzi, H., Fawzi, O. & Scalet, S. O. Certified algorithms for equili-
brium states of local quantum hamiltonians. arXiv preprint
arXiv:2311.18706, (2023).

61. Hastings, M. B. & Koma, T. Spectral gap and exponential decay of
correlations. Commun. Math. Phys. 265, 781-804 (2006).

62. Affleck, I., Kennedy, T., Lieb, E. H. & Tasaki, H. Rigorous results on
valence-bond ground states in antiferromagnets. Condens. Matter
Phys. Exactly Soluble Models: Select. Elliott H. Lieb, pp
249-252 (2004).

63. Ge, Y., Molnar, Andras & Cirac, J. |. Rapid adiabatic preparation of
injective projected entangled pair states and gibbs states. Phys.
Rev. Lett. 116, 080503 (2016).

64. Lubetzky, E. & Sly, A. Critical ising on the square lattice mixes in
polynomial time. Commun. Math. Phys. 313, 815-836 (2012).

65. Coser, A. & Pérez-Garcia, D. Classification of phases for mixed
states via fast dissipative evolution. Quantum 3, 174 (2019).

66. Rakovszky, T., Gopalakrishnan, S. & von Keyserlingk, C. Defining
stable phases of open quantum systems. arXiv preprint
arXiv:2308.15495, (2023).

67. Caneva, T. et al. Quantum dynamics of propagating photons with
strong interactions: a generalized input-output formalism. N. J.
Phys. 17, 113001 (2015).

68. Trivedi, R. & Franco-Rubio, A. https://doi.org/10.5281/zenodo.
12537773 (2022).

Acknowledgements

We acknowledge useful discussions from Dorit Aharonov and Alvaro M.
Alhambra. This research is funded by the German Federal Ministry of
Education and Research (BMBF) through EQUAHUMO (Grant No.
13N16066) within the funding program quantum technologies—from
basic research to market and by the Munich Quantum Valley (MQV),
which is supported by the Bavarian state government with funds from
the Hightech Agenda Bayern Plus. R.T. also acknowledges funding from
the Max-Planck Harvard Research Center for Quantum Optics (MPHQ)
postdoctoral fellowship, as well as startup funding from University of
Washington. A.F.R. is supported by the Alexander von Humboldt Foun-
dation through a postdoctoral fellowship.

Author contributions
R.T., A.F.R., and J.I.C. formulated the problem and developed proof
ideas. R.T. and A.F.R. developed detailed calculations for the

proofs and J.I.C. supervised the project. R.T. and A.F.R. contributed
equally to the manuscript. All authors contributed to the writing of
the manuscript.

Funding
Open Access funding enabled and organized by Projekt DEAL.

Competing interests
The authors declare no competing interests.

Additional information

Supplementary information The online version contains
supplementary material available at
https://doi.org/10.1038/s41467-024-50750-x.

Correspondence and requests for materials should be addressed to
Rahul Trivedi, Adrian Franco Rubio or J. Ignacio Cirac.

Peer review information Nature Communications thanks Angela Capel,
Jens Eisert and the other, anonymous, reviewer(s) for their contribution
to the peer review of this work. A peer review file is available.

Reprints and permissions information is available at
http://www.nature.com/reprints

Publisher’s note Springer Nature remains neutral with regard to jur-
isdictional claims in published maps and institutional affiliations.

Open Access This article is licensed under a Creative Commons
Attribution 4.0 International License, which permits use, sharing,
adaptation, distribution and reproduction in any medium or format, as
long as you give appropriate credit to the original author(s) and the
source, provide a link to the Creative Commons licence, and indicate if
changes were made. The images or other third party material in this
article are included in the article’s Creative Commons licence, unless
indicated otherwise in a credit line to the material. If material is not
included in the article’s Creative Commons licence and your intended
use is not permitted by statutory regulation or exceeds the permitted
use, you will need to obtain permission directly from the copyright
holder. To view a copy of this licence, visit http://creativecommons.org/
licenses/by/4.0/.

© The Author(s) 2024

Nature Communications | (2024)15:6507

12


https://doi.org/10.5281/zenodo.12537773
https://doi.org/10.5281/zenodo.12537773
https://doi.org/10.1038/s41467-024-50750-x
http://www.nature.com/reprints
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

	Quantum advantage and stability to errors in analogue quantum simulators
	Results
	Setup
	Stability of Gaussian fermion models
	Finite-time dynamics
	Equilibrium
	Assumption 1
	Assumption 2


	Quantum spin systems
	Finite time dynamics
	Equilibrium

	Quantum advantage without noise
	Finite-time quantum dynamics
	Ground state
	Fixed points

	Quantum advantage with noise

	Discussion
	Methods
	Data availability
	References
	Acknowledgements
	Author contributions
	Funding
	Competing interests
	Additional information




