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» Abstract

1 Enhancers are discrete DNA elements that regulate the expression of eukaryotic genes. They are important
12 not only for their regulatory function, but also as loci that are frequently associated with disease traits.
13 Despite their significance, our conceptual understanding of how enhancers work remains limited. CRISPR-
1 interference methods have recently provided the means to systematically screen for enhancers in cell culture,
15 from which a formula for predicting whether an enhancer regulates a gene, the Activity-by-Contact (ABC)
16 Score, has emerged and has been widely adopted. While useful as a binary classifier, it is less effective at
17 predicting the quantitative effect of an enhancer on gene expression. It is also unclear how the algebraic
18 form of the ABC Score arises from the underlying molecular mechanisms and what assumptions are needed
1w for it to hold. Here, we use the graph-theoretic linear framework, previously introduced to analyze gene
2 regulation, to formulate the default model, a mathematical model of how multiple enhancers independently
2 regulate a gene. We show that the algebraic form of the ABC Score arises from this model. However, the
» default model assumptions also imply that enhancers act additively on steady-state gene expression. This
;3 is known to be false for certain genes and we show how modifying the assumptions can accommodate this
2 discrepancy. Overall, our approach lays a rigorous, biophysical foundation for future studies of enhancer-gene
»  regulation.

» Introduction

27 Much of our current understanding of how genes are regulated arose from classical studies in bacteria of the
s lac operon and A-phage [1]. However, the eukaryotic context differs from the bacterial in many significant
2 ways. One key difference is that, in bacteria, regulatory DNA is found proximal to the gene, typically within
s 1kb upstream of the transcription start site (TSS), whereas eukaryotic regulatory sequences are found in
a1 discrete pieces that may be proximal to, or distal from, the T'SS. The eukaryotic regulatory elements known
3 as enhancers form a particularly important class. Enhancers were originally defined as DNA sequences which
13 could drive the expression of genes in a location and orientation independent manner [2, 3]. Since these initial
u discoveries, many native enhancers have been identified which play critical roles in a variety of processes,
55 such as embryonic development [4], physiology [5] and evolution [6]. Genetic variation in enhancers has
s also been shown to mediate risk for complex disease [7], Mendelian disease [8] and cancer [9]. Based on
s these and many other studies, we know that enhancers can be located over 1Mb from a target gene TSS,
3 an individual enhancer may regulate multiple genes, some genes are regulated by multiple enhancers and
3 the set of enhancers actively regulating a given gene may depend on cellular context. These properties have
w0 made it difficult to identify the rules governing enhancer-gene regulation.

2 Given their importance, much attention has been given to systematically identifying enhancer sequences
2 and the genes they regulate. An important breakthrough has been the development of high-throughput
i CRISPR interference (CRISPRi) screens, which enable putative enhancer sequences to be perturbed in cell
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s culture and the resulting effect on expression of a target gene to be measured [10-13]. These screens typically
s measure quantitative effects on gene expression as the proportional change in mean gene expression over a
s cell population. We call this quantity the fractional change and, given its importance in this paper, define
« it formally as follows: let ¥(g) denote the wild-type mean expression level of a gene g, in whatever units
@ are used to measure it, and let ¥(g, ¢¢) denote the mean expression level of g after an enhancer of g, e,, has
s been perturbed. The fractional change of e, is then the non-dimensional quantity,

Y(g) — ¥(9,¢9)
¥(9)

so The fractional change for thousands of putative enhancer-gene connections has been measured and compu-
51 tational methods have assessed whether the observed fractional change is statistically different from zero.
52 Current efforts are now focused on two main questions. First, what can we learn about enhancer biology
53 from these screens? Second, can the results from these screens be used to develop computational methods
s« which can predict which enhancers regulate which genes in arbitrary cellular contexts?

55 The Activity-by-Contact (ABC) model has been proposed as a way to make progress on both of these
ss  questions [11]. The ABC model is based on the mechanistic notion that an enhancer’s effect on gene
5o expression depends on the intrinsic strength of the enhancer (activity) and the frequency with which it
ss  comes into physical proximity to the gene promoter (contact). The ABC model gives rise to the ABC
5o Score, a quantitative formula which is intended to predict the fractional change observed in an enhancer
s perturbation experiment. For a gene, g, with N putative enhancers, ey, -- -, en, the ABC Score for a specific
st enhancer eg, is given by,

flg, eq) = ~ (1)

— Qq7q

ABC(g,eq) : PO (2)
62 where a; represents the activity of e; and ~; represents the contact frequency between e; and the promoter of
&3 ¢. In [11] a putative enhancer was defined as a chromatin-accessible DNA element of approximately 500 base
6 pairs; a; was assigned using measures of chromatin state of the enhancer, such as DNase-Seq and H3K27ac
e ChIP-Seq; 7; was assigned using the contact frequency between a putative enhancer and the gene promoter,
e as measured by Hi-C; and the sum in the denominator of Eqn.2 was taken over all putative enhancers within
s bMb of g.
68 The ABC Score is reasonably effective at predicting the results of CRISPRI screens. When considered
s as a binary classifier, the ABC Score has achieved a precision of 59% at 70% recall benchmarked against a
0 database of nearly 4,000 putative enhancer-gene connections in the K562 cell line [11]. Similar performance
7 has also been observed in other cell types [11, 14] and in subsequent benchmarking against other CRISPRi
2 screens in K562 cells [15, Fig.S8a]. We emphasize that the ABC Score is computed directly from genomic
7z data orthogonal to the CRISPRIi experiment. As such, it has no free parameters and does not require
= fitting or training. The classification ability of the ABC Score and its modest input data requirements have
75 resulted in its widespread use to interpret non-coding genetic variation [14, 16, 17], identify enhancers in
7 disease related contexts [18, 19] and investigate the dosage effect of transcription factor concentration on
7 gene expression [20].
78 Despite its practical utility as a binary classifier, the ability of the ABC Score to predict the fractional
7 change is fundamentally limited [11, Fig.3c]. From Eqn. 2, it is clear that the sum of the ABC Scores over
s all putative enhancers of a given gene is equal to 1,

N
> ABC(g,e;) =1. (3)

i=1

a1 We define the total fractional change of a gene to be the sum of the fractional changes of all enhancers for
e the gene, f(g,e1) + -+ {(g,en). If the ABC model were perfectly reflecting the fractional change, so that
s ABC(g,e;) = f(g,e;), it would predict that the total fractional change for all genes is equal to 1. However,
s experimentally, a range of total fractional changes has been observed from 0 to greater than 3 [10, 11, 14,
ss  21-23]. This incompatibility is a consequence of the algebraic structure of the ABC Score formula and
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s cannot be resolved in a straightforward way. For example, it cannot be resolved by using different types of
&7 epigenomic data to assign values to «; or 7;.

88 What, if anything, about enhancer biology can be concluded from the successes and limitations of the
s ABC Score? We believe that considering this question requires a formal description of the ABC model. The
o original description of the ABC model is informal, in the sense that the relationships between the mechanisms
o of activity and contact and the ABC Score formula were not determined by formal mathematical arguments.
oo In consequence, the biological and biophysical assumptions that underlie formulas of this kind have not been
o3 clarified.

o4 In the present paper, we present a strategy for the formal mathematical modeling of enhancer-gene
os regulation. We introduce the default model, a set of assumptions for how multiple enhancers independently
o regulate a gene. We show that a formula with the same algebraic structure as the ABC Score formula in
o Eqn.2 can be rigorously derived from a special case of the default model. This clarifies the assumptions that
¢ underlie the ABC Score formula. However, these assumptions also imply that the total fractional change
o of a gene is equal to one. We show how changing the assumptions of the default model can lead to total
wo fractional changes which are less than or greater than one. More generally, the framework introduced here
1w offers a rigorous foundation for future studies of enhancer-gene regulation.

» Results

s An activation-communication model of enhancer function

s Our approach to modelling enhancer-gene regulation is based on the linear framework, a method of using
s graphs to analyse biomolecular systems [24—26] that has been previously introduced to study gene regulation
s [26]; see [27, 28] for up-to-date reviews. The graphs in question have vertices that are linked by labelled,
w7 directed edges. The vertices represent molecular states of DNA, the edges represent transitions between these
s molecular states and the labels represent the transition rates, which are positive numbers with dimensions
0o of (time)’l.

110 An example linear framework graph is shown in Fig.1a. This graph, which we have called H, represents a
w  single enhancer which can be either activated (filled red circle) or not and in communication with its target
uz  gene (curved arrow) or not. It thereby captures the two main notions in the original ABC model, although
1z we prefer to speak here of “communication” rather than of “contact” (see below). These two features of the
us  enhancer are treated in the graph as being independent of each other: the rates for becoming activated or
us  deactivated do not depend on the state of communication, and the rates for making or losing communication
us  do not depend on the state of activation. Independence will be one of the central features of our treatment
n7 and will appear both in how an individual enhancer is treated, as in this example in Fig.1a, and in how a
us  gene is regulated by multiple enhancers, as we will explain below.

119 The graph H in Fig.1a represents a coarse-graining of the actual complexity of enhancer-gene regulation
20 (Fig.1b). Activation is intended to capture processes local to the enhancer sequence such as transcription
121 factor binding, chromatin reorganisation, nucleosome remodelling, recruitment of co-regulators or transcrip-
122 tion of the enhancer sequence itself to generate enhancer RNA. Communication refers to the processes by
123 which information is transferred from the enhancer to its target gene. Many communication mechanisms
e have been proposed including physical contact through DNA looping [29], diffusion of regulatory molecules
s [30] and phase separation [31]. We thus use the word ‘communication’ instead of ‘contact’ to reflect that
126 enhancer-gene regulation may not require physical contact. It is, of course, possible that the specific ac-
127 tivation or communication mechanisms may differ between enhancers. The value of this coarse-graining
128 lies in not making commitments about the underlying mechanism, at the price of ignoring the potential
129 consequences of how activation and communication are implemented in molecular terms. This particular
10 coarse-graining will facilitate our clarification of the ABC Score formula below.

131 Having provided an example of a linear framework graph and explained how it describes the biological
12 context that we will be studying, we now go into the details of the linear framework. We will make use of
1313 the example in Fig.la throughout this work.
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Figure 1: The activation-communication coarse graining. a) An example linear framework graph, H,
representing a coarse-grained view of an enhancer. Each vertex contains a schematic of the enhancer (circle)
and its target gene (black rectangle with the transcription start site marked with an arrow). The enhancer
may be activated (filled red circle) or communicating (curved arrow to the target gene), encoded in the
notation (i, j) used to denote vertices. The edge labels show that activation and communication take place
independently of each other. b) A more detailed picture of the molecular complexity that may underlie
the coarse-grained graph in panel a, as described further in the text. ¢) The example graph H in panel
a is the graph product of two simpler 2-vertex graphs, K,, which represents activation, and K., which
represents communication. The product structure of H is equivalent to the independence of activation and
communication.

1z Preliminaries on the linear framework
15 Notation and terminology

s We will start by introducing some basic ideas about linear framework graphs. We will use a letter like G
17 or H to refer to a graph. Vertices will generally be denoted i, j, etc. We will use the notation i € G to
133 mean the state ¢ from the graph G. Edges will be denoted ¢ — j and edge labels will be denoted £(i — 7).
1o So, using the notation for the example graph H in Fig.1a, £((0,0) — (0,1)) = £((1,0) — (1,1)) = k. (the
1o notation for the vertices in this graph arises from its product structure and will be explained later). If some
1w feature X is being discussed for different graphs, we will sometimes use brackets, as in X (G), or a subscript,
w2 as in Xq, to specify the graph in question. We will use the word structure to refer to just the vertices and
13 edges of a graph, ignoring the edge labels; when we say “graph”, we will always be including the labels, even
s when they are not mentioned explicitly.

1w The Markov process

us A graph G is equivalent to a finite-state, continuous-time, time-homogeneous Markov process [25, 28, 32].
1wz This stochastic behaviour can be understood as follows. If the system is in state ¢, then for each edge i — j
us  which leaves 4, a “firing” time is randomly chosen from the exponential probability distribution, A exp(—At),
1o where X is the transition rate of that edge, A = £(i — j), and the edge with the lowest firing time is taken,
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10 at that time. This generates a stochastic trajectory of states and transitions. If we follow a trajectory up
151 to time T and measure the proportion of time spent in state ¢, then that ratio stabilises with increasing T
152 to become the steady-state probability of state i [32], which we will denote by v} (G). Provided G is strongly
13 connected, this quantity does not depend on the state in which the trajectory starts and the steady-state
15« probability is a property of the graph [25]. A strongly connected graph is one in which any two distinct
15 vertices, ¢ and j # i, are connected by a directed path, i = iy — i3 — -+ — i = j. The example graph H
15 in Fig.la is strongly connected but ceases to be if the edges (1,1) — (1,0) and (1,1) — (0, 1) are removed.
157 We will assume from now on that all our graphs are strongly connected.

1583 Thermodynamic equilibrium and steady-state probabilities

159 One of the advantages of the linear framework is that, provided the graph is finite, its steady-state probabil-
10 ities can be calculated algebraically in terms of the edge labels. (We will encounter an infinite graph below
11 but, as we will see, we do not have to deal with them directly and can work only with finite graphs.) If the
12 graph can reach thermodynamic equilibrium the algebra can be done quite easily but, importantly, it can
163 also be done when the graph is away from thermodynamic equilibrium, although the formulas become more
e complicated. A graph can reach thermodynamic equilibrium if, and only if, it satisfies two conditions. First,
165 1t must be reversible, so that if there is an edge i — j, then there is also an edge j — 4, which represents the
166 reverse of the process that corresponds to i — j. Second, it must satisfy the cycle condition: the product of
17 the label ratios around any cycle of reversible edges must be 1. The graph in Fig.1a is evidently reversible
s and has only one cycle of reversible edges, (0,0) = (1,0) = (1,1) = (0,1) = (0,0), for which the product

1o of label ratios is ) L l l
() () () () = W

o For this graph, the independence of activation and communication ensures that the graph can reach ther-
i modynamic equilibrium.

172 When a graph can reach thermodynamic equilibrium, its steady-state probabilities can be calculated as
i3 follows. First, choose any vertex as a reference; let us call it 1. Second, choose any path of reversible edges
1w from 1 to the state in question, say i: 1 = i1 = --- = i = i. The steady-state probability of i is then

175 proportional to the product of the label ratios along this path,

u;(G)“(M> ‘e (M) (5)

E(ig — il) E(Zk — ik—l)

we It is a simple consequence of the cycle condition that the quantity on the right-hand side of Eqn.5 does
17 not depend on the choice of path from 1 to ¢. The proportionality constant in Eqn.5 is readily obtained
s by exploiting the fact that the sum of all the probabilities must be 1, so that, if the vertices are denoted
w  1,--+ N, then ui(G) +--- +u}(G) = 1. If we follow this prescription for the graph in Fig.1a, we find that,
180 for example,

* (G) — (ka/la)(kC/lC)
1+ (ka/la) + (ke/le) + (ka/la)(ke/le)
kq k.
A

(6)

(7)

;1 (We will sometimes use a 7+ to denote multiplication to make formulas like this look clearer.) The reor-
12 ganisation of Eqn.6 into Eqn.7 reveals a product structure in the algebra whose significance will emerge
183 below. The formula in Eqn.6 is the same as would arise from equilibrium statistical mechanics. It is one
1sa  of the features of the linear framework that it reduces to equilibrium statistical mechanics for systems that
185 are at thermodynamic equilibrium but also yields algebraic formulas for systems away from thermodynamic
186 equilibrium.
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17 Product graphs as models of independence

188 In studying gene regulation, a very helpful construction is that of a product graph, because it captures the
19 default situation in which two or more genetic systems operate independently of each other. The example
1o graph in Fig.la is a case in point. This graph H is the product of the graphs K, and K. in Fig.1c. Here,
1w K, is a two-vertex graph that represents just the activation of the enhancer and K. is a two-vertex graph
12 that represents just the communication.

103 We will use K, and K, to describe the product graph construction. We will do this in two steps. We
w4 will first specify the vertices and edges by building the product structure, denoted K, x K., and then we will
15 specify the labels to get the product graph, denoted K, K .. As we will see below, product structures underlie
16 other constructions in which the independence of the product graph is broken, which is why it is helpful to
w7 distinguish structures and graphs. The vertices in K, x K. are ordered pairs, (i, j), of vertices i € K, and
w8 j € K.. The edges in K, x K. arise from the edges in either component K, or K., taken independently of
100 the state of the other component. In other words, if i; — is is any edge in K, then (i1,5) — (i2,7) is an
w0 edge in K, x K., for all j € K.; similarly, if j; — jo is any edge in K, then (i,71) — (4, j2) is an edge in
o K, X K, for all i € K,; these are the only edges in K, x K.. This prescription yields the structure of the
20 graph H in Fig.la.

203 The labels of the product graph, K, ® K., are also inherited from those in K, or K., independently of
204 the state of the other component,

Ui oK. ((i1,]) = (i2,7)) = Lk, (i1 = i2) and L, oK. ((4,71) = (i, J2)) = LK. (j1 = j2)-

s We see that K, ® K, corresponds exactly to the graph H in Fig.la. The graph product precisely captures
206 the sense in which the components of the product, here K, and K., operate independently of each other:
207 the transitions in either component are unaffected, as to their occurrence and their rates, by the state of the
208 other component.

200 In the more general case of a product of m graphs, the vertices are naturally indexed as ordered tuples,
210 (il,'~~ ,im).

21 One of the consequences of the product graph construction is that its steady-state probabilities are easily
a2 calculated. If Ki,---, Ky are any set of N strongly connected graphs, then the steady-state probabilities

a3 in the product graph K; ® --- ® Ky can be computed by multiplying the steady-state probabilities in the
2 individual graphs,
Uiy o i) (B @ @ Ky) = g, (Kq) - g (K (8)

25 Eqn.8, which is proved in [26], again captures the sense in which the components K7, .-, K are indepen-
26 dent of each other. We note that Eqn.8 holds even for graphs which are unable to reach thermodynamic
a7 equilibrium.

218 We can see Eqn.8 at work for the graph in Fig.1la, which is the product of the graphs K, and K. in
a0 Fig.lc. If we follow the prescription in Eqn.5, we see that

kao/la

B e/l
1+ kel

ul(Ka) = 1 T kc/lc .

and uj(K,.) 9)

20 If we apply Eqn.8 to the formulas above, we see that,

ka/la kC/ZC
* Ka Kc —
u(1,1) (e @ Ke) <1 +ka/la) (1 +kc/lc)
ka ke

T katl kot1.

(10)

21 which recovers the expression in Eqn.7, whose algebraic product structure is now seen to reflect the underlying
2 product graph.

23 Eqn.8 for individual vertices has a straightforward extension to subsets of vertices. To explain this, let
24 K be any graph and let S C K be any subset of vertices in K. The steady-state probability of being in any
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25 vertex of S, denoted ug(K), is given by ug(K) = >, gu;(K). Now suppose, as above, that K1,---, Ky
26 are any strongly connected graphs. Let S; C K; be any subset of vertices of K; and let S; x --- x Sy be
27 the corresponding set product in K. This set product, for which we use, for convenience, the same notation

28 as for the product structure, has the obvious definition that it consists of all those tuples (i1, - ,ix) where
29 i € Sk. It is then a simple consequence of Eqn.8 that,

20  One of the implications of Eqn.11 is that if we take i; to be a coordinate that runs over the vertices of K,
2 then the probability that i; has a particular value, say i; = b, remains the same irrespective of the other
22 factors in the graph product,

Ul —py (K1 @+ @ Kn) = uf; iy (K5). (12)

2 Eqn.12 follows from Eqn.11 because the subset {i; = b} in K; ® --- ® Ky is the product subset,
Kl X XKj_l X {Z] :b} XKj+1 X XKN,

s and uj (K;) = 1. We can see an example of Eqn.12 at work in Figure 1. Let {a=1} = {( 0), (1,1)} be the
25 subset of vertices of H in which the enhancer is activated. Then Eqn.12 shows that uj,_;, (H) = uj(Ka).
26 We will make further use of Eqn.12 in what follows.

27 The gene expression response

28 The graphs we have considered up to now are models of the regulatory state of the gene. We now discuss
239 how to incorporate the production and degradation of mRNA. The standard approach in the literature is
20 known as kinetic modeling and uses a Markovian framework based on the chemical master equation [33]. We
2 follow this same approach within the graph-theoretic setting introduced here.
22 At any given time, the state of gene expression is specified by a certain number of molecules of the
a3 corresponding mRNA. This number increases by 1 each time RNA polymerase transcribes the gene and
a4 decreases by 1 each time an mRNA molecule is degraded or lost through transport out of the nucleus. We
x5 can represent such an expression system by the (semi)-infinite pipeline structure, P, in which the state p
us  represents the number p of mRNA molecules, from p = 0 onwards, and the edges correspond to mRNA
27 production, p — p + 1, and degradation or loss, p — p — 1 (Fig.2a).
28 Given a gene-regulatory graph, G, we represent the overall system of regulation and expression by a
29 copy-number graph, G x P, that will be derived from the product structure, G x P (Fig.2b). The states of
w0 G X P are identical to those of G x P but G X P may not have all the edges that are present in G x P.
1 Each state in G x P keeps track of the regulatory state of the gene and the number of mRNA molecules
»2  that are present. We now discuss how to assign labels to this graph (Fig.2b). We assume that each state,
»3 1 € G, has a corresponding non-negative rate of mRNA production, ;(G) > 0. If r,(G) = 0, so that mRNA
»s¢  production is not possible in state k of G, then the edges (k,p) — (k,p+ 1) are removed from G x P for all
s p € P. (Note that edge labels must always be positive.) This is the only way in which the structure of G x P
6 differs from that of G x P. If 7, (G) > 0, we will assume that the rate of mRNA production does not change
»7 with the number of mRNA molecules that have been expressed, so that ¢((k,p) — (k,p+ 1)) = ri(G) for
»s any p € P. As for mRNA degradation or loss, this takes place independently of the regulatory system, so
9 the most parsimonious assumption is that its rate is proportional to the number of mRNAs that are present
%0 and is independent of the regulatory state. Accordingly, we may write ¢((k,p) — (k,p — 1)) = §(G) - p for
w1  any k € G and any positive p € P, where §(G) is the degradation rate constant. Finally, we assume that
% regulatory transitions do not depend on gene expression, so that £((i,p) — (4,p)) =Lg(i — j) foralli,j € G
%3 and for all p € P. A compact way to visually represent a copy-number graph is shown in Fig.2c.
264 At steady state, G x P gives rise to a probability distribution over the mRNA copy number. We will
x5 define the response of the gene, which we will denote by R(G), to be given by the average of this number
%6 distribution,

R(G) =) p-uj;,(GxP). (13)

(4,p)
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%7 We note that R(G) > 0.

268 Because G x P is not a finite graph, the prescription given in Eqn.5 for calculating steady-state proba-
x0 bilities no longer works. (G x P is also not at thermodynamic equilibrium, unless every regulatory state has
a0 the same rate of mRNA production, as can be checked by following the cycle condition formula in Eqn.4.)
on However, we can appeal to a very useful theorem, due to Sanchez and Kondev, which tells us that we do
a2 not have to operate on G x P in order to calculate R(G) [34]. Translating their work into the graph-theory
o language used here, we find that the response of the gene can be calculated in terms of the average of r;(Q)
o over only the the steady-state probabilities of G, normalized by §(G),

R(G) = ﬁ S (@) - ui (G). (14)

i€G

as It follows that, although infinite graphs arise to represent the mRNA expression system, we do not need to
6 work with them to calculate the mean steady-state expression R(G), under the assumptions made above.
o Sanchez and Kondev did not use graph theory in their work, so we provide an independent graph-based
as - proof of Eqn.14 in the Methods. In subsequent work, we will show how the copy-number graphs introduced
z9 here lead to generalizations of the results of [34] but we do not need that for the present paper.

280 This result provides some justification for reducing the notational clutter from multiple instances of P.
2 We will refer to the regulatory graph G when we mean G on its own, and to the copy-number graph G when
22 we mean G x P, defined for some specified choice of production rates r;(G) and degradation rate 6(G). These
23 parameters may not be explicitly mentioned when speaking of a copy-number graph but they should be kept
28 in mind.

285 As an illustration of Eqn.14, we will assign production rates to the graph in Fig.la and compute its
26 response. We will make the assumption that mRNA is only produced when the enhancer is both activated
27 and communicating (Fig. 2d). The mRNA production rates of H are therefore given by

7"(070) (H) = 7'(1,0) (H) = T(O,l)(H) = 0 and r(l,l)(H) =T. (].5)

28 We can now use Eqn.14 to calculate the response, R(H), taking advantage of Eqn.10, in which we exploited
20 the product graph decomposition H = K, ® K.. We see that,

RH) = 5 (kk+Z> (kiz) ' (16)

20 It follows from Eqns.9 and 12 that we can interpret k,/(kq, + l,) as the probability that the enhancer is
21 activated and, similarly, k./(k. + [.) as the probability that the enhancer is communicating. Eqn.16 tells us
22 that the response of H is the product of the ratio of production to degradation, the probability of activation
203 and the probability of communication.

200 This concludes our analysis of a gene regulated by a single enhancer using the activation-communication
25 coarse graining. We now turn to considering how multiple enhancers work together to regulate gene expres-
206  S101.
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Figure 2: Modeling mRNA production and degradation through copy-number graphs. a) The pipeline
structure P represents the number of mRNA molecules and their production and loss. b) An example
regulatory graph, G, and the resulting copy-number graph G x P. In this example G has two production
states, X and Y, with corresponding mRNA production rates r, and r, respectively. We note that G x P is
a sub-structure of G x P; it has the same vertices but lacks the edges corresponding to a production rate of
zero. GG and P also do not operate independently in G x P because the mRNA production rates depend on
the regulatory state. ¢) A compact way to represent G x P. The production states are outlined in purple
with corresponding mRNA production rates. The degradation rate, ¢, is shown above the arrow from purple
squiggles (mRNA) to the empty set @. d) The compact representation of the graph H x P, where H is
given in Fig.1la. The only production state is the state (1,1), in which the enhancer is both activated and
communicating, which has production rate r.

A default model of how multiple enhancers independently regulate a gene

2 We now introduce the default model of enhancer-gene regulation. This is a set of assumptions for how
200 multiple enhancers collectively regulate a gene in an independent manner. We previously introduced the
a0 product graph construction which represents independence between regulatory graphs. We now broaden
s those assumptions to also allow for mRNA production. We expect this default model construction to be of
52 general interest. In the next section we will show how a special case of the default model clarifies the ABC
33 Score formula.
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304 Consider a gene, g, that is regulated by N enhancers, e1,---,ey. We will assume that enhancer e; is
s modelled by the graph G;. We make no assumptions about G; other than the prevailing assumption that
as all our graphs are strongly connected. GG; could be substantially more complicated than the graph in Fig.1la
7 and could incorporate, for example, chromatin organisation, nucleosomes, co-regulators, post-translational
ws  modifications, chromosome conformation, etc [26]. In particular, there is no requirement that G; should be
30 able to reach thermodynamic equilibrium. At this point our assumptions are very general and could apply
a0 to essentially any enhancer, when considered from a Markovian perspective.

311 We denote the graph that models the collective regulation of the enhancers by G and describe how G is
sz defined in terms of the Gj.

313 The first assumption says that each enhancer has its own individual effect.

314 1. Individuality. Each enhancer e;, when acting in the absence of any of the other enhancers, drives gene
315 expression at the rate r;(G;) > 0 for each state i € G;, and gives rise to the response R(G), as defined
316 by Eqn.13. If the enhancer is unable to drive expression on its own, then r;(G;) = 0 for every state
317 1€ @G

a5 The next two assumptions specify how the enhancers work together.

319 2. Regulatory independence. Each enhancer acts independently of all the others, so that the regulatory
320 graph of G is given by the product graph G; ® --- ® G-
21 3. Production-rate summation. Each enhancer independently influences mRNA production. Accordingly,
32 if (41, -+ ,in) is a state in G, then its mRNA production rate is a sum of the corresponding production
323 rates in each enhancer graph:

r(ila”',iN)(G) =T (Gl) +ee +riN(GN)' (17)

324 The summation of rates in Assumption 3 arises for the following reason. If each enhancer influences mRNA
w5 production independently, then the time at which an mRNA is produced will be the minimum of the times
36 at which each individual enhancer has its effect on production. These individual times are exponentially
»  distributed with rates r;, (G;) for state i; in G;. The minimum of several exponentially distributed random
s variables is a random variable that is also exponentially distributed, with rate given by the sum of the
a9 individual rates. This leads to Eqn.17. The final assumption specifies the degradation rates.

330 4. Uniform degradation. Since mRNA degradation is a separate process to gene regulation and gene
331 expression, we consider the characteristic degradation rate to be a property of the gene, not the
332 enhancer. As such, each graph G, is assumed to have the same degradation rate, §(G;) = ¢ for all [,
333 and the mRNA degradation rate of G is also 0: 6(G) = 4.

33 For any set of copy-number graphs G1,...,Gy, we denote the copy-number graph which models their

a5 collective effect on transcription according to Assumptions 1 to 4 by the graph
Gi®---®GpN. (18)

1 FExample constructions using the default model are given in Fig.3.

337 Assumptions 1 to 4 specify our default model of how enhancers collectively regulate a gene. Whether
s any of the default model assumptions hold for an individual gene is a question that has to be addressed
39 experimentally. In particular, we would expect that Assumption 3 would eventually break down as more
mo  enhancers are added to a gene since production rates will be limited by the physical processes involved in
s transcription. Our goal here is to rigorously work out the consequences of these assumptions, so that we
w2 know what to expect when the assumptions do hold and can compare these predictions to what is found
w3 experimentally. Of particular significance is that the assumptions above imply that the collective response
aus  of the enhancers is always the sum of their individual responses,

R(Gi®---®Gy) =R(G1) + -+ R(GnN).- (19)

10
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Figure 3: Two examples a and b of the default model construction. The copy-number graphs are depicted
in compact format, as shown in Fig.2c but omitting the degradation symbols for clarity. Production states
are outlined in bold purple with corresponding production rates in purple text. The model in b is adapted
from Figure 9 of [26].

us A proof of this fundamental property of the default model is given in the Methods.

6 A recent commentary has argued that formal definitions and rigorous modeling are necessary to inves-
s tigate whether a set of enhancers is “greater than the sum of its parts” [35]. We fully agree and suggest
us that the notion of independence encoded by the default model, which gives rise to Eqn.19, could serve as a
ue  definition of what it means for a gene to be the sum of its parts.

350 Transcription in the default model relies on the presence of enhancers. It is well known that the promoter
1 sequences at some eukaryotic genes are sufficient to drive transcription even in the absence of distal enhancers
2 [36, 37]. It is a future area of research to incorporate the role of core promoter elements and promoter proximal
3 regulatory sequences along with their interactions with distal enhancers.

s A clarification of the ABC Score formula
355 Enhancer perturbation and deletion fidelity

36 10 see how formulas similar to the ABC Score can be derived from the default model, we need to consider
7 how to formally model perturbations to enhancers such as genetic deletions or CRISPRi. As previously,

s we will assume that the target gene g is collectively regulated by enhancers e;,--- ,ey. We assume that
0 enhancer e; is modeled by the graph G; and that g is modeled by Gy ® --- ® G . Let us consider what
0 happens when enhancers e;,,--- , ¢, are perturbed in such a way that they are considered to no longer be

1 working to regulate g. We will use a similar notation to that for the fractional change in the Introduction and
sz denote the graph that arises from this perturbation as Glex; - -+ ,ei. In analogy to the fractional change,

11
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w3 we can define the deletion effect of the perturbation, A(G;ey,,--- , e, ), to be the proportional change in
4 response of g,

A(Gsery, e ) = R©) - joge){, ) : (20)

s It is important to keep in mind that the deletion effect is defined in terms of a model of gene regulation,
s whereas the fractional change is defined in terms of experimental data. The definition in Eqn.20 implicitly
7 assumes that the system has returned to steady state following the perturbation. Furthermore, Eqn.20 says
s nothing about how the enhancer is perturbed or whether a CRISPRI perturbation has the same effect as a
0 genetic deletion.

370 To calculate the deletion effect using Eqn.20, we need to know the perturbed graph, Gley, -+ , e We
sn assume that the graph shows deletion fidelity, which implies that the perturbation completely abrogates the
sz function of the targeted enhancers and does not influence other enhancers. Let my,--- ,m, be the remaining
33 indices in 1,--- , N after I1,--- ,l; have been removed.

374 5. Deletion fidelity. The regulatory graph of Glesr; .. ., ey is the graph product G, ®---® Gy, and the

375 production rates in Gles, . . ., ey are directly inherited from G,
T (i o ,imp)(G|§h/a N Tipn, (Gmy) +- -+ Tim, (Gm,) - (21)
s Deletion fidelity ensures that if G' obeys Assumptions 1-4, then Gley; - - , e also obeys Assumptions 1-4
s for the remaining enhancers e,,,, ..., €y, and that, for the copy-number graphs,
Glew, ey =Gm, ® - @Gy, - (22)
sz Using Eqn.22, it follows from Eqn.19 that,
R(Glew, -+ ,er) = R(Gy) + -+ R(Gry) s (23)

a9 and so the formula for the deletion effect in Eqn.20 tells us that,

R(Gy,) + -+ R(Gy,)
R(G1)+ -+ R(Gn)

A(G;ella"' 7elk) = (24)
380 Eqns.23 and 24 are general properties that hold for the default model whenever Assumption 5 of deletion
s fidelity also holds. They allow us to formalise the notion of enhancer additivity, which we will discuss below,
s but, first, let us turn to the ABC Score formula.

2 The Independent-Activation-Communication (IAC) model

s« In the default model, the graph representing each individual enhancer can be arbitrarily complicated. To
;s show how the ABC Score formula can arise from the default model, we need to impose the further assumption
s that each enhancer is modeled by the activation-communication coarse graining shown in Figs.1la and 1b.

387 6. The activation-communication coarse-graining. Enhancer e; is described by the graph H;, where H; is
388 the same graph as H in Fig.2d. Specifically, H; is the graph product of an activation graph, K, ;, with
389 labels kq ;,1lq,i, and a communication graph, K. ;, with labels k., l.; (Fig.lc), and H; = K, ; ® K. ;.
300 The only non-zero production rate of H; occurs in the state in which the enhancer is both active and
301 communicating, where the rate is r;.

32 The overall regulatory system is then described by G = H; ® --- ® Hy (Fig. 4, Fig.S1). We call the model
33 Oobeying Assumptions 1-6 the Independent-Activation-Communication (IAC) model. It follows from Eqn.16
s that the response of enhancer ¢ in the IAC model is given by

Ti kai kci
Hy=Ti , : _ 2
R( ) d <ka,i + la,i> (kC,i + lc,i) ( 5)

12
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Figure 4: The Independent-Activation-Communication (IAC) model. A gene described by the IAC model
follows Assumptions 1-6 for the component graphs Hi,..., Hy. The ordered pair of binary digits for the
vertices in each H; represent the activation and communication status, respectively, of each enhancer. Each
H; has the same structure as the graph in Fig.2d, but different labels, and represents the independence of
activation and communication within each enhancer. Each H; is assumed to have the same degradation rate
which is omitted for clarity. See also Fig.S1.

305 Let us define &; := kq i/ (ka,i +14,:) and 7; := ke i/ (ke +1c;) and recall from Eqn.16 that these quantities
36 are the probability of activation and the probability of communication, respectively, of enhancer e;. According
s to the fundamental property of the default model in Eqn.19, the response, R(G), of the overall graph,
w G=H ®- - -® Hy, is given by,

R(G) = %Zridﬁi : (26)

s Furthermore, as a consequence of deletion fidelity (Assumption 5), it follows from Eqn.24 that the deletion
w0 effect for enhancer ¢4 is given by,

A(Gieg) = g (27)
Ty + - FTNONTYN

401 Eqn.27 shows a striking algebraic similarity to the ABC Score formula in Eqn.2. The quantity 4;, which
w2 is the probability of communication, is analogous to the ‘frequency of contact’, 7;, that was envisaged
w3 for the ABC model [11] and appears in Eqn.2. There are different possible interpretations for the other
wa  terms. One potential interpretation for the term r;&; in Eqn.27, which is the production rate multiplied
ws by the probability of activation, is that it is analogous to the ‘strength of the enhancer’, «;, appearing in
w6 Eqn.2. Another potential interpretation is that &; corresponds to «; and that the production rates r; are
w7 not represented in the ABC model. If the production rates are assumed to be equal, they would cancel
ws out in Eqn.2, which would be consistent with a correspondence between ¢&; and «;. Such interpretational
w0 ambiguities are to be expected because the ABC model is informal, while the TAC model presented here is
a0 formal. Moreover, our formal model separately specifies the regulatory state of the enhancer and its effect
a1 on transcription, whereas the ABC model does not make this distinction. An interesting question arises as
a2 to how numerical values can be assigned to the terms in Eqn.27, and how this may differ from the strategies
a3 used in [11] to give numerical values to the terms in Eqn.2, but this is an area for future work.
a14 Eqn.27 is our clarification of the algebraic structure of the ABC Score formula. Eqn.27 rigorously follows
a5 if enhancers collectively regulate a gene according to the TAC model (Assumptions 1 to 6).

s  Emnhancer additivity and departures from it

a7 The default model, satisfying Assumptions 1 to 4, exhibits response additivity, as shown by Eqn.19: the
as response of the gene to all the enhancers acting collectively is just the sum of the responses to each individual
a9 enhancer. When the default model also obeys Assumption 5 of deletion fidelity, then response additivity has
w20 a counterpart in the deletion effect, as defined in Eqn.20. This allows us to rigorously define the properties
o of super-additivity and sub-additivity. These departures from the properties of the default model may be
w22 helpful to interpret the effects of experimental perturbations, such as genetic deletions or CRISPRI, in which

13
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w23 subsets of enhancers are prevented from influencing a gene and the effect of these perturbations on the gene
w24 expression response is measured.

a5 With Assumptions 1 to 5, if Uy,---,U,, are pairwise disjoint subsets of enhancers, so that U; C
ws {ey, -+ ,eny} and U; NU; = 0 when i # j, then it follows from Eqn.24 that the effect of deleting all
a7 the subsets together is just the sum of the individual deletion effects,

A(GULU---UUp,) =AGUL) + - A(G; Upy,) - (28)
w2 We refer to this property as deletion additivity. Furthermore, it is evident from Eqn.24 that, if all the
«0 enhancers are deleted, so that U; U---UU,, = {e1,- - ,en}, then the total deletion effect must be 1,

A(G;UL) + -+ + A(G; Un) = A(Gi{er, -+ sen}) = 1. (29)

w0 Assuming deletion fidelity, the total deletion effect being 1 is equivalent to the response additivity in Eqn.19.
a1 A special case of Eqn.29 arises if all enhancers are deleted individually, when, once again, the total deletion
a  effect is 1,

A(Gser) + -+ A(Gseny) =1. (30)

433 Now suppose that a gene g is regulated by N enhancers, e1, -+ , ey, each enhancer is modeled by the
s graph G; and the regulatory graph of g, G, has the product structure, G; x --- x G. The labels in G need
a5 not be related to those of the component graphs G;, so that G need not be the product graph G1 ®--- @ G
16 We can no longer calculate R(G) in terms of R(G;). However, we can still define through Eqn.20 the
wr  deletion effect A(G;U) for any collection U C {ej,--- ,en} of enhancers. We say that g exhibits response
s super-additivity if,

R(G) > R(G1) +---+ R(Gn) . (31)

a9 In terms of the deletion effect, this corresponds to when a collective deletion has less effect than the sum of
w0 the individual deletions, so that,

A(GULU---UUp,) < AG U )+ -+ A(G;Uy,) - (32)
a1 Similarly, g exhibits response sub-additivity if,
R(G) < R(G1)+ -+ R(GN) - (33)
a2 and this corresponds to the collective deletion having more effect that the sum of the individual deletions,
A(GULU---UUp) > AG U ) + -+ A(G;Uy) - (34)

03 Experimentally, response additivity [15, 23, 38-43], super-additivity [15, 21, 39-44] and sub-additivity
we [38, 40, 41] have all been observed. Because the super-additive and sub-additive findings cannot be accounted
ws  for by the default model with deletion fidelity, we next consider some extensions of this model that show
wus  how such effects could arise.

«  Mechanisms beyond the default model

ws In the following sections, we examine two departures from the default model and consider their impact on
uo  whether enhancers act additively (Eqn.19), super-additively (Eqn.31) or sub-additively (Eqn.33). This will
w0 also illustrate how our modeling framework can be used to reason about different biological mechanisms.

s Non-additivity in mRNA production rates

2 In the default model, the summation of production rates in Assumption 3 is crucial for the property of
ss3 enhancer additivity in Eqn.19. The production rate is a convenient abstraction that aggregates over many
»sa underlying molecular mechanisms, such as RNA Polymerase recruitment, pausing and elongation. It is

14
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s5  conceivable that, when multiple enhancers jointly influence transcription, the resulting rate is a more complex
s6  function than simple addition [38]. Here, we consider the effect of dropping Assumption 3.

457 Let us assume that we have two enhancers, e; and ez, which are described by the graphs H; = K, 1 ® K. 1
e and Hy = K, 2 ® K, o, respectively, as specified in Assumption 6 in the coarse-grained version of our default
0 model. The overall regulatory graph is given by H; ® Ha, so that e; and es remain independent (Assumption
w0 2). Note that (Kg1 ® K¢ 1) ® (Kq,2 ® K¢ 2) has a product hierarchy and its vertices are therefore indexed
w1 by tuples of tuples of the form,

((a1,c1), (az,c2)). (35)

w2 Here, a; and ¢;, for ¢ = 1,2, are coordinates for activation and communication, respectively, which take the
w3 values 0 and 1 in all cases. The graphs H; and Hy have mRNA production rates, r; and ry, respectively, as
ws  specified in Eqn.15 and mRNA degradation rate 4.

465 We now consider a copy-number graph, G°, whose regulatory graph is given by (K, 10K 1)Q(K, 20K 2)
ws  but whose production rates do not obey Assumption 3. Note that we use the same symbol, G°, for the
w7 regulatory graph and the copy-number graph and rely on the context to clarify which is meant. There
w8 are many ways to assign production rates to the vertices of G® which do not obey Assumption 3; here we
w0 consider one of the simplest possible ways. We define 3 subsets of vertices of G° in terms of the coordinates
w ImEqn35: W:i={a=1c=1La=1lLc=1},,U={a=1a=1}\Wand V:={ay=1,c0 =1} \ W.
a1 We assign the production rate of vertices in U to be rq, of vertices in V to be ry and of the vertex in W
a2 to be (14 p)(ry + r2); all other vertices have production rate 0. We can summarise these assumptions in
a3 the following table, which gives the production rate for each of the 16 states in G° in the coordinate system
s described by Eqn.35.

state rate | state rate
((0,0),(0,0)) 0| ((1,0),(0,0)) 0
((0,0),(0,1)) 0| ((1,0),(0,1)) 0
((0,0),(1,0)) 0 | ((1,0),(1,0)) 0
((0,0),(1,1)) T2 ((170)7(171)) T2
((0,1),(0,0)) 0 ((171)7(070)) 1
((0,1),(0,1)) 0 | ((1,1),(0,1)) 7
((071)a(170)) 0 ((171)a(170)) 1
((071)3(171)) T2 ((171)a(151)) (1+u)(r1 +T2)
475 We further assume that g > —1 to ensure that the production rate of W does not become negative. If
a0 =0, then Assumption 3 holds for G° but not otherwise. We also assume that G° has degradation rate 4.
at7 We now calculate R(G?). Using the Sanchez-Kondev theorem in Eqn.14 we have,
R(G®) = riug (G°) + rouy (G°) +5(1 +p)(r1 + )iy (G°) (36)
sz Expanding the term on the right hand side of Eqn.36 and rearranging terms results in,
R(Ge) = ML (G°) + uiy (GO + o [u;«;;) 1y (G)] + palry + )iy (G°) (37)
s Using the fact that the pairs of sets U and W, and, V and W are disjoint gives,
R(Ge) — T (G) ot (GO) iy ra)ui (G°) 58)

]

0 We now note that, by definition, UUW = {a; = 1,¢; = 1} and VUW = {ay = 1,¢2 = 1}. Given the indepen-
w1 dence assumption on G°, we can apply Eqn.11 and have that u?a1=1,c1=1}(G0) = a191, u>{ka2=1,cQ=1}(Go) =
w2 QoY and ufy, (G°) = G1y1Ga72. Substituting into Eqn.38, we have,

r1&1Y1 + Ta@oa + p(r1 + r2) &1 oo

R(G®) = !

(39)
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w3 Given that o o
101 + r20Y2

5 )
s we see that e; and ey act additively for p = 0 (Eqn.19), act super-additively for p > 0 (Eqn.31) and act
a5 sub-additively for p € [—1,0) (Eqn.33).

R(Hy) + R(H,) = (40)

s  INon-independence in regulatory transitions between enhancers

w7 So far all the graphs we have considered obey regulatory independence as defined by Assumption 2: the state
ws  of one enhancer does not affect the transitions or the rates of any other enhancer. Let us examine this more
w9 closely for the IAC model, with just two enhancers, e; and es, described by graphs H; and Hs, respectively,
w0 as in the previous subsection. According to Assumption 6, H; = K41 ® K. and Hy = K, 2 ® K. and
s the overall regulatory system is therefore described by the graph, G = H; ® Hy = (Kq1 @ K1) ® (K2 ®
w2 Kcp). Using Eqn.12 and the coordinate system in Eqn.35, we have that uf, _,,(G) = uj, _;,(H1) and
493 u’{kazzl}(G) = uj,,—1}(H12). That is, the probability of activation of an enhancer does not depend on the
sa  presence of the other enhancer. However, if probability of activation is measured by H3K27ac ChIP-Seq, there
w5 is evidence that perturbation of a single enhancer can result in altered H3K27ac signal at distal enhancers
ws  [15, 22, 45, 46]. If such changes at the distal enhancer are not caused by the perturbation method itself,
w7 so that the perturbation obeys the fidelity conditions in Assumption 5, then such experiments suggest that
w8 there may be non-independence between enhancers at the level of activation.

499 In order to model non-independence between enhancers, we will consider a gene to be modeled by the
so graph G, where G* is the product between an activation graph A* and a communication graph C, so that
s G = A* @ C (Fig.5). A* has the structure Kq1 % Kg2, in which K, ; and K, 2 are both present as the
se2  subgraphs,

ka1 kq,2
(0.0) = (1.0) and (0.0) = (0.1),
s3  respectively (Fig.5a). The remaining labels, on the edges (1,0) = (1, 1), which specify the rates of activation
s and deactivation of e; when e; is activated, and on the edges (0,1) = (1,1), which specify the rates of
ss  activation and deactivation of e; when ey is activated, can be arbitrary. For simplicity, we assume that
ss C'= K. 1® K.z, (Fig.5b), but note that non-independence in communication could be considered similarly.
s GP has the same structure as H; x Ho, and thus still models the activation and communication statuses of
e e; and ey, but using the form G* = A* @ C allows us to clarify the independence relationships in G*. Under
so9 this reorganization, the vertex in Eqn.35 is now described in a new coordinate system as,

((a1,a2), (c1,c2)). (41)

so We assume that G! has the same mRNA production rates as for the IAC model. In terms of the vertex
su subsets W={a; =1,c1 =1l,aa=1,c0=1},U={a1 =1,c1 =1} \ W and V = {ag = 1,¢co = 1} \ W, the
siz vertices in U have production rate r1, those in V' have production r and those in W have production rate
sz 11 + 1ro; all other vertices have production rate 0. We can summarise this in the following table, in which
s the states are described by the coordinate system in Eqn.41.

state rate | state rate
((0,0),(0,0)) 0 | ((1,0),(0,0)) 0
((0,0),(0,1)) 0 ] ((1,0),(0,1)) 0
((0,0),(1,0)) 0 ((170)7(1’0)) 1
((0a0)7<1’1)) 0 ((150)7(171)) ™
((0,1),(0,0)) 0 | ((1,1),(0,0)) 0
((0,1),(0,1)) r2 | ((1,1),(0,1)) 72
((0,1),(1,0)) 0 ((1,1),(1,0))
((0a1>7(1v1)) T2 ((Ll)v(l’l)) 1+ 72
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As in the previous section, we can use the Sanchez-Kondev theorem in Eqn.14 to calculate,

ruf (GP) + rouf (G) + (r1 + r2)uijy (GY)

R(G?) = 5 (42)
_ ruguw (GF) + rauduw (GF) (43)
5
Mg =ny (GF) ot o) (GF) (44)
_ : .

Given that G* = A* ® C, the probabilities of the sets {a; = 1,¢; = 1} and {as = 1,co = 1} factor according
to Eqn.11. Continuing from Eqn.44 we have,

rluf{‘m:l}(Aﬁ)uf{‘cl:l}(C) + Tgu*{‘azzl}(A”)uf{‘czzl} (@)
)
11U, —1y (A + rauf,, _py (A7)

- 5 . (46)

Eqn.46 shows that the labels of A% do not directly appear in R(G*); they only affect R(G*) through the
enhancer activation probabilities u’{kalzl}(Aﬁ) and u’faFl}(Aﬁ). As in the previous section, we note that the
sum of the individual enhancer responses is,

R(GH) = (45)

10191 + T200Y2
1)

Comparing Eqns.46 and 47, we see that whether the enhancers act additively (Eqn.19), sub-additively
(Eqn.33) or super-additively (Eqn.31) depends on the terms

& = [u;alzl}(Aﬁ) - al] and aF = [ujaFl}(Aﬁ) - 5@} .

&7 represents the change in the probability of activation of enhancer 1 due to the presence of enhancer 2, and
643' represents the change in the probability of activation of enhancer 2 due to the presence of enhancer 1. If
both df and d;r are positive, then e; and e; act super-additively; if they are both negative, then e; and eq
act sub-additively. If df and d;r are of different signs, then the enhancers may act super-additively or sub-
additively depending on the relative magnitude of these terms compared to 41,72, and ro. Experimental
data in which both & and &3 have been measured is limited. There are experimentally observed instances
in which both of these terms are positive [15, 45] but the precise form that the graph A* takes in these cases
is unknown. We are unaware of experiments that have observed df and &;r of differing signs. Whether
the experimentally observed non-additivity between enhancers can be explained by the non-independence
between enhancers as described in this section is a future area of research.

R(Hy) + R(Hy) = (47)

(48)

d (1,0) b (1,0) .
\/ ™
Yot 2| @m0 oo O m25¢&e
00) & o> \ (1,1) 0,0) & No 2o X (1,1)
Aﬁ O = o @ = o C O — O =0
A
{00 7 Sde oy
%o 02 A1 A
x\g) O m e % O m o Yo

Figure 5: A model of non-independence in activation between enhancers. (a) The graph A* represents
the activation components of each enhancer. A? has the structure of Kq1 x Kg2. Labels on the unmarked
edges can be arbitrary. (b) The graph C' = K.; ® K2 represents the communication components of each
enhancer.
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= 1iscussion

s In this paper, we have introduced mathematical formulations of a default model and an Independent-
s Activation-Communication model (IAC model) for how multiple enhancers collectively regulate a gene. The
s default model encodes the notion that enhancers operate independently of each other (Assumptions 2 and 3).
ss7. - At the same time, the default model imposes no assumptions on how the individual enhancers themselves
ss  are working, at the level of transcription factors, co-regulators, chromatin, etc. They can be arbitrarily
s complicated, so long as they operate within the Markovian setting that is commonly assumed for analysing
se0  gene regulation. The default model assumptions imply that the collective response of a gene, as measured by
sa the mean mRNA level, is the sum of the responses coming from each enhancer individually, which we have
s called response additivity (Eqn.19). The default model explains the mechanistic requirements for a gene to
se3  exhibit this property and clarifies how ‘independence implies additivity’. We emphasize that independence
s refers here to assumptions about gene regulatory mechanisms whereas additivity refers to the consequences
ses  of those assumptions on steady-state gene expression. The default model supports the view that response
si6  additivity is a reasonable baseline against which to assess the collective action of enhancers in regulating a
547 gene.

548 One of the advantages of the default model is that, because it is mathematically formulated, it allows
se0 mechanistic departures from its assumptions to be systematically analysed. We have shown how depar-
s0 tures from Assumptions 2 and 3 can give rise to response super-additivity (Eqn.32) as well as sub-additivity
ss1 (Eqn.34). As we have noted, response additivity [15, 23, 38-43], super-additivity [15, 21, 39-44] and sub-
s additivity [38, 40, 41] have all been observed experimentally. The default model suggests the mechanistic
553 assumptions that could be experimentally tested to determine what underlies the observed response be-
s« haviour.

555 The TAC model is a special case of the default model that further assumes deletion fidelity, which allows
6 enhancers to be removed from the collective without influencing the remaining enhancers (Assumption 5),
s and also assumes that individual enhancers can be described at a coarse-grained level in which they are
sss  independently becoming activated and communicating their state to the gene (Assumption 6). Under As-
550 sumptions 1 to 6 for the IAC model, we derive a formula for the deletion effect of an individual enhancer
so  (Eqn.27) that shows a striking algebraic relationship to the ABC Score formula in Eqn.2. This relationship
se1 suggests that the TAC model has accurately captured in mathematical terms the core intuitions behind the
s2 ABC model from which the Score formula emerged [11].

563 A persistent conceptual theme that underlies the results reported here is that of independence. The
s« default model assumes that enhancers act independently, both in their regulatory state (Assumption 2) and
ss  in their effect on mRNA production (Assumption 3). Furthermore the IAC model assumes that individual
s6 enhancers become activated and communicating independently (Assumption 6). Our clarification of the
sss  ABC Score formula thus arises from assuming independence between enhancers, along with independence
s of activation and communication within each enhancer. The product construction on graphs and on graph
se0  structures has been the key mathematical tool for rigorously defining independence, illustrating the value
so  of the graph-based linear framework for analysing gene regulation. We note that the concept of deletion
sn fidelity (Assumption 5) is also easily defined in the context of graphs.

572 Previous work used finite linear framework graphs to describe gene regulation [26]. Here, we have
sz introduced copy-number graphs, which have infinitely many vertices that keep track of both regulatory
s states as well as the numbers of expressed mRNAs (Fig.2). Copy-number graphs allowed us to exploit
s,5 the Sanchez-Kondev theorem and calculate the mean mRNA number at steady state in terms solely of
s, the finite regulatory graph (Eqn.14). We therefore avoided dealing with infinite graphs despite relying on
s7 them. Importantly, the linear framework also allows the unknown parameters within graphs to be treated
ss - symbolically, so that conclusions may be drawn, as we saw above, without the need for assigning numerical
s values to any of the parameters.

580 Beyond its utility in clarifying the ABC Score formula, the activation-communication coarse graining in
st Assumption 6 provides an interesting lens through which to investigate enhancers. Many new experimental
s technologies have emerged which allow perturbing entire enhancer sequences as a whole (as opposed to small
ss3 changes to DNA within an enhancer sequence). Such technologies include synthesizing and integrating long
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sse - DNA sequences [43, 44], modulating the genomic position of an enhancer [47-51], high throughput enhancer
s perturbations with CRISPRI [11-13] and combining CRISPRi screens with rapid protein degradation [52].
sss By considering which perturbations affect, and do not affect, activation and communication, it may be
ss7 possible to probe the validity of the activation-communication coarse graining itself.

588 As noted in the Introduction, the ABC Score formula has been widely adopted for predicting enhancer-
s0  gene connections. It has also been suggested that it could be combined with other predictive methods [53]
so and that the ABC model could be used as a guiding principle in formulating other quantitative models
s [54]. We believe the mathematical formulations that we have introduced here provide a foundation for such
s2  efforts.

503 The ABC Score formula is quantitative (Eq.2) but the ABC model that gave rise to it is not a formal
s« mathematical model but, rather, an informal statement about the features, of enhancer activation and
ss  contact, that are believed to be important in determining the response of a gene. Such informal models
ss  play a critical role in biology but have the disadvantage that the underlying mechanistic requirements are
sz not clear. It is therefore difficult to know when the model can be applied and what can be deduced from it
s when it does apply. In contrast, the mechanistic assumptions underlying our formal mathematical models
so0 are precisely stated—Assumptions 1 to 4 for the default model and Assumptions 1 to 6 for the TAC model—
s0 making it clear when the model can be applied and suggesting experimental tests to check the assumptions.
e1 Moreover, if those assumptions are met, then the conclusions we have drawn, such as the response additivity
sz of the default model (Eqn.19) and the enhancer deletion formula for the IAC model (Eqn.27), are guaranteed
o3 to hold as a matter of mathematical logic [55]. If those conclusions are not found experimentally, for example,
ea if response additivity is not found, then we know, as a matter of logic, that at least one of the assumptions
es underlying the corresponding model does not hold. This understanding can, in turn, inform experiments to
es determine where the departures from the assumptions occur. Such an approach allows a level of rigorous
sr reasoning about enhancer behaviour in gene regulation that is significantly harder to undertake with only
ss an informal quantitative model.

600 Mathematical theory has typically been introduced to analyse data, but the conceptual issues underlying
e gene regulation are sufficiently intricate that theory may be necessary to understand the kinds of experiments
su that are needed and how the data from them should best be interpreted [56]. Studies of the simple repression
s motif in bacterial gene regulation may have already reached that point [57-60], as reviewed in [61]. The
sz foundation provided here, based on the linear framework, may offer similar opportunities in the eukaryotic
sua context. We believe our rigorous mathematical approach can play a significant role in investigating the
eis  intricate interplay of enhancers in regulating gene expression.
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« Methods

a7 A graph theory interpretation of the Sanchez and Kondev theorem

eis  In this section we provide a proof of Eqn.14. We follow the Sanchez and Kondev approach described in
s [34] but present it using the graph theory notation and language used in this paper. Sanchez and Kondev
s20 provide in [34] a recurrence relation for all the moments of the mRNA probability distribution. A graph
61 theory interpretation of these results, together with generalisations, will be presented in a separate paper;
e2 here we focus on the first moment only. We use bold face to denote matrices and vectors.

e3 The steady-state distribution of a finite graph

o Let G be a finite regulatory graph on the vertex set V(G) = {1,..., N}. We define the Laplacian matriz of
o G, L= L(G), to be the N x N matrix,

0 ifj#£iand j A1
L(G)s; =KL —1) ifj#diand j —1 (49)
—Zk“%kf(i—)k) ifi=j.
626 As mentioned in the main text, G is equivalent to a continuous-time Markov process on the state space

e {1,...,N} [25, 28, 32]. Let u;(t) be the probability that the process occupies state i at time ¢. Then the
68 time evolution of the probability vector,

620 18 given by the master equation
du(t)
Cdt
s0 If G is strongly connected, then the kernel of £(G) is one dimensional, so there is a unique vector, u*(G),
en  such that L(G)u*(G) =0 and u1(G) 4+ - - - + un(G) = 1. u*(G) is the steady-state probability distribution
622 on G.

= L(G)u(t). (50)

633 The master equation for a copy-number graph

au Let G x P denote a copy-number graph with regulatory graph G, production rate vector r € RY and
s degradation rate 0. Let IT be the diagonal matrix of production rates, II; ; = r; and II; ; = 0 when i # j,
6 and let I be the NV x NN identity matrix. Let

T
u(p,t) := (u(l’p)(G X Pit), ..., unp (G X P;t)) ,

e be the vector of probabilities over the regulatory states with mRNA copy number p. It follows from the
s3s  definition of the copy-number graph in the main text that u(p,t) satisfies the master equation,

%u(n t) =Mu(p — 1,t) —u(p,t)] + 5I[(p + Du(p + 1,¢t) — pu(p,t)] + L(G)u(p, 1), (51)

63 in which terms with arguments of p—1 are appropriately omitted when p = 0. The first term of Eqn.51 arises
s from mRNA production, the second term from mRNA degradation and the third term from transitions in
e1  the regulatory graph. Eqn.51 can be rewritten as,

%u(p, t)=TIu(p—1,t) +0(p+ Lu(p+ 1,t) — [IT + pdI — L(G)]u(p,t). (52)
ez We now let -
a(t) ==Y u(p,t)
p=0
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&3 be the vector of marginal probabilities for the regulatory states. Proceeding from Eqn.52 we have,

qup,

= 5u(1, t) — IMu(0,t) + L(G)u(0,t) +

p=0
ITu(0,t) + 26u(2,t) — Mu(l,¢) — du(1,t) + L(G) u(1,t) +
p=1
ITu(l,t) + 36u(3,t) — ILu(2,¢) — 26u(2,t) + L(G) u(2,t) +
p=2

6a This is a telescoping sum which simplifies to

d

%q(t) = L(G@)(u(0,t) +u(l,t) +u(2,t)+...) = L(G) q(t).

o5 It follows that the steady-state marginal probability vector, gq*, lies in the kernel of £(G) and must therefore
ws  be equal to u*(G),
q* =u’(G). (53)

67 In other words, the steady-state marginal distribution of regulatory states in a copy-number graph is identical
ws to the steady-state distribution of regulatory states in a finite regulatory graph.

&0  Proof of Eqn.14

60 We want to show that,

R(Gx P) = Zp uf; (G x P) = ZTZ u; (

(i,p) zeV (G)

s Let u*(p) denote the steady-state probability distribution over the copy-number graph. (Note the distinction
o2 with the marginal probability distribution over the regulatory states, u*(G) = >_ u*(p).) Let

o0
=> pu(p)
p=1
63 be the corresponding steady-state average copy number vector. Evidently,
R(Gx P)=1"p", (54)

ess  where 1 is the all-ones column vector of dimension N. Now let

= Zpu(pv t)

65 be the time-dependent average copy-number vector. It follows from Eqn.52 that,

= d
)= peulp)
p=1
656

Z (Mup = 1,6+ (p+1) dulp + 1,8) — (M + poT — £(G)) u(p, ) )
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657

= > pO(up—1t)—upt)+ Y p((p+1)dulp+1,t) —pdu(p,t)) + > _pL(G)ulp,t)  (55)
p=1 p=1

p=1

ess The first summand in Eqn.55 can be simplified to,
I ((a(0,2) —u(1,2) + 2 (u(l,t) —u(2,t)) +---) = I (u(0,1) + u(l,t) +---) = Iq(?) .

eso The second summand can be simplified to,
5 ((2u(2,t) —u(1, 1)) +2(3u(3,t) — 2u(2,)) +--+) = =6 > _pu(p,t) = —dp(t) .
p=1

s0 And the third summand is evidently just £(G) pu(t). Combining these three simplifications, we see that,

Sout) = TLa(t) — Su(t) + £(G) u() (56)

o1 At steady state this becomes,
o' — L(G)p" =11q".

sz Multiplying both sides 1T, and recalling that,
172(G)=0" and 1" =r",

663 we find that,

T  *
1Tp =1 ;‘ . (57)
6« Using Eqns.b3 and 54, we see that Eqn.57 becomes,
T, % G
R(G » P) = %() (58)
1 *
=5 Z ri-ul(G). (59)
i€V (G)

es as required. This completes the proof of Eqn.14.

o Proof of response summation in the default model

67 In this section we prove Eqn.19 which shows that, within the default model, the collective response of all
es  the enhancers is the sum of their individual responses. That is, if G = G1 ® --- ® G, then

R(G)=R(G1)+ -+ R(Gy). (60)

oo We consider the case with only two enhancers, N = 2, from which the general case follows easily. Recall
o0 from the Sanchez and Kondev formula in Eqn.14 that

1 *
R(G) =5 3 7i)(G) Uiy i) (G)- (61)
(i1,32)
en  Assumption 3 on response summation tells us that r(;, ;,)(G) = 74, (G1) + 14, (G2) and Eqn.8 for the product
o= graph tells us that uy; ; (G) = uj (G1) - uj,(G2). Substituting these expressions into Eqn.61 gives the
o3 following formula for § - R(G),

D (1 (Gr) + 746, (G)) -y, (Gh) - uf, (Ga) .

(11,i2)
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o We can perform the summation over (iq,i2) in any order, for instance by first summing over iy and then
e7s summing over ;. This gives,

Z (Zm (G1) - uf, (Gh) - 32(G2)+Z7“i2(G2)'Ufl(Gl)'Ufz(G2)> : (62)

ers In the inner left-hand sum over i5, the terms indexed by i; are constant and may be extracted from that

o7 sum to give
7, (G1) - (Z u;, (G2) > . (63)

ers  Total probability always sums to 1, so that Zi2 uy,(Ge) = 1, and Eqn.63 reduces to
i, (G1) - ug, (Gh). (64)

o9 Similarly, the inner right-hand sum in Eqn.62 may be written as

(Z 7‘12 G2 GQ)) . (65)

e  We recognise from Eqn.14 that the sum in brackets is the response of graph Ga, so that Eqn.65 becomes,
u;, (G1) -6 R(G2) . (66)
e We can now substitute Eqns.64 and 66 back into Eqn.62 to get,
> i (Gh) - up (Gr) + > ulf (Gh) -6+ R(Ga). (67)
, o

s2  We recognise from Eqn.14 that the left-hand sum is § times the response of graph G;. In the right-hand
63 sum, we can extract the terms that do not depend on i; and use once again that the total probability is 1.
es This allows us to rewrite Eqn.67 as,

5 R(G1) +6- R(G2),

6ss from which we conclude that, indeed,
R(G) = R(G1) + R(G2),

e as claimed. This completes the proof of Eqn.19.

& Symbolic computations

es  We have provided mathematical proofs for all of our results. However, many of our results were originally
se0 discovered by exploration using computer algebra systems. Specifically, the Sage [62] computer algebra
o0 system, and the SymPy [63] and NetworkX [64] Python packages were crucial for the development of this
691 paper.
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Figure S1: TAC model for N = 2 enhancers as a product graph of product graphs. (a) Graphs describing the
activation and communication status of enhancer 1. (b) Graphs describing the activation and communication
status of enhancer 2. (c) The graph H; whose underlying regulatory graph is K,1 ® K. 1. (d) The graph
Hj; whose underlying regulatory graph is K, 2 ® K. 2. (€) The graph H; ® Hy satisfying the default model
Assumptions 1-4 with components H; and Hy. The regulatory graph of Hq ® Ho is given by (K,1 Q@ K. 1)®
(K42 ® K. 2). Each vertex of this graph corresponds to the activation and communication statuses of both
enhancers. For the vertices along the top of the graph, the product-graph binary notation is also provided
using the coordinate system ((az,c1), (az,c2)). Reverse edges and labels of most edges are omitted for clarity.
Production states are highlighted in purple with corresponding production rates also in purple font.
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