
Impact of nuclear deformation of 
parent and daughter nuclei on one 
proton radioactivity lifetimes
A. Jain1, Pranali Parab2, G. Saxena3 & Mamta Aggarwal2

The influence of nuclear deformation on proton-decay half-lives has been systematically studied 
in microscopic theoretical frameworks for a wide range of nuclei with Z<82. Correlation between 
1p-decay half-lives and the deformed nuclear shapes of both the parent and daughter nuclei is 
investigated. Since the deformations of proton emitters and their residual nuclei impact the potential 
barrier and disintegration energy which are crucial for the accurate determination of half-lives, we 
incorporate these nuclear deformations of both the emitters and residues in a phenomenological 
manner and propose a new semi-empirical formula to estimate the 1p-decay half-lives. The robustness 
of this formula is demonstrated by the accurate predictions of the measured values while making it 
reliable for forecasting the properties of other potential proton emitters. The phenomenon of shape 
coexistence as observed in several proton emitters and their respective daughter nuclei, is particularly 
significant in this context due to secondary minima in the potential energy surfaces of both the nuclei. 
Accounting for these factors significantly affects the estimation of half-lives and branching ratios by 
introducing additional decay pathways and altering transition probabilities between different nuclear 
shapes.

Significant advancements in measuring proton decay half-lives through the development of sophisticated 
facilities like ISOLDE1, Argonne National Laboratory (ANL)2, University of Jyväskylä3, Oak Ridge National 
Laboratory (ORNL)4, ISAC-TRIUMF5and NSCL6,7, and identification of a large number of ground-state and 
isomeric excited-state proton emitters8–10near the proton drip line has attracted a lot of attention as it can be 
used as a powerful tool to probe the structure of proton unbound Nilsson orbitals, deformations and decay 
mechanisms. Precise knowledge of the nuclear structure, lifetimes and disintegration rates of different decay 
modes, can be useful in various practical applications like selecting isotopes for medical imaging, designing 
nuclear reactors, dating ancient materials and also in understanding the nucleosynthesis processes in stars11,12. 
One-Proton (1p) radioactivity is one of the rare decay modes that competes with the α and βdecay modes 
near the proton drip lines13,14where the last valence proton remains no longer bound by the strong nuclear 
forces. Nuclear deformation, that increases the number of nucleons in the classically forbidden regions below 
the continuum threshold, influences the half-life of decay by altering the potential barrier for particle emission, 
modifying nuclear matrix elements, and changing the energy levels and transition probabilities15,16. Moreover, 
the measurements of lifetimes of deformed proton emitters17,18provide information on the last occupied Nilsson 
configuration and hence the shape of the nucleus which is a fundamental property of the atomic nucleus. This 
points to the correlation between the nuclear deformations, shape and the life times of deformed proton emitters 
at the limits of nuclear stability19–21 which is one of the most exciting subjects in the contemporary nuclear 
physics and needs investigation which is the goal of present work.

So far a significant number of proton emitting ground and isomeric states have been identified and 
investigated in almost all odd Z systems from Sb (Z=51) to Bi (Z=83) with the resulting data becoming a 
versatile spectroscopic tool2,22to characterize states located near the Fermi surface in nuclei at the threshold of 
stability. The predicted proton emitters in the region with 50<Z<67 are expected to be quite deformed. Although 
proton radioactivity provides valuable insights into the nuclear masses, shell structure, and the interactions 
between bound and unbound nuclear states16at the edge of stability, it requires extremely sensitive detection 
techniques to carefully distinguish these proton decay events from background noise, other radiation types 
and cosmic rays. However, despite the challenges to produce and isolate the rare isotopes that exhibit proton 
radioactivity, ongoing improvements in detector technology and collaborations are enhancing the precision to 
measure the half-life of proton radioactivity23. Starting with the first experimentally identified 1p-emitter from 
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the high-spin isomeric state of 53Comin 1970, approximately 52 proton emitters24have been discovered so far, 
decaying from both ground and isomeric states of nuclei9.

On the theoretical front, the determination of decay half-lives can be done by employing the theoretical 
models like the distorted-wave Born approximation (DWBA)25, the two-potential approach (TPA)25, the quasi-
classical method25, the density-dependent M3Y (DDM3Y) effective interaction26, the phenomenological unified 
fission model (PUFM)27, the RMF+BCS approach28, the generalized liquid drop model (GLDM)29, the cluster 
model30, the unified fission model31, the single-folding model (SFM)32, relativistic density functional theory 
(RDFT)33, the method of coupled channel calculations (MCCC)34, covariant density functional (CDF) theory35, 
the deformed density-dependent model36, the Gamow-like model (GLM)37, the Coulomb and proximity 
potential model for deformed nuclei (CPPMDN)38, the Coulomb and proximity potential model (CPPM)21, 
the semiclassical WKB method39, the non adiabatic quasi particle method40, and various proximity potentials14.

In addition, one may also use various (semi) empirical or analytical formulas to determine proton decay 
half-lives like the formulas proposed by Delion et al.41 or Medeiros et al.42for both the ground state and isomeric 
proton transitions. Formulas by Viola-Seaborg and Royer29 used for α-decay, and several other empirical 
formulas43–47 are also used for calculating 1p-decay half-lives .

The existing semi-empirical formulas for proton decay primarily rely on a linear relationship between log10T1/2 
and Zd√

Q
, similar to the approach used for α-decay42,43,47. Previous studies have demonstrated that including 

deformation effects significantly improves the predictive accuracy of α-emission half-lives48, β-decay49and 
2p-emission50–52 as well. Interestingly, the studies have indicated that the half-life sensitivity to Q-value differs 
between the proton emission and α-decay, owing to a smaller reduced mass and a higher centrifugal barrier 
in the former case. This difference makes deformation effects particularly important for accurately predicting 
proton emission half-lives, especially in drip-line nuclei where determining precise angular momentum (l) and 
Q-values is challenging.

So far, only a few empirical formulas for 1p-emission consider the quadrupole (and occasionally hexadecapole) 
deformation of the parent nucleus51,53or the daughter nucleus47,54. However, to the best of our knowledge, no 
empirical formula has considered the deformation of both the parent and daughter nuclei simultaneously for 
1p/2p-emission or α-emission. The deformation of the parent nucleus directly affects the potential barrier for 
particle emission, influencing the tunneling ease, while the deformation of the daughter nucleus affects the 
final energy state and transition probabilities. Neglecting either aspect can result in significant inaccuracies, 
as the shape and energy distribution of both the nuclei determine the decay dynamics. By including terms for 
both parent and daughter deformations, empirical formulas can more accurately capture the complexities of 
nuclear structure and decay pathways, leading to predictions that align more closely with experimental data 
and enhancing the formula’s reliability and general applicability across the various decay modes and nuclear 
configurations.

In view of this, we use deformation dependence of proton-emission half-lives for proton-emitters with Z<82 
using a semi-empirical formula motivated by the formula used for 2p-radioactivity in our earlier work52. The 
formula includes the quadrupole deformation of both the parent and daughter nuclei in a phenomenological 
manner in addition to the usual Q-value and angular momentum dependence. Our formula proves to be robust 
that performes well as compared to the other descriptions of proton radioactivity half-lives and correlates 
the half-lives with nuclear shapes of parent and daughter nuclei. Our calculations reveal that in some shape-
coexisting nuclei, the half-lives for transitions from the second minima align more closely with the experimental 
data. Also, the shape coexistence can alter the branching ratios of nuclear decays by introducing additional decay 
paths, thereby modifying energy levels and transition rates. These findings underscore the significant impact of 
shape coexistence on nuclear stability and half-lives, a key outcome of this comprehensive study.

Theoretical framework
To calculate the disintegration energy for various decay modes, including proton emission, in unknown nuclei as 
well as nuclei known to us to some extent and to examine the shapes of all considered nuclei, we utilize two well-
established theoretical models: (i) the Macroscopic-Microscopic approach using the Nilsson-Strutinsky method 
(NSM), and (ii) Relativistic Mean-Field (RMF) theory. A brief overview of these theories is provided below:

Macroscopic - Microscopic approach using Nilsson-Strutinsky method (NSM)
The Macroscopic-Microscopic approach using the NSM employs a triaxially deformed Nilsson Hamiltonian 
and the Strutinsky shell correction to study the structural properties of atomic nuclei. This method addresses 
the interplay between microscopic shell effects and the macroscopic bulk properties of nuclear matter. The well-
known Strutinsky shell correction to the energy is obtained by

	
δEShell =

A∑
i=1

εi − Ẽ� (1)

where εi is the shell model discrete energy and Ẽ is the smoothened energy. Hermite polynomials Hk(ui) upto 
higher order of correction ensure the smoothened levels.The smearing width of 1.2ℏ ω has been used. The single 
particle energies ϵi as a function of deformation parameters (β, γ) are generated by Nilsson Hamiltonian for the 
triaxially deformed oscillator diagonalized in a cylindrical representation55,56.

Strutinsky’s shell correction δEShell added to macroscopic energy of the spherical drop BELDM  along with the 
deformation energy Edef  obtained from surface and Coulomb effects gives the total energy BEgsas in our earlier 
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works57,58corrected for microscopic effects of the nuclear system (For detailed theoretical formalism, please 
refer57,58)

	 BEgs(Z,N, β, γ) = BELDM(Z,N)− Edef(Z,N, β, γ)− δEshell(Z,N, β, γ) � (2)

Energy E (= −BE) minima is searched for β (0 to 0.4 in steps of 0.01) and γ (from -180o(oblate) to -120o
(prolate) and -180o < γ < -120o (triaxial)).

β and γ corresponding to E minima provide the equilibrium deformation and shapes of the nuclei. Our predicted 
βvalues have shown excellent agreement with the experimental values for a wide range of nuclei58,59 confirming 
the reliability of our calculations. The unbound nuclei for one and two protons (1p and 2p) as well as one and two 
neutrons (1n and 2n) are identified by their respective separation energies: S1p, S2p, S1n, and S2n. These separation 
energies approach zero as they are calculated from the difference between the ground-state binding energies 
(BEgs) of the parent and daughter nuclei.

Relativistic Mean-Field theory (RMF)
In case of Relativistic Mean Field (RMF) theory, the Lagrangian density is used to describe the dynamics of 
nucleons and mesons. We employ NL3∗parameter60 set, which is a commonly used parameter set in RMF 
calculations. These calculations typically include nonlinear terms for the scalar σ and vector ω meson to account 
for the self-interactions of these mesons. Besides the usual nucleon and meson part of the Lagrangian, the 
interaction and non-linear part of Lagrangian density is given by:

	
Linteraction = gσψ̄σψ − gωψ̄γ

µωµψ − gρψ̄γ
µτ⃗ · ρ⃗µψ − eψ̄γµ1 + τ3

2
Aµψ� (3)

	
Lnonlinear = −1

3
g2σ

3 − 1

4
g3σ

4 +
1

4
c3(ωµω

µ)2� (4)

Here, g2 and g3 are the self-interaction parameters for the σ meson, and c3 is the self-interaction parameter for 
the ω meson. The nonlinear terms are crucial for reproducing the empirical properties of nuclear matter and 
finite nuclei within the RMF framework. The NL3∗parameter60set provides specific values for the masses and 
coupling constants that are used in the Lagrangian density. The corresponding Dirac equations for nucleons and 
Klein-Gordon equations for mesons, derived using the mean-field approximation, are solved using the expansion 
method on the widely utilized axially deformed Harmonic-Oscillator basis61,62. Quadrupole-constrained 
calculations have been performed for all the considered nuclei to obtain their potential energy surfaces (PESs) 
and determine the corresponding ground-state deformations61,63. For nuclei with an odd number of nucleons, 
a simple blocking method is used without breaking time-reversal symmetry64. For further details of these 
formulations we refer the reader to Refs.61,62,65.

Half-life calculations
We perform half-life calculations for the spontaneous emission of protons from a nuclear state relatively long-
lived with a lifetime enough to study the atomic structure. We employ a semi-empirical formula, somewhat 
similar to that used for 2p-radioactivity52 and incorporate the nuclear deformation of the parent proton emitter 
and the daughter nuclei apart from the usual Q-value and angular momentum dependence. Although the proton 
emitting states are unbound to the strong nuclear forces, the structural effects along with Coulomb and centrifugal 
barriers together can slow down the decay process to provide enough life time for probe. The deformation effects 
alter the potential barrier, that, the decaying particles must overcome, thereby altering the tunneling probability 
and thus modifying the half-life. It also impacts the energy levels and transition probabilities which are crucial 
for determining the decay rates. Hence by including the deformation term, one can ensure the empirical formula 
to better account for the above factors, leading to more accurate predictions of half-lives which align more 
closely with the experimental data and thus enhancing its reliability and applicability in predicting the nuclear 
decay properties.

Including deformation of both the parent and daughter nuclei becomes particularly more important when 
we are dealing with the nuclei exhibiting shape coexistence which is characterized by one or more nuclear states 
lying close to the ground state with competing spherical, prolate and oblate shapes having different deformations 
with very close or similar energies. The crucial role of interplay between the shell effects and the collective 
degrees of freedom in the structure and stability of nuclei can be seen in the phenomena of shape coexistence. 
Such nuclei with coexisting eigenstates, exist in a second minima state lying close to the ground state that may 
have some finite lifetime sufficient for probes which depends on its excitation energy and the extent of overlap 
between its wave function and that of the ground state. The existence of two minima in both parent and daughter 
nuclei results in a possibility that either the parent or daughter nucleus may transit between different shapes 
during the decay process which may lead to different pathways and different lifetimes for emission.

In a recent work, we reported the deformation dependence of 2p-radioactivity half-lives by including the 
quadrupole deformation of parent nucleus into an empirical formula which has been able to estimate measured 
values with high accuracy52. Building on this, we use a formula guided by the same principles, selecting the 
first three terms based on a semi-classical treatment for evaluating the transmission coefficient of an α-particle 
through a Coulomb barrier66,67. The fourth term, 

√
l(l + 1), accounts for the hindrance effect of the centrifugal 

barrier68. The deformation term can either take the form of |β|p, as chosen phenomenologically in previous 
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works47,52–54, or (κβ)1/2 Z√
Q

 (where β is the deformation of daughter nucleus, and the κ is 2 or -1 for prolate 
or oblate nucleus, respectively), as used recently in a empirical relationship for α-decay half-lives48. We have 
compiled a dataset of 52 experimentally identified 1p-emitters, including 37 ground states and 15 isomeric 
transitions69. Given that the nuclei in this study are at or beyond the proton drip line, experimental values of 
deformation β for many of these nuclei are unavailable. Therefore, for fitting purposes, we use theoretical β
values calculated for all the considered nuclei using the Relativistic Mean Field (RMF) approach65,70and the 
Macroscopic-Microscopic approach57,58. These calculations were compared with deformation values from 
the Weizsäcker-Skyrme (WS4) model71, Hartree-Fock-Bogoliubov (HFB)72, and Finite Range Droplet Model 
(FRDM) mass tables73, among others. We found that the most of the shapes of parent and daughter nuclei 
were consistent across these theories. However, for the purpose of the best formula fitting, we preferred the 
deformation values computed by the RMF approach, as done in our previous work52. The validity of the formula 
is evaluated using the k-fold cross-validation technique in machine learning.

Initially, we fitted the term |β|p to the data by varying the power p from 0 to 5 in 0.5 increments, using the 
deformation of the parent nuclei. The same procedure was repeated using the deformation of the daughter 
nuclei, and then with both the parent and daughter nuclei. Subsequently, we incorporated the new term 
(κβ)p Z√

Q
, considering the deformation of (i) the parent nucleus, (ii) the daughter nucleus, and (iii) both nuclei, 

while varying the power p in each case. Our findings indicate that the new term, accounting for both parent 
and daughter nuclei deformations, yielded the lowest root mean square error (RMSE) for the data set which 
highlights the importance of considering the deformation of both parent and daughter nuclei in predicting half-
lives. Thus, the final form of the semi-empirical relation proposed by us in this work for estimating the half-life 
of one-proton decay is as follows:

	
log10T1/2 = a + b

√
µ
√

ZdA1/3 + c
√
µ

(
Zd√
Q

)
+ d

√
l(l + 1) + e[(−1)κp+κpκd(κpβp)

1/2 + (−1)κd+κpκd(κdβd)
1/2]

Zd√
Q

� (5)

In this formula, the half-life is expressed in seconds. The symbols Zd and A represent the proton number of 
the daughter nucleus and the mass number of the parent nucleus, respectively. The term 

√
l(l + 1), associated 

with the hindrance effect of the centrifugal barrier, involves the orbital angular momentum lwhich can be 
determined using standard selection rules74. In the last two term of the formula, the subscript p refers to the 
parent nucleus, while the subscript d pertains to the daughter nucleus. The parameter κtakes the value 2 for 
prolate nuclei and -1 for oblate nuclei, as modeled in Ref.48. This choice reflects the fact that the deformation 
of the daughter nucleus influences the radius-related factor, which is twice as large for prolate nuclei compared 
to oblate ones. Additionally, in several decays, the predominance of the prolate shapes has been observed and 
speculated52,58,75–78over the oblate shapes. Therefore, the decays from the prolate parent nuclei are generally 
more likely than those from oblate parent nuclei. It has also been demonstrated59 that the transitions between 
similar shapes like prolate to prolate or oblate to oblate are more probable, while the change in the deformed state 
from prolate to oblate or oblate to prolate during the decay are less likely (given the available energy). The κ term 
(−1)κd(p)+κpκd ensures that the contribution from both terms is summed up when the parent and daughter nuclei 
have the same deformation state, hence amplifying the effect for prolate-to-prolate transitions and, to a lesser 
extent, for oblate-to-oblate transitions. The contribution of this term in the half-life estimate will be reduced if 
the decay involves different deformation states in the parent and daughter nuclei.

The above mentioned formula is fitted through a least squares fit to a total of 52 data points, out of which 34 are 
the true experimental data and remaining 18 data are listed with their upper limit of half-lives69. To incorporate 
this kind of data, we use the data censoring approach where the actual value is not known precisely but is known 
to lie below a specified threshold. We have employed Maximum Likelihood Estimation (MLE) to handle the 
censored data, modifying the likelihood function to account for the probability that the true value is less than or 
equal to the observed upper limit. Specifically, we have modified the loss function to work alongside the original 
Mean Squared Error (MSE) loss. For the 34 data points with accurate targets, we continue to use the MSE loss as 
(target−prediction)2. For the 18 censored data points, we introduced a penalty term that applies only when the 
model’s prediction exceeds the upper bound. In such cases, a penalty of (upper bound−prediction)2is added to 
the overall loss. When the prediction is below the upper bound, no penalty is applied. This adjustment ensures 
that the model accounts for the censored nature of the data without introducing undue bias. We believe this 
approach better aligns with the nature of the problem and will improve the robustness of our model. It is also 
important to point out here that out of the 34 true data points, 5 are evaluated using the TNN approach rather 
than direct measurements. When we exclude these data points and refit the formula, the RMSE and resulting 
coefficients show no significant change. Therefore, we have included these 5 data points to enhance the accuracy 
of the predicted half-lives in regions where direct measurements are not available and as has been done in the 
several Refs.20,29,44–46,53,54,79.

Finally, fitting the model to all 52 data points yields the following coefficient values: a = −9.5853, b = −0.0516, 
c = 0.1135, d = 0.0620, and e = −0.0058. The positive value of the coefficient d suggests a hindrance effect due to 
the centrifugal barrier, which can delay the transition and thereby increase the half-life. In contrast, the negative 
value of the coefficient e indicates a shorter half-life and thus a higher transition probability for deformed nuclei 
compared to spherical ones. This behavior has also been observed in the contexts of α-decay48and 2p-decay52. 
To summarize, our proposed formula represented by Eqn. (5) is constructed phenomenologically to predict 
1p-decay half-lives, drawing parallels with the physics of α-decay and 2p-decay, while incorporating the 
deformations of both the parent and daughter nuclei, and their respective deformed shapes as well for further 
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improvisation. Hence, this formula is expected to provide much improved accuracy, broader applicability, and 
better concordance with experimental data, making it a valuable tool for predicting nuclear decay half-lives.

Results and discussion
First, we present the fitting of our proposed formula (Eqn. (5)) using the available experimental data of 52 nuclei 
(37 ground states and 15 isomeric transitions) spanning the region 21 ≤ A ≤ 185 along with the experimental 
Q-values and β values deduced from RMF theory. Fig. 1presents RMSE for 34 true experimental data plus 18 
upper limit data sets, where we first evaluate the validity of the formula using k-fold cross-validation technique 
in machine learning which is robust and widely used to evaluate a model’s performance and enhance its 
generalization capabilities80. Recently this technique has been successfully applied to assess the formulas for 
α-decay half-life and α-particle preformation factors81 as well. By partitioning the dataset into k equally sized 
folds ensures that the each data point is used for both training and validation (Each training and test set consist 
of 80% and 20%data split), thus maximizing the utilization of the available data. During each of the k iterations, 
the model is trained on (k-1) folds and validated on the remaining fold, with the performance metrics averaged 
across all iterations to provide a reliable estimate. This approach minimizes the risk of over-fitting and bias 
associated with single train-test splits, making it essential for model selection and hyper-parameter tuning. 
Additionally, k-fold cross-validation can adapt to various data structures, including those with imbalanced 
classes, by employing stratified sampling techniques. It is a crucial tool for enhancing model reliability and 
ensuring robust evaluation82,83.

	
RMSE =

√√√√ 1

Nd

Nd∑
i=1

(logT i
Th − logT i

Expt.)
2 � (6)

	
χ2 =

1

Nd −Np

Nd∑
i=1

(logT i
Th − logT i

Expt.)
2 � (7)

RMSE values shown in Fig. 1 have been computed using Eqn. (6) (Nd is the number of data points). The data in 
each set is split into 80% training and 20% testing, ensuring that no data is repeated in both training and testing, 
and that the test data is always different from the previous fold. The RMSE values for both training and testing 
data across all folds are shown in Fig. 1, with the average values across all folds represented by the final bars. 
The consistent performance across all folds suggests that the current formula effectively captures the underlying 
patterns in the data and is not overly sensitive to variations in the training and validation sets. This consistency 
indicates that the formula is likely to perform well on new, unseen data, which is a key objective for any empirical 
formula model. The excellent performance across each fold provides confidence in the formula’s reliability and 
making it a valuable tool for practical applications. Overall, the consistent success in k-fold cross-validation 
strongly indicates a high-quality empirical formula.

Table 1shows the validation of the formula by comparing our calculated RMSE with other existing formulas 
specifically developed for 1p-emission29,43,44,47,51,79. Since most available formulas are tailored for heavy mass 
proton emitters (Z>50), we calculate the RMSE for 27 data points in the heavy mass region, which, along with 
the χ2 values (as defined in Eqn. (7), where Np refers to the total number of parameters used for fitting), are 
presented in Table 1. The χ2 statistics is crucial as it indicates a better fit when it converges to a lower value, 
allowing each formula to be compared on an equal basis in terms of their fitting parameters. It is evident from 
the Table 1 that the present formula shows the lowest RMSE and χ2 values than all the other formulas compared, 

Fig. 1.  RMSE for various data-sets of 34 true experimental data + 18 data with upper limit (37 ground states 
and 15 isomeric transitions)69. Each training and test set consist of 80% and 20% data split. The last bars are 
showing average of 5 data sets.
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demonstrating exceptional predictive accuracy and an excellent fit to the data with minimal error. Moreover, 
the low χ2 value indicates that the formula’s complexity is well-balanced with all the fitting parameters, avoiding 
over-fitting while accurately modeling the data. This balance makes the formula not only reliable and robust for 
the current dataset but also likely to generalize well to new and unseen data.

Table 2 lists our calculated half-lives of various heavy proton emitters along with the measured values of 
log10T1/2, and Qp, and l used in establishing the formula in Eqn. (5). The orbital angular momentum quantum 
number lis calculated based on selection rules derived from the parity and spin of the parent and daughter nuclei, 
as provided by NUBASE202069. Due to absence of experimental deformation measurements along the driplines, 
the deformation values βp and βdfor these proton emitters are taken from the RMF theory, as mentioned in 
the formalism section. The present formula consistently provides reasonably accurate predictions compared 
to various other models and formulas20,26–29,36,38,41,42,44–46,51,53,54,79,84–87 which demonstrates its capability in 
predicting lifetimes for a wide range of nuclei (21 ≤ A ≤ 185) more effectively than the other existing models or 
formulas. This comparison highlights the importance of selecting and fine-tuning empirical formulas to ensure 
optimal performance and robustness, particularly in regions with limited knowledge or lack of experimental 
data.

We extend our calculation to estimate the 1p-decay half-lives of proton unbound or nearly unbound nuclei 
with known Qpvalues from AME202088 but unknown half-lives. Table 3 shows that our predicted proton decay 
half-lives align with the experimental range (lower limit T1/2 ∼ 10−6 sec.), suggesting these nuclei to be potential 
proton emitters that may be identified in near future. Accurate predictions of half-lives for one-proton emitters 
are crucial for the discovery of new elements and isotopes, aiding in the synthesis of superheavy elements, 
and enhancing our understanding of nuclear forces and structure which are often challenging to observe 
experimentally.

From the data in Tables 2 and 3, it is evident that the nuclear shape of the parent nucleus is usually preserved 
in the daughter nucleus following the decay process. For instance, if the parent nucleus is prolate, the daughter 
nucleus tends to maintain a prolate shape. Similar is the case for the other shapes. This nature of preserving 
the shape may be attributed to the relatively minor perturbation caused by the emission of a single proton, 
which does not alter the deformation and overall structure of the nucleus significantly. Consequently, the decay 
pathways and the corresponding branching ratios are influenced by the initial shape configuration. However, if 
the deformation and shape changes from emitter to residual nuclei during the decay process, our formula has 
been fine tuned to incorporate the changes effectively. In the present work, we have rarely found the combination 
of parent and daughter with significant change in shape.

Table 4 lists the potential one-proton emitters (with one proton separation energy SP  ≤0) predicted by using 
our theoretical formalisms i.e. NSM and RMF models. The predicted half-lives and deformations from both 
the theories are found to be reasonably consistent and within the expected experimental range while exhibiting 
shape preservation in the decay process. Experimental investigations of these predicted emitters will not only 
help validate theoretical models but also enhance our understanding of the proton drip line. These studies will 
contribute to advancements in nuclear astrophysics and particle physics, offering deeper insights into nuclear 
stability and the fundamental processes governing the structure and behavior of atomic nuclei.

Correlation between half-life and shape coexistence
The relationship between the half-life of a decay and shape coexistence in parent and daughter nuclei is a complex 
phenomenon where the nucleus can adopt multiple distinct shapes, such as spherical, prolate, or oblate, at nearly 
the same energy levels. This structural flexibility can significantly influence the decay process, as transitions 
between different shapes can modify the potential energy landscape and affect decay pathways, as discussed 
in Ref.59. When both the parent and daughter nuclei exhibit shape coexistence, the half-life of the decay can 
be notably affected due to variations in nuclear deformation and consequent changes in quantum mechanical 
tunneling probabilities. These changes can either enhance or impede the decay process, depending on the energy 
barriers and the degree of overlap between the nuclear wave functions of the initial and final states.

The Nilsson-Strutinsky Method (NSM) has been found very effective58,59 in predicting the shape coexistence 
which shows various γcompeting for minima and sometimes we witness multiple minima representing different 
shapes. In the Relativistic Mean-Field (RMF) approach, we determine the nuclear deformation by solving the 
RMF equations (the Dirac equation for nucleons) in a deformed potential minimizing the total energy61,63. Both 

Theory/method RMSE χ2

Present Formula 0.6998 0.6010

Yusofvand79 0.8854 1.1990

Sreeja44 0.9611 1.0917

Chen46 0.9851 1.0514

UDL43 1.0008 1.1758

Budaca51 1.1577 1.8092

Dong129 1.3036 1.9950

Dong229 1.3526 2.1476

Soylu47 2.3832 7.3833

Table 1.  RMSE for 27 true experimental proton decay data for various available formulas of 1p-decay.
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the NSM and RMF approaches have been successfully used to reproduce experimental deformation across the 
nuclear chart58,59,90.

It is important to emphasize that for all the nuclei of interest in this study (as discussed in the previous 
subsection), we have calculated the potential energy surfaces using both the NSM and RMF theories. The 
deformation values referenced throughout this article correspond to the nuclear state with the minimum energy. 
Among the identified 1p-emitters, approximately 30 parent nuclei and a similar number of daughter nuclei 
exhibit shape coexistence, where two energy minima with nearly identical energies are present. To illustrate this, 
Fig. 2 shows the potential energy surfaces of the one-proton emitters 67Kr and 71Rb, along with their respective 
daughter nuclei, 66Br and 70Kr, as calculated using both the NSM and RMF approaches. The plots reveal multiple 
energy minima, clearly indicating shape coexistence with only a small energy difference between them. The 
results from both methods are in close agreement, reinforcing the significant role of nuclear deformation in 
determining binding energy. These findings suggest that the shape of a nucleus can transition between spherical, 
prolate, and oblate forms depending on the specific nucleus.

In order to establish the correlations between half-lives and shape coexistence, we selected only those parent-
daughter combinations where both nuclei exhibit shape coexistence, and the energy difference between the two 
minima is around 1 MeV or less (i.e., ∆E ≲ 1 MeV). This choice of energy difference between shape minima 
allows for relatively easy transitions between shapes through thermal excitations, electromagnetic transitions, 
or other low-energy processes. The near-degeneracy in energy levels enables the nucleus to explore different 
configurations, resulting in a rich spectrum of states and complex decay pathways. The small energy differences 
facilitate dynamic shifts from one shape to another during radioactive decay under certain conditions.

Here we examine the various possibilities of the transitions during the decay process for a few selected nuclei, 
such as: 

	 (i)	� the ground state (the minimum with the least energy) of the parent nucleus decaying to the ground state of 
the daughter nucleus (G-G),

	(ii)	� the ground state of the parent nucleus decaying to the second minimum of the daughter nucleus (G-S),

Proton l RMF NSM

Emitter Qp βp βd log10T1/2 Qp βp βd log10T1/2

(MeV) (Sec.) (MeV) (Sec.)
75 Zr 1 0.19 -0.29 -0.31 -0.65 0.12 -0.18 -0.25 1.97

83 Ru 1 0.44 -0.16 -0.23 -3.32 0.81 -0.21 -0.21 -5.25

125 Sm 1 0.47 0.39 0.38 -1.31 0.45 0.32 0.32 -1.03

130 Gd 5 0.15 0.39 0.38 6.28 0.17 0.32 0.32 5.63

144 Yb 2 0.42 0.27 0.30 -0.64 0.66 0.22 0.22 -1.63

Table 4.  Our calculated half-lives of for the potential one proton emitter candidates, estimated using the 
present formula (Eqn. (5)) where Qp and β are taken from NSM and RMF. The angular momentum (l) is 
calculated by using parity and spin of parent and daughter nuclei, which are taken from NUBASE202069or 
from Ref.89. (see the text for detail).

 

Proton Qp l βp βd log10T1/2 (sec.) Proton Qp l βp βd log10T1/2 (sec.)

Emitter (MeV) Present Formula Emitter (MeV) Present Formula
24 P 2.78 2 -0.14 -0.21 -8.86 52 Cu 2.48 1 0.19 -0.03 -8.07

32 K 3.38 2 -0.12 -0.22 -8.77 56 Ga 3.14 1 0.26 0.25 -8.28

33 Ca 1.75 2 -0.04 -0.12 -8.27 57 Ga 2.69 1 0.24 0.24 -8.14

35 Sc 4.92 3 -0.09 0.00 -8.79 58 Ga 1.72 3 0.24 0.19 -7.52

37 Sc 2.94 3 -0.10 0.00 -8.50 60 As 3.44 1 0.22 0.21 -8.26

39 V 3.91 3 0.28 0.22 -8.66 61 As 3.04 1 -0.19 0.13 -7.91

40 V 2.68 3 -0.18 -0.15 -8.37 62 As 2.08 1 0.22 0.19 -7.74

41 V 2.02 3 -0.18 -0.15 -8.15 67 Br 1.84 1 -0.28 -0.25 -7.43

41 Cr 0.65 1 0.23 -0.18 -6.80 71 Rb 1.52 3 -0.32 -0.31 -6.90

43 Mn 3.02 3 -0.18 -0.17 -8.36 79 Nb 1.91 4 0.54 0.49 -7.06

47 Co 2.12 3 0.05 0.00 -7.89 83 Tc 1.76 1 -0.22 0.59 -6.33

48 Co 1.57 3 -0.08 -0.07 -7.60

Table 3.  Proton decay half-lives are predicted for new potential candidates of one-proton decay near the 
proton drip line using data from NUBASE202069and AME202088.
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	(iii)	� the parent nucleus being in the second minimum state and decaying from this second minimum to the 
ground state of the daughter nucleus (S-G), and

	(iv)	� the second minimum of the parent nucleus decaying to the second minimum of the daughter nucleus (S-
S).

Four of these possible transition states between the parent and daughter nuclei may significantly influence the 
decay energy (Q-values) and deformation state, thereby altering the half-lives and overall stability of the parent 
nucleus. With this in mind, we calculated the half-lives for all possible transitions (G-G, G-S, S-G, and S-S) for 
above mentioned selected nuclei. Our calculated half-lives for various transitions show close agreement with 
experimental values, such as in the cases of 113Cs for the NSM approach and 65Br for the RMF approach where 
the shape coexistence has negligible impact on half-lives. But in some cases, a significant impact on half-lives is 
seen due to the changes in Q-values by several hundred keV and variations in deformation. However, the ground-
state to ground-state (G-G) transitions still align with the experimental data in most nuclei and validating our 
calculations, but the discrepancies in few nuclei suggest the transitions involving ground state to second minima 
(G-S), second minima to ground state (S-G), and second minima to second minima (S-S) in shape-coexisting 
nuclei that might have infiuenced the lifetimes, particularly when G-G transitions is not aligning well with the 
experimental data as is seen in Fig. 3. In few nuclei, the S-G, S-S or G-S transitions are matching better with data 
demonstrating qualitatively how the nuclear shapes affect half-lives. Despite the simplicity of this approach, the 
results obtained in this preliminary work in this area are meaningful and useful. The present analysis, although 
premature or may be subject to uncertainties in theoretical calculations, but certainly highlights the importance 
of considering the interplay between nuclear shapes and energy states in understanding the decay properties and 
lifetimes of nuclei, particularly those exhibiting shape coexistence.

Building on the above analysis and recognizing the significant impact of nuclear shapes on half-lives, we can 
extend this understanding to the branching ratios of various possible decay modes. The likelihood of transitions 
between different nuclear shapes can vary considerably, with shape coexistence potentially enhancing certain 
decay channels while suppressing others. This variability directly influences the observed branching ratios, 
making it essential to consider shape coexistence when predicting and analyzing nuclear decay processes. In this 
work, our focus is on nuclei near the proton drip-line, where competing decay modes include β+-decay and α
-decay (particularly for Z > 50), in addition to 1p-decay. Another rare and exotic decay mode that can occur in 
certain proton-rich nuclei beyond the proton drip line is 2p-emission, where the simultaneous emission of two 
protons becomes energetically favorable52. The half-lives for these other decay modes β+, α-decay, and 2p-decay 
can be estimated using the latest empirical formulas, which have been fitted to the most recent experimental 

Fig. 2.  Potential energy surfaces (PES) for the one-proton emitters 67Kr and 71Rb, along with their 
corresponding daughter nuclei 66Br and 70Kr. The energies are normalized to zero with respect to the lowest 
energy minima for each nucleus, allowing for a clear comparison of the deformation states and their relative 
stability.
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data and found to provide accurate half-life predictions. Specifically, the half-lives for β+-decay (Tβ+

1/2), α-decay 

(Tα
1/2), and 2p-decay (T 2p

1/2) are calculated using the empirical formulas given in Refs.81,91, and52, respectively. The 
branching ratios for these respective decay modes can be defined as follows:

	
BR =

TTh.
1/2

T
1p/β+/α/2p
1/2

� (8)

where, TTh
1/2 is the total half-life calculated by considering half-lives of all considered decay modes and the 

relation is given by:

	

1

T Th.
1/2

=
1

T 1p
1/2

+
1

Tβ+

1/2

+
1

Tα
1/2

+
1

T 2p
1/2

� (9)

The half-lives and corresponding branching ratios have been calculated for cases where both the parent and 
daughter nuclei exhibit shape coexistence, similar to the method used for Fig. 3. While the nuclei in Fig. 3 
demonstrate nearly 100% probability of 1p-emission, the selected nuclei here have the potential for multiple 
competing decay modes, including one-proton emission, β+-decay, α-decay, and 2p-decay. The likelihood of 
these decays can vary depending on the specific shape configurations of the parent and daughter nuclei. To 
illustrate the impact of shape configurations on branching ratios, we have listed the branching ratios for probable 
decay modes of a few selected nuclei in Table 5. These ratios are calculated for ground-state to ground-state (G-
G), ground-state to second minima (G-S), second minima to ground-state (S-G), and second minima to second 
minima (S-S) transitions, using the NSM and RMF approaches. The second column of the table lists the probable 
experimental decay modes, sourced from NUBASE202069. A branching ratio of 0.00 indicates a finite, albeit very 
small, probability of decay, while a blank cell signifies that the particular decay is energetically forbidden.

An analysis of the Table 5 reveals several intriguing outcomes of this study. For instance, in the case of 
the 67Kr nucleus, the recent measurements of its 2p-decay lifetime have demonstrated significant influence of 
shape and deformation on 2p-radioactivity92, as corroborated by the data in Table 5. This nucleus meets all the 
criteria for 2p-emission, resulting in a 37(14)%2p branching ratio93. Our theoretical results derived from both 
the NSM and RMF approaches confirm that 67Kr predominantly decays via 2p emission, but also indicate a 
finite probability of β+-emission if the transition occurs from the ground state of 67Kr to the second minima 
state of its daughter nucleus. Notably, RMF theory predicts a branching ratio of 47% for 2p-emission and 53% 
for β+ emission if the transition proceeds from the second minima of the parent to the second minima of the 
daughter. Another example is 170Au, which, according to NUBASE2020, has an 89% probability of one-proton 
emission and an 11% probability of α-emission. Our theoretical analysis suggests that α-emission could occur 
if the transition is from the ground state to the second minima of its daughter, while the one-proton emission 
dominates in all the other scenarios.

These interesting observations underscore the impact of nuclear shapes and transitions on decay modes, 
highlighting the shifting probabilities of various decay pathways depending on the shape states involved. This 
behavior offers profound insights into nuclear structure, revealing the complex interplay between shape degrees 
of freedom and underlying nuclear forces. However, it is important to incorporate theoretical uncertainties into 
decay lifetimes and branching ratios to accurately reflect the confidence and reliability of these predictions. 
While this study represents a preliminary exploration in this area, it clearly illustrates the significant influence 

Fig. 3.  1p-decay half-lives related to various transitions for selected shape coexisting nuclei as found from 
NSM and RMF calculations. Here, G-G represents transition from ground state of parent nucleus to ground 
state of daughter nucleus. Similarly the others, where S refers to second minima state of the nucleus (see text 
for details). We have shown the half-life of 65Br with upper limit.
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of shape-coexisting states on nuclear structure, stability, and lifetimes. These promising results motivate further 
research to obtain more detailed and refined insights.

Conclusions
The impact of nuclear deformations on 1p-decay half-lives has been studied in a theoretical framework for nuclei 
with Z<82 by considering the deformation of both the parent and daughter nuclei in the decay process. By 
employing a newly proposed semi-empirical formula that incorporates nuclear deformation phenomenologically, 
we obtained precise estimates of measured proton decay half-lives and reliably identified new potential proton 
emitters. The deformation of the parent nucleus influences the potential barrier, while the deformation of the 
daughter nucleus affects the disintegration energy, hence the accurate half-life predictions are reported by 
considering the deformed shapes of both the parent and residual nuclei involved in the decay process. Also, we 
observed shape coexistence in several proton emitters and their daughter nuclei, which is significant due to the 
presence of secondary minima in the potential energy surfaces of both nuclei. This phenomenon of coexisting 
states not only impacts the accuracy of half-life estimates but also affects branching ratios by introducing 
additional decay pathways and altering transition probabilities between different nuclear shapes.
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e​r data supporting the findings of this study are available within the paper in the form of tables. The left datasets 
used and/or analyzed during the current study are available from the corresponding author upon reasonable 
request.
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