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Control analysis applied to single enzymes: can an isolated enzyme have
a unique rate-limiting step?
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Control analysis is used to analyse and quantify the concept of
a rate-limiting step within an enzyme. The extent to which each
rate constant within the enzyme limits the steady-state rate of
the enzyme and the levels of enzyme intermediate species are
quantified as flux and concentration control coefficients. These
coefficients are additive and obey summation theorems. The
control coefficients of triose phosphate isomerase, carbamate
kinase and lactate dehydrogenase are calculated from literature

INTRODUCTION

Enzyme-catalysed reactions are thought to consist of several
component steps or subreactions, characterized by internal rate
constants. These different component steps may limit the rate of
the overall reaction to different extents. Often the step with the
lowest rate constant is considered to be rate-limiting or rate-
determining for the overall reaction. However, this qualitative
assessment of the dependence of reaction rates on component
steps may be misleading and unsuitable where quantitative
results and conclusions are required, for example, when relating
changes in the rate constant of an individual step (changed by
inhibitors, activators, pH, temperature or genetic engineering) to
changes in enzyme rate (or vice versa). An analysis relating the
kinetic constants ofcomponent steps to the net flux ofan enzyme
is outlined here, using the concepts ofmetabolic control analysis,
which was initiated by Kacser and Burns [1] and Heinrich and
Rapoport [2] (see refs. [3] and [4] for more recent developments).
This analysis is used to quantify control in three enzymes with
known rate constants and to assess whether the concept of a rate-
limiting step within an enzyme is valid. Ray [5] has previously
proposed a related analysis of rate limitation in enzymes, not
derived from control analysis.

DEFINITIONS AND THEOREMS

We will define our system to be an isolated enzyme or transporter
(E) with the rate constants (k1, k2, ..., k.) as system parameters,
and the steady-state net rate (v), concentration of enzyme
intermediates (E,, for example ES or EP) and kinetic parameters
(VM,x. or Km) as system variables (V). The rate constants of
substrate and product association are second order, and all other
rate constants are first order. The substrate [S], product [P] and
effector [Ef] concentrations and the total enzyme concentration

values of the rate constants. It is shown that, contrary to
previous assumption, these enzymes do not have a unique rate-
limiting step, but rather flux control is shared by several rate
constants and varies with substrate, product and effector concen-
trations, and with the direction of the reaction. Thus the general
assumption that an enzyme will have a unique rate-limiting step
is unjustified.

[E] will be treated as constant parameters, as will conditions such
as temperature, pH or electric field. The dependence of the
steady-state net values of the system variables on the kinetic
constant (k,) ofa component step (i) of the enzyme can be defined
as:

k t[S], [P], [Ef], [E], k1, kk, etc.

(1)

where C is known as the control coefficient of K1. For example
when V is the net flux of the enzyme (v) we have:

cv )[S], [kE
ik~k [SI, [PI, [Ef], [E],kj, kk, etc.

(2)

where C is called the flux control coefficient of rate constant i
over the net rate v. This is equal to the percentage change in
enzyme rate divided by the percentage change in the kinetic
constant (extrapolated to an infinitesimally small change in rate
constant) when no other rate constant is changed and substrate
[S], product [P] and other effector [Efl concentrations are held
constant. This control coefficient is a simple and quantitive
measure of the extent to which the rate constant of a step limits
the overall enzyme rate. The coefficient refers to steady states
only and to one state only (of substrates, products and effector
levels). If the coefficient is 1, changes in the rate constant cause
proportionate changes in the overall rate, and the step could be
regarded as rate limiting, but it is not necessarily uniquely rate
limiting. If the coefficient is zero, changes in the rate constant
cause no change in the overall rate. If the coefficient is negative,
increases in the rate constant cause decreases in the overall rate
(all the forward rate constants have positive flux control co-
efficients and all the backward rate constants have negative
coefficients). The coefficient normally lies between -1 and + 1

(see below), but, in enzymes close to equilibrium or enzymes with
co-operative kinetics, the rate constants may have coefficients

Abbreviations used: V, system variable; v, steady-state net rate of enzyme; Ck, control coefficient of rate constant k; ax, elasticity coefficient to X;
Rx, response coefficient to X; [X], concentration of particular enzyme effector; [S], concentration of enzyme substrate; [P], concentration of enzyme
product; [Ef], concentration of enzyme effector; [E1], concentration of enzyme intermediate Ej; [E], total concentration of enzyme; [G3P], concentration
of D-glyceraldehyde 3-phosphate; [DHAP], concentration of dihydroxyacetone phosphate.
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outside this range. Thus, when assessing the relative control by
different rate constants, it is the relative values of control
coefficients that matter, rather than their absolute values.
The control coefficients are additive and obey summation

theorems (this is obvious because the rate v is a homogeneous
function of degree 1 of the kinetic constants [6]):

n
z Ck =1 (3)
k-l

n

E Ck =0 (4)
t-l

where n is the total number of rate constants. Eqn. (3) is the
summation theorem for flux control coefficients. Eqn. (4) is the
summation theorem for enzyme intermediate concentration
control coefficients where [EJ] is the steady-state concentration of
some intermediate such as ES or EP. From these theorems, it is
easily derived that the sum of all control coefficients over Vmax is
equal to 1, the sum of all control coefficients over Km is equal to
zero, and the sum of all control coefficients over VM..I/k is equal
to 1. Vm.ax./K is a pseudo-first-order rate constant for the enzyme
at low substrate concentrations, and is a measure of the enzyme's
substrate specificity [7]. It can also be shown that:

C Vmax.Km = C max. - CKm (5)

We may also define an elasticity coefficient which quantifies the
sensitivity ofa rate constant to some external effector or influence
(X) (e.g. activator, pH, temperature, ionic strength, electric
field), thus:

Xk, = (8k [X] (6)= (~~k~ ~')[S], [P], [Ef] 6

This is just the percentage change in k, divided by the percentage
change in [X] causing it, when the change in [X] is very small and
no other parameters changes.
We may also define a response coefficient which quantifies the

sensitivity of the steady-state rate of the enzyme to some external
effector or influence (X), thus:

Rv=~ x-jX (7)
X [X]X V )[S], [P], [E,]

Now, it follows that:

n
Rx- x k (8)

I-1

Thus the response of an enzyme to some external effector is
dependent on both the sensitivity of the individual rate constants
to the effector and the control coefficients of these rate constants
over the overall rate. Therefore a change in the distribution of
control coefficients in an enzyme will usually cause a change in
response to external effectors.
Now for an enzyme it is not possible to change a single rate

constant alone. The equilibrium constant (K) of the reaction is a
function of the rate constants, give by the Haldane relation:

K= Product of forward rate constants
Product of backward rate constants

Since the equilibrium ofa reaction cannot be changed by changing
enzyme rate constants, these rate constants can only be changed
under the constraint that K remains constant (and if there are

cycles in the mechanism there are further constraints). Thus in
practice a single rate constant cannot be changed, and the control
coefficient defined in eqn. (1) is not realizable. However, the
control coefficient of two rate constants changed in proportion is
equal to the sum of the individual control coefficients. The
individual control coefficients may therefore be extracted ex-
perimentally by multiple manipulations of the enzyme where two
or more rate constants are changed in proportion. The individual
control coefficients of the substrate and product association rate
constants can be measured directly simply by measuring the
sensitivity of rate to substrate and product concentration (see
below). The sum of any undetermined control coefficients is then
given by the summation theorem. However, in practice it would
be very difficult to determine a significant number of control
coefficients experimentally unless the enzyme (and the effect of
manipulations of the enzyme) were well characterized. On the
other hand, if the enzyme's mechanism and rate constants are
known, the individual control coefficients can be directly calcu-
lated by differentiating the rate equation with respect to the rate
constants (see below).
The control coefficients of individual rate constants cannot be

used in the same way as the control coefficients ofwhole enzymes
in metabolic pathways. This is because individual rate constants
cannot be changed; thus the control coefficients of individual
rate constants are not predictive. Two or more rate constants can
be changed in proportion, and these grouped control coefficients
(given by the sum of the individual control coefficients) are
predictive. Thus in order to predict the effect of changing in
proportion any one particular forward rate constant and any
other particular backward rate constant, the control coefficients
of the rate constants involved should be added. This sum gives
the value of the grouped control coefficient for these rate
constants, and when multiplied by any (small) fractional change
in rate constants gives the predicted change in rate. To predict
the effect of changing any two particular forward rate constants
or any two particular backward rate constants, the control
coefficient of the rate constant that is decreased in value must be
substracted from that which is increased in value.
The control coefficients could be defined differently in order to

incorporate the Haldane relation. For example, in defining the
control coefficient of k, we could stipulate that when the rate
constant is varied some other particular rate constant (e.g. k) is
also varied in such a way that K is kept constant (see ref. [5]).
However, such a definition would have the major drawback that
the control coefficient of k, so defined would always incorporate
the control exerted by k1. In fact, the control coefficient by this
new definition (Ci') would be equal to the control coefficient of
k, plus that of kI, {by the simple definition [eqn. (1)]} where k, and
kI are rate constants in opposite directions (but where ki and k,
are in the same direction, then C,' = C -C). Such a definition is
restrictive because it assumes which particular sets of rate
constants will be involved in any change to the enzyme. By
defining the control coefficient for individual rate constants (as
we have done), the user of the information may choose to
combine the control coefficients as desired, always remembering
that the control coefficients are not predictive on their own, but
must be combined in such a way that the Haldane relation is
obeyed (see above).

DEPENDENCE OF CONTROL COEFFICIENTS ON RATE
CONSTANTS AND SUBSTRATE CONCENTRATIONS
We can calculate the control coefficients of any enzyme with
known kinetic mechanism and constants, either by differentiating
the rate equation with respect to the rate constants to obtain an
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k2 k4 k6

Scheme 1 Isomerization reaction

analytical solution or by using a computer to give a numerical
estimate of the differential. As an example, we give the analytical
solutions for the isomerization reaction shown in Scheme 1. The
control coefficients over the initial rate (when [P] = 0), Vm,ax, Km
and Vm.JI,, are given in terms of the rate constants in Table 1
for the above reaction scheme. The control coefficients over the
initial rate in the opposite direction (i.e. when [P] is finite and
[S] = 0) are given by substituting k6 for k1, k5 for k2, k4 for k3, k3
for k4, k2 for k5 and k1 for k6 wherever they appear in Table 1
(including the first 'step' column), and replacing [P] for [S]. It is
also possible to obtain analytical equations for the control
coefficients when both [S] and [P] are finite, by differentiating the
reversible rate equation for Scheme 1 (equations not shown).
A number of general conclusions can be drawn from the

analytical solutions for the control coefficients. The control
coefficients are not constant but depend on the substrate (and
product) concentration, except at very high and very low
substrate concentrations (when the control efficients over initial
rate are equal to the control coefficients over Vm,', and Vm..*Km
respectively).
When [P] = 0, the control coefficient of substrate association

(k,) over the initial rate is always 1 at very low substrate concen-
trations [S], 0 at very high [S], and 0.5 when [S] = Km. In fact, the
control coefficient of ki is always equal to the response coefficient
of the enzyme flux to the substrate concentration (this is a

response coefficient according to the above terminology, but is
an elasticity coefficient in the normal terminology of metabolic
control analysis). This is because a percentage change in substrate
concentration always has an equivalent effect on the flux as the
same percentage change in k, (the substrate association constant),
unless the substrate affects some other rate constant. Similarly
when the product concentration is zero, the control coefficient of
the (second-order) rate constant of product association (Ck6 for
the enzyme of Scheme 1) is zero, and when the product is present
the control coefficient is equal to the response coefficient to
product.
The control coefficients ofrate constants depend on the relative

values of the rate constants (see Table 1 for control over initial
rate). However, the fact that one rate constant is very small
relative to the others does not make that rate constant uniquely
rate limiting. For example, if k1 is very small relative to the other
rate constants, then the control coefficient of k1 tends towards 1,
but the control coefficients of the other rate constants do not
approach zero but remain finite, the actual values depending on
the relative rate constants. If k1 is very large compared with the
other rate constants, then its control coefficient falls to zero. If k2
or k4 are small relative to the others, than their respective control
coefficients approach 0. Ifk2or k4 are large relative to the others,
than their control coefficients approach -1 (and the coefficient
of k3 approaches 1 at low substrate concentrations). If k3 or k5
are small relative to the others, their respective control coefficients
approach 1, but the other control coefficients remain finite (the
control coefficient of k2 tends to -1 at low substrate con-
centrations). If k3 or k5 are large relative to the others, then their
control coefficients approach zero.
When [S] is very low and [P] is zero, the control coefficient (and

thus control coefficients over Vmax/Km) ofk2 is equal and opposite
to that of k3, and that of k4 equal and opposite to that of k5.
When rate constants are changed, the control coefficients of

Table 1 Control coefficients expressed In terms of the rate constants for enzyme In Scheme 1 In the forward direction with zero product conceftMon

Step Ck over initial rate Ck over Vr,m Ck over Km Ck over V x/Km

k2k4 +4 k25+ k3k5

(k24 +4 k25 +5 kk35) + k,(k3+ k4 + k5)[S]

K2 -k2(14+1)
(1(2k4 + k21(5+ 1(31) + k,(k3 + k(4+ 1()[5]

k(3 (k4+ k5)((2+ k15[S])
(kk24 + kk2 + k31) + k1(k3+ k4+ k5)[S]

k4-k4(k2+ k1[S])

(k2k4 + k245 + 1(31() + k1(k(13 + k(4 + k5)[S]
52)+1~ + 3&)[ +kk5 k2k4~~~~+k(+ 4 5)[S

(k2k4 + k2k5 + 131) + k1(k3+ k4 + k5)[S]

k 0

0 A2(k4 + k5)

k(k214+kk215+kk315

k4+1k5 k3(k4+k5X(5-12)
1(3+1(4+1(k ((21(4+1(21(+ 1(3k5)(1(3+ 1(4+1(5)

-1(4 k31(4(1(2-Ak s)

1(3+1(4+1(5 (1(21(4+1(21(5+ k3~k5)(k(3+1k4+1k)

k3 +k4 1(31((2+(3+(4)

1(3+1(4+1(k 1(k214 +1(25+1k3k5)(k3 + k4 +k5)
0 0

Rate equations:

V= + k1k3k+[S][E]+
3k5) 3 + k4+ k[S]

V=k315[E] k2k4 +4 2k +k3ks
k(3+k4+1k 1((13 + k4 + k5)

0 -1

-1(2((4+k5)

1k2(k4+ k5)k1k21(4+kk21(5+k(315

k2k
A24+2k+k3kk21(4+kk21(5+kk31(5

k2k4~2 4

kk21(4+k(21(5+k(315

0 5+k3k

0

~W.x k1 k35[El
Km k2k k2k

l
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Figure 1 Control coefficients of rate constants over the iniftial rates for the forward and reverse reactions of triose phosphate isomerase

Control coefficients were calculated as for Scheme 1 with the rate constants of triose phosphate isomerase (see Table 2). The rate constants were named for the reaction occurring in the direction
G3P- DHAP, i.e. k1 is the association rate constant for G3P. The control coefficients were calculated analytically using Table 1 for (a) and the equivalent Table with the rate constants transposed

for (b), i.e. k1 becomes k6, k2 becomes k5, k3 becomes k4, k4 becomes k3, k5 becomes k2 and k6 becomes k,. The same results were obtained when numerical differentiation was used (fractionally
increasing the rate constant and calculating the fractional change in velocity, reducing the step size until it had no significant effect on the value for the control coefficient). In (a) [DHAP] was

set to zero and [G3P] was varied. In (b) [GP3] was set to zero and [DHAP] was varied. The vertical line shows the Km for G3P (a) and DHAP (b).

not only those rate constants but also the control coefficients of
other rate constants are changed. This has the implication that,
when rate constants are experimentally titrated (by pH, tem-
perature or inhibitors), the extent of rate limitation by different
steps changes continuously.
For reversible reactions with [S] and [P] finite, as the reaction

approaches equilibrium (i.e. [P]/[S] approaches the equilibrium
constant, K) the control coefficients of individual forward and
reverse rate constants approach positive and negative infinity.
This is a consequence of the Haldane relation, as the variation of
the rate constants affects the equilibrium constant. However, the
grouped control coefficients of the forward and reverse rate
constants for a step remain less than 1 as the reaction approaches
equilibrium (see Figure 2).

APPLICATION OF CONTROL ANALYSIS TO REAL ENZYMES
We have calculated the control coefficients for three real

enzymes from literature values of the rate constants. The
coefficients were calculated either from the analytical solutions
generated by differentiating the rate equations or by using a

computer to give a numerical estimate of the differential. Which
method was used is given in the legends to the Figures and
Tables. Where both methods were used, they gave identical
results.

Triose phosphate isomerase catalyses the isomerization of
dihydroxyacetone phosphate (DHAP) and glyceraldehyde 3-
phosphate (G3P), and the estimated rate constants are given in
refs. [8] and [9]. To a first approximation [11], this reaction can

be studied using Scheme 1. In order to calculate the control
coefficients over the initial rate, two methods were used. Either
the equations of Table 1 were used with the rate constants of refs.
[8] and [9] substituted in, or the fractional change in rate for a

fractional change in a given rate constant was calculated (using
the rate equation ofTable 1 and the rate constants of refs. [8] and
[9]), the control coefficient being estimated as the ratio of these
fractions when the change in rate constant tended to zero. These
two methods gave identical values for the coefficients. Figure
l(a) shows the variation with substrate concentration of the

calculated flux control coefficients for the forward reaction
(G3P -+ DHAP) when [DHAP] = 0. Figure 1(b) shows the varia-

tion of flux control coefficient for the reverse reaction when
[DHAP] is varied and [G3P] = 0 (the analytical solutions were

analogous with those in Table 1, see above). In both directions,
control can be seen to be shared between different rate constants
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Figure 2 Flux control coefficients of rate constants for triose phosphate
isomerase in the presence of non-zero substrate and product concentrations

[DHAP] was set to the in vivo level of 95 tuM and [G3P] varied. Flux control coefficients were
calculated for the grouped kinetic constants: kA + k2, k3 + k4 and k5+ A6. The equation for the
steady-state mechanism of Scheme 1 was used in the reversible form to find the effect of rate
constants on velocity with non-zero substrate and product concentrations. The control
coefficients were calculated either numerically by calculating the increase in flux for a small
increase in the rate constants or analytically by differentiating the rate equation with respect to
the relevant rate constant. Both methods gave identical traces. Vertical lines represent the
amount of G3P present at equilibrium and that present in vivo. The in vivo triose phosphate
concentrations (in muscle) used were those of the reactive free carbonyl forms calculated from
ref. [10] by correcting for the equilibrium constants of the dehydration equilibria given in ref.
[8].

...........i..I..I I
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Table 2 Parameter control coe lents for tfowu phospha Iomerase
Kineffc Scheme 1. Rate constants are taken from ref. [11]. Cv-, control coefficient of rate constant over VM,; C'*m control coefficient of rate constant over Km; Cvw./I, control coefficient of
rate constant over Vmx/Km. f (forward) and r (reverse) subscripts represent values calculated from the steady-state equations for the initial rates of the forward (G3P - DHAP) and reverse
(DHAP -. G3P) reactions, i.e. when [DHAP] = 0 and [G3P] = 0 respectively. The control coefficients were calculated analytically using Table 1 for the forward reaction and the equivalent Table
with the rate constants transposed for the reverse reacton, i.e. k1 becomes k6, k2 becomes k5, k3 becomes k4, k4 becomes k3, A5 becomes k2 and A6 becomes k1. The same results were obtained
if numerical differentiation was used (fractionally increasing the rate constant and calculating the fractional change in the parameter, reducing the step size until it had no significant effect). Calculated
kinetic constants: V,.. = 4827 s-1; KI43p) = 16,M; Vmv,,K,(G3F/ = 3.0 x 1 8 M-' - s-1; V., = 364 s-1: KmXHP) = 560 #sM; Vma /Km(DHAP) = 6.5 x 105 M-1 - s-1.

Step Rate constant Cvmz1 CKW CV-xKi CVr CKm CVmrAKpM

1k 4 x 108 M-l' s-1
k2 2000 s'
k3 7000 s-
k4 2000 s5
k5 20000 s1
5

3 x107 M-1 .s1

0.00
0.00
0.789

-0.069
0.310
0.00

-1.00
0.24
0.52

-0.047
0.289
0.00

1.00
-0.24

0.24
-0.022

0.022
0.00

0.00
0.82

-0.64
0.82
0.00
0.00

0.00
0.057
0.125

-0.16
0.978

-1.00

0.00
0.761

-0.761
0.978

-0.978
1.00

throughout the range of [S], i.e. there is no single rate-limiting
step in this enzyme.

Table 2 shows the rate constants used for these plots and the
control coefficients over V.,, K,m and V,,,/K, for the different
rate constants. The shared control is not unique to the simplified
version of the reaction mechanism [11], as similar results are seen
when the more complex mechanism analysed by Albery and
Knowles [8] is used. In this case, control by the internal steps
over VmJ./Km is 0.36.

Control coefficients were also calculated for conditions in
which both substrate and product were present, using a reversible
kinetic equation for Scheme 1. The partial differentials of the
kinetic equation were solved analytically (not shown), and also
estimated numerically (by computer); both methods gave the
same values for the coefficients. The calculated control coefficients
ofthe individual rate constants approached plus or minus infinity
when the reaction approached equilibrium (see above), thus we
prefer to present the results as grouped control coefficients for
the forward and backward rate constants of each step. The
grouped control coefficients were calculated by summing the
individual control coefficients.

Figure 2 shows the grouped control coefficients of k + k2,
k3 + k4 and k,+ k8 close to in vivo concentrations of substrate and
product (measured in muscle [10]). [DHAP] was fixed at 95 ,#M
and [G3P] was varied around equilibrium. Although the majority
of the control is in the association/dissociation step for G3P, as
suggested by Albery and Knowles [9], significant control still lies
in the internal steps. The pairing of the control coefficients to give
grouped control coefficients is somewhat arbitrary; other groups
of coefficients could have been chosen for presentation, although
the pairing chosen here gives the control coefficient of individual
enzyme steps.

Triose phosphate isomerase is thought to be 'diffusion-con-
trolled', although the concept of diffusion control is somewhat
ambiguous. Generally for any enzyme, kcat/Km may have a
maximal value equal to approximately 109 M-1 - s- [7]. This is
because the substrate association rate constant has an upper limit
set by diffusion equal to approximately 109M-1 s-1 [7]. An
enzyme-catalysed reaction cannot go faster than the rate at
which enzyme and substrate collide, and this collision rate has
a physical upper limit. An enzyme with a kcat./K; close to the
maximum is said to be diffusion-controlled, and must be limited
by substrate association alone (i.e. the flux control coefficient of
k1 is 1 and all others are zero). However, if such an enzyme is
partially or wholly saturated with substrate, control must change

away from substrate association to other steps. So the term
diffusion-controlled is only appropriate at low substrate concen-
trations.

Albery and Knowles [9] have suggested that triose phosphate
isomerase is a catalytically 'perfect' enzyme and diffusion-
controlled with respect to the reaction with G3P. Thus at
substrate concentrations below K, they state that the internal
steps must have little or no effect on flux. This is clearly not the
case (see Figure la, lb and Table 2). Despite varying the rate
constants within the error values given by Albery and Knowles
[8], we found that the control by internal steps remained
significant (not shown). Thus possession ofa Vm,,2/Km ofbetween
108 and l09 M-1 - s-I is not sufficient to make an enzyme solely
diffusion-controlled. Could triose phosphate isomerase further
evolve to become diffusion-controlled? We found that increasing
k3 (and k2 in proportion to maintain the overall equilibrium
constant) had very little effect on the control distribution, in
agreement with the calculations of Ellington and Benner [12] on
the control of turnover by internal equilibrium constants. How-
ever, we found that either increasing k3 or decreasing k2 by a
factor of 10 (while keeping the equilibrium constant the same by
varying k4 and k5 respectively) was sufficient to produce a
diffusion-controlled enzyme, with virtually all control over
VM.ax./Km located in k1 (not shown). Thus, the enzyme could
further evolve to become diffusion-controlled. Note, however,
that Pettersson [13] and Pettersson and Pettersson [14] have
pointed out that diffusion-controlled enzymes are not necessarily
'catalytically perfect', if we take into account the fact that
enzyme activities in vivo may change substrate and product
concentrations.

Albery and Knowles [8,9] also state that, for a diffusion-
controlled enzyme, the rate of the reverse reaction must be
limited by the separation of product from enzyme. Although
there is control in this step, there is also significant control in
other steps (Table 2).
We may also analyse control in multisubstrate enzymes, for

example carbamate kinase, the rate constants ofwhich have been
estimated [11,15] using the minimal mechanism in Scheme 2,

ki k3. k5 k7
E+A =' EA+B== [EAB T EPQ] - EP+QTE+Pk2 k4 6 8

Scheme 2 Carbamate kinase reaction
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Table 3 Parameter control coefficients for carbamate kinase
CPwmmer, control coefficient over parameter. The effect of changing the rate constants on the initial velocity was calculated from the steady-state rate equation for Scheme 2 using the rate constants
from ref. [11]. The control coefficients were calculated using numerical differentiation of the equations defining the enzyme parameter (Vmx., Km etc.). The forward coefficients (f) for the reaction
MgATP+ carbamate -. MgADP + carbamoyl phosphate are therefore calculated in the absence of MgADP and carbamoyl phosphate and the reverse coefficients (r) for the reaction
MgADP +carbamoyl phosphate -. MgATP+carbamate are calculated in the absence of MgATP and carbamate. Calculated kinetic constants: Vmax = 91.7 S-1;KMgATP = 8.3uM;

K -t~.'MgATPc~inae-9 nM; V~ = 736.7 s1;K -53 INM Kcaba -p=1031uM; KMgD. -amYp0,8 nM.Kcarbarnate 76 ,M; KmgATpcaramate = 9 nM; Vmax.M= 736g7 s MgADP - carbamoyW = MgADP.carbamoylP

Step Rate constant cV= CK Cv=/K,^T Ccarb=e CVn].4Kcaba=e CV-.p,aafe

kA 1.1 x 107 M- . s-1 0.00 -1.00 1.00 0.00 0.00 -1.00
k2 1300 s-1 0.00 0.00 0.00 0.00 0.00 1.00
k3 4.2 x 1 0o M-1 s-1 0.00 0.00 0.00 -1.00 1.00 -1.00
k4 1700 s-1 0.00 0.00 0.00 0.715 -0.715 0.715
k5 680 s-1 0.135 0.135 0.00 -0.58 0.715 -0.58
k6 1.0 x 107 M-1 *s-1 0.00 0.00 0.00 0.00 0.00 0.00
k7 106 s-1 0.865 0.865 0.00 0.865 0.00 0.865
k8 1.4 x 107 M-1 s-1 0.00 0.00 0.00 0.00 0.00 0.00

Step Rate constant C'_u CKWPw CQ/MAe Ccaunab-P CV arIKakCmowp CmgADP.rarbaP

1.1 x 107lM-1 s-1
1300 s-1
4.2 x 1o6 M-' *s-
1700 s1
680 s-1
l.0 x 107 M-1 s-1
106 s-'
1.4 x 107 M-1 s-1

0.00
0.57
0.00
0.43
0.00
0.00
0.00
0.00

0.00
0.57
0.00
0.43
0.00
0.00
0.00

-1.00

0.00
0.00
0.00
0.00
0.00
0.00
0.00
1.00

0.00
0.57
0.00
0.15
0.29

-1.00
0.00
0.00

0.00
0.00
0.00
0.29

-0.29
1.00
0.00
0.00

0.00
0.57
0.00
0.15
0.29

-1.00
1.00

-1.00

Table 4 Control coefficients for lactate dehydrogenase
Lactate + NAD+ -- Pyruvate + NADH

CParaieter, control coefficient of rate constant over the parameter. Control coefficients were calculated as in Table 3 using the rate equation for the ordered Bi Bi mechanism of kinetic Scheme 3
and the rate constants from [16]. The forward reaction was lactate + NAD+ -. pyruvate + NADH and the reverse reaction pyruvate + NADH -. lactate + NAD+. Cv in vivo was calculated
using the full reversible rate equation for kinetic Scheme 3 and the in vivo muscle substrate and metabolite concentrations (from ref. [10]): [lactate] = 3700 JIM, [NAD+] = 541 ,uM,
[NADH] = 50 FM, [pyruvate] = 380 FuM. Numerical differentiation of the reversible rate equation with respect to the relevant rate constant was used to calculate the flux control coefficients.

Calculated kinetic constants: V.,., = 14.3 s-, KNAD+ = 1.6 FM, KAatte = 900 FM, KNAD+Ia.tte = 53 nM; Vmar = 98.1 s-, KNADH = 2.7 FM, Kpuvate = 200 FM, KNADH.ruvate = 0.09 nM.

Step Rate constant cV-., CK ID+ C WAD/8Na+ CKLHpye CV , Ca *pn

k1 8.74 x 106 M-1 - s-1 0.00 -1.00 1.00 0.00 0.00 -1.00
k2 526 s-1 0.00 0.00 0.00 0.00 0.00 1.00
k3 6.07 x 104 M- s-1 0.00 0.00 0.00 -1.00 1.00 -1.00
k4 1200 s-1 0.00 0.00 0.00 0.73 -0.73 0.73
k5 1002 s-1 0.033 0.033 0.00 -0.70 0.73 -0.70
k 246 s-' -0.018 -0.018 0.00 0.39 -0.41 0.39
k7 190 s-1 0.094 0.094 0.00 -0.32 0.41 -0.32
k8 1.21 x 1 06 M-1 * s-1 0.00 0.00 0.00 0.00 0.00 0.00
kg 16 s-1 0.892 0.892 0.00 0.89 0.00 0.89
k10 3.63 x 107 M-1 *s 1 0.00 0.00 0.00 0.00 0.00 0.00

CQ Cv
Step Rate constant (reverse) C'ADH C !/KNADb CKr.. CrM/"'no CKNAD+LaI (in vivo)

8.74 x 1o'M-1 . -l
526 s-'
6.07 x 104 M-l1 S-1
1200 s-1
1002 s-1
246 s-1
190o s-1
1.21 x 106 M- * s-1
16 s-1
3.63 x 107 M-1 S-1

0.00
0.19
0.00
0.41

-0.33
0.73
0.00
0.00
0.00
0.00

0.00
0.19
0.00
0.41

-0.33
0.73
0.00
0.00
0.00

-1.00

0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
1.00

0.00
0.19
0.00
0.15

-0.07
0.14
0.59

-1.00
0.00
0.00

0.00
0.00
0.00
0.26

-0.26
0.59

-0.59
1.00
0.00
0.00

0.00
0.19
0.00
0.15

-0.07
0.15
0.59

-1.00
1.00

-1.00

- 0.42
0.56

- 0.32
0.51

-0.44
0.63

-0.21
0.29

-0.05
0.44
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where A is MgATP, B is carbamate, P is MgADP and Q is
carbamoyl phosphate. The initial rate of this reaction has been
analysed using the following kinetic equation [11]:

v = Vmax.[A][B] (10)
KAB + KA[B] + KB[A] + [A][B]

where Vma. is the rate at saturating [A] and [B], KA is the Km of
A at saturating [B], KB is the KM of B at saturating [A], and KAB
is a constant. Table 3 gives the control coefficients for carbamate
kinase calculated using the rate constants in ref. [II] derived
from Marshall and Cohen [15]. Flux control is shared between
rate constants in all conditions except where the nucleotide
concentration is very low and the other substrate is saturating.
Marshall and Cohen [15] have asserted that 'the rate-limiting
step in both directions is the dissociation of the nucleotide from
the enzyme'. If we assume that these authors were referring to
control over Vmax.' then they were correct in that nucleotide
association/dissociation partially limits the maximum rates, but
they were wrong in that these rate constants are not uniquely
rate-limiting.
We have also analysed control in lactate dehydrogenase, using

the mechanism in Scheme 3, where A is NAD+, B is lactate, P is

k, k3 k5 k7 kg
E `7 EAI=KEAB=EPQ-EP-Ek2 4k `k8 k10

Scheme 3 Lactate dehydrogenase reaction

NADH and Q is pyruvate. Table 4 shows the control coefficients
calculated using the rate constants estimated by Sudi [16]. Control
is again spread among a number of rate constants, except in
certain extreme conditions. The control coefficients for the
reversible reaction are calculated using the substrate and product
concentrations measured in muscle [10]. Again in these conditions
control is widely spread.

DISCUSSION
The relative sizes of the control coefficients of the individual steps
of an enzyme (i.e. the control distribution) are not constant but
vary with the substrate, product and effector concentrations, the
relative kinetic constants, the substrate type and direction of the
enzyme, and conditions such as temperature, pH and ionic
strength. There are few conditions in which all control is located
in one step only. Therefore the concept of a rate-limiting or rate-
determining step is of limited use. The term must be used with
caution, the conditions strictly defined, and it should be made
explicit whether the term implies that the step is uniquely rate-
limiting.
Rate constants may be changed by effector metabolites and

ions, pH, ionic strength, electric field, temperature, covalent
modification or genetic engineering. The response of enzyme flux
to a change in effector level depends on both the sensitivity of
the rate constants to the effector (the elasticity coefficients to the
effector) and the sensitivity of the enzyme flux to the rate
constants (the flux control coefficients of the rate constants).
Changing conditions will result in a change in control distribution
and thus a change in response to effectors or conditions. Thus.
for example, the response of a transporter to changes in th
transmembrane electric field should depend on the concentration
of metabolite or ion transported. pH titrations of the maximum
rate of an enzyme have been used to assign pK values of essential

ionization groups in enzymes, but such titrations can only give
true equilibrium pKvalues (rather than 'kinetic' pKvalues) if the
affected group remains fully rate-determining over the whole
range of rates [17,18]. Genetic engineering of enzymes designed
to change the rate or affinity of enzymes must take into'account
the control coefficients of the individual steps, and what these
may be in the actual conditions designed for use, and how they
may change as the relative rate constants are changed.

If a rate constant has a particular control coefficient over the
flux of the isolated enzyme in a particular set of conditions, that
rate constant has a different (lower) control coefficient over the
flux when the enzyme is located within a metabolic pathway or
cell. In fact, the control by the rate constant over the pathway
flux is equal to the control by the rate constant over the isolated
enzyme rate multiplied by the control by the whole enzyme over
the pathway flux.

Several previous attempts have been made to quantify the
'importance' of component steps to the overall rate of an
enzyme reaction. Free-energy profiles have been used to illustrate
the relative stability of enzyme-bound intermediates and tran-
sition states (e.g. [8]). However, the use of these proffles has been
criticized, and the alternative use of 'kinetic barrier' diagrams
recommended instead [16,19]. In the diagrams of Burbaum et al.
[19], the classical free-energy profiles are modified such that all
the second-order rate constants are written as pseudo-first-order
rate constants by including in vivo substrate concentrations. In
Sudi [16], the diagrams are further modified to show the relative
concentrations of enzyme-bound intermediates and the one-way
fluxes through each component step, when the enzyme is at
equilibrium. The kinetic barrier has been defined as the reciprocal
of the one-way flux through each step when at equilibrium, and
when this parameter is normalized (so that the sum for all steps
adds up to 1) has been called the 'fractional resistance' [16]. This
provides a useful measure of the kinetic barrier at each step, but
unfortunately the diagram and fractional resistance only refer to
the enzyme at equilibrium, and do not give a measure of the
extent to which each component step controls the overall rate of
the enzyme.
Northrop [20] considered the use of isotope effects on enzyme

rates to detect rate-limiting steps. He pointed out that, even when
a step has the lowest rate constant, it is not necessarily rate-
limiting and concluded that the concept of a rate-limiting step
was outmoded. In reaction to this, Ray [5] defended the concept
of a rate-limiting step, and proposed a new definition, involving
a parameter called the 'sensitivity index'. This index was defined
for the forward steps only as the fractional change in reciprocal
VMX.. (or VmJax/Km) with a fractional change in the reciprocal rate
constant (of the forward step) when the equilibrium constant
involving that step is kept constant. This parameter is equivalent
to a VMJ- control coefficient grouped for the forward and reverse
kinetic constants of a step. However, this sensitivity index is not
as simple and generally useful as the control coefficients defined
here (see the Definitions and theorems section). Ray [5] shows
how the sensitivity index is related to parameters quantifying an
isotope effect on an enzyme, and this may be one approach to
estimating control coefficients experimentally. However, Ray [5]
was concerned to defend the concept of a single rate-limiting
step, which we can now see to be misleading and generally
inapplicable. Instead of searching for one rate-limiting step, we
should accept that different steps will limit the overall rate to
different extents, and these extents (quantified by the flux control
coefficients) will vary in different conditions.
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