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A laser pulse composed of a fundamental and an appropriately phased second harmonic can drive a 
time-dependent current of photoionized electrons that generates broadband THz radiation. Over the 
propagation distances relevant to many experiments, dispersion causes the relative phase between 
the harmonics to evolve. This “dephasing” slows the accumulation of THz energy and results in a multi-
cycle THz pulse with significant angular dispersion. Here, we introduce a novel optical configuration 
that compensates the relative phase evolution, allowing for the formation of a half-cycle THz pulse 
with almost no angular dispersion. The configuration uses the spherical aberration of an axilens to 
map a prescribed radial phase variation in the near field to a desired longitudinal phase variation in the 
far field. Simulations that combine this configuration with an ultrashort flying focus demonstrate the 
formation of a half-cycle THz pulse with a controlled emission angle and 1/4 the angular divergence of 
the multi-cycle pulse created by a conventional optical configuration.

The laser–matter interactions at the foundation of all nonlinear optical applications occur in dispersive media. 
These applications benefit from, and in some cases rely on, tailoring the wavefronts of a laser pulse to counteract 
dispersion. This is accomplished either through the structure of the medium or by preliminary structuring of 
the laser pulse. The former has become a mainstay of nonlinear optics: the different refractive indices along 
orthogonal crystal axes is regularly used for phase matching of sum-and-difference frequency generation1–3, 
while periodically poled lithium niobate allows for quasi-phase matching of the same processes4,5. Structuring 
the laser pulse, although not as widespread, has found utility in optical rectification, where tilting the phase 
fronts with respect to the pulse front enables velocity matching to terahertz (THz) radiation6,7. The recent 
development of more-advanced techniques for space–time structuring presents new opportunities to overcome 
the limitations imposed by dispersion and rethink the optimization of nonlinear optical applications8–20.

A subset of space–time structuring techniques known as the “flying focus” modify the focal time and location 
of each frequency, temporal slice, or annulus of a pulse to produce an intensity peak that moves independently 
of dispersion10,12,15,21–23. With the ability to control the trajectory of an intensity peak, flying-focus techniques 
are predicted to enhance a wide range of applications and fundamental measurements, including advanced 
accelerators12,24–26, radiation sources27–30, and signatures of quantum electrodynamical phenomena31–33. 
Nevertheless, the flying-focus techniques that have been proposed21–23 and experimentally demonstrated10,15,19 
thus far are limited to control over the intensity of a laser pulse. Control over the phase, which would substantially 
broaden the potential to enhance applications, has remained elusive and constrained by the medium.

“Two-color” THz generation in gases is a promising approach to producing high-quality, broadband THz 
radiation34–44 that depends sensitively on both the intensity and phase of a laser pulse. In this approach, a laser 
pulse composed of a fundamental and second harmonic ionizes a gas and drives a time-dependent current of 
freed electrons, which provides the source for the THz radiation. The strength of the current (and rate of THz 
generation) is proportional to the number of photoionized electrons and the drift velocity acquired at the instant 
of their birth, both of which are sensitive to the waveform (i.e., intensity and relative phase) of the two-color 
electric field34. Over short propagation distances, the relative phase between the harmonics is preserved, the 
strength and sign of the current are approximately constant, and the THz radiation constructively interferes at a 
Cherenkov angle determined by the THz phase velocity and ionization front velocity39,44. Over longer distances, 
dispersion causes the relative phase to evolve. This “dephasing” between the harmonics produces an oscillating 
current that disrupts the constructive interference, slows the rate of THz generation, and angularly disperses the 
THz bandwidth37.

Here we introduce a novel optical configuration that overcomes dephasing in two-color THz generation by 
simultaneously controlling the intensity and relative phase of a two-color laser pulse. When the relative phase is 
precompensated to counteract dispersion, the two-color pulse drives a non-alternating current of photoionized 
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electrons that produces a half-cycle THz pulse nearly devoid of angular dispersion. This “dephasingless” 
two-color THz generation is demonstrated by simulations that model the optical configuration, nonlinear 
propagation of the two-color pulse through gas, and the generation and propagation of the THz radiation. The 
optical configuration consists of three elements: an axilens to extend the focal range; a radially stepped echelon 
to control the focal time at each point within the focal range; and a diffractive lens, or “phaser,” to apply a 
weak radially varying phase to the second harmonic, which the axilens maps to a longitudinally varying phase 
(Fig. 1). The first two elements describe the ultrashort flying focus and provide control over the velocity of the 
intensity peak and emission angle of the THz44, while the novel phaser element provides the phase control. 
Aside from two-color THz generation, the intensity and phase control afforded by this configuration may benefit 
other nonlinear optical processes that rely on phase matching between multiple frequencies, such as harmonic 
generation and optical parametric amplification.

Results
A laser pulse composed of a fundamental and second harmonic produces the largest current of photoionized 
electrons and maximizes the rate of THz generation when the relative phase between the harmonics is 
approximately π/2. While a relative phase of π/2 can occur locally, the frequency dependence of the refractive 

Fig. 1.  Comparison of THz pulses generated by two-color laser pulses prepared with varying degrees of 
phase and intensity control. The spatiotemporal profiles for frequencies < 30 THz are displayed to the right of 
each optical configuration at three longitudinal locations in the far field. The circles below each configuration 
illustrate the evolution of the relative phase between the harmonics of the two-color pulse ∆θ. (a) A phased-
flying-focus pulse drives the conical emission of a half-cycle THz pulse over multiple dephasing lengths. The 
THz pulse is emitted into a single angle and has almost no angular dispersion. (b) A standard ultrashort-
flying-focus pulse drives the conical emission of a multi-cycle THz pulse. Dephasing results in constructive 
interference at two characteristic angles and causes significant angular dispersion, which manifests in the near 
field as two diffuse rings. (c) A two-color laser pulse focused by an ideal lens also drives a multi-cycle THz 
pulse. In this case, the THz pulse evolves into a single diffuse ring in the near field, indicating both dephasing 
and complex evolution of the two-color laser pulse and resulting photocurrent. The near-field transverse 
profiles (red circles) are shown 1 m beyond the edge of the gas, and the white dashed lines in (a) and (b) 
mark the predictions of Eqs. (2) and (3). For ease of visualization, the optical configurations are displayed in 
transmission. In practice, only one harmonic is modified by the phaser.
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index due to the presence of gas and plasma causes the relative phase to evolve along the propagation path. 
During linear propagation, the relative phase advances continuously, reaching integer multiples of π after every 
dephasing length

	
Lπ =

λ1

4

1

|n(λ1)− n(λ2)|
,� (1)

where λ1 and λ2 are the vacuum wavelengths of the two harmonics and n is the linear refractive index of the gas. 
Structuring the phase and intensity of the two-color laser pulse to precompensate the evolution of the relative 
phase eliminates dephasing and ensures the formation of a half-cycle THz pulse devoid of angular dispersion 
(Fig. 1a).

To demonstrate the advantage of phase and intensity control in two-color THz generation, simulations were 
performed using the unidirectional pulse propagation equation (UPPE)45–47 initialized with pulses prepared 
by the optical configurations displayed in Fig. 1 (see Methods). In each simulation, a laser pulse composed of 
a fundamental and second harmonic was focused by the optical configuration in the near field to the entrance 
of the gas in the far field. The pulses propagated through and photoionized the gas, producing a current that 
generated THz radiation. The physical parameters for the simulations are provided in Table 1. The parameters 
chosen for the laser pulses and gas were motivated by commercially available high-repetition-rate Ti:Sapphire 
laser systems48 and typical two-color THz generation experiments35,37,41,42.

Figure 1 compares the THz pulses resulting from three optical configurations, each of which provides a 
different degree of control over the waveform of the two-color laser pulse. The novel, phased-flying-focus 
design introduced in this work (Fig. 1a) precompensates the relative phase of the two harmonics to counteract 
dispersion and produces an intensity peak that travels at a specified velocity vf . By counteracting dispersion, the 
two-color pulse drives the conical emission of a half-cycle THz pulse over multiple dephasing lengths. The pulse 
is emitted into an angle determined by the Cherenkov condition

	 ϕ = arccos(vT/vf),� (2)

where vT  is the phase velocity of the THz radiation. The emission angle ϕ has only a weak dependence on 
frequency through the phase velocity vT . As a result, all of the generated THz frequencies are emitted into nearly 
the same angle, which can be controlled through the focal velocity vf . The minimal angular dispersion results in 
a near-field fluence profile characterized by a single, narrow ring.

Laser parameters Value

λ1(µm) 0.8

λ1 Power (GW) 100

λ1 Duration (fs) 30

λ2(µm) 0.4

λ2 Power (GW) 20

λ2 Duration (fs) 15
√
2

Total energy (mJ) 3.5

Optics parameters Value

Axiparabola f/N 15

Axiparabola radius R (cm) 5

Focal range L (cm) 12

Phaser length LP  (cm) 2.5

Focal velocity vf  (c) 1.001

Ideal lens f/N 250

Ideal lens confocal parameter (cm) 12

Medium Parameters Value

Species Ar

Density (cm−3) 2.7×1019

Nominal dephasing length Lπ  (cm) 2.9

Electron-neutral collision frequency 
(THz) 10

Nonlinear refractive index (cm2/W)49 1×10−19

Table 1.  Simulation parameters for the two-color laser pulse, optical configurations, and gas.
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The standard flying focus and ideal lens configurations do not precompensate the relative phase of the two 
harmonics (Fig. 1b and c). The standard flying focus does, however, offer control over the velocity of the 
intensity peak. In this case (Fig. 1b), the two-color pulse drives the conical emission of a multi-cycle THz pulse 
characterized by two emission angles37,39

	
ϕ± = arccos

(
vT
vf

± πvT
ωTLπ

)
,� (3)

where ωT  is the THz frequency. Compared to ϕ [Eq. (2)], the emission angles ϕ± have a stronger dependence on 
the THz frequency—the second term on the right-hand side of Eq. (3). This additional frequency dependence 
is a direct consequence of dephasing and causes significant angular dispersion. The resulting near-field profile 
exhibits two rings corresponding to ϕ±, each of which are broadened by the angular dispersion. With neither 
phase nor intensity control, a two-color laser pulse focused by the ideal lens drives a multi-cycle THz pulse with 
a complex and diffuse angular emission pattern that is not accurately predicted by Eqs. (2) or (3) (Fig. 1c). The 
diffuse near-field emission pattern indicates both dephasing and intensity evolution due to the complex interplay 
between linear focusing, self-focusing, and plasma refraction.

The optical configuration for the phased flying focus consists of three elements: an axiparabola, a radially stepped 
echelon, and a weak diffractive lens or “phaser.” The axiparabola, a specific type of axilens, is designed to produce 
a uniform, on-axis intensity over an extended distance when illuminated by a laser pulse with a flattop transverse 
profile12,18,50–52. Light rays incident at different radii r on the axiparabola are focused to different longitudinal 
locations z = f (r), where

	
f (r) = f0 +

( r

R

)2

L,� (4)

f0 is the nominal focal length, L is the focal range, and R is the maximum radius of the optic. The radially stepped 
echelon applies a radially dependent delay τ (r) that controls the arrival time of the light rays at their focus12,18. 
For a desired velocity vf ,

	
τ (r) =

R2

2cL

[
f (r)

f0
− 1 + ln

(f (r)
f0

)]
+

L

cR2

(
1− vf

c

)
r2.� (5)

To avoid distorting the phase front applied by the axiparabola, the echelon applies this delay in discrete concentric 
rings with varying width and half-integer-wavelength depth. Together, the axiparabola and echelon produce an 
ultrashort moving focus, which travels at a velocity vf  that is independent of dispersion12,18,19.

The weak diffractive lens, or phaser, imparts the necessary phase to precompensate the relative phase advance 
of the fundamental and second harmonic due to dispersion in the gas. To design such an optic, recall that the 
axiparabola maps each radius in the near field r to a different on-axis location in the far field z = f (r). As a 
result, a desired longitudinal phase variation in the far field ψ(z) can be mapped back to a required radial phase 
variation ψ[z(r)] in the near field. A longitudinal phase variation of

	
ψP (z) = π

z

Lπ
,� (6)

applied to one of the harmonics would result in their relative phase advancing by π after every dephasing length, 
which is exactly the advance required to cancel the phase evolution due to dispersion. Using f(r), Eq. (6) can be 
reexpressed as the near-field radial phase variation

	
ψP [z(r)] = π

( r

R

)2 L

Lπ
,� (7)

where constant phase terms have been dropped. This phase is equivalent to that applied by a diffractive lens with 
a focal length fP = R2Lπ/λ2L. In practice, the actual dephasing length depends on the detailed propagation and 
includes contributions from the nonlinear refractive index of the gas and plasma formation. Thus, in order to 
optimize the phaser optic for THz generation, it is useful to replace the nominal dephasing length Lπ in Eq. (7) 
or fP  with an adjustable length LP . For the parameters considered here, the formation of a half-cycle THz pulse 
was not sensitive to the precise value of LP  and setting LP = Lπ yielded similar, albeit slightly less optimized, 
results (see Methods).

Figure 2a displays the energy of the THz pulses produced by the three optical configurations as a function of 
distance. When both the relative phase and intensity of the two-color pulse are controlled using the phased flying 
focus (Fig. 1a), the THz energy (blue, solid) increases at a near-constant rate over ∼four dephasing lengths. This 
steady increase in the THz energy indicates the absence of dephasing. When only the intensity is controlled 
using the ultrashort flying focus without the phaser element (Fig. 1b), the energy (red, dotted) grows where the 
relative phase between the two harmonics is favorable for driving a net current and plateaus where the relative 
phase is unfavorable. This energy growth is consistent with a simple theoretical picture of dephasing in two-color 
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THz generation37. When neither phase nor intensity control are applied, the THz energy (black, dashed) grows 
rapidly over a short distance and then saturates (Fig. 1c).

The rapid growth and saturation of the THz energy observed with the conventional pulse is a result of nonlinear 
propagation. In each configuration, the power of the two-color pulse exceeds the critical power for self-focusing: 
P/Pc = 10 and 8 for the fundamental and second harmonic, where Pc = 1.9λ2/4πn2 is the steady-state critical 
power. Upon entering the gas, the fundamental of the conventional pulse rapidly self-focuses, which increases 
its intensity. Once the earlier time slices of the fundamental reach sufficient intensity to ionize the gas, they 
create a plasma, which refracts subsequent time slices. This refraction hollows out the back of the fundamental 
(Fig. 2c). The second harmonic, in contrast, is less susceptible to plasma refraction and approximately maintains 
its spatiotemporal profile. The loss of overlap between the two harmonics within the ionization front terminates 
the THz generation.

The flying-focus pulses are relatively resistant to nonlinear propagation. This can be understood by 
considering two properties of ultrashort-flying-focus pulses. First, the transverse profile of these pulses features a 
central maximum surrounded by multiple rings. Thus, even though the total power is high, the power contained 
within the central maximum is low, which mitigates self-focusing26 (a similar property leads to larger effective 
critical powers for higher-order Laguerre Gaussian beams and partially incoherent beams53,54). Second, the f/N  
of the flying-focus configurations is much smaller, so that each annulus of the pulse comes in and out of focus 
relatively quickly and does not have sufficient propagation path at high intensity to accumulate a significant 
time-dependent, nonlinear phase. Because the flying focus pulses are tightly focused and resistant to nonlinear 
propagation, their peak ionization fraction reaches ≈ 0.1 compared to only 0.02 for the conventional pulse.

Figure 3 illustrates the effects of propagation and dephasing on the photocurrent responsible for THz 
generation. The differential current density ∂tJp is the direct source of the THz field (Fig. 3a, c, and e), while 
the net current density Jp behind the two-color pulse indicates whether or not THz was generated (Fig. 3b, d, 
and f). The differential current density depends on the drift velocity acquired by ionized electrons at the time of 
their birth vd and the ionization rate: ∂tJp ∼ evd∂tne, where ne is the electron density. The duration over which 
the two-color pulse ionizes the gas determines the temporal envelope, or width τ , of ∂tJp. The two-color pulse 
produces a net current with a bandwidth ∼1/τ  sufficient to drive THz radiation when the integral of ∂tJp over 
the duration of the pulse (i.e., Jp) is nonzero.

The evolution of ∂tJp and Jp, both in time and along the propagation path ∆z, determine the structure of the 
THz pulse. The differential current driven by the phased flying focus has a near-constant temporal profile that 
advances at the prescribed focal velocity vf = 1.001c over the entire interaction length L ∼ 4Lπ (Fig. 3a). The 
constant amplitude of ∂tJp along lines ∆z = vft + z0 demonstrates the absence of dephasing. The near-constant 
profile and absence of dephasing yield a non-alternating current Jp (Fig. 3b) that facilitates the constructive 
interference of the THz radiation into a half-cycle burst emitted at the Cherenkov angle [Eq. (2) and Fig. 1a].

The differential current driven by the standard flying focus evolves as it advances at the focal velocity 
(Fig. 3c). In this case, the amplitude oscillates along lines ∆z = vft + z0 at a spatial period approximately equal 
to the nominal dephasing length Lπ. This yields an alternating current Jp (Fig. 3d) that generates a multi-cycle 
THz pulse characterized by two angles and significant angular dispersion [Eq. (3) and Fig. 1b]. The differential 
current driven by the conventional pulse also evolves across the interaction region (Fig. 3e). Here, the amplitude 

Fig. 2.  The accumulation of THz energy (< 30THz) with distance depends on the degree of phase and 
intensity control and nonlinear propagation of the two-color pulse. (a) THz energy as a function of distance 
for the phased flying focus (blue, solid), standard ultrashort flying focus (red, dotted), and a conventional 
pulse focused by an ideal lens (black, dashed). (b,c) The electric field amplitudes of the fundamental (top) 
and second harmonic (bottom) for (b) the phased flying focus and (c) conventional pulse at ∆z = 6 cm. The 
flying-focus pulses are relatively resistant to nonlinear propagation, which keeps the fundamental and second 
harmonic overlapped in space and time. This allows the THz energy to grows continuously when dephasing is 
eliminated with the phaser element (blue, solid) or periodically when dephasing is present (red, dotted). The 
fundamental of the conventional pulse undergoes rapid self-focusing, which causes a loss of spatiotemporal 
overlap between the fundamental and second harmonic. As a result, the THz energy grows over a short 
distance and saturates.
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has a complex temporal dependence along lines ∆z = vgt + z0 due to dephasing and nonlinear propagation of 
the two-color pulse. Changes in the local velocity of the current density result in the emission of a multi-cycle 
THz pulse into range of angles, each of which are broadened by angular dispersion (Fig. 1c).

For both the phased and standard flying focus, the amplitude of the current density Jp grows with distance 
within the focal range (Fig. 3b and d). This is primarily due to the spherical aberration of the axiparabola, 
which causes the incidence angle to increase with distance within the focal range. Rays incident on the plasma 
at a steeper angle penetrate further into the plasma before defocusing. As a result, the pulse can reach a higher 
intensity, ionize more electrons, and produce a larger photocurrent.

Discussion
While the THz pulses resulting from the phased flying focus and ideal lens configurations had comparable energy 
(Fig. 2), further optimization of the phased flying focus is possible. The energy of the THz pulse produced by the 
phased flying focus can be increased either by (i) increasing the power of the flying focus pulse, (ii) extending the 
focal range, or (iii) using an axiparabola with a smaller f/N . Because the flying-focus pulse is more resistant to 
nonlinear propagation, it can have a higher power than a conventional pulse before nonlinear propagation leads 
to a loss of spatiotemporal overlap between the fundamental and second harmonic. At this higher power, the 
flying-flying pulse can ionize more electrons, drive a stronger photocurrent, and generate more THz radiation.

Extending the focal range requires increasing the energy of the two-color pulse to maintain a fixed peak 
intensity and mitigating the loss of spatiotemporal overlap between the two harmonics due to group velocity 
dispersion (GVD). For the parameters simulated here, GVD causes the fundamental and second harmonic to 
walk off from one another at a rate of ≈70 fs/m or ≈8.4 fs over L = 12 cm, which is already comparable to 
the duration of the second harmonic τ2 = 21 fs. This walkoff can be mitigated by increasing the duration of 
the fundamental. The increased duration would ensure that the harmonics remain overlapped over a longer 
distance without affecting the rise time of the ionization front responsible for THz generation, which is set by 
the duration of the second harmonic.

The axiparabola used for the phased and standard flying focus had a full-aperture f/N = 15. Simulations (not 
shown) were also conducted for an f/N = 20 axiparabola with all other parameters held constant. Qualitatively, 
the results were nearly identical: The phased flying focus produced a single-cycle THz pulse with almost no 
angular dispersion, and the standard flying focus produced a multi-cycle pulse with a near-field profile that 
exhibited two diffuse rings. Quantitatively, the f/N = 15 configuration resulted in ∼2× greater THz energy 
than the f/N = 20 configuration. This is due to two effects. First, as shown in Ref.18, smaller f/N ’s mitigate 
the elongation of the pulse duration and accompanying drop in intensity caused by the chromatic aberration 
imparted by the echelon. Second, a smaller f/N  increases the incidence angle of the two-color pulse, which 
allows the pulse to penetrate further into the plasma and reach a higher intensity. The shorter duration results 
in more broadband THz generation, while the higher peak intensity increases the rate of ionization, thereby 
enhancing the THz-generating current. As a result, use of an f/N < 15 is expected to further enhance the THz 
energy.

The weak diffractive lens or phaser can compensate the relative phase evolution of the fundamental and 
second harmonic over many dephasing lengths, but there is a limit: if the applied phase becomes too large, 
it can modify the focal velocity and lengthen the duration of the affected harmonic. In the case of the second 
harmonic, the phaser extends the focal range by a distance LD = (∆λ/λ2)f

2
0/fP  and imparts a nonideal radial 

Fig. 3.  Evolution of the differential current densities ∂tJp and current densities Jp produced by the (a,b) 
phased flying focus, (c,d) standard ultrashort flying focus, and (e,f) ideal lens configurations. The phased 
flying focus drives a differential current with a near-constant temporal profile that advances at the prescribed 
focal velocity vf = 1.001 over ∼four dephasing lengths. The near-constant temporal profile of the differential 
current yields a current that does not oscillate with distance. The differential current densities have been 
low-pass filtered at 30 THz, and the current density Jp is shown 500 fs after the maximum of ∂tJp. Both ∂tJp 
and Jp are plotted in arbitrary units. Note that in the moving frame t− z/vg, the focus follows the trajectory 
∆z = vf(1− vf/vg)

−1(t− z/vg).
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delay τD(r) = −r2/2cfP , where ∆λ is the bandwidth of the second harmonic and f0 ≪ fP  has been assumed. 
The phaser will have a negligible effect on the velocity of the focus and temporal duration τ2 when LD ≪ L and 
|τD| ≪ |τ | [see Eqs. (4) and (5)]. For the parameters in Table 1 where L ∼ 4 dephasing lengths, these conditions 
are readily satisfied: LD = 2× 10−3 cm and |τD(R)| = 3 fs, while L = 12 cm and |τ (R)| = 5 ps.

A novel optical configuration that enables simultaneous control over the intensity and relative phase of a 
two-color laser pulse can eliminate dephasing in two-color THz generation. Simulations that modelled this 
configuration, the nonlinear propagation of the two-color laser pulse through gas, and the generation and 
propagation of THz radiation demonstrated the formation of a single-cycle THz pulse with a controlled 
emission angle and almost no angular dispersion. This contrasts the multi-cycle, angularly dispersed THz pulse 
that formed when the two-color pulse was focused by an ideal lens. The novel configuration combines the 
axiparabola and echelon of an ultrashort flying focus12,18,19 with a weak diffractive lens (or equivalent chromatic 
assembly). The axiparabola and echelon provide control over the motion of the far-field intensity, while the 
axiparabola and diffractive lens provide control over the relative phase evolution. The near absence of angular 
dispersion and controlled emission angle of the THz pulses produced by this phased flying focus can facilitate 
collection and refocusing of the radiation for subsequent applications. Future work will explore whether the 
intensity and phase control afforded by this configuration can be applied to other nonlinear optical processes 
that rely on the interaction of multiple frequencies and whether coatings or a redesign of the echelon can be used 
to impart an equivalent phase difference ψP  between the two harmonics. This would eliminate the need for an 
additional optic and allow the fundamental and second harmonic to travel a common path.

Methods
The optical configuration, pulse propagation, and two-color THz generation were simulated as follows. The 
transverse electric field of the laser pulse was initialized in the near field with two carrier frequencies—a 
fundamental and second harmonic, each with the same transverse profile. The analytical phases of the optical 
configurations illustrated in Fig. 1 were then applied to the initial electric fields of each harmonic in the frequency 
domain. With the phases applied, the two-color laser pulses were propagated in vacuum from the exit of the 
optical configuration to the beginning of the gas using the frequency-domain Fresnel integral44,55. The electric 
fields resulting from the Fresnel integral provided the initial condition for the unidirectional pulse propagation 
equation (UPPE)45–47. The UPPE was used to simulate the nonlinear propagation of the two-color laser pulse 
through the gas and the generation and propagation of the THz radiation.

For the phased-flying-focus configuration, the analytical phase applied in the near field included terms for 
the phaser, echelon, and axiparabola: ψ = ψP + ψE + ψAP . The contribution from the phaser ψP  is given by Eq. 
(7) with Lπ = LP  for the second harmonic and ψP = 0 for the fundamental. The contributions from the echelon 
and axiparabola are given by

	
ψE = −ω

c

λ1

2

(
ceil

[
cτ (r)

λ1

]
+ floor

[
cτ (r)

λ1

])
,� (8)

where τ (r) is found in Eq. (5), and

	
ψAP = −ω

c

R2

2L
ln

(
1 +

Lr2

f0R2

)
.� (9)

A single echelon can be and was used for both harmonics because their wavelengths are integer multiples 
λ1 = 2λ2. The standard flying-focus configuration used the same ψE  and ψAP , but did not include the phaser 
element (i.e., ψP = 0 for both harmonics). For the ideal lens configuration, the analytical phase included a single 
term for the lens: ψ = ψl, where

	
ψl = −ω

c

r2

2fl
� (10)

and fl is the focal length.

The parameters describing the optical configurations and the initial field profiles are provided in Table 1. For the 
ideal lens configuration, the confocal parameter of the lens was set equal to the focal range of the flying focus 
to ensure a comparable length of high-intensity propagation and THz generation. The ideal lens f/N = 250 
was acheived using a fl = 5 m focal length and initial spot size wi = 1 cm. The transverse profiles of the pulses 
were Gaussian and flattop for the ideal lens and flying-focus configurations, respectively. The laser parameters 
were chosen based on commercially available, high-repetition-rate Ti:sapphire laser systems. Second harmonic 
generation in crystals like beta barium borate results in a second harmonic pulse with a duration that is ∼

√
2/2 

shorter than the fundamental. This was accounted for when setting the initial duration of the second harmonic.
In the figures, ∆z = 0 corresponds to the nominal focal point of the axiparabola z = f0 for the flying focus 

pulses and z = fl − 4.5Lπ for the conventional pulse. The shift of 4.5Lπ optimized the THz generation for the 
conventional pulse. The initial relative phase and phaser length LP  were tuned over multiple simulations to 
produce the maximum THz energy. This occurred for LP = 2.5 cm, which matched the observed dephasing 
length. However, setting the phaser length equal to the nominal dephasing length determined solely by the 
dispersion of the background gas (i.e., LP = Lπ = 2.9 cm) was sufficient to significantly mitigate dephasing 
and produce a near-half cycle THz pulse. In a series of simulations with lower energy but otherwise equivalent 
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two-color pulses (not shown), the observed dephasing length approached the nominal dephasing length Lπ as 
the pulse energy was decreased: the lower-energy pulses ionized fewer electrons, which reduced the plasma 
contribution to the dispersion.

In an experiment, the gas pressure could be adjusted to match a specific phaser design or to compensate 
other uncertainties in experimental conditions. The phaser length, or more generally its profile, could be further 
optimized in simulations by employing adjoint or machine learning techniques or in experiments by using a 
feedback control system with active optical elements. Such techniques would be particularly useful in situations 
where the relative phase between the two harmonics advances by π over distances much shorter than the 
nominal dephasing length Lπ. For instance, at higher intensities the electron density can reach a point where 
the plasma contribution to the refractive index becomes comparable to or even surpasses that of the neutral gas. 
Ensuring the intended spatiotemporal pulse structure to validate the simulations could be accomplished using 
techniques like those described in Ref.56.

The Fresnel integral was used to propagate from the optical configuration to the start of the interaction 
region because it can have a lower computational cost than the UPPE when the f/N  is small. More specifically, 
the Fresnel integral can take advantage of different radial grids in the near field (optics plane) and far field 
(start of the interaction region) without a significant increase in implementation complexity. The UPPE captures 
linear dispersion to all orders and can simulate arbitrarily large frequency ranges, making it ideal for modeling 
nonlinear propagation of electromagnetic waves with diverse frequency content. As implemented here, the 
UPPE included source terms for the third-order nonlinear polarization density due to bound electrons, an 
effective current density that accounts for ionization energy losses, and the current density of the photoionized 
electrons with damping from electron-neutral collisions (see Ref.44). The electron density was evolved using the 
Ammosov-Delone-Krainov (ADK) quasistatic tunneling ionization rate, which captures the phase-dependence 
of ionization necessary for the two-color THz generation mechanism57. The linear dispersion was calculated 
using the Sellmeier equation found in Ref.58 and extrapolated to THz frequencies.

The UPPE was solved in a cylindrically symmetric, 2D+t geometry with a second-order predictor-
corrector method for the nonlinear source terms. The temporal resolution and domain sizes were ∆t = 70 as 
and T = 2.4 ps, corresponding to a spectral resolution of ∆f = 0.5THz. The minimum radial resolution was 
∆r = 3µm with a radial domain size rmax = 1 cm. The axial step size was ∆z = 20 µm. The resolution was 
adjusted to ensure convergence, and the maximum bounds on t and r were chosen to mitigate aliasing and 
spurious reflections, respectively.

Data availability
Data underlying the results presented in this paper are not publicly available at this time but may be obtained 
from the corresponding author upon reasonable request.
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