Complex Analysis and Operator Theory (2025) 19:2 Complex Analysis
https://doi.org/10.1007/s11785-024-01625-y and Operator Theory

n

Check for
updates

On Compactness of Products of Toeplitz Operators

Trieu Le' - Tomas Miguel Rodriguez? - S6nmez Sahutoglu’

Received: 15 May 2024 / Accepted: 30 October 2024
© The Author(s) 2024

Abstract

We study compactness of product of Toeplitz operators with symbols continuous on
the closure of the polydisc in terms of behavior of the symbols on the boundary. For
certain classes of symbols f and g, we show that T;T, is compact if and only if
fg vanishes on the boundary. We provide examples to show that for more general
symbols, the vanishing of fg on the whole polydisc might not imply the compactness
of T¢Tg. On the other hand, the reverse direction is closely related to the zero product
problem for Toeplitz operators on the unit disc, which is still open.
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1 Introduction

Let 2 be a bounded domain in C”. The Bergman space A%(£2) consists of all holomor-
phic functions on €2 that are square integrable with respect to the Lebesgue volume
measure dV. The orthogonal projection P : L2(Q) — A%(Q) is known as the
Bergman projection. For a bounded measurable function f on €2, the Toeplitz operator
Tr: A%(Q) — A%(RQ) is defined as

Tih = P(fh)
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for h € A%2(2). We call f the symbol of 7.

There is an extensive literature on the study of Toeplitz operators on various
domains. In this paper, we are particularly interested in the case the domain is the poly-
disc and compactness of product of Toeplitz operators whose symbols are continuous
up to the boundary.

A classical approach to compactness of Toeplitz operators involves the Berezin
transform. For finite sum of finite products of Toeplitz operators on the Bergman space
of the unit disc, the Axler—Zheng Theorem [1, Theorem 2.2] characterizes compactness
in terms of the behavior of the Berezin transform of the operator. In higher dimensions,
the Axler—Zheng Theorem is extended to the case of the polydisc as seen in [2] and
[3, p- 232], and the unit ball as shown in [4, Theorem 9.5]. Recently, there have been
a few generalizations of this result in different directions. See, for instance, [5-8].

In this paper, we study compactness of products of Toeplitz operators in terms of
the behavior of the symbols on the boundary. More specifically, we would like to
characterize functions f, g that are continuous on D" such that TyT, is compact.

Coburn [9, Lemma 2] showed that on the Bergman space over unit ball B, for f a
continuous function on B, the Toeplitz operator Ty is compact if and only if f = Oon
bB. Furthermore, [9, Theorem 1] established a *-isomorphismo : t(B)/ % — C(bB)
satisfying

o(Tr+ %) = flpB,

where 7 (B) is the Toeplitz algebra generated by {7, : ¢ € C (B)} and % is the ideal of
compact operators on A2(IB3). As a consequence, we see that for f1,..., fy € C (E),
the product T, - - - T, is compact if and only if the product fi - -- fy = 0 on bB.

On the polydisc D", the first author [10] showed that, in the context of weighted
Bergman spaces, for f € C(D"), the Toeplitz operator Ty is compact if and only if
f vanishes on bD", the (topological) boundary of D". Generalizing this result, the
second and the third authors in [11] proved that compactness of the Toeplitz operator
with a symbol continuous on the closure of a bounded pseudoconvex domain in C”
with Lipschitz boundary is equivalent to the symbol vanishing on the boundary of the
domain.

Motivated by Coburn’s aforementioned result, one may expect that the necessary
and sufficient condition for 7 T, to be compact is that fg vanishes on b)". However,
we shall see in our results and examples that while the above statement holds for a
certain class of symbols, sufficiency is false in general. On the other hand, necessity
is closely related with the famous “zero product problem” in the theory of Toeplitz
operators on the unit disc, which is still wide open.

2 Main Result

LetT = Zj.v:] Ty Tf,-,mj be a finite sum of finite products of Toeplitz operators

with fj € C (D). Coburn’s aforementioned result implies that compactness of the

operator T on A%(ID) is equivalent to Z?]:l fj1--+ fim; = Oonthecircle. Therefore,
throughout the paper we will assume that n > 2 as the case n = 1 is well understood.
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Before we state our results, we define the restriction operator Ry ¢ : c" —
CD"1forE e Tandk = 1,...,n as follows.

Rigfziy-oszn—1) =fE. 21,5 Zn—1)s
Ruef(zi,....zn—1) = f (21, ..., 2u=1, 8),

and
Rief(zi,...vzn—1) = f@1, - s 2h=1, 8, Zks o -+, Tn—1)

for2 <k <mn-—1land f € C(D").

In our main result, we give a characterization of compactness of the finite sum of
finite products of Toeplitz operators in terms of the vanishing of the operator restricted
to the polydiscs in the boundary. We recall that bD" consists of all z = (z1, ..., 2,) €
D" such that |z;j| = 1 for some j.

Theorem 1 Let T = Z]/V:l Tgiy-- Tf_/,m/- be a finite sum of finite products of Toeplitz

operators on A>(D") for fik € C(D") withn > 2. Then T is compact on A>(D") if
and only if

N
Z TRiefin - TRk.sfj.mj =0
j=1

on A2(D" ) forallé e Tand 1 <k < n.
As an immediate corollary we get the following.

Corollary 1 Let f; € c(D") for 1 < j < m. Assume that for each ¢ € T and
1 < k < n there exists j such that Ry ¢ fj = 0 on D", Then Ty, -+ Ty is compact
on A%(D").

3 Applications

Let ¢ and i be two functions in C(E). We define f(z, w) = ¢(w) and g(z, w) =
Y (w) for z, w € D. Then for any & € T,

Rigsf(w)=f¢E w)=pWw), Riggw)=g¢ w)=vyw) forweD

and
Rogf(2) =9§), Ropeg(x) =y (§) forzeD.

By Theorem 1, the product T¢T, is a compact operator on A%(D?) if and only if
T,Ty = 0on A%2(D) and @(&)¥ (&) = O for all £ € T. Since the second condition
is actually a consequence of the first, we conclude that for such f and g, the product
TyT, is compact on A?(D?) if and only if T,Ty = 0on A?(ID), which is equivalent
to TyT, = 0 on A%2(D?).
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Example 1 Let

1 —=2|w| for0<|w|<s5
p(w) = 1
0 for [w| > 3,
and
0 for0 < |w| < 3
1//(11)) = 1 2
2wl =1 for|w| > 5.

Using polar coordinates, one can check that both operators T, and Ty, are diagonal-
izable with respect to the standard orthonormal basis and their eigenvalues are all
strictly positive. Hence T, Ty, # 0 on A%(DD). On the other hand, ¢y = 0 on D. Then
for f(z, w) = @(w) and g(z, w) = ¥(w), we have fg = 0 on D? but TyT, is not
compact on A%(D?) as T, Ty # 0. This example shows that the vanishing of fg on
bD? (or even on D?) does not imply the compactness of TrT,.

Example 2 Take f as in Example 1 and define

8z, w) = ¢(2) + ¥ (w).

Then fg is not identically zero on D? because f(0,0) = g(0,0) = 1 and fg = 0 on
bD?. Yet, by Theorem 1, the product Ty T, is not compact since for§ € T,

TRl,ngRl,gg =T,Ty

is not the zero operator on AZ(D).

Remark 1 From the previous examples we see that fg = 0 on bID? is not a sufficient
condition for the compactness of Ty 7. Is it a necessary condition? It turns out this
question is related to the zero product problem for Toeplitz operators on the disc. More
specifically, as in Example 1, we see that with f(z, w) = ¢(w) and g(z, w) = ¥ (w),
if the product Ty T, is compact on A%(D?), then T,Ty = 0on A%(D) (which gives
¢y = 0 on T). However, it is not known if this condition implies that ¢ = 0 on D.
For&é € Tandz, w € D, wehave f (&, w)g(&, w) = ¢(w)Y¥(w) and f(z,&)g(z, &) =
(€)Y (£). So fg = 0 on bD? if and only if ¢y = 0 on D.

In Proposition 1 below, we show that if the symbols are harmonic along the discs in
the boundary, then we have necessary and sufficient conditions for the compactness of
the product of two Toeplitz operators. A function f € C*(ID") is said to be n-harmonic

if s
d
f _o,

Af=4 -
i 0z;07;

forall j =1,2,...,n. Thatis, f is harmonic in each variable separately [12, pg. 16].

Proposition1 Ler f, g € C(W) (with n > 2) such that for & € T, and 1 < k < n,
the functions Ry g [ and Ry g g are (n — 1)-harmonic on D"~ Then TyT, is compact
if and only if fg = 0 on bD".
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We note that in Example 1, both f and g depend on the same single variable.
In Proposition 2 below, we give a characterization when the symbols are product of
single-variable functions.

Proposition2 Let T = ]_[24:1 Ty, be a finite product of Toeplitz operators on AZ(D"M)
such that fi(z) = H’;:I fik(@) for fix € CD)and z = (z1,...,2,) € D". Let
F = ]_[,1:1:1 f. Then the following statements hold.

(i) If T is a nonzero compact operator, then F = 0 on bD".
(ii) If F = 0 on bD" and F is not identically zero on D", then T is compact.

Remark2 We do not know whether (i) in Proposition 2 still holds in the case T is the
zero operator. This is closely related to the zero product problem. More specifically,
consider f(z,w) = ¢(w) and g(z, w) = ¥ (w), where ¢, ¥ € C@D). Then T =
TtTy = 0 on A%(D?) if and only if 7,y = 0 on A%(D). On the other hand, F =
fg = 0 on bD" if and only if ¢y = 0 on D. It is still an open problem whether
T,Ty =0on A?(D) implies that ¢ = 0 on I.

Remark 3 The conclusion of (ii) in Proposition 2 does not hold if F is identically zero
on D". Indeed, the functions f and g in Example 1 are of the type considered here

and F = fg = 0 on D? but T T, is not compact on A%(D?).

In the proposition below, we show that when all but at most one of the symbols
are polynomials, compactness of a Toeplitz product on AZ(D?) is equivalent to the
vanishing of the product of the symbols on #ID2. For this result, we need to restrict to
dimension two. It would be interesting to extend the result to all » > 2. See Remark
4.

Proposition3 Let f1, ..., fu and g1, ..., gn be polynomials in z, w and Z, w, and
h € C(D?). Then Ty, - Tt Th Ty, - - - Ty is compact on A%(D?) if and only if

fi--- fuhgi---gn =0 on bD?.

4 Proofs

Let BT (p) denote the Berezin transform of a bounded linear operator 7T : AZ(D") —
A%(D") at p € D". That is,
BT (p) = (Tkp» kp)

where
K(z, p)

= K, p)

is the normalized Bergman kernel of D”".

We will need the following lemma whose proof is contained in the proof of Theorem
1 in [13]. We provide a sketch of the proof here for the convenience of the reader. We
note that Bf denotes BTy whenever f is a bounded function and we use the following
notation: 7/ = (z2,...,24) € C" L forz = (z1,...,2,) € C". For functions A
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defined on D and &, defined on D" 1, we use /A, to denote the function /1 (z1)h2(z)
on D".

Lemma 1 Suppose n > 2 and € C(W). Letg = (¢,q") € T x D" and define
Ve(z) =¥ (¢, 7)) for z € D"
(i) If{hp : p € D"} is a bounded set in L2 1YY, then

lim | = vk | = 0.

(ii) If Y1, ..., ¥, € C(D") are functions independent of z1 and W is any bounded
operator on L*(D"), then

lim \WTy_y, Ty, - Ty k,|| =0.
lim |WTy—y Ty, - Ty b |
Proof (i) Lete > 0 be given. By the uniform continuity of ¥, there exists § > 0 such

that for all z/ € D" !,

€
W (z1,2) — Ye(z1,2)| < whenever [z; —§| < 4.
g sup{lpl 21} + 1

Then,

I = ek, hpll® = 10 = YDk hpl oo, -1 <5,
D 2
+ ||(W - ng)kplhp”L%{ZGD"JZ]—&\ZS})
< 2 hoi2 — KD |2
<€+ p||L2(Dn—1)||(1/f Yk 110 (zeDm: |z — 161
However,
sup {[k2, en)| + 121 — &1 = 8} > 0as py > €.

Then, limsup,,_, , (¥ — 1/’5)/6?1 hpll < €. Since € > 0 was arbitrary, we conclude
that

Tim ||y = y)kp by = 0.

(ii) We note that k, = k% k“p)i"" for p = (p1, p'). We define

hp = T‘/’I e vakBYHI fOfp e D",

Since each v, is independent of zy, &, is independent of z; and hence it can be
considered as an element of L>(ID"~!). Note that the set {A p - p € D"} is bounded
by [Ty, - - - Ty, ||. Furthermore, we have Ty, - - - Ty, kp = kE’lh p- It follows that

E

which, by (i), converges to zero as p — q. O

[WTy i Ty Ty kp | < IWI - [0 = wdkpi
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Proof of Theorem 1 We first make an observation. If ¢ is a bounded function on )t
then T, while initially defined on AZ(D" 1Y, can be naturally considered as a Toeplitz
operator with symbol E1¢(z1, z’) = ¢(2') acting on A%(ID"). This will not create any
confusion due to the fact that for 4 € AZ(JD)”) independent of z1, the function Tg, yh
is also independent of z; and (T, ,h)(z) = (T,h)(z') for all z = (z1,2') € D™

Let § € T. For each j and mj, the function f; ,, can be written as fj ,, =

(fjm; — Rig fim;) + Rig fjm;. We then expand T = Z?’:] Tg Tf,-,mj as

N

T= Z (TRl,sfj.l "'TRl,gfj,mj + Tfj,l—Rl,gfj.lTRl,gfj,z "'TRl,sfj,m,- + Tfj.l
j=1 ’

Tfio-Riefin TR fis "'TRl,sfj,mj +o T TF '”Tfj,mj—l Tfj,m_/*Rl.Sfj,mj>
N N
= Z TRlﬁgfj,l : "TR|,gfj,mj + Z (Tfj,l—Rl,sfj,l TRl,sfj_z T TR1,gfj,mj + Tfj,l
j=1 j=1

'Tfj.Z*Rl,Efj,ZTRl,Efj.Z» "'TRl,gfj.mj +oet Tfj.l Tfj,z "'Tfj,mj—l Tfj,m_/*Rl,*;‘fj,mj> :

Note that in the second sum, each summand has the form considered in Lemma 1(ii).
We then conclude that for any ¢ = (£, ¢') € T x D*—1,

N

,}i_ff}l ” Tkp — ; TRiefin TRiefim Kp ” =0. M

Now suppose that T is compact. Fix p’ € D"~!. Since k(p,,py — Oweaklyas p; — &,
the compactness of T implies that || Tk, ,nll — 0 as py — &. Equation (1) then
gives

N
I ”T.---T.kfzo. 2
p1ITé§ j:1 Rl,éf],l Rl,Ef],mj (p1.p) ()

Since

N N 1

D ;D
Z TRy & £ "'TRLsf.f.m,-k(Pl’P/) = Z TR & £ "'TRLsf.f.m,- (kp k)
j=1 j=1

N
D anl
= kPI . Z TR]-Efj,l . e Tlefjvmj kp/
j=1

and ||k£3)l || = 1 for all py, (2) implies that

N
anl

Z TRiefin TRigfimky =0

Jj=1
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, . . N .
Because p’ was arbitrary, it follows that } ;) Tr,, f;, "'TRl.sfj.m,- is the zero

operator on A2(D"~!). Applying the same method for other values of k, we have

N
Z TRk,Efj,l T TRk.Efj.mj =0
j=1

on A2(ID)”_1) forl <k <mnandall& €T.
We now prove the converse. Let ¢ = (£,¢’) € bD" with & € T and ¢’ € D!,
Since it is assumed that le-v:l TRy cfjn - Tlef_/.‘mj = 0, equation (1) implies that

lim, 4 [[Tkp| = 0. As a consequence,
lim BT (p) = lim (Tk,, k,) = 0.
p—q P—q

The same argument is applicable for all ¢ € bID". By Axler—Zheng Theorem for D"
([2] and [3, p. 232]), we conclude that T is compact on AZ(D"M).

Proof of Corollary T We assume that for each & € T and 1 < k < n there exists j
such that Ry ¢ fj = 0. Then Tg, . 1, - -+ TR . s, = O on A%2(D" 1. Hence, Theorem 1
implies that T, - - - Ty, is compact on A%(D").

Proof of Proposition 1 To prove the forward direction, we first use Theorem 1 to con-
clude that the operator TRy coTR: f is zero on Az(D”’l) forall§ e Tand1 <k <n.
Since the symbols Ry ¢ f and Ry ¢ g are (n — 1)-harmonic on D!, we apply [14, The-
orem 1.1] (or [15, Corollary 2] in the case n = 2) to conclude that either Ry ¢ f = 0
or Ry g = 0.Then fg = 0on bD" as desired.

To prove the converse we argue as follows. For each 1 < k <n and § € T, since
both Ry ¢ f and Ry ¢ g are (n — 1)-harmonic and their product is zero on D" !, either
Rief = 0or Rygg = 0. Then TRk,ngRk.gf =0on AZ(]D)”_I) for all £ € T and
1 < k < n. Theorem 1 now implies that T, T is compact.

Proof of Proposition 2 We first prove (i). Assume that 7 is a nonzero compact operator.
Then by Theorem 1 when restricted on the first coordinate, for any & € T,

M M M
0=[]Trer = ([TH:®) 177
k=1 k=1 k=1

on A2(D""1), where fk(zz, ceeszZn) = f2.x(22) -+ fux(zn). Since T is not the zero
operator, the second factor on the right hand side above is a nonzero operator. This
follows from the fact that T can be written as the product

(]H Tfl.k) ’ (I!j[ Tﬁ)
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where the first factor acts on functions in z; and the second factor acts on functions in
7 = (z2,...,2zn). Hence, ]—[,}(w:] f1.6(&) = 0. Tt follows that

M M n M
F 2,z =[] it za .. z) = (1‘[ fl,k@)) [TIIfixGn]=0
k=1

k=1 j=2k=1

on T x D"~ !. The same argument applies to other coordinates and we have F = 0 on
bD".

Next we prove (ii). Assume that F = ]_[,1(‘/1: 1 f =00nbD" and F is not identically
zero on D". Choose ¢ = (q1,-..,49n) € D" such that fi(q) # O for all k, which
implies that f; x(q;) # O forall j and k. Forany § € T, since z = (§,q2, ..., qn) €

bD", we have
M
0=r@=(]]A:®)- [ H ey
k=1

j=2k=1

Because the second factor is nonzero, it follows that Hk: | f1.6(8) = 0. As aresult,

Ty =

||:]§

ﬁ Tr,e i = (H fi k(s))
k=1

on AZ(D"~1), where, as before, ﬁ(zg, cosZn) = fox(z2) -+ fuk(2n). The same
argument applies to other parts of bD". Then Theorem 1 implies that T = 1—[]1:/121 Ty,
is compact on AZ(DM).

The proof of Proposition 3 hinges on several elementary facts about polynomials
that we describe below. We use C|z, 7] to denote the vector space of all polynomials
in z and Z.

The following lemma is well known. The proof follows from the fact that if a real
analytic function vanishes on a non-empty open set, it must be identically zero.

Lemma2 Let f € Clz, z] be not identically zero. Then the set
{zeC: f(z) =0}

has an empty interior.

Lemma3 Let f € Clz,z]. Assume that there exist infinitely many & € T such that
f (&) = 0. Then there is a polynomial g € C[z,z] such that f(z) = (1 —|z|>)g(z). In
particular, f(§) =0 forall & € T.

Proof For non-negative integers s, t, we write

|Z|2t ZS—Z‘

St = 2|25 7175 ift >,
ift <s.
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As aresult, there are integers m, M > 0 and polynomials p; (for 0 < j < M) and g;
(for 0 < j < m) of a single variable such that

M m
f@ =) "pjzP +> gz
j=0 j=0
By the hypothesis, there exists infinitely many & € T such that

M m .
Y piDE Y q;(DE = f(E) =0.

j=0 j=0

This implies that p;(1) = g;(1) = 0 for each j. As a consequence, all p;(r) and
q(r) are divisible by 1 — r. We then conclude that f(z) is divisible by 1 — |z|%, from
which the conclusion of the lemma follows.

Lemma4 Let f(z, w) be a polynomial in z, w,7Z, w and let h € C(W). Assume that
fh =0 onbD? Then flpyp =0o0rh|p, 5 =0and flg,.r = 0orhlg,p =0.

Proof Assume that i does not vanish identically on T x . By continuity, there exist
a non-empty arc J € T and a non-empty open set V C D such that h(§, w) # O for
all £ € J and w € V. It follows that f(§, w) = 0O for all such £ and w. For each
& € J, applying Lemma 2, we conclude that f (&, w) = O for all w € D. Then for
each w € D, since f (&, w) vanishes on J (which is an infinite set), Lemma 3 implies
that £ (£, w) = O forall & € T. Therefore, f vanishes identically on T x ID. The proof
for D x T is similar.

Lemma5 [[16, Corollary 1.8]] Suppose ¢1, ..., op and y1, ..., ¥y are polynomials
ofz,ZinDand g € L2(D). If Ty, -+ Ty Te Ty, - Tyy = 0 on A%(D), then one of
the symbols must be zero.

Proof of Proposition 3 Assume that Ty, - - - Ty, Ty Te, - - - Tgy is compact on A2(D?),
then by Theorem 1,

TRI,Efl T TR],EfM TRl,ghTRl,sgl to TRI,EgN =0

on Az(]D)) for all £ € T. By Lemma 5, one of Ry¢fi1,..., Rie fm, Ri¢h, and
Rig81,..., R ggnisazerofunctiononD. Thus, fi--- f;hgr---gn =00nT x D.
Similar argument works for D x T. Therefore, fi - -- farhg1 ---gn = 0 on sz._

For the converse, by Lemma 4, one of the symbols is identically zero on T x D. It
then follows that

TRl,Efl T TRl.sfM TRl,EhTRl,Egl T TRl,EgN =0.

Similarly,
TRz,gfl T TRz,ng TRz‘ghTRz.sgl T TRz,sgN =0.
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Therefore, by Theorem 1, we conclude that Ty, --- Ty, T Ty, - - - Ty, is compact on
A%2(D?).

Remark 4 Ttis desirable to generalize Proposition 3 to D" for alln > 2. While Lemmas
2, 3 and 4 remain true for all n, Lemma 5 has only been known for the disc. In order
to extend Proposition 3 to all n > 2, one needs to prove a several-variable version of
Lemma 5. Some partial results have been obtained in the literature. For example, the
main results of [17] imply that Lemma 5 holds in several variables when g = 1 or
when all ¢;, Y are monomials. As a result, Proposition 3 holds on D" for all n > 2
in the case & = 1, or in the case all f; and g; are monomials.
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