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ARTICLE INFO ABSTRACT
Keywords: Measles, a highly contagious airborne disease, remains endemic in many developing countries with
Measles low vaccination coverage. In this paper, we present a deterministic mathematical compartmental
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model to analyze the dynamics of measles. We establish global stability conditions for both disease-
free and endemic equilibria using the Lyapunov functional stability method. By using arbitrary
parameters, we find that the proposed model exhibits forward bifurcation. To simulate the solution
of the model for the forward problem, we perform numerical integration using MATLAB software.
Moreover, we calibrate the model with real data from Ethiopia and estimate the parameters along
with a 95 percent confidence interval (CI) by formulating an inverse problem. It is noteworthy
that our model fits well with the actual data from Ethiopia. The estimated basic reproduction
number (R) is determined to be R, = 1.3973, demonstrating the endemic status of the disease.
Additionally, our local sensitivity analysis indicates that reducing the transmission rate and
increasing vaccination coverage can effectively minimize R,

1. Introduction

Measles is an acute viral illness caused by the pathogen Morbillivirus whose only reservoir is the human host. Despite an extensive
vaccination against measles, it is still endemic in many countries and is the main cause of morbidity and mortality in developing
regions [1,2]. Clinical symptoms of measles include: cough, runny nose, red eyes, sore throat, fever, and a widespread skin rash. If the
virus is transmitted to the susceptible ones, they become exposed and pass the latent period within the first 6 to 9 days of exposure;
after that, the infectious period follows and they are able to transmit the disease for 6 to 7 days [3,4]. An individual once infected
with measles becomes lifelong immune after running its entire course.
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Mathematical modelling has been broadly used as a tool to understand the mechanisms by which infectious diseases spread, to
decide on how to control the spread, and to minimize expenses in controlling disease outbreaks. [5-14]. The predictive nature of
these epidemic models, which aid in decision-making, is one of their key strengths. An optimal control theory plays an important
role in epidemiological models. Authors in [14,15] consider infectious disease models with optimal control strategies. Some other
authors [16-18] studied disease models using fractional orders. One of the challenges in epidemic modelling is the analysis of the
global stability of disease-free and endemic equilibria. So far, the most powerful method for global stability analyses of infectious
diseases is the direct Lyapunov and the geometric methods [19-24]. The authors [20,21] studied the global stability analyses of S1.S,
SIR, and STRS epidemic models with constant recruitment, disease-induced death, and standard incidence rate using Lyapunov
functions. However, constructing a Lyapunov function to establish the global stability of an S EI R system with constant recruitment,
standard incidence, and disease-induced death is still difficult. Moreover, an epidemic model must be validated to check if it is to be
actually used [12,25-30], which contains comparing the real data with the model solutions in order to evaluate if the model proposed
corresponds to reality. In most cases, the first model solutions fail to agree with the observed real data, probably due to the wrong
choice of the initial parameters and a lack of adequate model assumptions. Even though the first model solution fails to agree with
the observed real data, it can be adjusted through a process known as model calibration. Model calibration is the process whereby
parameter values that promote a good agreement between the model solutions and observed real data are estimated.

Quite recently, studying the dynamics of the measles disease in the context of mathematics has become an important issue.
[4,16,17,19,28,30-39]. In [39] work, the global sensitivity analysis of the model parameters relative to the basic reproduction number
and variables of the model has been investigated. This was performed using the partial rank correlation coefficient (PRCC). The result
shows that individual protection, together with efficient treatment, could reduce the burden of the disease. Moreover, they further
extend their model from integer to fractional-order derivatives. Some authors, such as [33,35,36] have studied the dynamics using
constant and continuous controls. They have studied the global stability analyses of the disease-free and endemic equilibria. Other
authors, for instance, [32] investigated the global stability analysis of the disease dynamics but failed to predict the disease dynamics
in the context of a particular situation. There are also others, such as [34] who proposed a mathematical model of measles and
predicted the disease situation in Bangladesh using double vaccination doses. However, the majority of previous .S E I R model studies
have overlooked the assumption of standard incidence rates in disease transmission and have neglected to consider disease-induced
death rates in their examination of disease dynamics. The study of the global stability of the disease-free and endemic equilibria
using Lyapunov functions for this type of model is computationally difficult and quite rare. Furthermore, only a few researchers have
delved into the estimation of parameters for the proposed model using real-world data. Consequently, it is crucial to investigate the
global dynamics of the measles model by incorporating standard incidence assumptions in disease transmission and by estimating
the model’s parameters. Additionally, this research explores the impact of the transfer of exposed individuals to the infected class on
the disease spread, which has not been previously investigated in the existing literature.

This work aims to propose a deterministic compartmental mathematical model for the dynamics of measles disease and calibrate
the model to real data of measles outbreaks in Ethiopia. Particularly, we study the long-term global stability analyses of the disease-
free and endemic equilibria using the Lyapunov stability method. We also investigate the bifurcation analysis. Next, the model is
extended by assuming a fraction of the individuals recruited due to birth or immigration are vaccinated, and then model predictions
are made to compare the model solutions with the real data using some plausible parameters as initial values. Then, a rigorous
process of model calibration is done through the solution of an inverse problem to find the best parameter estimates. Finally, the
local sensitivity analysis of the basic reproduction number to the estimated parameter values is done to check the robustness of the
system proposed.

The work has seven sections: The measles model is formulated in Section 2. In Section 3, we study the mathematical analysis:
The basic reproduction number, existence of equilibria, the local and global stability analysis of the equilibria, and following this,
the bifurcation analysis is done in Section 4. The system parameters are estimated in Section 5. In Section 6, numerical simulation of
the system is performed. Finally, we conclude the work in Section 7.

2. Mathematical model formulation

To formulate the mathematical model of measles, the population is divided into four mutually exclusive classes, with each class
representing the health condition of an individual. Susceptible individuals (), individuals carrying the pathogen transmitting the
disease but showing no clinical symptoms of measles (E), individuals infected with measles, show the symptoms and can spread
the disease (/). Finally, the members who recovered from measles (R) are not infected. The total human population is denoted by
N=S+E+I+R.

Some of the main assumptions made in the formulation of the deterministic system (1) are: The population is homogeneously
mixed. All susceptible individuals have the same probability of being infected. The incidence is assumed to be standard incidence
based on the assumption that the rate of contact is constant. An individual infected with measles will either die or recover. There is
life-long immunity for the measles disease survivors, and hence the model proposed is a S EI R. Diseases induced death rates exist
for the members of the infected group. All parameters are non-negative.

The class of susceptible individuals is recruited by immigration or birth at a per capita rate A and decreased following infection
with measles at a rate of Lwé)ﬁ. These populations are also decreased by natural death at a rate ¢ which is assumed to be the same
for all classes. Hence, the first equation of system (1) is proposed. The population of humans exposed to measles (E) is generated at
the rate —2— . It is also decreased by the rate of progression to the infected class at a rate of ¢ and the natural death rate. Hence,

S+E+I+R
the second equation of system (1) is proposed. The time elapsed in the exposed class is called the latent (or incubation) period. The
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Table 1
Description of parameters of system (1).
Parameters Interpretation Units
A Recruitment rate of susceptible population by immigration or birth [Humans] [week] '
B Effective contact rate of measles [week] ™!
u Natural death rate of humans [week] ™!
€ Rate of progress from exposed to infectious class [week] ™!
d Disease induced death rate of measles [week] ™!
y Natural recovery rate from measles [week]™!

population of humans infected with measles (I) is increasing at the rate of . These individuals recover naturally at a rate of y. It is
further diminished by the disease-induced death rate at a rate of d and the natural death rate. Hence, the third equation of system
(1) is proposed. The population of measles recovered individuals (R) is generated at a rate of y. It is also decreased by the natural
death rate. Hence, the fourth equation of system (1) is developed.

The system model dynamics for the measles is given by the following deterministic system of nonlinear differential equations, and
the parameter descriptions are given in Table 1, respectively.

s pI
a5 A (—FP LS,
dr (5vEx77r ™Y
dE _ PIS

@=___ P/ @ _ E
dt S+E+I+R (+ok,

dl
E—E—(u+d+y)1,
ar =B lurdy) ¢))
dR
£2 =yI—uR,
di 14 H
ﬂ =A—uN—dlI,
dt
5(0)>0, E(0)>0, 1(0) 20, R(0) 2 0.
3. Model analysis
In this section, we examine the basic qualitative features which are useful in the subsequent sections.
3.1. Nonnegativity of solutions and the feasible region
Lemma 3.1. The solutions of system (1) with nonnegative initial data remain positive for all t > 0.
Proof. Let T =sup{tr>0:S5>0,E>0,1>0,R>0} €[0,]. The first equation of system (1) can be written as
dS pl
— =A—-(A+u)S, where A= ————. 2
T (A+n)S, where 4= o @
Eq. (2) is an initial value problem (IVP) with variable coefficients. It has a unique positive solution S(¢) given by
t
St =S0)exp{-A®)} +exp {-A(N)} / Aexp {A(s)} ds,
0
where the function A(?) = fot (A(s) + p) ds is a particular antiderivative of the function (A(s) + u).
Since T is the maximum of all the time in [0,7], we have that A(T) = /OT(A(S) + p)ds. So that the solution S(T') is
T
S(T)=S00)exp{—A(T)} +exp{—A(T)} / Aexp {A(s)} ds> 0.
0
Likewise, it is easy to show that all other state variables of the system model remain positive for all t > 0. []
Lemma 3.2. Every non-negative solution is bounded in L'-norm by max {N 0), L—\ }
Proof. The total dynamics of the system model obtained by adding all the equations of system (1) is:
dN
—=A—-uN —dlI. 3
o H 3
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Consequently, the total population N (f) may vary in time. From Eq. (3), we also have dd—J;l <A —uN. It is easy to show that

0<SN®<L <N(O)—é>e_’”+é. (©))]
H H

Taking # — oo in Eq. (4), we observe that 0 < N(t) —» %

The L'-norm of each non-negative solution is N and satisfies N’ < A — uN where N’ represents the derivative of N. Consider a
comparison differential equation N = A — uN; where N’ < N/. Consider the solutions to the equation N| = A — uN;.If N;(0) < %

then lim,_ , N|(t) = % and 2 is the upper bound. If N 1(0) > %, then the solution will decrease to % ast — oo and N(0) = Ny is
the upper bound of N,. Since N’ < N f the claim follows for N(¢) [40]. [

The biological feasible region for the system model (1) is given by
Q:{(S,E,I,R)eRj‘r|05S+E+I+R5§}. ®)
J7;
In the next subsection, we prove the positively invariant and attracting behavior of Eq. (5) with respect to system (1).
3.2. Positively invariant
Theorem 3.1. The non-negative orthant Ri is positively invariant for the system model (1).

Proof. To prove this theorem, we first write the system (1) in the form Y’ = MY + K, where

~(A+w) 0 0 0 A

| i —ute 0 0 _|o
M=o e —u+d+p o | M K=l
0 0 y —u 0

Clearly, the column vector K > 0 and the matrix M have the properties of a Metzler matrix (all the off diagonal entries of M are
non-negative). Following the results in [40], the system (1) is positively invariant in R‘J‘r. O

3.3. Equilibria and the basic reproduction number

System (1) has a disease-free equilibrium Ej = (%,O, 0,0). In the study of disease dynamics mathematically, the basic reproduction
number R is the most important parameter to determine disease transmissibility. It determines the spread or die out of the infection
with time [12]. Based on the next generation matrix approach developed by [41], the basic reproduction number of system (1) is
given as:

- pe
uteom+d+y)

It could be easily noticed that the basic reproduction number R, is independent of the fraction % The endemic equilibrium is given
as E; =(S*, E*, I*, R*) with coordinates:

Ry

_Aputrrd)teuty) g Ap+y+d)(Ry—1)
ue(f—d) ' ef—d)
I ARy-1 _ YA(Ry — 1)
p-d ’ Hp—d)
It can be easily observed from Eq. (6) that the susceptible (5*) is feasible only if f > d. So in what follows, we will assume that the
effective contact rate (f) is always greater than the disease induced death rate (d).

S*

>

(6)

3.4. Local stability analysis of disease-free equilibrium
Theorem 3.2. The disease-free equilibrium E,, of the system (1) is locally asymptotically stable when R\ < 1, and unstable if Ry > 1.

Proof. The proof involves the evaluation of the Jacobian matrix of the system (1) at E, which is given by

-4 0 -p 0

_| 0 —u+e p 0
TE=1 g € —(u+d+y) 0
0 0 Y —u

The two negative eigenvalues are A; = A, = —pu, and the other eigenvalues are found from the submatrix:

4
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_[~u+o p

A e —(u+d+p]|

Correspondingly, the other eigenvalues are the solutions of the quadratic equation

A% — trace(A)A + det(A) = 0,

where

trace(A)=—Qu+e+d+y) and det(A)=u+e)(u+d+y)—pfe=1-R,.

It follows that det(4) > 0 when R, < 1 and trace(A) < 0. Hence, the quadratic equation, A% — trace(A)A + det(A) = 0 has negative
eigenvalues [42]. Consequently, the system (1) is locally asymptotically stable at E, if Ry < 1. []

3.5. Global stability of disease-free equilibrium
Theorem 3.3. The disease-free equilibrium, E,, of system (1) is globally asymptotically stable in Q if Ry < 1.

Proof. To prove this, we define the Lyapunov function L : {(S,E,I,R)eQ : S>0} - R by

L=cE+(u+el.

Differentiating L with respect to time in the solutions of system (1) we get

%=6E/+(M+6)1,.
BIS
= _—— E E— d I
e<s+E+1+R (h+e) >+(M+€)(6 (u+d+y)),

—(PIS
—6<S+E+[+R> (u+e)(u+d+pl,

=m<eﬂS—(/d+6)(ﬂ+d+y)(S+E+I+R)>,
=m<(u+e)(u+d+y)ROS—(/t+E)(/4+d+y)(S+E+I+R)),
:%(ROS—(S+E+I+R)),
:_%(—ROS+(S+E+I+R)>,
:_W((I—RO)S+(E+I+R)>.

Then, if Ry <1, then % < 0. Furthermore, % =0ifand onlyif I =00or E=1=R=0and R)=1. Hence, L is a Lyapunov function
on Q. Thus, (E,I,R) — (0,0,0) as t - . Using E =1 = R =0 in the first equation of system (1) we obtain .S — ;—\ as t — oo.

Therefore, the largest compact invariant set in { (S, E,I,R)€Q : ‘Z—f(E )= 0} is the singleton {EO}. It follows from LaSalle’s-
Lyapunov theorem [43] that E; is globally asymptotically stable in Q. []

3.6. Local stability of endemic equilibrium
Theorem 3.4. The endemic equilibrium is locally asymptotically stable if Ry > 1.

Proof. Linearizing the system (1) around the endemic equilibrium E,, gives the following Jacobian matrix

_ BI(E+I+R) BSI _ BS(S+E+R) BSI
(S+E+I+R)? (S+E+I+R)? (S+E+I+R)? (S+E+I+R)?
BI(E+I+R) _ —(u+o) BS(S+E+R) BSI
J(E)) = (S+E+I+R)? (S+E+I+R)? (S+E+I+R)? (S+E+I+R)?
€ —(u+e
0 0 Y —H

The characteristic equation of the matrix J(E;) evaluated at E is

a0/14+a1/13 +a2)»2+a3)»+a4 =0,

where
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ay=1,
ap=x;+xy+x3+x4>0,
ay = x3x4 + (1 + x)(x3 + x4) + x1x, > 0,
ay = x3x4(x) +Xp) + X% (x3 + x4) >0,
ay =Xx1Xxyx3x4 > 0.

This directly follows from the condition Ry > 1 for f# —d > 0.
Next remains to check if D; >0, i =1,2,3,4 holds, where
ay az as a;

a; a @z as ay a, a, a

— — | “1 3 — —|“0 2 4 6

D, =ay, D, = @ a ,Dy=|ay a, ay|, Dy= 0 a ay as|
0 a; a3

0 ay a, a4
Using matrix manipulation we get

Dy=a;=x;+xy+x3+x4>0,

D= |3 @[ XXXty X3X4(x7 + X)) + X X5 (X3 + X4)
27 ay a| 1 X3x4 4+ (X +x)(x3 +x4) + X%, |
=x3x4(x3 + x4) + (x; + xz)z(x3 +x4)+ (X +x)(x3 + x4)2 + x7x5(x1 +x,)>0,
a a3 0 X+ Xy +x3+ x4 X3x4(x; + X)) + XX, (X3 + X4) 0
Dy=|ay ay a4|= 1 X3x4 + (X +x5)(X3 +x4) + XX, X1 XpX3Xy ,
0 a a3 0 x|+ Xy + X3+ x4 X3x4(X] + X9) + X1 X5(x3 + Xx4)

=ay(aya3 —ajay) — a%,
= (x% + x%)(xl 4 X5)(x3 + Xg)x3% 4+ (0] + X0)2x1 205 (63 4 x4) + () 4 X2)(x1 X2)2 (x5 + X4)s

3
+ (e3%4)2 () + X2)(x3 + Xg) + (7 + x2)2 (03 + x4) 22334 + (X] + %)% X2(x5 + x4)° > 0,

a a3 0 O
s a a; 0 ay, a4, O
_|% G a4 0 _ 0 0 0
D,= =ay|a; ay —ay as s
0 a a3 O
1 a, a4 0 a, a4

0 1 a ay

2

=a4(a1(a2a3—ala4)—a3),
=a,D;>0.

Since Dy, D,, D3, D, are all positive, the Routh-Hurwitz criterion [44] for local stability holds. Therefore, the endemic equilibrium
is locally asymptotically stable when it exists. []

3.6.1. Global stability of endemic equilibrium

To investigate the global stability of the system, we employ the geometric approach in [45].

Consider a bounded open set D C R" and the map x — f(x) defined by f : D — R", where f € C 1(D) and x is a vector. Suppose
that the solution x(¢) for the differential equation

X' = f(x), (7)

be uniquely determined by the initial condition x(0, x,) = x,, and denote the solution as x(t, x;). For any compact set V' C D and
sufficiently large 7, if x(t,V') C K, then K is an absorbing set in D. An open set D is then simply connected if every closed curve in
D can be continuously deformed to a point within D. Consider the following assumptions hold for system (7):

(H,) D is simply connected.
(H,) there is a compact absorbing set K € D.
(H;3) there is a unique equilibrium X for system (7) in D.

Find conditions under which local stability of x in D leads to global stability of x. Let |.| refers to a vector norm in R"(n € N) and
the matrix norm which it induces matrices of size n. The Lozinskil measure y,(B) of size n matrix B with respect to the norm |.| is
defined as

|I+hB| -1

7 , where [ is a unit matrix of size n.

B)=1li
B)= i,
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Suppose the map P(x) : D — R’ is a C! and non-singular matrix valued function for all x € D, where r = (;) X (g), and assume the
Lozinskii measure with respect to the norm |.| be y,. Consider K is a compact absorbing set of system (7). Then define the quantity,
q as

t

q= lim sup sup % / U (B(x(s,xp))) ds, (8)
0

ted xp€EK
where B= P, P~ + PJRIP~!, P, is derivative of P in the direction of f with P, = ‘fj—f and J = (;—f;.

Proposition 3.1. Consider the assumptions (H),(H,) and (H;) presented by [45] hold. Thus, the unique endemic equilibrium X of system
(7) is globally stable in D if the quantity g in Eq. (8) is negative.

To show the existence of a compact set in the interior of Q (Q*), which is absorbing for system (1), is equivalent to proving the
uniform persistence of the system (1). That is, there exists a positive number ¢ such that every solution (S, E, I, R) of system (1) with
(5(0), E(0), 1(0), R(0)) in Q* satisfies

min (rlim inf S(t),rlim inf E(t),tlim inf I(¢), lim inf R(z)) >c.
—00 —00 — 00 -0

We give the following theorem for a proof.

Theorem 3.5. If Ry > 1, then system (1) in * is uniformly persistent. This entails the existence of a constant 0 < ¢ < 1 (independent of initial
conditions), such that any solution (S(t), E(t), I(t), R(t)) of system (1) satisfies liminf S(t) > ¢, liminf E(t)>c¢, limianm I1(t)>
¢, and liminf R(t)>c.

t—+oc0 t—+o00

t—>+o00

Proof. We utilize methodologies employed by prior researchers [23,46] to validate this Theorem. Assuming X =Q, X, = Q* X, =
0Q(boundary of Q), we can deduce Y| = {(5,0,0,0) : 0 < S < %}, Q= Uerl w(y) = {EO}, where {EO} represents an isolated

compact invariant set in X. By defining M = {EO}, we confirm M as acyclic isolated covering of Q;.
To show that {EO} is a weak repeller for X, suppose a positive orbit (S(¢), E(t), I(t), R(t)) of system (1) exists such that

im NoO=2, 1im SO=2, lim E©)=0, lim (=0, lim R()=0.
t—>+o00 M t—>+o00 M t—+oco t—+oo t—+oco

Since R\ > 1, we select ¢, > 0 sufficiently large such that when ¢ > 1, for small ¢, system (1) implies % —e<S®,N@®) < % +e,
0<E(1t)<e0<I(t)<e,0<R()<efort>0.
We also obtain the following inequality:

A
S _wu
-2 . ©
N“AL
M
From the second, third equations of system (1) and Eq. (9), we get
P -l
‘Z—E > ——— —(u+oE,
t m +¢ (10)
dl
—=eE—-(u+d+y)l.
2 —cE- )
Following system (10), we consider the matrix M, defined by
+9 & -o
M, = (ute %4—5
€ —(u+d+y)

M, has a positive off-diagonal element, and the Perron-Frobenius Theorem gives a positive eigenvector v = (v, v, ) for the maximum
eigenvalue R\(g) of M,. Let us consider the following system:

dz, PG —o)
W =—(ﬂ+6)Zl+ TH Z7,
H
de
5 = —(trd+n . an

Let z(r) = (z, (1), z,(1)) represent a solution of system (11) passing through (Iv,/v,) at 1 =5, where ! > O is such that lv; < I (ty),lv, <
E (to). Given that the semi-flow of system (11) is monotone and M, v > 0, we can deduce that z, () and z,(¢) are strictly increasing and

7



H.W. Berhe, A.A. Gebremeskel, H.A. Atsbaha et al.

Heliyon 10 (2024) e33594

z1(t) = +o0 and z,(f) = +o0 as t = 400, which contradicts the eventual boundedness of positive solutions of system (1). Therefore,
E, acts as a weak repeller for X. This concludes the proof of the Theorem. []

Theorem 3.6. If R\, > 1, then the endemic equilibrium E is globally asymptotically stable in Q* provided that

u>max{28,f+ef+y+d,y+d}.

12)

Proof. Following Theorem 3.5 there is a compact absorbing set K in the interior of D which is absorbing for system (1). The proof
of the theorem consists of choosing a suitable vector norm in R® and a 6 X 6 matrix valued function P(x) so that Proposition 3.1 is
satisfied. The Jacobian matrix J of system (1) is given by:

_ PI(E+I+R) BSI _ BS(S+E+R) BSI
(S+E+I+R)? H (S+E+I+R)? (S+E+I+R)? (S+E+I+R)?
BI(E+I+R) _ (e DSSHER) __ pSI
J = (S+E+I+R)? (S+E+I+R)? H (S+E+I+R)? (S+E+I+R)?
€ —(u+e)
0 0 Y —H
The second additive compound matrix J?! is given by
X BS(S+E+R) ___ pSI BS(S+E+R) ___ pSI 0
11 (S+E+I+R)? (S+E+I+R?  (S+E+I+R)? (S+E+I+R)?
€ K 0 __pSr 0 ___pST
22 (S+E+I+R)? (S+E+I+R)?
0 K 0 BSI _ BS(S+E+R)
g2 = v 33 (S+E+I+R)? (S+E+I+R)?
0 BI(E+I+R) 0 K 0 BSI
(S+E+I+R)? 44 (S+E+I+R)?
0 0 BI(E+I+R) X BS(S+E+R)
(S+E+I+R)? Y 55 (S+E+I+R)?
0 0 0 0 ¢ Keg
where
BI(E+T1+R) BSI BI(E+1+R)
1n=- 5~ > —Qute, Kpy=————7———">-Qu+e,
(S+E+I1+R) (S+E+I1+R) (S+E+I1+R)
BI(E+1+R) BSI
K= s 21 Ky=-g—/——F——5 2+,
(S+E+I1+R) (S+E+I1+R)
BSI
Kis=—— 0 Qu+e), Kee=—Cu+e).
STTSyE+I+RE Y 66 H
Let
20 0 0 0 0
0 %1 0 0 0 O
P=P(S,E,I,R)= 0 00 % 0 0
=PS.E LR = 0 0 aTz o 0 oY
00 0 0 2 0
0 0 0 0 O ”72
where a; and a, are two undetermined positive constants, then P, P! = diag (—% —%, —%, —%, —%, —§> Let
B(S,E,I,R)=P;P~! + PJ2IP~I,
K. _E BSS+E+R  ___ pSI BS(S+E+R) ___ pSI 0
IWF  (S+E+I+R)? (S+E+I+R)?  (S+E+I+R)? (S+E+I+R)?
Ko E BSI 0 0 _al __ BSI
€ 2T F (S+E+I+R)? wE (StE+I+R)?
0 BIE+I+R) K, —E 0 0 al _ pSI
- (S+E+I+R)? “TE ayE (S+E+I+R)?
0 a, Ey 0 Kuu L pSI " BS(S+E+R)
a1 3BT (S+E+I+R)? (S+E+I+R)?
0 0 aEy BI(E+I+R) Kee — I BS(S+E+R)
a1 (S+E+I+R)? 5577 (S+E+I+R)?
0 0 0 0 e Kgo— 1~

I

The matrix B(S, E, I, R) and be written in block matrix form:
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By Bp B3 By
By By By; By

B(S,E,I,R)= , where
B3y By, By; By
By By By By
E BS(S+E+R) pSI
B, =K - —, 312:< 5T 5 ) B4 =0,
E (S+E+I+R (S+E+I+R
S(S+E+R ST
B13=< pS(S+E+ )’_ p . B21=(6,0)t,
(S+E+I+R? (S+E+I+R)?
_E __psr
B = Kn=-%  Grerrene B.=(0 0
227 BI(E+I+R) E |""237\o o)
PIUEAIHR) K., —=
(S+E+I+R)? 4" F
a Ey
ST ST ! = 0
Bz4z<_ ! . ’ >,B31:(0,0)t’ Byp=| ' g )
(S+E+I+R? (S+E+I+R)? 0 ;1
1
K i pSI ¢
B = Rk S+E+ITR? B. = _ﬂS(S+E+R) BS(S+E+R)
PO LLER) e LT (S+E+I+R?> (S+E+I1+R?)’

(S+E+I+R)? I

i
By =0,By=(0,0), By =(0,), By = Ke — -

4
Let v = (v, 0y, 03,04, 5,0¢) be a vector in RO =~ R<2). We then select a norm in R® as )(vl,vz,v3,v4,v5,l’6)| = max{ |vl|,|02| +
|vs] . |va] + [vs
ui(B) =limy,_ o+
Following the estimation approach as in [47], we then have
41 (B) <sup{hy,hy, hy, hy}, where

hy = py(By1) + | Bya| + | Bis| + | Bygl, hy = p1(Byy) + | Byy | + | Bys| + | Byl,
hy = p1(B33) + | B3y | + | Bys| + | Bagl, hy = 1 (By4) + | B41| + | By | + | Byl

R |06| } and let y;(B) be the Lozinskii measure of B with respect to the induced matrix norm | - | in R®, defined by
|[1+hB|-1
—_

|B,- j| (i#Jj,i,j=1,2,3,4) are matrix norms with respect to the /; vector norm. We compute h; as follows:

PI(E+1+R) pSI E pS(S+E+R)
By)=- - —Qu+e)—=, |Byl=Bz=—""""""—_'B,=0.
(B (S+E+I+R?2 (S+E+1+R)? @uto =g 1Bl =Bis (S+E+I1+R2 M
I(E+I1+R S1I ; S(S+E+R
Then, hlz— PIE+T+R) — p _(2/4+5)_£+2M-
(S+E+I+R?> (S+E+I+R)? E (S+E+I1+R)?
Furthermore, from the second and third equations of system (1), we have
E BST I ¢E
— = —(u+ d —=——-(u+y+d).
E-ES+E+T+R W9 and g="F—(u+r+d
Choosing a; = —a,, then we have
BS(S+ E+R) pSI
h ——————— —u<2f—pu, hh——————+e—usfte—uy,
LSBT Ry MW H s e TRy T T RSP

L BSS+E+R)
3= (S+E+I+R)?

The estimate y(B) can be written as

+y+d—pu<p+y+d—p, hy<y+d-p

1 (B) < sup{hy, hy, by, by} = —min{—h,,—hy,—h3,—hy}.

Let h=min{u-2fu—f+e,u—BF+y+d),u—(+d)}.

Following condition (12), & > 0, and then —4 < 0. As a result,
1 (B) < sup{hy, hy, hy, hy} < —h. Tt follows that p;(B) = uy (P, P~" + P J1P~") < —h <0.
Along each solution (S, E, I, R) of system (1) with initial value (S, E, I, Ry) € K when ¢t > T, we have

t
%/h,-dss—h<0, i=1,2,3,4.
0

Averaging along each solution as t — oo, we get



H.W. Berhe, A.A. Gebremeskel, H.A. Atsbaha et al. Heliyon 10 (2024) 33594

t

q:tlmsup sup %/ﬂl(B(x(s,xo)))dss—h<0. |

i
- xp€K
4. Bifurcation analysis

Theorem 4.1. The system (1) exhibits a forward bifurcation at Ry = 1.

Proof. Setting x; =8, x, = E, x3 =1, and x4, = R we write system (1) as follows

Bx3

dx

=A—(———— +u)x; := fy,
dt (x1+x2+x3+x4 M)l /i
dx, px3x;
— = — (Ut Xy 1= [y,
dt X +Xxy+x3+x, Wtoxi=f 13)
dx;
erxz—(,u+d+y)x3:=f3,
dxy -y
a1 =VX3 T HXy o=y

Fix Ry =1 and let
_utalutd+y)

P
€
be the bifurcation parameter. Jacobian of the linearized system (13) around the disease-free equilibrium E, when g = * is
—u 0 -p* 0
0 —(u+eo B 0
J(Ey) =
(Eo) 0 € —(u+d+y) 0
0 0 Y —H

The eigenvalues of the characteristic polynomial are A; =4, = —u, A3 =—(2u+d +y +¢), and 44, =0. We can observe that the three
eigenvalues are real and negative, and one is 0 and simple.

To study the bifurcation analysis, we denote the right eigenvector corresponding to the zero eigenvalue A4 = 0 by w= (w;, w,, ws,
w,)T. Computing J(E,)w = Ow gives

-y 0 —p* 0 \(uw, 0
0 —(u+e p* 0 llwy] _|O
0 € —(u+d+y) 0 |[fws] |0
0 0 4 —u )\ wy 0
Direct calculation gives the right eigenvector
_( y(u+d+y) plu+d+y) )T
W=\ — s SHY -
€u €
Next, we compute the left eigenvector v= (v, v,,v3,v,) associated with 4, =0 by computing vJ(E;) =0 which is
—u 0 —p* 0 0
~(u+e) p* o]_|o
01 02.05.00)f ¢ —(u+d+y) 0o [T|o
0 0 y —u 0

It follows that

—uv; =0,

—(U+ ey +evy3 =0,

—Bvr+ B vy —(utd+y)vs+yoy =0,
—puvy=0.

From the first and fourth equations, we have that v; = v, = 0. Since v.w = 1 one solution of the left eigenvector is v = (O, €U +e, 0)

by taking the expression of f* into account.
Based on theoretical results in [48], we have to compute the bifurcation coefficients a and b given by

4

asz *
a= Y O10,10; === (Eg, ),
ki, j=1 [hdd)

10
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9" fi
b= Z= UkW,a aﬂ( O,ﬂ )-

Since the first and fourth components of v are zero, we do not need the derivatives of f; and f,. From the derivatives of f, and f3,
the only nonzero values are:

02 2 d
?fz(Eo,ﬂ) uu+e(u+d+y)

3
Which directly follows that,

and f2

Ae 9x30 ﬁ(EO’ﬂ )=1.

3
a=02w fz(EO,ﬁ )__2;4 (/4+e)1(\/4+d+y)7

3
2

Dy W3 ——— 9%:08

b= 2 (Ey, f*) = ie.

It is clear that a < 0 and b > O for all positive parameter values. Thus, the system (1) exhibits forward bifurcation at Ry=1. []
5. Model calibration with vaccination

Recently, great progress has been made towards measles elimination through constant vaccination against measles globally.
Therefore, for any mathematical model regarding the measles epidemic to be realistic, it must include vaccination. In this section, we
additionally assume that a fraction of the individuals recruited due to birth or immigration are vaccinated at a rate of 6 and hence
go to the recovered class. Vaccination and natural recovery from measles provide the same level of protection. The proportion of
those vaccinated is represented by 6(0 < 0 < 1) where 6 = 0 represents vaccination is not applied and 6 = 1 indicates all individuals
recruited due to birth or immigration are vaccinated. The evolution of the system with the incorporation of vaccination is governed
by the following nonlinear ordinary differential equations:

ds 2
—A 1-0)— (——F———— S,
-0~ (srgrrer Y

1S
@ - _toE.
dt S+E+I1+R (14)
dl
S =cE—(u+d+y)I,
o = E-(u v)
dl: =0A+yl —uR.

The reproduction number of system (14) with the implementation of vaccination is given as

1-0

Roy=—LU=0D ___1_gg, 15)

(u+e)u+d+y)
It can be easily observed that R,, < R, and the equality holds when 6 = 0. This shows that the vaccine will minimize the R. For
measles eradication, we have obtained that R < 1 (Theorem 3.3) and it follows from Eq. (15) that the critical vaccination for measles
eradication is > 1 — Rlo =0..

5.1. Data

Ethiopia is one of the countries with a high measles mortality burden [31]. Measles is reported weekly by the Ministry of Health.
According to the Ethiopian Weekly Epidemiological Bulletin [49] report, the national surveillance data summary of measles dis-
ease in 2015 is presented in Table 2, and graphically illustrated in Fig. 1. The real data points are represented by the red dot
histogram.

5.2. Nominal parameters

In order to simulate the proposed measles model in the context of Ethiopian data, it is necessary to set all the parameter values.
Some of the parameter values are obtained from national census databases. Among these are the natural birth and death rates and
the total population. The natural mortality rate for Ethiopia is y = 1/(64 X 52)[weeks]~! [50]. Some others, such as the parameter
rate of progress from exposed to infectious class (¢) and recovery rate (y) are also found in measles infected patients’ clinical studies.
Considering the assumption that the latent period for measles ends in 6 — 9 days and the infectious period as 5 days [51] we choose
€= 7.5/7[weeks]_1 and y = 5/7[weeks]_1.

11
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Table 2
Reported weekly measles cases in Ethiopia, 2015 [49].

Weeks Infected Weeks Infected Weeks Infected Weeks Infected Weeks Infected

1 250 12 1300 23 550 33 190 43 180
2 260 13 1400 24 580 34 200 44 310
3 230 14 1600 25 500 35 190 45 110
4 200 15 1300 26 480 36 180 46 310
5 1000 16 1400 27 470 37 160 47 300
6 900 17 1000 28 300 38 170 48 250
7 2400 18 800 29 280 39 170 49 160
8 2200 19 600 30 300 40 160 50 200
9 1900 20 700 31 150 41 160 51 320
10 1800 21 500 32 180 42 172 52 380
11 1600 22 600
2500 T T T T T T T T T T
»
o —* Real data
Model solution
2000 [ 1
L
L
n
o}
2 >
© 1500 1
; L
[0] >
c
hel TSN
< 1000 N I
2
£
500 1
il Al
oL nntt]l 1]

5 10 15 20 25 30 35 40 45 50
time (Weeks)

Fig. 1. Simulation of the model solution compared to the real data using the initial parameter and state values. Observed real data points are represented by the red
dot histogram, and the best-fitting solution curve for the system model is shown by the blue curve.

5.3. Forward problem

The system (14) can be given in vector form as:

ax(t

% =fx@®),p), x(ty)) =X, (16)
where x(r) = (S, E, I, R) € R* represents the state variables and Xy = (5(0), E(0), 1(0), R(0)) € R? is the initial condition at the initial
time #,, the vector p = (py,p,,P3, P4, P5.P¢) = (A, B, p,€,7,d) € R® represents the model parameters and f : UC R* xR® - R* is a
nonlinear map representing the evolution law of the system defined on the open set:

U={x(@®),p) €R*XR®|x;>0, fori=1,...,4and p;>0, fori=1,...,6}. a7

The solution to the forward problem in system (16) is obtained by numerical integration using a Runge-Kutta fourth and fifth
orders (ode45) method. To simulate the forward problem, we assume the initial set of parameters as py = (500,2.59605,1/(64 X
52),7.5/7,5/7,0.168). Initially infected humans are assumed to be the number of confirmed measles cases in Ethiopia in 2015, which
is 1(0) =250 individuals. The exposed and infected groups are also equal, E(0) = I(0). Moreover, initially recovered individuals are
assumed to have R(0) = 1800. The susceptible population is also assumed to be .$(0) = 21000. Accordingly, the initial state variables at
the initial time 7, are given as x; = (21000, 250,250, 1800). It is also assumed that the proportion of vaccinated in 2015 was 6 = 0.65.

Following the above initial assumptions, Fig. 1 depicts the .S EI R model solution compared with the real data reported weekly.
Apart from the numerical variation between the model solution and the real data, there is agreement in the pattern of the model
simulation and the real data. This characteristic pattern agreement and numerical disparity propose that the model solution may vary
from the real data due to the use of improper initial parameter values or improper initial state variables in the numerical simulation.
Therefore, it is important that model calibration be done to fit the model solution to the observed real data. Model calibration is a
numerical simulation for the search of parameter values that make the model simulation fit well with the real data. It is discussed in
the following subsection.

12
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Table 3
Estimated parameter values for the proposed model.

Parameter  Lower bound Upper bound Reference Estimated value(CI)

A 0 10000 Assumed 0.9289613942(-0.1423810 2.0003038) x10*
p 0 100 Assumed 0.0007107243(-0.0002338  0.0016552) x10*
H 1/(70 x 52) 1/(60 x 52) [50] 0.0000000275(-0.0000086 0.0000087) x10*
€ 6/7 9/7 [4,51] 0.0001024338(-0.0000335 0.0002384) x10*
4 6/7 1 [4,51] 0.0001000000(-0.0009732 0.0011732) x10*
d 0 1 Assumed 0.0000779494(-0.0009738  0.0011297 ) x10*

5.4. Inverse problem

In most cases, it is impractical the forward problem to reproduce the real data. This could be due to an error in data collection
or registration or an error in model formulation caused by the wrong model assumptions. Therefore, model calibration consists of
seeking a suitable set of parameters that, to a certain degree, makes the model solution as close as to the real data.

For the model calibration, the system contains p = (p;, p,, P3, P4, D5, Pg) Unknown parameters to be estimated based on real data. For
the purpose of comparison between the real data observations and model solutions, a discrete time set with N = 52 weeks presented
in Fig. 1 is used. The N time discrete real data points are represented by Z = (z;, z,, ..., z)y) and the time discrete model solution
¥(t) = (1, ¥, ..., ¥yn) is generated for the 4 outputs y,y,, y3, y4 corresponding to N data points.

Y1) = 1), 2, 3D, @)1 and
Y=, y1EN)s - y4(ty), ,y4(tN)]T(length 4-N).

The model error (or the residual error) e, in (18) which is the difference between a column vector model solution y and a column
vector real data points z is weighted in a quadratic criterion J ,; as:

e, =z(t,)—yt.p), k=1,...,N, (18)
M
In=lz-yl>=) e[ We,. (19)

i=1

In formal terms, given a real data observation vector z and a model solution vector y, the calibration aims at finding a vector of
parameters p such that

p=arg rp>i(r)11 ~N @D, (20)
P>

for a function Eq. (19). Here, p in Eq. (20) is the optimal estimated parameter, and y is the model solution corresponding to the
optimal p value. W is a 4- N x4 - N positive definite symmetric weighting matrix to be solved using the weighted least squares
algorithm. For the optimal estimated parameter values, the functional J 5 reaches a minimum value [52].

For the implementation of the calibration, we used the least squares method using the Trust-Region
-Reflective method algorithm Isgnonlin from MATLAB’s optimization toolbox. The parameters are estimated with lower and upper
bounds. Global minimum convergence is not guaranteed in this case. However, to find the best optimal parameter estimates with the
minimum functional value, the algorithm starts with different initial parameters and state values. The estimated parameter values are
presented in Table 3 and the estimated basic reproduction number of measles for Ethiopia in the year 2015 is found to be R = 1.3973.

Fig. 2a depicts the proposed system model fitted to real data. We found that there are only a very few points that are poorly fitted
with the model solution as compared. The fit of a system model to real data is also measured by its residuals, which are defined as
the difference between the real data and the value predicted by the model. Following a similar approach [12], we computed the root
mean squared error (RMSE) 1.413501277877855x 103, The residual plots seem to be random, proving that the model is well calibrated
(Fig. 2b). Moreover, we plotted the fitted model with a 95% confidence interval (CI), as can be seen in Fig. 3. The plot of the CI helps
visualize the uncertainty in the estimated parameter values. In particular, the model is plotted using the estimated parameter values,
and the 95% ClIs are shown as error shaded areas around the fitted model. The confidence interval also helps to measure the model’s
performance. By examining the CIs over time, one can understand the stability and accuracy of the model’s predictions. That is, if
the CIs remain narrow and consistent, it suggests the model is performing well in capturing the underling dynamics of the epidemic.
On the other hand, if the CIs widen or become inconsistent, it may indicate limitations or uncertainty in the model assumptions or
data. The CIs remain narrow and consistent, as depicted in Fig. 3. Thus, it is evidence that the model fits well.

5.5. Local sensitivity analysis

Studying the sensitivity of the basic reproduction number as model parameters change is important in system dynamics. It is used
to determine the robustness of system predictions for parameter values. A highly sensitive parameter should be carefully estimated
because a small variation in that parameter could lead to large quantitative changes. A less sensitive parameter does not require as

much effort to estimate, since a small change in that parameter will not result in a big influence on the disease dynamics.

13
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(a) Infected fitted to the data. (b) Residual plots of the infected individuals.

Fig. 2. The SEIR system fitted with the weekly reported real data. Observed real data points are represented by the red dot histogram, and the best-fitting solution
curve for the system model is shown by the blue curve.
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Fig. 3. Infected new cases fitted to real data with 95% confidence interval.

Definition 5.1. The normalized forward local sensitivity index of the basic reproduction number R, that depends differentiably on
a parameter o is defined by

OR
H£°”= w_o (21)
dw |Ry,|

Notice that njjﬂv has a maximum value of magnitude 1. nfj‘)“ =1 implies an increase (decrease) of w by y% increases (decreases)
Ry, by y%. On the other hand, Hg(’” = —1 indicates an increase (decrease) of w by y% decreases (increases) R, by y%. Following
Eq. (21), the normalized forward local sensitivity index of R, with respect to §, u, €, v, d, 6 is given by

2 d
mfor = q, Hﬁou=_u(u+e+y+ ) pRe o K
b (H+e)(u+y+d) H+e
Roy _ _ 14 Roy _ _ d Ry, ___ 0
4 u+y+d A u+y+d ° 1-6°

It can be easily observed from Table 4 that the local sensitivity indices of the parameters § and e are positive and the remaining are
negative. Positive sensitivity indices have a positive effect on the increase of the basic reproduction number, and negative sensitivity
indices have a reverse effect on the basic reproduction number. The effective contact rate of measles f and the rate of vaccination 6
are the most sensitive parameters and significantly impact the disease dynamics. More importantly, decreasing the effective contact
rate of measles f and increasing the vaccination rate 6 decrease the basic reproduction number. On the other hand, the natural death
rate of humans and the rate of progress from the exposed to the infectious class are less sensitive to the basic reproduction number.

14
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Table 4
Numerical value of the local sensitivity indices.

Parameters Local sensitivity indices

) H:W =1

u nj}m =—4.224877 x 10~*

. & =2.681276111938502 x 10~
’ ™ = —0.561870756205265

d ™ = —0.437974883669988

o I = —1.857143

60

501

40f

301

Infected

20

Fig. 4. The forward bifurcation graph for infected versus R, using the parameters A = 100, § =6, u = 0.00045662, ¢ = 0.01, d = 0.0015 and y varies between 0.01 and
20, i.e.,, y =0.01 : 0.02 : 20.

6. Numerical simulations
6.1. The system without vaccination

In this subsection, numerical simulations of the forward bifurcation of the system (1) and the mesh and contour plots for the basic
reproduction number are discussed.

6.1.1. Forward bifurcation

It is shown in Eq. (6) that the disease dies out if Ry <1 and is endemic if Ry > 1 for f > d. These results further prove that
the model exhibits forward bifurcation. The global stability of the disease free and endemic equilibria for Ry <1 and R, > 1 is also
depicted graphically in Fig. 4. The dots colored red show that the disease free equilibrium is unstable if the reproduction number is
greater than unity. On the other hand, the line segment colored blue shows that the disease free equilibrium is globally asymptotically
stable if Ry <1 and the endemic equilibrium is globally stable if Ry > 1. Ry =1 is the threshold value.

6.1.2. Mesh and contour plots

We draw the mesh and contour plots for the basic reproduction number dependence on the effective transmission rate f and the
natural recovery rate y. The mesh and contour plots show that the basic reproduction number increases significantly for higher values
of f and lower values of y (Figs. 5a and 5b). This result shows a good agreement with the local sensitivity indices depicted in Table 4.
Thus, to control R, policymakers are recommended to work on reducing f and increasing y. The variation of the basic reproduction
number as well as the parameters effective transmission rate f§ and natural recovery rate y are depicted in Fig. 5.

We also draw the mesh and contour plots for the basic reproduction number dependence on the effective transmission rate g
and the rate of progression to the infectious class e. The mesh and contour plots show that the basic reproduction number increases
significantly for higher values of g, but ¢ has no significant value (Figs. 6a and 6b). In this case, to control R, policymakers are
recommended to work on reducing f. The variation of the basic reproduction number as the parameters effective transmission rate
p and the rate of progression to the infectious ¢ covary are depicted in Fig. 6.

6.2. The system with vaccination

In this subsection, numerical simulations of the proposed system (14) are done. We also validate the importance of the threshold
parameter R to show disease elimination and endemic cases. The simulations are done using the built-in MATLAB function ode45.
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Fig. 5. Combined effects of the transmission rate § and the recovery rate y on the basic reproduction number for the measles model. The parameters both vary in the
interval #=0.05:.02 : 2 and y =0.05 : .02 : 2. The remaining parameters are given in Table 3.

Mesh plot Contour plot

180 — 180 180

160 16160 160

140

120

= 100
oo 100

80

60

40

(a) Ry verse 3 and e surface plot. (b) Ry verse 8 and e contour plot.

Fig. 6. Combined effects of the effective transmission rate § and the rate of progression to the infectious class e on the basic reproduction number for the measles
model. The parameters f and e vary in the interval f=0.05: .01 : 2 and € =0.05 : .01 : 2. The remaining parameters are given in Table 3.
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Fig. 7. Solution trajectories for the disease-free equilibrium. In this case, the assumed initial state value is (.5(0), E(0), R(0)) = (21000, 250, 18000) while varying the
initial infected individuals between 1000 and 2000 with step size 200, the rate of vaccination is also assumed to be § = 0.95, and the estimated parameter values are
A =9.289613942105396 X 10°, f=0.007107 x 103, e =0.001024 x 103, 1 = 0.0000002747 x 10%, y = 1, d = 0.0007795 x 10°.

6.2.1. The disease extinction case

The measles disease extinction (Fig. 7). The starting points where the solution trajectories start are colored magenta, and the end
point of the solution trajectories is colored red. The direction of the solution trajectories is shown by a forward arrow. In this case,
the disease-free equilibrium Ej =(1690709,0,0,32123479) is globally stable. All solution values tend to move to the disease-free
equilibrium, whatever the initial value is. The disease-free equilibrium is the plane containing the susceptible and recovered classes.
From this graphical result, it could be concluded that the disease dies out in the community. The calculated value of the reproduction
number is Ry = 0.1996.
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Fig. 8. Solution trajectories for the endemic equilibrium. In this case, the assumed initial state value is (S(0), E(0), R(0)) = (21000,250, 18000) while varying the
initial infected individuals between 1000 and 2000 with step size 200, the rate of vaccination is assumed to be 8 = 0.65, and the estimated parameter values are
A =9.289613942105396 x 10°, f = 0.007107 x 103, € = 0.001024 X 103, 1 = 0.0000002747 x 10>, y = 1, d = 0.0007795 x 10°.
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Fig. 9. Time series of the infected population by varying the vaccination and effective contact rates.

6.2.2. The disease endemic case

The measles disease endemic case (Fig. 8). The starting points where the solution trajectories start are colored magenta, and the
end point of the solution trajectories is colored red. The direction of the solution trajectories is shown by a forward arrow. In this
case, the endemic equilibrium E* =(2250705,642,324,5601600) is globally stable. All solution values tend to move toward endemic

equilibrium. From this graphical result, it could be concluded that the disease is endemic. The calculated value of the reproduction
number is Ry = 1.3973.

6.2.3. The effects of vaccination and transmission rates

The effects of vaccination and transmission rates are discussed here. It is important to identify which one would be the most valid
parameter for controlling disease spread since both are the most sensitive parameters. Fig. 9 shows the time series of the infected when
the most sensitive parameters are changed. As the rate of vaccination increases from 0.65 to 0.75, it can be observed that the disease
can be eradicated from the community (Fig. 9a). Compared to the impact of the vaccination rate, lowering the effective contact
rate from 7.10724 to 6.10724 does not have a significant impact on the eradication of the disease (Fig. 9b). The epidemiological
implication of this is that vaccination of the susceptible population is the best means for controlling the disease.

It is also worth noting that the S ET R model assumption is not like the .S7R in which it cannot be concluded that the disease dies
out if the number of infected individuals is minimized. The time series of the exposed and infected individuals presented in Fig. 10
can prove this hypothesis. It can be observed that the number of individuals in the exposed class is enormous as compared to the
infected ones. The exposed population rapidly grows and achieves its peak value of 3417 at the end of 9 weeks, whereas the infected
population grows and reaches its peak value of 1938 at the end of 10 weeks. For the remaining periods, however, the number of
both exposed and infected people decreased. Even though the infected individuals seem to decrease, which may ultimately cause the
disease to die out, the disease may remain endemic due to the transfer of the exposed individuals to the infected class.

17



H.W. Berhe, A.A. Gebremeskel, H.A. Atsbaha et al. Heliyon 10 (2024) 33594

3500

3000

2500

2000

1500

New cases

1000

500

0 I I I I I I I I I I
5 10 15 20 25 30 35 40 45 50

time (Weeks)

Fig. 10. The time series of the exposed and infected people. In this case the assumed initial state value is (S(0), E(0), I(0), R(0)) = (21000, 250,250, 18000). The
rate of vaccination is assumed to be § = 0.65 and the estimated parameters values are A = 9.289613942105396 x 103, § = 0.007107 x 10%, e = 0.001024 X 103, u =
0.0000002747 x 103, y = 1, d =0.0007795 x 10°.

7. Discussions and conclusion

A deterministic S ET R model to describe the dynamics of the measles outbreak in Ethiopia is analyzed and calibrated using weekly
real data. The long-term dynamics of the system are analyzed. It is shown that the system is biologically feasible. It is also established
that R, is a sharp threshold value, and it does completely determine the global stability of the disease-free equilibrium for R, < 1. And
therefore, the system exhibits forward bifurcation. Furthermore, the global stability analysis of the endemic equilibrium is analyzed
for R, > 1 using a suitable Lyapunov function by assuming the disease-induced death rate d = 0. Based on our mathematical analysis,
to eliminate the measles disease from a community, policymakers may work on reducing the basic reproduction number to less than
unity. This result is different from the previous results on measles dynamics [4,33], where reducing the basic reproduction number
to less than one is not enough for measles eradication.

The calibration process is done through the solution of an inverse problem using the least squares method using the Trust-
Region-Reflective method algorithm Isqnonlin from MATLAB’s optimization Toolbox. Nominal initial parameter and range values are
selected from the related literature studying measles disease dynamics. Estimated parameter values with 95% confidence intervals
are presented. Furthermore, unlike the previous work by the authors [34] who studied the global sensitivity analysis of the basic
reproduction number, local sensitivity analysis of the basic reproduction number to the estimated parameters is done to investigate
the robustness of the model as parameters change. It is found that a decrease in the contact rate and an increase in the vaccination
rate would cause the disease to die out.

The S E 1R model is not like the SR in that we cannot say the epidemic is under control if the number of infected individuals
drops. Definitely, in the S EI R models, it may come about that temporarily the number of people in the infected class is small, though
the exposed class is still enormous. Consequently, the epidemic may appear to have died out but will then be out of control again
when the people in the exposed class transfer to the infected class and contaminate other people. Therefore, an effective strategy
essentially takes into consideration the time necessary for the exposed class to transfer to the infected and will minimize to zero new
infected cases throughout the period.

Like many epidemic models, the system studied has drawbacks. We calibrated the proposed model to weekly reported cases of
measles to estimate the parameters of the model. Estimation of parameters is tedious work because a large part of the infectious
process is missed in most cases [53]. One of the drawbacks is that we could obtain optimal parameter values that result in a local
minimum. Therefore, to solve this problem, the recommendation is to simulate the system for several sets of initial parameter values
and take the optimal parameters with the smallest error as the best parameter estimate. Moreover, it is still challenging to propose
an appropriate Lyapunov function to study the stability of the endemic equilibrium when d > 0. Therefore, further study using the
Lyapunov function theory is needed to determine the global stability of the endemic equilibrium of an SEIR with a standard incidence
and disease-induced death rate. However, the better way to deal with it so far is to use the geometric approach proposed in the works
of [22].

Even though we used a comparatively simple model of measles to demonstrate our methodology, the method that we use can be
functional on more complex models by incorporating additional information into the model. For instance, age structure would be
very suitable when considering potential vaccination strategies for measles [10,54]. Furthermore, parameter uncertainty will always
exist during the estimation of the parameters and will always influence model predictions. Consequently, an age-structured measles
model that incorporates uncertainty analysis in parameter estimation is essential to be investigated.

18



H.W. Berhe, A.A. Gebremeskel, H.A. Atsbaha et al. Heliyon 10 (2024) 33594

CRediT authorship contribution statement

Hailay Weldegiorgis Berhe: Writing — review & editing, Writing — original draft, Visualization, Validation, Supervision, Soft-
ware, Methodology, Investigation, Formal analysis, Data curation, Conceptualization. Abadi Abay Gebremeskel: Writing — review &
editing, Writing — original draft, Visualization, Validation, Supervision, Software, Methodology, Investigation, Formal analysis, Data
curation, Conceptualization. Habtu Alemayehu Atsbaha: Writing — review & editing, Validation, Supervision, Investigation, Data
curation. Yohannes Yirga Kefela: Writing — review & editing, Supervision, Investigation, Data curation. Abadi Abraha Asgedom:
Writing — review & editing, Supervision, Investigation, Data curation. Woldegebriel Assefa Woldegerima: Writing — review & edit-
ing, Validation, Supervision, Investigation, Data curation. Shaibu Osman: Writing — review & editing, Supervision, Investigation,
Data curation. Lamin Kabareh: Writing — original draft, Supervision, Investigation, Data curation.

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal relationships that could have appeared to
influence the work reported in this paper.

Data availability
All data relevant to this publication are within the paper.
Acknowledgements
We would like to thank the editor and the anonymous referees for their comments to improve the quality of the paper.

References

[1] R.T. Perry, N.A. Halsey, The clinical significance of measles: a review, J. Infect. Dis. 189 (s1) (2004) S4-S16.
[2] N.A. Halsey, Measles in developing countries, BMJ 333 (7581) (2006) 1234.
[3] R.M. Anderson, D.J. Nokes, Mathematical Models of Transmission and Control, 4th edition, vol. 2, Oxford University Press, New York, 2002 (Ch. 6.14).
[4] D. Lacitignola, Saturated treatments and measles resurgence episodes in South Africa: a possible linkage, Math. Biosci. Eng. 10 (4) (2013) 1135-1157.
[5] H.W. Berhe, M. Al-arydah, Computational modeling of human papillomavirus with impulsive vaccination, Nonlinear Dyn. 103 (1) (2021) 925-946.
[6] A.S. Melese, Modelling of pathogens impact on the human disease transmission with optimal control strategies, J. Math. Sci. (2022) 1-21.
[7] A.A. Gebremeskel, Global stability of malaria transmission dynamics model with logistic growth, Discrete Dyn. Nat. Soc. (2018) 2018.
[8] P.J. Witbooi, An seir model with infected immigrants and recovered emigrants, Adv. Differ. Equ. 2021 (1) (2021) 1-15.
[9] W.M. Sweileh, Global research activity on mathematical modeling of transmission and control of 23 selected infectious disease outbreak, Globalization and
Health 18 (1) (2022) 1-14.
[10] R.M. Anderson, R.M. May, Age-related changes in the rate of disease transmission: implications for the design of vaccination programmes, J. Hyg. 94 (03) (1985)
365-436.
[11] M.G. Roberts, M.I. Tobias, Predicting and preventing measles epidemics in New Zealand: application of a mathematical model, Epidemiol. Infect. 124 (2) (2000)
279-287.
[12] A.A. Gebremeskel, H.W. Berhe, H.A. Atsbaha, Mathematical modelling and analysis of covid-19 epidemic and predicting its future situation in Ethiopia, Results
Phys. 22 (2021) 103853.
[13] A. Zeb, E. Alzahrani, V.S. Erturk, G. Zaman, Mathematical model for coronavirus disease 2019 (covid-19) containing isolation class, BioMed Res. Int. (2020)
2020.
[14] H.P. Singh, S.K. Bhatia, Y. Bahri, R. Jain, Optimal control strategies to combat covid-19 transmission: a mathematical model with incubation time delay, Results
in Control and Optimization 9 (2022) 100176.
[15] A. Rajput, M. Sajid, Tanvi, C. Shekhar, R. Aggarwal, Optimal control strategies on covid-19 infection to bolster the efficacy of vaccination in India, Sci. Rep.
11 (1) (2021) 20124.
[16] O.J. Peter, N.D. Fahrani, C. Chukwu, et al., A fractional derivative modeling study for measles infection with double dose vaccination, Healthcare Analytics 4
(2023) 100231.
[17] A. Bashir, M. Mushtaq, Z.U.A. Zafar, K. Rehan, R.M.A. Muntazir, Comparison of fractional order techniques for measles dynamics, Adv. Differ. Equ. 2019 (1)
(2019) 334.
[18] S. Qureshi, Real life application of Caputo fractional derivative for measles epidemiological autonomous dynamical system, Chaos Solitons Fractals 134 (2020)
109744.
[19] R. Viriyapong, W. Ridbamroong, Global stability analysis and optimal control of measles model with vaccination and treatment, J. Appl. Math. Comput. 62
(2020) 207-237.
[20] A. Korobeinikov, G.C. Wake, Lyapunov functions and global stability for sir, sirs, and sis epidemiological models, Appl. Math. Lett. 15 (8) (2002) 955-960.
[21] C. Vargas-De-Ledn, Constructions of Lyapunov functions for classic sis, sir and sirs epidemic models with variable population size, Revista Electrénica Foro Red
Mat 26 (2009) 1-12.
[22] M.Y. Li, J.S. Muldowney, A geometric approach to global-stability problems, SIAM J. Math. Anal. 27 (4) (1996) 1070-1083.
[23] H.W. Berhe, O.D. Makinde, D.M. Theuri, Modelling the dynamics of direct and pathogens-induced dysentery diarrhoea epidemic with controls, J. Biol. Dyn.
13 (1) (2019) 192-217.
[24] A.A. Gebremeskel, H.W. Berhe, A.T. Abay, A mathematical modelling and analysis of covid-19 transmission dynamics with optimal control strategy, Comput.
Math. Methods Med. 2022 (2022) 1-15.
[25] D. Eber, T. Michel, J. Americo Cunha, Calibration of a seir-sei epidemic model to describe the Zika virus outbreak in Brazil, Appl. Math. Comput. 338 (2002)
955-960.
[26] M. Inc, B. Acay, H.W. Berhe, A. Yusuf, K. Amir, Y. Shao-Wen, Analysis of novel fractional covid-19 model with real-life data application, Results Phys. 23 (2021)
103968.

19


http://refhub.elsevier.com/S2405-8440(24)09625-7/bib51EE1EBC7388406B2CB2D9A23B623907s1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bib63B8F4818E7450276D72246CE4C52777s1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bib4DB15DAC63217897D28BE31763D32274s1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bib3BAE7A7773F1404E43A771052B9573BBs1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bib12A5B2D19CFFE4D770B522B1D0F7AE2Ds1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bibAA1F21A003CAE8AB94070AD23B27F25Cs1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bib3EBBC80E245F4FDDED274BFFF750BFA5s1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bib669B6B20E087DE574F2338FEC41786A8s1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bib1E3976BC2895E2D2DB96015610A038BAs1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bib1E3976BC2895E2D2DB96015610A038BAs1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bib125AB8E1CAD0066B89877562C7126A21s1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bib125AB8E1CAD0066B89877562C7126A21s1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bib9D3E622DF914D8DE7F747B7B8B143C52s1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bib9D3E622DF914D8DE7F747B7B8B143C52s1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bibBBB2B3C531FBB40EAF8AC5818604BF0Cs1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bibBBB2B3C531FBB40EAF8AC5818604BF0Cs1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bib72354605ED4688548A73BCA70632BD57s1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bib72354605ED4688548A73BCA70632BD57s1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bib0AF6C7495666E542B4DB2818302F941Ds1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bib0AF6C7495666E542B4DB2818302F941Ds1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bibF8B37C5BC342CF51EA25DF4BEA48852As1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bibF8B37C5BC342CF51EA25DF4BEA48852As1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bib687A909A627F19778775A5365612D347s1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bib687A909A627F19778775A5365612D347s1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bib9CECA1D61BC5B2EFC779FDD72797AFA4s1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bib9CECA1D61BC5B2EFC779FDD72797AFA4s1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bibF5DE1CEDA4741A545CA8C4C87D3316FFs1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bibF5DE1CEDA4741A545CA8C4C87D3316FFs1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bib0A62D787734F07F928867563FAB81028s1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bib0A62D787734F07F928867563FAB81028s1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bib610997A06290AEBA85733FA409962C17s1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bib1BC563CE12C610DF6EF3737C011F774As1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bib1BC563CE12C610DF6EF3737C011F774As1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bib944766832C21D3E9C163535D5C170FC6s1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bib7DC430F1129317502FF611FDB4ACAA33s1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bib7DC430F1129317502FF611FDB4ACAA33s1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bibCA375490EE10B2F2AEE04D2C34FF0697s1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bibCA375490EE10B2F2AEE04D2C34FF0697s1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bib3541F5A8DEEBB2492E5401F93F03BC2Es1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bib3541F5A8DEEBB2492E5401F93F03BC2Es1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bib01D307BA60B2BF625ACD94965D15E88Fs1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bib01D307BA60B2BF625ACD94965D15E88Fs1

H.W. Berhe, A.A. Gebremeskel, H.A. Atsbaha et al. Heliyon 10 (2024) 33594

[27] H.W. Berhe, Optimal control strategies and cost-effectiveness analysis applied to real data of cholera outbreak in Ethiopia’s oromia region, Chaos Solitons Fractals
138 (2020) 109933.

[28] O.J. Peter, S. Qureshi, M.M. Ojo, R. Viriyapong, A. Soomro, Mathematical dynamics of measles transmission with real data from Pakistan, Model. Earth Syst.
Environ. 9 (2) (2023) 1545-1558.

[29] S. Li, S. Ullah, S.A. AlQahtani, S.M. Tag, A. Akgiil, et al., Mathematical assessment of monkeypox with asymptomatic infection: prediction and optimal control
analysis with real data application, Results Phys. 51 (2023) 106726.

[30] O.M. Ogunmiloro, A.S. Idowu, T.O. Ogunlade, R.O. Akindutire, On the mathematical modeling of measles disease dynamics with encephalitis and relapse under
the Atangana-Baleanu—Caputo fractional operator and real measles data of Nigeria, Int. J. Appl. Comput. Math. 7 (5) (2021) 185.

[31] S. Verguet, M. Johri, S.K. Morris, C.L. Gauvreau, P. Jha, M. Jit, Controlling measles using supplemental immunization activities: a mathematical model to inform
optimal policy, Vaccine 33 (10) (2015) 1291-1296.

[32] H.T. Alemneh, A.M. Belay, Modelling, analysis, and simulation of measles disease transmission dynamics, Discrete Dyn. Nat. Soc. 2023 (2023) 1-20.

[33] H.W. Berhe, O.D. Makinde, Computational modelling and optimal control of measles epidemic in human population, Biosystems 190 (2020) 104102.

[34] M.A. Kuddus, M. Mohiuddin, A. Rahman, Mathematical analysis of a measles transmission dynamics model in Bangladesh with double dose vaccination, Sci.
Rep. 2021 (2021) 1-16.

[35] L. Pang, S. Ruan, S. Liu, Z. Zhao, X. Zhang, Transmission dynamics and optimal control of measles epidemics, Appl. Math. Comput. 256 (2015) 131-147.

[36] P. H, I. M, E. A, O.J. Peter, Analysis and dynamics of measles with control strategies: a mathematical modeling approach, Int. J. Dyn. Control (2023) 1-16.

[37]1 N. Kostandova, S. Loisate, A. Winter, W.J. Moss, J.R. Giles, C. Metcalf, S. Mutembo, A. Wesolowski, Impact of disruptions to routine vaccination programs,
quantifying burden of measles, and mapping targeted supplementary immunization activities, Epidemics 41 (2022) 100647.

[38] D.O. Mesa, P. Winskill, A.C. Ghani, K. Hauck, The societal cost of vaccine refusal: a modelling study using measles vaccination as a case study, Vaccine (2023).

[39] H. Abboubakar, R. Fandio, B.S. Sofack, H.P. Ekobena Fouda, Fractional dynamics of a measles epidemic model, Axioms 11 (8) (2022) 363.

[40] E. Bonyah, M. Khan, K. Okosun, J. Gomez-Aguilar, Modelling the effects of heavy alcohol consumption on the transmission dynamics of gonorrhea with optimal
control, Math. Biosci. 309 (2019) 1-11.

[41] P. van den Driessche, J. Watmough, Reproduction numbers and subthreshold endemic equilibria for compartmental models of disease transmission, Math. Biosci.
180 (1-2) (2002) 29-48.

[42] J. Arino, C.C. McCluskey, P. van den Driessche, Global results for an epidemic model with vaccination that exhibits backward bifurcation, SIAM J. Appl. Math.
64 (1) (2003) 260-276.

[43] J. LaSalle, Stability theory for ordinary differential equations, J. Differ. Equ. 4 (1) (1968) 57-65.

[44] M. Kot, Elements of Mathematical Ecology, Cambridge University Press, 2001.

[45] M.Y. Li, J.S. Muldowney, A geometric approach to global-stability problems, SIAM J. Math. Anal. 27 (4) (1996) 1070-1083.

[46] L. Cai, X. Li, M. Ghosh, B. Guo, Stability analysis of an hiv/aids epidemic model with treatment, J. Comput. Appl. Math. 229 (2009) 313-323, https://doi.org/
10.1016/j.cam.2008.10.067.

[47] R.H. Martin Jr, Logarithmic norms and projections applied to linear differential systems, J. Math. Anal. Appl. 45 (2) (1974) 432-454.

[48] C. Castillo Chavez, B. Song, Dynamical models of tuberculosis and their applications, Math. Biosci. Eng. 1 (2) (2004) 361-404.

[49] B. Abyot, Epidemiological bulletin: Abyot Bekele, mph Ethiopian, Epidemiological Bulletin: Weekly 2 (22) (2016) 1-8, https://dokumen.tips/documents/
epidemiological-bulletin-abyot-bekele-mph-ethiopian-epidemiological-bulletin.html?page =1.

[50] Life expectancy at birth, total Ethiopian data in the years 1960-2017, https://data.worldbank.org/indicator/SP.DYN.LE0O.IN, 2020.

[51] B. Balker, Chaos and complexity in measles models: a comparative numerical study, IMA J. Math. Appl. Med. Biol. 10 (1993) 83-95.

[52] V. Riel, Real, Parameter estimation in non-equidistantly sampled nonlinear state space models; a Matlab implementation, 2006, pp. 1-16.

[53] H.W. Berhe, O.D. Makinde, D.M. Theuri, Co-dynamics of measles and dysentery diarrhea diseases with optimal control and cost-effectiveness analysis, Appl.
Math. Comput. 347 (2019) 903-921.

[54] R.M. Anderson, R.M. May, Vaccination against rubella and measles: quantitative investigations of different policies, J. Hyg. 90 (02) (1983) 259-325.

20


http://refhub.elsevier.com/S2405-8440(24)09625-7/bib788043F67838A308C3D5217162E10FCAs1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bib788043F67838A308C3D5217162E10FCAs1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bibD1DB5A20E5A9DBE9328C174FCD6D7C26s1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bibD1DB5A20E5A9DBE9328C174FCD6D7C26s1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bib4C7220E18382A31D28261BF57BBCE395s1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bib4C7220E18382A31D28261BF57BBCE395s1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bibFD139B8B5F68BBF99E95C26F05500EE1s1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bibFD139B8B5F68BBF99E95C26F05500EE1s1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bib8CC39AD80E7F2B318FD38AD449AF3769s1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bib8CC39AD80E7F2B318FD38AD449AF3769s1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bib4F4DAC9E3ADEA99F7DCE1B757CCDAFD6s1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bibD73DABA48880B8D094D78119F3ADD689s1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bib31AC7D8C111DAC2793F75D201FF3E3A7s1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bib31AC7D8C111DAC2793F75D201FF3E3A7s1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bibAB5AB0F2AC6631A09FB16C7D0216A703s1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bib9F0DA309B6B9102002F4DAC003DD20C3s1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bibA7502E12257F733F43CA9A443D5CD703s1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bibA7502E12257F733F43CA9A443D5CD703s1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bib787835CFDAF59244B90F7FCB743C229Cs1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bibFC14051B5AFAC41239657EADB117AFCAs1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bib140E11266FF95BC1DD9ABC2AA1664446s1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bib140E11266FF95BC1DD9ABC2AA1664446s1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bib9272F2E786AA7B87BCBF621233B79232s1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bib9272F2E786AA7B87BCBF621233B79232s1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bib7EAA7F40FA45DE01BAE55EC8CB3BEE5Ds1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bib7EAA7F40FA45DE01BAE55EC8CB3BEE5Ds1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bibEFA5B48921CB41C537803D97C10F36F9s1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bib5490A8EA2C79EE68D4BF3CEF60F7CE93s1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bib5D962EA4930BA7ADD4848804B235FE56s1
https://doi.org/10.1016/j.cam.2008.10.067
https://doi.org/10.1016/j.cam.2008.10.067
http://refhub.elsevier.com/S2405-8440(24)09625-7/bib98A8EF01F6794030095F2D5A9F0BDA2Ds1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bib76BCBB093CF9B3238DBEE43A9B8EA88Cs1
https://dokumen.tips/documents/epidemiological-bulletin-abyot-bekele-mph-ethiopian-epidemiological-bulletin.html?page=1
https://dokumen.tips/documents/epidemiological-bulletin-abyot-bekele-mph-ethiopian-epidemiological-bulletin.html?page=1
https://data.worldbank.org/indicator/SP.DYN.LE00.IN
http://refhub.elsevier.com/S2405-8440(24)09625-7/bibA18062ADB60AE5B0EA25131DAFF359AEs1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bib9ACACF7BBD95713CC92883E5C0DB3E59s1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bib9ACACF7BBD95713CC92883E5C0DB3E59s1
http://refhub.elsevier.com/S2405-8440(24)09625-7/bibFD3D4EFE9BDDE86504B9EF54D8C8E312s1

	Modelling and stability analysis of the dynamics of measles with application to Ethiopian data
	1 Introduction
	2 Mathematical model formulation
	3 Model analysis
	3.1 Nonnegativity of solutions and the feasible region
	3.2 Positively invariant
	3.3 Equilibria and the basic reproduction number
	3.4 Local stability analysis of disease-free equilibrium
	3.5 Global stability of disease-free equilibrium
	3.6 Local stability of endemic equilibrium
	3.6.1 Global stability of endemic equilibrium


	4 Bifurcation analysis
	5 Model calibration with vaccination
	5.1 Data
	5.2 Nominal parameters
	5.3 Forward problem
	5.4 Inverse problem
	5.5 Local sensitivity analysis

	6 Numerical simulations
	6.1 The system without vaccination
	6.1.1 Forward bifurcation
	6.1.2 Mesh and contour plots

	6.2 The system with vaccination
	6.2.1 The disease extinction case
	6.2.2 The disease endemic case
	6.2.3 The effects of vaccination and transmission rates


	7 Discussions and conclusion
	CRediT authorship contribution statement
	Declaration of competing interest
	Data availability
	Acknowledgements
	References


