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Multi‑scaling allometry in human 
development, mammalian 
morphology, and tree growth
Madhur Mangalam 1*, Yosuke Isoyama 2, Hitomi Ogata 3, Sayaka Nose‑Ogura 4,5, 
Momoko Kayaba 6, Narumi Nagai 7 & Ken Kiyono 2

Various animal and plant species exhibit allometric relationships among their respective traits, 
wherein one trait undergoes expansion as a power‑law function of another due to constraints acting 
on growth processes. For instance, the acknowledged consensus posits that tree height scales with 
the two‑thirds power of stem diameter. In the context of human development, it is posited that 
body weight scales with the second power of height. This prevalent allometric relationship derives 
its nomenclature from fitting two variables linearly within a logarithmic framework, thus giving 
rise to the term “power‑law relationship.” Here, we challenge the conventional assumption that 
a singular power‑law equation adequately encapsulates the allometric relationship between any 
two traits. We strategically leverage quantile regression analysis to demonstrate that the scaling 
exponent characterizing this power‑law relationship is contingent upon the centile within these traits’ 
distributions. This observation fundamentally underscores the proposition that individuals occupying 
disparate segments of the distribution may employ distinct growth strategies, as indicated by distinct 
power‑law exponents. We introduce the innovative concept of “multi‑scale allometry” to encapsulate 
this newfound insight. Through a comprehensive reevaluation of (i) the height‑weight relationship 
within a cohort comprising 7, 863, 520 Japanese children aged 5–17 years for which the age, sex, 
height, and weight were recorded as part of a national study, (ii) the stem‑diameter‑height and crown‑
radius‑height relationships within an expansive sample of 498, 838 georeferenced and taxonomically 
standardized records of individual trees spanning diverse geographical locations, and (iii) the brain‑
size‑body‑size relationship within an extensive dataset encompassing 1, 552 mammalian species, we 
resolutely substantiate the viability of multi‑scale allometric analysis. This empirical substantiation 
advocates a paradigm shift from uni‑scaling to multi‑scaling allometric modeling, thereby affording 
greater prominence to the inherent growth processes that underlie the morphological diversity 
evident throughout the living world.

Allometry explores the proportional relationship among different biological traits within organisms, often reveal-
ing patterns of growth and development. It provides insights into the fundamental principles governing biological 
form and function by examining how one trait changes in relation to another. Allometric scaling is typically 
depicted through a power-law function B = C · Aα . A and B denote two biological traits, while α and C represent 
scaling exponents and constants derived through statistical analysis, respectively. Allometric scaling has been 
found to exist across the living world and has led to the well-established metabolic scaling  laws1–3, the nexus 
between brain size and cognitive  acumen4–6, and the principles dictating the influence of respiratory surface on 
 lifespan7,8. Rigorous examinations within  biomechanics9–14, cellular  dynamics15,16, the scaling dynamics of plant 
 growth17–19, immune system  dynamics20,21, reproductive  strategies22–27, and intricate ecosystem  interactions28,29 
underscore the far-reaching implications of allometric relationships. These relationships highlight the founda-
tional principles governing life on Earth, ranging from the microcosmic realm of molecules and mitochondria 
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to the mesoscopic world of cells and mammals and extending to the macroscopic domains of communities and 
 ecosystems30–32.

A meticulous examination exposes a notable heterogeneity in allometric relationships across organisms and 
ecological contexts. For instance, considerable variation in the scaling of metabolic rate to body mass has been 
documented among animals, unicellular organisms, and  plants33; ontogenetic shifts in the metabolic intensity 
of vital processes, including growth, reproduction, locomotion, and heat production, have emerged as pivotal 
factors contributing to these divergent patterns of metabolic scaling, with organs exhibiting differential scaling 
in response to body  mass25. Furthermore, the allometric link between body mass and metabolic rates showcases 
variability between ectotherms and endotherms and among metabolic states such as rest, field activity, and 
 exercise34, and the stage of  development35. Even the seemingly robust relationship between stem diameter and 
tree height is not impervious to alteration. Recent studies have reported that these allometric patterns might 
depend on factors like resource availability, notably drought in semi-arid  forests36, and the growth stage of  trees37. 
A mosaic of conflicting evidence has accumulated, fuelling intense debates regarding the adequacy of a univer-
sal scaling exponent to encapsulate the allometric relationship between a given pair of biological traits. These 
nuanced deviations from universal scaling underscore the pressing need for a more nuanced and context-specific 
comprehension of allometric relationships, thus challenging the notion of a one-size-fits-all approach in biology.

In the present study, we systematically evaluate the legitimacy of allometric relationships by examining the 
consistency of scaling exponents across the entire spectrum of centile curves within the trait-B-for-trait-A dis-
tribution. This uniform scaling exponent, called “uni-scaling,” forms the cornerstone of traditional allometric 
analysis. Conversely, varying exponents across centile curves lead to what we term ”multi-scaling.” Traditional 
allometric analysis has implicitly assumed uni-scaling, thus largely neglecting the potential existence of multiple 
scaling regimes. Based on the quantile regression  technique38, we pioneer an innovative methodology for assess-
ing uni-scaling and multi-scaling attributes within trait-B-for-trait-A distributions. To bolster our investigation, 
we submitted expansive datasets to multi-scaling allometric analysis; these datasets include (i) 7, 863, 520 records 
of Japanese children aged 5–17 years for both sexes, with measurements including height and weight; (ii) 1, 552 
mammalian species with measurements including body size and brain size; (iii) 498, 838 georeferenced and taxo-
nomic records of individual trees, sampled across diverse geographical locations, with measurements including 
stem diameter, crown radius, and height. Compared to the traditional uni-scaling allometric analysis, we show 
that the multi-scaling allometric analysis offers a fresh and more accurate perspective on the diversity of growth 
processes that underlie the morphological diversity evident throughout the living world.

Multi‑scaling allometric analysis
The allometric scaling relationship B = C · Aα can be described as a solution to the differential equation

where dB/B represents the rate of change in trait B and dA/A represents the rate of change in trait A. Therefore, 
the scaling exponent quantifies the ratio between the rate of changes in trait B and trait A:

The traditional “uni-scaling allometric analysis” assumes that the relationship between trait A and trait B can 
be encapsulated by a singular scaling exponent denoted as α . Hence, any specific centile curve within the trait-
B-for-trait-A distribution can be approximated through a power-law function B = CAα , maintaining a consistent 
scaling exponent α throughout. To empirically scrutinize this assumption, we conducted a rigorous assessment. 
Specifically, we fitted the power-law function to the qth centile curve, as visually represented by the solid line in 
Fig. 1, utilizing the quantile regression  method38. In this analysis, the scaling exponent α(q) can vary, introduc-
ing a nuanced perspective that adapts to different centiles (q). This extended analytical approach is denoted as 
the “multi-scaling allometric analysis.”

When the estimated exponents, α(q) , exhibit independence from the centile index, denoted as q, this property 
is termed “uni-scaling” (parallel horizontal lines in Fig. 2a). In such instances, standardized allometric centile 
curves remain constant and unaffected by variations in height (parallel horizontal lines in Fig. 2c). Conversely, 
when the estimated exponents α(q) depend on the centile index, this property is referred to as “multi-scaling” 
(oblique lines in Fig. 2b). In multi-scaling scenarios, standardized allometric centile curves exhibit a discernible 
dependence on height (oblique lines in Fig. 2d). In uni-scaling scenarios, two points, denoted as c1 and c2 , shar-
ing the same standardized index, fall on the same 90th centile curve (Fig. 2c). In contrast, under multi-scaling 
conditions, c1 and c2 lie on distinct centile curves (Fig. 2d).

Results and discussion
Beyond body mass index (BMI): multi‑scaling allometry in childhood growth
Body mass index (BMI) originates from a scaling law denoted as w = C · hα , wherein w and h represent the 
weight and height, respectively. It is empirically observed that the resting energy expenditure exhibits propor-
tionality to w3/4 across a broad spectrum of animals, encompassing unicellular entities, metazoans, and homeo-
thermic species—known as Kleiber’s law or the 3/4-power-law  scaling39. Building upon this premise and under 
the assumption that energy expenditure is contingent upon body surface area to maintain a consistent body 
 temperature40, it can be mathematically deduced that an individual’s weight is proportional to h2 . Early inves-
tigations, incorporating relatively large sample sizes comprising thousands of cases, have substantiated that the 
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scaling exponent relating weight and height across diverse racial and ethnic adult human cohorts approximates 
the value of  241,42. In this context, we raise a fundamental query concerning the uni-scaling scaling exponent 
relating weight to height.

We applied the multi-scaling allometric analysis to a public health dataset encompassing 7, 863, 520 records 
of Japanese children aged 5–17 years, documenting crucial parameters such as sex, age, height, and weight in a 
national study by the Japanese Ministry of Education, Culture, Sports, Science, and Technology. (This section 
methodologically represents several key findings relevant to the current study, which have been extensively 
detailed and discussed in other parts of a previously published report43.) Fig. 3 depicts the outcomes for males 
and females across various age groups, spanning from the 5th to the 95th centiles of weight-to-height distribu-
tion. Remarkably, our analysis revealed a diverse range of scaling exponents for 5-year-old children, deviating 
from the conventional assumption of 2 in BMI calculation (i.e., BMI=w/h2 ). This variability becomes more pro-
nounced as young children enter a phase of accelerated growth, with the most significant divergence occurring 
in children aged 8–10. Beyond the age of 10, the scaling exponents gradually converge, ultimately narrowing 
down to a tight range for males around 15 years and females as early as 12. Subsequently, the scaling exponent 
diminishes to smaller than 2 for 17-year-old males and 14-year-old females. This observation suggests that the 
traditional definition of BMI, assuming a uni-scaling exponent of 2, is applicable during the young adult phase 
but not during the rapid growth phases in both males and females.

We focus on the relationship and the BMI-for-height relationship within the cohort of 17-year-old females, a 
pivotal transitional phase on the verge of adulthood. Notably, all regressions for the 10th, 50th, and 90th centiles 
in the weight-for-height distribution boast parallel slopes when observed in the log-log domain. This pattern 
unequivocally signifies a well-defined uni-scaling allometric relationship between weight and height (Fig. 4a). By 
establishing standardized BMI as w/hα(50)[kg/mα(50)] , with α(50) = 1.86 , we effectively stabilize the 10th, 50th, 
and 90th centile positions in the BMI-for-height distribution, making them impervious to variations in height 
(Fig. 4b). This underlines the substantial independence of BMI centiles from height fluctuations. Furthermore, 
the estimated BMI distributions across distinct height strata exhibit an impressive uniformity, a stark departure 
from the weight distributions shown in Fig. 4c, which manifest distinct shapes across various height strata. These 
findings testify to the credentials of BMI as an objective metric for appraising thinness and obesity, irrespective 

Figure 1.  Schematic illustration of qth centile regression. In the multi-scaling allometric analysis, the qth 
centile (quantile) curve of a Trait-B-for-Trait-A distribution (a, b) is fitted by an extended power-law function 
Bq(A) = Cq · A

α(q) (c). This demonstration is based on synthetic data.
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of height strata, as portrayed in Fig. 4d. In short, the uni-scaling allometric relationship between weight and 
height makes BMI a useful index for body-build assessment in 17-year-old females.

However, as noted above, conventional BMI is not always an accurate, objective index of body-build assess-
ment because the scaling exponents α(q) in males and females under 17 years of age do not converge around any 
specific scaling exponent. The non-parallel regression lines in Fig. 5a demonstrate the multi-scaling property 
of the weight-for-height distribution in 7-year-old females. In this example, the estimated slope of the median 
regression line was α(50) = 2.60 ; therefore, we considered standardized BMI as w/h2.60 . Unlike Fig. 4b, this 
result shows that the 10th and 90th regression lines are no longer horizontal (Fig. 5b), implying that the weight 
and standardized BMI distributions vary depending on the height strata (Fig. 5c, d). This result indicates that no 
unified formula for w/hα , such as the BMI, can assess thinness and obesity in developing children.

In summary, as the age of males and females approaches 17, an intriguing convergence emerges; all scaling 
exponents, α(q) , closely approximate a value of 2, as depicted in Fig. 4. However, during the earlier stages of 
development, a more complex picture unfolds, characterized by multiscale dynamics featuring distinct scaling 
exponents, α(q) . The age-dependent behavior of α(q) , which corresponds to the conventional allometric uni-
scaling exponent (indicated by the red lines), exhibits a noteworthy trend. It commences at α(50) = 2 around 
5 years, progressively ascends to 3 around 10 years, and reverts to 2 in  adulthood44,45. Intriguingly, the scaling 
exponents for higher ( α(10) , light blue line) and lower ( α(90) , dark blue lines) centiles present differing values 
relative to α(50) during the age range of 5 to 13 years for males and 5 to 11 years for females. This complex age-
dependent variation in scaling exponents adds a nuanced dimension to our understanding of growth dynamics. 
Together, these results unveil the intricacies of the weight-for-height relationship in children, challenging prior 

Figure 2.  Schematic illustration of uni- and multi-scaling. (a) Uni-scaling in trait-B-for-trait-A distribution. 
In a double-logarithmic plot, all centile curves are parallel straight lines. (b) Multi-scaling in trait-B-for-trait-A 
distribution. In a double-logarithmic plot, slopes of the centile curves vary with position. (c) Uni-scaling centile 
curves in Index-for-trait-A distribution. Two points with the same Index, c1 and c2 , lie on the same 90th centile 
curve. (d) Multi-scaling centile curves in Index-for-trait-A distribution. Two points with the same Index, c1 and 
c2 , lie on distinct centile curves.
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assumptions and the practice of uni-scaling allocentric relationship between weight and height. This prompts 
a critical reevaluation of the suitability of BMI as a truly objective measure for assessing body composition in 
children (cf. Refs.46–49).

Allometric multi‑scaling of brain size in mammals: moving beyond the three‑fourths power‑law 
relationship
Brain and body size scaling offers a tantalizing avenue for unifying two foundational facets of biology: energy and 
information  dynamics50. Conventionally, the scaling of brain size with body size adheres to a power-law expres-
sion: Brain size = C · Body sizeα , where C and α are constants denoting the intercept and slope, respectively. 
Within mammals, one study encompassing a cohort of 1552 species spanning 28 distinct extant taxonomic orders 
reported a uni-scaling scaling exponent of 0.7551. This stands in contrast to other previous work, which proposed 
an exponent of 0.6652,53, but is congruent with others advocating for a three-fourths scaling  relationship54–56. This 
allometric scaling, where brain size relates to body size with a three-fourths power, mirrors the fundamental 
underpinnings of metabolic theory in ecology, which governs the scaling of metabolic rate with body  size50,57,58. 
Yet, the connection between brain size and metabolic scaling remains an intriguing enigma. Several investigations 
have examined the correlation between deviations in brain size and metabolic rate while meticulously control-
ling for body size. The prevailing consensus underscores a positive relationship between relative brain size and 
metabolic  rate59,60. However, it is essential to underscore that this correlation, though discernible, tends to be 

Figure 3.  Age dependence of allometric scaling exponents relating weight to height in growing children. 
(a) Males. (b) Females. The convergence of the scaling exponents for different qth centile weight-for-height 
distributions suggests a uni-scaling allometric relationship, while divergence signifies a multi-scaling allometric 
relationship.
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relatively  feeble61. Furthermore, its manifestation exhibits variations across taxonomic scales and exhibits sensi-
tivity to phylogenetic  considerations62. For instance, an extensive comparative analysis employing phylogenetic 
methods reported a scaling exponent of 0.563, based on the idea that slopes within taxonomic orders typically 
exhibit shallower trends than the median values encompassing various  orders64. There are, however, exceptions to 
this general trend. Bats and primates display steeper scaling slopes, while lagomorphs and soricomorphs manifest 
a three-fourths scaling pattern with intercepts falling beneath the allometric trajectory observed for mammals. 
Prior scholars have engaged in extensive discourse concerning the diverse selection pressures that simultane-
ously mold brain size and body size, offering a myriad of scenarios for the evolution of correlated  traits63–66. Yet, 
the recurring theme in all these studies is a uni-scaling allometric relationship between brain and body size.

We applied the multi-scaling allometric analysis to a dataset encompassing brain and body sizes derived from 
an extensive review of the scientific literature, encompassing 1, 552 species spanning across 28 distinct extant 
taxonomic  orders51. The conventional brain-body size allometric relationship does not consistently serve as an 
objective measure for evaluating the energy and information dynamics across mammalian species, as the scal-
ing exponents α(q) systematically deviate from the canonical value of 0.75, indicating multi-scaling allometric 
relationship. The non-parallel regression lines in Fig. 6a vividly illustrate this multi-scaling within the brain-
size-for-body-size distribution across mammalian species. Because the estimated slope of the median regression 

Figure 4.  Older children, in this case, 17-year-old females, showed a uni-scaling allometric relationship 
between weight and height. (a) Weight-for-height distribution in the log-log space. (b) Standardized BMI, 
w/h1.85-for-height distribution in the linear space. In (a) and (b), solid grey lines represent the contours; red 
lines represent the 10th, 50th, and 90th centile curves; circles, triangles, and squares represent the 10nd, 50th, 
and 90th centile points in each height stratum defined within median± 3SD . (c) The weight distribution for 
each height stratum. (d) The standardized BMI, w/h1.86 , distribution for each height stratum. In (c) and (d), 
circles, triangles, and squares represent the 10th, 50th, and 90th centile points in each height stratum.
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line measures α(50) = 0.76 , we defined standardized brain-size-body-size as Brain size/Body size0.76 . Notably, 
the 10th and 90th centile regression lines no longer remain horizontal, as depicted in Fig. 6b. This implies that 
the body size and standardized index distributions vary depending on the body size strata, as evidenced by 
the wide dispersion in the centile points in Fig. 6c, d. Hence, no single, unified allocentric relationship like 
Brain size ∝ Body size0.75 in the log-log space can effectively characterize the energy and information dynamics 
across mammalian species.

We found a multi-scaling allometric relationship between brain and body size across mammalian species. 
The implications of this finding are profound and invite a reevaluation of the complex relationship between brain 
size and body size in the context of energy and information dynamics across mammalian species. Convention-
ally, a power-law expression has been used to describe the scaling of brain size with body size, with an exponent 
of 0.75. This relationship is rooted in the allometric scaling exponent relating metabolic rate to body mass 
( Metabolic rate ∝ massα ) around 3/4. Nonetheless, the present findings challenge the presumed universality of 
the allometric relationship, revealing a systematic deviation from the conventional exponent of 0.75, indicative 
of a phenomenon known as multi-scaling. This departure from a singular scaling exponent underscores the 
intricate and nuanced nature of the brain-body size relationship, necessitating a more profound exploration of 

Figure 5.  Younger children, in this case, 8-year-old females, showed a multi-scaling allometric relationship 
between weight and height, questioning the validity of BMI. (a) Weight-for-height distribution in the log-
log space. (b) Standardized BMI, w/h2.60-for-height distribution in the linear space. In (a,b), solid grey lines 
represent the contours; red lines represent the 10th, 50th, and 90th centile curves; circles, triangles, and squares 
represent the 10th, 50th, and 90th centile points in each height stratum defined within median± 3SD . (c) The 
weight distribution for each height stratum. (d) The standardized BMI, w/h2.60 , distribution for each height 
stratum. In (c,d), circles, triangles, and squares represent the 10th, 50th, and 90th centile points in each height 
stratum.
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the underlying biological dynamics. A comprehensive meta-analysis encompassing 127 interspecific allometric 
relationships across diverse taxa, including birds, mammals, fish, reptiles, amphibians, arthropods, and unicel-
lular organisms, spanning metabolic states from basal to maximum aerobic, exposes substantial heterogeneity 
in the impact of mass on metabolic  rate34. However, it is important to acknowledge that allometric inquiries 
have played a pivotal role in shaping two fundamental debates that significantly influence our comprehension 
of brain evolution: the functional significance of brain size and the adaptive potential of brain  structure52,67,68. 
These debates pivot on whether the observed patterns of scaling relationships, be it between brain and body size 
or different brain components, stem from selection pressures striving to maintain functional harmony or are 
constrained by shared developmental  programs69. As we strive to enhance our understanding of the underlying 
factors driving the co-variation and co-evolution among diverse brain components, we gain valuable insights 
into how brains adapt to shifting selection pressures. It is crucial to appreciate that the relative importance of 
coordinated (concerted) and independent (mosaic) evolution of brain components may fluctuate over time 
and among distinct taxonomic groups, contingent upon the specific selection pressures exerted on brain size 
and structure. Discerning the circumstances favoring alternative pathways of phenotypic evolution presents a 
formidable challenge but is essential for unraveling the intricate mechanisms governing brain  evolution70. Our 

Figure 6.  Mammalian species showed a multi-scaling relationship between brain size and body size. (a) Brain-
size-for-body-size distribution in the log-log space. (b) Standardized index, Brain size/Body size0.76-for-brain-
size distribution in the linear space. In (a,b), solid grey lines represent the contours; red lines represent the 10th, 
50th, and 90th centile curves; circles, triangles, and squares represent the 10th, 50th, and 90th centile points in 
each brain size stratum defined within median± 2.5S.D. (from blue to yellow). (c) The brain size distribution 
for each body size stratum. (d) The standardized index, Brain size/Body size0.76 , distributions for each body size 
stratum. In (c,d), circles, triangles, and squares represent the 10th, 50th, and 90th centile points in each body 
size stratum.
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findings highlight the imperative need to consider the statistical variability in allometric relationships resulting 
from the multifaceted selection pressures influencing body size and design, as illustrated by Ref.71.

The complexity of multi‑scaling allometric relationships in tree growth: a comparative analy-
sis of oak and pine strategies
Allometric relationships play a pivotal role in diverse ecological disciplines, offering a practical framework for 
scaling tree height, h, as a function of stem diameter, d, within and across plant species. These relationships 
typically rest on the foundational assumption that logarithmically transformed stem diameters and tree heights 
exhibit linear interdependencies, with a consistent slope maintained across varying environmental  gradients30,72,73. 
Furthermore, there is a prevailing notion that the elastic similarity model, encapsulated by the equation h ∝ d2/3 , 
universally applies to all tree  species74–76 and describes mechanical stability against gravitational forces arising 
from the self-weight of the trees  (see77 for competing explanations; also  see78). We questioned the established 
allometric uni-scaling relationship within this context, conventionally relating tree height and stem diameter. 
Our exploration aims to shed light on the potential variations in the geometrical and mechanical constraints 
underpinning the tree-height-to-stem-diameter relationship, particularly across shorter and taller trees.

We applied the multi-scaling allometric analysis to a publicly available dataset encompassing 498, 838 geo-
referenced records of individual trees across 61, 856 geographically diverse  locations79. Remarkably, a significant 
proportion of trees documented within this database ( 88% ) have been accurately identified down to the species 
level, aggregating information about 5, 163 distinct species distributed across a taxonomic hierarchy comprising 
1, 453 genera and 187 different plant families. We considered the seven families with data for at least 10, 000 
trees. Figure 7 presents the outcomes for seven groups: Betulaceae, Cupressaceae, Fabaceae, Fagaceae, Lauraceae, 
Myrtaceae, and Pinaceae. As can be observed from the solid lines in Fig. 7, the regression lines for the 2th, 10th, 
50th, 90th, and 98th centiles in Betulaceae, Cupressaceae, Fabaceae, Lauraceae, Myrtaceae, and Pinaceae exhibit 
a remarkable degree of uniform scaling, characterized by a scaling exponent close to 2/3. In stark contrast, the 
same regression lines in Fig. 7 reveal a conspicuous multi-scaling characteristic for Fagaceae.

We first delved into the tree-height-for-stem-diameter relationship within the Pinaceae family, which includes 
pine, spruce, and fir, among other genera. When we examine within the log-log domain, all regressions for the 
10th, 50th, and 90th centiles in the tree-height-for-stem-diameter distribution reveal parallel slopes, as depicted 
in Fig. 8a. The standardized tree-height-stem-diameter relationships in the form of h/dα(50) , with α(50) = 0.73 , 
stabilizes the 10th, 50th, and 90th centiles in the tree-height-for-stem-diameter distribution against the influence 
of variations in stem diameter, as depicted in Fig. 8b. Moreover, when examining the standardized tree-height-
stem-diameter distributions across various strata, we meet with a remarkable uniformity with the distinct shapes 
observed in the stem diameter distributions shown by the closely clustered centile points in Fig. 8d instead of 
spread-apart centile points in Fig. 8c. These results support the traditional tree-height-stem-diameter allometric 
relationship as a robust index for assessing tree growth in Pinaceae.

We found that the conventional tree-height-stem-diameter allometric relationship might not consistently 
serve as an objective measure for evaluating tree growth in Fagaceae, as the allometric scaling exponents α(q) 
systematically deviate from the expected value of 0.66, indicating a multi-scaling allometric relationship. The 

Figure 7.  Centile dependence of allometric scaling exponents relating tree height to stem diameter across 
different families. Stable scaling exponent, α(q) , across the entire range of centiles suggests a uni-scaling 
allometric relationship. In contrast, centile dependence of α(q)—as in the case of Fagaceae, which includes oaks, 
beeches, and chestnuts—signifies a multi-scaling allometric relationship.
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non-parallel regression lines in Fig. 9a vividly illustrate this multi-scaling within the tree-height-for-stem-diam-
eter distribution in Fagaceae. In this particular case, the estimated slope of the median regression line measures 
α(50) = 0.37 . Consequently, we define standardized height-diameter as h/d0.37 . Notably, in contrast to the 
pattern seen in Fig. 9b, the 10th and 90th regression lines no longer remain horizontal, as depicted in Fig. 9b. 
This implies that the tree height and standardized tree-height-stem-diameter distributions vary depending on 
the height strata, as evidenced by the closely clustered centile points in Fig. 9c, d. This outcome emphatically 
indicates that no single, unified allocentric relationship exists like h/dα that can characterize tree growth within 
the Fagaceae family.

Exploring the same set of families for the allometric relationship between tree height, h, and crown radius, 
r—typically found to be around 2/3 (e.g.,  Ref80)—revealed some extent of multi-scaling allometric relationships 
in all these families (Fig. 10). Specifically, the scaling exponent for Betulaceae, Cupressaceae, Fabaceae, Laura-
ceae, Myrtaceae, and Pinaceae did not depend on the tree height stratum (e.g., Fig. 11). In contrast, the scaling 
exponent increased with q for Fagaceae (Fig. 12). This suggests that the relationship between crown radius and 
tree height is even more complex than stem diameter and tree height. Together, these results suggest that the 

Figure 8.  The Pinaceae family showed a uni-scaling allometric relationship between tree height, h, and stem 
diameter,d. (a) Tree-height-for-stem-diameter distribution in the log-log space ( N = 22, 802 ). (b) Standardized 
index, h/d0.73-for-stem-diameter distribution in the linear space. In (a,b), solid grey lines represent the contours; 
red lines represent the 10th, 50th, and 90th centile curves; circles, triangles, and squares represent the 10th, 
50th, and 90th centile points in each tree height stratum defined within median± 2.5S.D. (c) The tree height 
distribution for each stem diameter stratum. (d) The standardized index, h/d0.73 , distribution for each stem 
diameter stratum. In (c,d), circles, triangles, and squares represent the 10th, 50th, and 90th centile in each stem 
diameter stratum.
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uni-scaling allometric relationship between stem diameter and tree height, or between the crown radius and tree 
height, often regarded as a benchmark in forestry and  ecology30,72,73, is not universally applicable.

The structural differences between the Fagaceae and Pinaceae families might explain the multi-scaling allo-
metric relationships or a lack thereof. Fagaceae trees, characterized by spreading crowns with broad leaves, 
contrast with Pinaceae trees, which generally exhibit conical shapes with needle-like  leaves81,82. This variation 
in crown architecture impacts light interception and distribution within the canopy, consequently affecting tree 
growth rates and  development83. Trees with broader crowns may exhibit different biomass allocation patterns 
than narrower ones, potentially altering the tree-height-tree-diameter relationship. Fagaceae trees typically pos-
sess denser wood composed of vessels, fibers, and rays, whereas Pinaceae trees feature lighter, softer wood with 
 tracheids84,85. These differences in wood density and structure influence the mechanical properties of the trees, 
such as their ability to support vertical growth and resist bending  forces86. Hence, the growth rate for the diameter 
relative to height might vary, impacting the allometric relationship between these two parameters. Furthermore, 
the root systems of Fagaceae and Pinaceae trees differ in depth, extent, and anchorage mechanisms. Fagaceae trees 
often have extensive lateral root systems, providing enhanced anchorage in shallow  soils87. In contrast, Pinaceae 
trees may develop deeper taproots or mycorrhizal associations, improving nutrient uptake and  anchorage88. 

Figure 9.  The Fagaceae family showed a multi-scaling allometric relationship between tree height, h, and stem 
diameter, d. (a) Tree-height-for-diameter distribution in the log-log space ( N = 76, 773 ). (b) Standardized 
index, h/d0.37-for-stem-diameter distribution in the linear space. In (a,b), solid grey lines represent the contours; 
red lines represent the 10th, 50th, and 90th centile curves; circles, triangles, and squares represent the 10th, 
50th, and 90th centile points in each tree height stratum defined within median± 2.5S.D. (c) The tree height 
distribution for each stem diameter stratum. (d) The standardized index, h/d0.37 , distribution for each stem 
diameter stratum. In (c,d), circles, triangles, and squares represent the 10th, 50th, and 90th centile points in each 
stem diameter stratum.
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These root architecture differences might influence how trees allocate resources between height and diameter 
 growth89,90, potentially modifying the allometric relationship. As a result, Fagaceae trees may depend more on 
stem diameter and crown radius than Pinaceae trees. Therefore, the allometric scaling exponent could diverge 
for trees with varying stem diameters and crown radii within Fagaceae more so than within Pinaceae.

In summary, the present results challenge the notion of a universal allometric relationship in tree growth 
and underscore the imperative of adopting multi-scaling assessment approaches in forestry and ecology. The 
contrasting growth strategies of oaks and pines are a testament to nature’s adaptability, each species optimizing its 
development based on its ecological niche and long-term survival  objectives91,92. These complexities underscore 
the need to consider the nuanced biology and ecological context of specific tree families when evaluating the 
applicability of the canonical allometric relationship in understanding and managing forest ecosystems. They 
highlight the ecological context and growth strategies as pivotal factors in comprehending allometric relation-
ships within tree growth. Indeed, the global biomass estimates based on tree crown radius (cf.93) might need 
reevaluation as they might have been underestimated in some cases and overestimated in others, necessitating 
further exploration using the multi-scaling allometry method proposed in this study.

General discussion
The results of the present investigation challenge the conventional assumption that a singular power-law equation 
sufficiently encapsulates the allometric relationship between any two biological traits related to growth processes. 
We demonstrated that the exponent characterizing this power-law relationship is contingent upon the centile 
position of a trait within its respective distribution. This revelation fundamentally underscores the proposition 
that individuals in distinct distribution segments may employ disparate growth strategies, as evidenced by dis-
cernible power-law exponents for each segment. We introduce the novel concept of “multi-scale allometry” to 
encompass this newfound insight. Through a comprehensive reevaluation of the allometric relationship across 
three distinct domains: 

1. A cohort of 7, 863, 520 Japanese children aged 5–17 years, for whom age, sex, height, and weight data were 
recorded as part of a national study.

2. An extensive dataset encompassing brain and body sizes for 1552 mammalian species.
3. A substantial sample of 498, 838 georeferenced and taxonomically standardized records of individual trees 

spanning diverse geographical locations, with stem diameter, crown radius, and tree height measurements.

Our analysis firmly establishes the validity of multi-scale allometry. The discovery of multi-scaling allometric 
relationships, as opposed to uniform allometric relationships, across diverse organismal contexts, shown in the 
present study, holds significant implications for comprehending growth processes. The observed variations in 
scaling relationships between correlated organismal traits across different centiles suggest that the allocation of 
resources may be contingent upon an individual’s position within the entire trait distribution. This observation 
underscores the existence of discrete growth strategies that individuals, species, or taxa may adopt. In essence, 
these findings underscore the intricate adaptability of biological systems and provide insights into the com-
plexities of resource allocation for growth and survival. This nuanced perspective challenges the oversimplified 

Figure 10.  Centile dependence of scaling exponents relating tree height to crown radius across different 
families. Stable scaling exponent, α(q) , across the entire range of centiles suggests uni-scaling. In contrast, all 
families show some extent of centile dependence of α(q) , signifying multi-scaling.
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concept of a singular, universal growth model that underlies so-called “universal” scaling exponents (cf.94) and 
emphasizes the necessity of accounting for context-specific variables when examining growth dynamics in the 
natural world.

It is crucial to clarify that the aforementioned claim centers around identifying a novel phenomenon in 
multi-scaling allometry rather than introducing a new analytical method. Therefore, while our current analysis 
methodology could certainly be refined in the future, the core focus remains on this groundbreaking discov-
ery. Nonetheless, it is essential to recognize that even with methodologies like least  squares95,96, which boast a 
rich history spanning over two centuries, novel phenomena remain unearthed and published today. Quantile 
 regression38, distinct from the least squares method, is a generalization of the least absolute value method, yield-
ing a solution by minimizing the sum of absolute residuals. Both least squares and least absolute value approaches 
can be applied to nonlinear fitting across various functions, including linear and quadratic polynomials. Notably, 
quantile regression enables the estimation of centile curves within the distribution, a capability absent in the least 
squares-based framework. While the origins of the least squares method trace back over two centuries to Gauss, 
quantile regression, with a history of approximately 50 years, necessitates substantial computational power for 
discovering optimal solutions, rendering it a realistic option only in recent times. Although quantile regression 

Figure 11.  The family Pinaceae showed a multi-scaling allometric relationship between tree height, h, 
and crown radius, r. (a) Tree-height-for-crown-radius distribution in the log-log space ( N = 22, 802 ). (b) 
Standardized index, h/r0.43-for-radius distribution in the linear space. In (a,b), solid grey lines represent the 
contours; red lines represent the 10th, 50th, and 90th centile curves; circles, triangles, and squares represent 
the 10th, 50th, and 90th centile points in each tree height stratum defined within median± 2.5S.D. (c) The tree 
height distribution for each crown radius stratum. (d) The standardized index, h/r0.43 , distributions for each 
crown radius stratum. In (c,d), circles, triangles, and squares represent the 10th, 50th, and 90th centile points in 
each crown radius stratum.
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has not attained the same ubiquity as the least squares method, its potential utility across diverse studies is con-
siderable, as evidenced by our successful application in allometry.

We wish to address a minor limitation of the multi-scaling allometric analysis in its current form. While 
highly informative, this approach demands substantial data resources, potentially confining its applicability 
primarily to intraspecific datasets and necessitating comprehensive and precise data across various centiles. This 
challenge is exacerbated when examining scaling relationships at extreme centiles, such as the 2nd and 98th 
centiles. Even our smallest dataset, comprising brain and body sizes for 1552 mammalian species, was notably 
extensive, enabling successful analysis across multiple centiles. Nonetheless, scenarios with more limited data 
may arise where the relationship between traits diverges significantly, warranting future advancements in multi-
scaling allometric analysis methodologies to address such situations effectively.

We would also like to contrast the multi-scaling allometric analysis with a commonly used technique in allom-
etry called the standardized major axis (SMA). The SMA fitting is particularly useful in allometric  studies40,97,98 
because it considers errors in both variables and does not assume a dependent-independent relationship, treat-
ing both variables symmetrically. This is crucial in biological studies where distinguishing between dependent 
and independent variables can be challenging, and both variables are often subject to measurement  error99,100. 

Figure 12.  The family Fagaceae showed a multi-scaling allometric relationship between tree height, h, 
and crown radius, r. (a) Tree-height-for-crown-radius distribution in the log-log space ( N = 76, 773 ). (b) 
Standardized index, h/r0.40-for-crown-radius distribution in the linear space. In (a,b), solid grey lines represent 
the contours; red lines represent the 10th, 50th, and 90th centile curves; circles, triangles, and squares represent 
the 10th, 50th, and 90th centile points in each tree height stratum defined within median± 2.5S.D. (c) The tree 
height distribution for each crown radius stratum. (d) The standardized index, h/r0.40 , distributions for each 
crown radius stratum. In (c,d), circles, triangles, and squares represent the 10th, 50th, and 90th centile points in 
each crown radius stratum.
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However, SMA fitting relies on several assumptions to ensure accurate and meaningful results. (i) The relationship 
between the two variables is assumed to be linear. This means the data points should roughly align in a straight 
line when plotted on a graph. (ii) The data points should follow a bivariate normal distribution. This implies 
that the joint distribution of the two analyzed variables is approximately normal. (iii) The variances of the vari-
ables should be homogeneous across the range of data. This assumption ensures that the spread of data points 
is consistent along the entire line. (iv) Unlike simple linear regression, which assumes that only the dependent 
variable has measurement error, SMA fitting acknowledges that both variables may have measurement error. 
This is particularly important in allometry, where both the dependent and independent variables are biological 
measurements that can have associated errors. (v) The ratio of the standard deviations of the measurement errors 
(if present) should be constant across the range of data. This means that the relative accuracy of measurements for 
both variables remains consistent. (vi) The presence of significant outliers can distort the SMA fitting, although 
SMA assumes that no significant outliers disproportionately influence the fit. However, real-world data often 
violate one or more of these assumptions, making SMA an inappropriate technique in such cases. In contrast, 
multi-scale allometric analysis, which does not rely on these assumptions, yields valid results, as observed in 
the present study.

The concept of allometric relationships has played a pivotal role in enriching our understanding of biologi-
cal phenomena and the underlying growth processes. It has specifically shed light on how various organismic 
traits scale with one another, often defined by power functions within specific physical constraints. Whether we 
consider complex growth patterns in human development or the towering majesty of trees, the prevalence of 
these allometric relationships has intrigued scientists for decades. Traditionally, the consensus held that a single 
power-law equation could effectively capture these intricate relationships. However, we have boldly challenged 
this conventional wisdom. We have harnessed the power of quantile regression analysis to illuminate a fasci-
nating aspect of allometric relationships: the exponent characterizing these power laws is not a fixed constant; 
instead, it varies depending on the centile within the distribution of a specific trait. This revelation underscores 
a fundamental truth—individual organisms at different points along the distribution spectrum employ distinct 
growth strategies, leading to variations in the scaling exponent. We have introduced the concept of “multi-
scale allometry” to encapsulate this newfound understanding, acknowledging that there is no one-size-fits-all 
approach to modeling these complex allometric relationships. Our journey through comprehensive reevalua-
tions, from the heights and weights of millions of Japanese children to the intricate measurements of trees across 
diverse landscapes and even the morphological diversity of animal species, has firmly substantiated the concept 
of multi-scale allometry. This empirical validation advocates for a paradigm shift in approaching allometric 
modeling—moving from uni-allometric to multi-allometric perspectives. In embracing the nuances of growth 
processes, our results invite us to appreciate the rich tapestry of life’s diversity, where each organism may follow 
its unique development path.

Methods
Simulated dataset
We simulated two linearly correlated variables representing the association between two hypothetical biological 
traits when viewed in logarithmic space. We systematically adjusted the correlation coefficient to explore a range 
of values from 0.05 to 1, that is, r = 0.05, 0.1, . . . , 1 . This analysis allowed examining the impact of varying levels 
of correlation on these traits.

Empirical datasets
Dataset 1: comprehensive demographic analysis of school‑age children: a decade‑long study from 2008 to 2019
We sourced data from the School Health Statistics Research Initiative of the Japanese Ministry of Education, 
Culture, Sports, Science, and Technology. This national survey employs a rigorous stratified random sampling 
approach. It methodically stratifies schools within each prefecture based on student enrollment numbers, ensur-
ing representation from small and large institutions. Within these size strata, it randomly selects children in the 
surveyed schools. It also surveys children using a systematic sampling method that considers age and gender. 
The survey is conducted annually, spanning from April to June. The obtained dataset consisted of demographic 
factors such as age, gender, height, and weight of 8, 083, 466 children aged 5–17 years collected from 2008–2019. 
The exclusion of 2.72% samples for missing values resulted in 7, 863, 520 samples.

Dataset 2: mammalian brain and body sizes: a taxonomic database of 1552 species
The second dataset comprised brain and body sizes derived from an extensive review of the scientific literature, 
encompassing a total of 1552 species spanning across 28 distinct extant taxonomic  orders51. The compilation 
of this dataset adhered to rigorous criteria. The brain and body size measurements were drawn from the same 
primary sources whenever feasible and independently sourced from distinct references when this was not attain-
able. The sex of the specimens and pertinent sample size details were documented and reported, ranging from 
discrete values to open-ended ranges (e.g., 1 < n < 10 ), wherever such information was available in the literature. 
Although typically, the mean values for adult individuals of both sexes were employed, for lineages exhibit-
ing sexual size dimorphism, the authors relied on adult females’ brain and body size data per the established 
 methodology101. The compiled data was subjected to a taxonomically driven standardization process, align-
ing with the taxonomy  system102. This standardization was essential to facilitate compatibility with established 
comparative databases dealing with mammalian life history and ecological  parameters103,104. When subspecies 
information was reported, weighted mean values for the species were computed, factoring in sample sizes. 
When diverse units of measurement were encountered, all measurements were converted to a consistent unit, 
transforming grams (1 g) to cubic centimeters (1 cm3 ), as per prior studies conforming to this  convention55.
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Dataset 3: Tallo database: a comprehensive repository of georeferenced tree records for biodiversity and ecosystem 
research
The third dataset utilized in this study comprises entries from the “Tallo”  database79. This repository consists 
of 498, 838 georeferenced records standardized in taxonomy, specifically focusing on individual trees. Critical 
parameters such as stem diameter, crown radius, and height have been systematically measured within these 
records. This dataset was compiled from a vast array of 61, 856 geographically diverse locations, encompass-
ing a broad spectrum of forested and nonforested biomes: 5163 distinct species distributed across a taxonomic 
hierarchy comprising 1453 genera and 187 different plant families.

Multi‑scaling allometric relationship for any given centile of weight‑for‑height distribution
We extended the allometric scaling to any centile of the weight-for-height distribution for each sex and age 
(Dataset 1), the brain-size-for-body-size distribution (Dataset 2), and the height-for-stem-diameter and height-
for-crown-radius for each plant family (Dataset 3). The qth centile of a continuous random variable X is the value 
x such that Prob(X ≤ x) = q/100 . We considered that the conditional centile of the weight, given height (Dataset 
1), brain size, given body size (Dataset 2), height, given stem diameter or crown radius (Dataset 3) follows an 
extended power-law model described as

where yq(x) represents the qth centile body weight in kilograms (kg) given height x in meters (m; Dataset 1), 
the qth centile brain size in grams (g) given body size x in grams (g; Dataset 2), the qth centile tree height in 
meters (m) given stem diameter in centimeters (cm) or crown radius x in meters (m; Dataset 3), and the model 
parameters α(q) and Cq represent the scaling exponent and proportionality constant, respectively. We employed 
the quantile regression approach to estimate the model parameters using custom Matlab 2023a (Mathworks 
Inc., Natick, MA)38.

Quantile regression
Quantile regression, a statistical method introduced by Koenker et al. in  197838, estimates a response variable’s 
conditional quantiles (centiles). In the context of an allometric model, this means we minimize the sum of 
weighted absolute residuals:

where yi serves as our response variable, with i representing the individual index. The allometric model, charac-
terized by f (xi;C,α) = Cxαi  , encapsulates the relationship between x and y. We estimated the model parameters 
as Ĉ and α̂ . To tailor the analysis to the desired centile (q), we set τ to q/100 when applying the q-th quantile 
regression. For the task of parameter identification, we employed a straightforward search  algorithm105.

Data availability
The height-weight data on Japanese school children are available from Japan’s Ministry of Education, Culture, 
Sports, Science, and Technology. Still, restrictions apply to the availability of these data, which were used under 
license for the current study and are not publicly available. Communication regarding this data must be directed 
to Ken Kiyono. The dataset for the mammalian brain and body sizes is publicly  available51 (https:// doi. org/ 10. 
1093/ jmamm al/ gyz043) and the “Tallo” database can be obtained from a publicly available repository of geo-
referenced tree records for biodiversity and ecosystem  research79 (https:// doi. org/ 10. 5281/ zenodo. 66375 99).
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∣

∣

∣
+

∑

i:yi<f (xi;Ĉ,α̂)
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