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A B S T R A C T

This review provides a comprehensive overview of ultrasonic wave propagation, with a primary focus on high-power ultrasound systems where cavitation bubbles 
are likely to occur. The review is structured to guide readers through the historical development of cavitation models, from early works such as the Rayleigh-Plesset 
equation to more advanced numerical approaches. It explores the dynamics of cavitation bubbles, their physical effects, and the key factors influencing bubble 
formation, growth, and collapse. In addition to bubble-induced cavitation, the review addresses nonlinear wave propagation in the absence of bubbles, highlighting 
phenomena such as harmonic generation and shock wave formation. A detailed discussion on the numerical modelling of ultrasonic systems follows, covering linear 
and nonlinear approaches, boundary conditions, and the challenges of accurately simulating cavitating systems. The review concludes with an analysis of recent 
developments, emerging trends, and future directions in computational modelling for ultrasonic applications. By presenting a structured overview of both the 
theoretical and practical aspects of ultrasonic wave propagation, this work aims to provide a foundation for future research and design improvements in sono-
chemical and acoustic systems.

1. Introduction

Ultrasound has managed to attract significant attention in the sci-
entific community due to its potential application in many fields, for 
example sonochemistry, water treatment, sonoluminecence, polymer 
engineering and biotechnology. A large part of the attention is focused 
on the acoustic cavitation effect which involves the generation and 
subsequent collapse of bubbles as a response to the application of an 
acoustic pressure to a body of liquid. The formation of these high energy 
bubbles can be exploited in many fields, such as in medicine [10] and in 
chemical reactions [4]. In sonochemistry, ultrasound is used to affect 
chemical reactions in such a way that the reaction pathway can be 
changed to obtain an increase in yield or conversion. However, one key 
disadvantage of ultrasound enhanced reactions in large scales is the 
inefficient generation of ultrasound, leading to high operating expen-
ditures. However, it is still potentially an economically viable or even a 
preferred option in cases where it enables operation of reactors at milder 
conditions, reduces the use of solvents, or simplifies the overall synthesis 
process [127]. This has put sonochemistry in a promising spot in the 
high-value chemical and pharmaceutical industry.

As of today, the computational modelling of acoustic cavitation 
systems remains a formidable challenge due to the complexity arising 

from the interactions between multiple physical systems. To improve the 
accuracy of the model, one would usually have to generate a system 
which considers fluid dynamics, heat and mass transfer, acoustic fields 
and chemical reaction kinetics. The complexity of the system is further 
enhanced when multiple phases are to be simulated, such as in hetero-
geneous systems. Due to its complex nature, enormous number of ex-
periments, characterisation and optimisation work has been carried out 
by researchers on their respective acoustic cavitation systems.

Whilst these were deemed to be useful, they often lack the funda-
mentals of bubble dynamics, acoustical behaviour and the underlying 
theories contributing to a generalised sonochemical behaviour. As such, 
an alternative to overcome the shortcomings of acoustic cavitation 
systems is to investigate in depth the theoretical fundamentals of bubble 
interactions towards acoustical systems.

Recent advancements in the computational modelling of acoustic 
cavitation systems have made significant strides in incorporating com-
plex physical interactions, including fluid dynamics, heat transfer, and 
chemical reaction kinetics. Early models, such as the Rayleigh-Plesset 
equation, provided the foundation for understanding bubble dy-
namics, but their limitations in simulating multi-phase and heteroge-
neous systems became evident as the field advanced. Current models 
aim to improve the accuracy of predicting cavitation behaviour by 
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integrating more sophisticated approaches, such as non-linear wave 
propagation and bubble–bubble interactions. This review seeks to pro-
vide a comprehensive overview of these developments, placing the state 
of the art in the context of the challenges and opportunities for opti-
mizing acoustic systems in various industrial applications, such as 
sonochemistry and ultrasonic cleaning. The review also aims to high-
light gaps in current methodologies and propose future directions for 
advancing the field.

2. Brief History on the modelling of acoustic systems

In the case of mathematical models, the first model depicting the 
cavitation phenomena in incompressible fluids was presented by [113]. 
The equation which initially ignored the effect of viscosity and surface 
tension, was later improved upon by [108] by considering these pa-
rameters to give the well-known Rayleigh-Plesset equation which de-
scribes the dynamics of a spherical bubble. The discovery of the 
beneficial effects of ultrasound on chemical systems took place in a 
similar period, where it was first found to show an enhancement in re-
action rates in in a chemical system [114] and a biological system [146]. 
Since then, many important discoveries related to the field of sono-
chemistry have been published. The concept of rectified diffusion, which 
refers to the bubble growth due to unequal mass transfer across the 
bubble boundary during cavitation, has also been introduced by [49]. 
The first computational modelling on cavitation was carried out by [4]
who have modelled the motion of a cavitation bubble using a differential 
analyser. Another important acoustic phenomenon – acoustic micro-
streaming, also occurs [20].

Acoustic microstreaming was identified to be the main factor 
responsible for the observation of ultrasonic cleaning in heterogeneous 
systems, which led to the development of ultrasonic cleaning baths. 
Another important development in the field comes in the form of a hy-
pothesis proposed by [102], which states that a bubble which collapses 
in contact with a solid boundary may cause the collapsing bubble wall to 
strike the solid before the minimum bubble volume is reached, leading 
to physical damage to the solid boundary. This hypothesis, which is 
proposed under the assumption that the bubble is non-hemispherical but 
axially symmetrical is still an important concept in explaining the pitting 
and size reduction of solids in heterogeneous systems. Cavitation can be 
classified into two main categories, transient cavitation and stable 
cavitation, both which are still very important in describing cavitation 
activity today [44].

3. The acoustic system

An acoustic system in this paper refers to a system that is produced 
by propagating an ultrasonic acoustic wave through a liquid medium, 
generally using a sound wave emitter such as an ultrasonic transducer. 
When the sound wave propagates through the system, it both causes and 
experiences various phenomena which have been studied and even 
applied in various fields. One particularly useful phenomenon that arises 
from this system is the generation of cavitation bubbles.

3.0.1. Bubble formation and dynamics

Early studies have found out that propagating ultrasound through a 
medium containing chemical reactant positively affected the reaction 
yields [114]. Ultrasound, with wavelengths spanning from above 20 
kHz, produces acoustic wavelengths ranging from around 10 cm to 1 µm 
when sound velocities are generally around 1500 m/s, such as in water. 
These wavelengths are a few orders of magnitude larger than the mo-
lecular level. This indicates that instead of a direct coupling between the 
acoustic field and chemical species, some other phenomenon is 
responsible for these observations. This phenomenon was determined to 
be acoustic cavitation [79,91,122]. Propagating ultrasonic waves across 
a liquid medium generates bubbles which are formed via nucleation 

upon pre-existing gas bubbles dissolved in the system, particles of solid 
impurities or even nucleation sites on surfaces [91]. The generated 
bubble is not a perfect vacuum, but only a region with relatively low gas 
pressure. Below critical size, the bubble would be subjected to dissolu-
tion back into the liquid due to the Laplace pressure in the bubble as well 
as due to surface tension. Above critical size, the bubble would be able to 
resist dissolution.

During the rarefaction cycle of the acoustic system, the bubbles can 
grow to an unstable size whereby they would subsequently collapse, 
particularly when they are subjected to high acoustic pressures of 
around 1 bar or more [110]. The time frame of the collapse of the bubble 
is very small. Modelling works of [101] showed that the bubble collapse 
occurs in timeframes less than 5 µs. Due to this short timeframe, it is 
common for models that assume the bubble collapse to be an adiabatic 
process [127].

The hot spot theory which postulates that cavitation generates local 
hot spots which can reach extreme temperatures and pressures, has been 
used to explain sonochemical and sonoluminescent observations. While 
another theory known as the “electrical theory” has been proposed by 
[88] as an argument against the hot spot, it has been completely dis-
counted as a mechanism behind sonoluminescence and sonochemistry 
[89,127]. As of now, the hot spot theory is still generally accepted in the 
as the mechanism behind sonochemistry [155]. The theory states that 
the potential energy stored within the expanding gas bubble is 
concentrated into a energy dense core when the bubble undergoes 
implosion [122]. For a single bubble, this can be calculated by per-
forming an energy balance across a model describing the bubble dy-
namics such as the Rayleigh-Plesset equation and has the findings have 
also been validated using empirical methods [77]. In practical applica-
tions, the reactions do not occur in a single isolated bubble but in a 
multi-bubble system or a cavitation cloud, which may limit the effi-
ciency of the system and result in less extreme conditions compared to a 
single isolated bubble [72].

Generation of bubbles using ultrasound is particularly useful in many 
fields of study. For example, in chemical synthesis of specific products or 
sonochemistry, where the generation of cavitation bubbles facilitates 
the reactions at extreme thermodynamic conditions locally. These 
extreme conditions, often referred to as hot spots, can exhibit high 
temperatures (up to 5000 K), high pressures (around 1000 atm) and high 
temperature changes (above 1010 K/s), allowing the reaction of chem-
ical species in a body of liquid with low temperature [5,122,148]. The 
amount of energy generated for a single collapsing bubble can be up to 
13 eV [53]. In this energy dense core, the extreme thermodynamic 
conditions can cause ionisation and plasma formation [39], leading to 
the observations of sonoluminescence as well as the generation of ions 
and free radicals based on the chemical species in the system 
[50,85,122].

Upon nucleation, the bubble is further subjected to the compression 
(high hydrodynamic pressure) and rarefaction (low hydrodynamic 
pressure) cycles generated by the applied acoustic field, which causes 
the bubble to contract and expand respectively. When the bubble un-
dergoes expansion, the lower pressure within the bubble drives mass 
transport into the bubble. On the other hand, when the bubble is com-
pressed, its higher interior pressure drives mass transport outwards. 
However, since the rate of mass diffusion across the surface boundary of 
a bubble is dependent on its surface area, there may be a net positive in 
mass transfer into the bubble, which induces bubble growth. This is also 
known as the “area effect”. On a similar note, the thickness of the liq-
uid–air boundary which affects mass transfer in and out of the bubbles is 
also affected by the acoustic pressure cycles and can also induce positive 
bubble growth [23]. This is known as the “shell effect”. Both the “area 
effect” and “shell effect” primarily contribute to the phenomenon known 
as rectified diffusion, which is used to describe bubble growth in 
acoustic systems [74]. Bubble stability is found to be dependent on a 
critical size [72].

In the case where a bubble can oscillate around a mean radius for 
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many acoustic cycles, this observation is termed stable cavitation. On 
the other hand, if a bubble only exists for a relatively short time scale 
followed by the subsequent collapse of the bubble, it is called transient 
cavitation [3]. These terms were first coined by the works of [40] to 
classify the difference in behaviour between the two types of cavitation. 
Today, the terms stable and transient cavitation are also referred to as 
non-inertial and inertial cavitation respectively, following the works 
which provided a more in-depth understanding on the mechanisms 
involved in these phenomena [19]. In general, stable/ non-inertial 
cavitation is observed at low acoustic pressures. Increasing the acous-
tic pressure can cause a transition into the state of transient/ inertial 
cavitation [141]. As a general rule, transient/ inertial cavitation can be 
said to occur when the maximum radius of the expanding bubble is equal 
to or greater than twice its equilibrium radius [41]. The bubble radius 
which is twice the equilibrium radius of the bubble is also referred to as 
the inertial cavitation threshold [141].

3.0.2. Physical effects of cavitation bubbles

The cavitation effect also causes notable physical phenomena in the 
system which could be exploited for certain applications. It is this 
physical effect that is responsible for many observations such as ultra-
sonic cleaning, erosion, pitting and enhancement of surface chemistry 
[5]. Studies have reported that when a cavitating bubble collapses near a 
significantly larger surface, the collapse would occur asymmetrically, 
generating high velocity liquid jet that smashes into the surface 
[103,117]. It has been known since a long time ago that cavitation is the 
culprit behind pitting deformation of boat propellers [128]. A cavitation 
bubble can release a significant amount of kinetic energy towards its 
surroundings when it implodes or explodes. The energy is released in the 
form of microjets and shockwaves (Pokhrel, et al., 2016). The microjets 
and shockwaves can drive a significant degree of micromixing in the 
system, greatly enhancing mass transfer [33]. Studies have also shown 
that these jets and shockwaves which can have speeds up to 4000 m/s 
can be used to induce high velocity collisions between micro particles in 
the system [111]The high energy shockwaves and microjets can also be 
used to create structural changes in solid–liquid systems, where brittle 
solids can be broken down into smaller fragments in the process referred 
to as sonofragmentation [154].

3.1. Factors affecting cavitation
The conditions of the system can greatly affect the intensity of the 

cavitation phenomenon. The intensity of cavitation depends on how the 
system affects the bubbles throughout their lifetimes, including nucle-
ation, growth and collapse. In this section, these factors affecting the 

intensity of cavitation are discussed. Fig. 1 illustrates the acoustic 
pressure cycle in a liquid medium, with the formation, expansion and 
contraction of cavitation, which eventually leads to the implosion of the 
bubbles. As seen in Fig. 1, the collapse of the cavitation leads to immense 
formation of shockwaves, production of light called sonouminescence, 
formation of radicals and generating high local temperature and pres-
sure. These were the main contributing factors to the overall sono-
chemical activities in an ultrasonic system; hence the further sections 
below describe the individual factors contributing to the cavitation 
profiles.

3.1.1. Presence of dissolved gases
Dissolved gases which exist as small microbubbles in the medium, 

are often the primary nucleation site for cavitation activity. Dissolved 
gases also influence bubble growth as they diffuse into the bubble. As the 
presence of dissolved gases greatly affects cavitation activity, it is a 
common practice to bubble gases through the medium in studies and 
applications involving cavitation. The species and characteristics of the 
dissolved gas also play a role in influencing cavitation and studies have 
been done on this topic [37]. A general rule often followed in that a gas 
with a higher specific heat ratio shall offer a greater cavitation effect 
than that with a lower specific heat ratio. This implies that monoatomic 
gases provide more efficient energy release compared to diatomic gases. 
Other parameters include the solubility and thermal conductivity of the 
dissolved gas [127]. In systems where the formation of radicals through 
cavitation are important, the reaction undergone by the dissolved gas 
species is crucial and studies are often conducted on the effect of various 
gas species on sonochemical applications.

3.1.2. Temperature and pressure
In sonochemistry, bubbles generated through acoustic cavitation 

play a pivotal role in chemical reactions by creating localized extreme 
conditions. As ultrasonic waves propagate through a liquid, alternating 
compression and rarefaction cycles cause microbubbles to form, grow, 
and collapse violently. During collapse, the temperature inside the 
bubble can reach up to 5,000 K, with pressures around 1,000 atm, 
triggering endothermic dissociation of vapor molecules, such as water 
(H2O →H2 + ½ O2). This dissociation absorbs heat, moderating the peak 
temperature inside the bubble and altering its internal dynamics. The 
breakdown of vapor into smaller molecules also produces reactive free 
radicals, such as hydroxyl (OH•) and hydrogen (H•), which enhance 
chemical reactivity in the surrounding liquid. By influencing energy 
distribution and promoting radical formation, endothermic dissociation 
contributes to the efficiency of sonochemical processes, making it 
essential in applications like cleaning, wastewater treatment, and 
chemical synthesis.

Thermodynamic properties of temperature and pressure also affect 

Fig. 1. Schematic of acoustic pressure cycle when ultrasound is subjected in a liquid medium, forming the growth, expansion, and contraction of cavitation.
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cavitation. In the case of temperature, higher temperature leads to an 
increase in equilibrium vapour pressure of the system, which in turn 
leads to easier cavitation (lower cavitation threshold). However, from a 
sonochemical standpoint, this leads to a less energy being released 
during bubble collapse since the vapour in the bubble not only provides 
resistance to the bubble collapse, but also causes part of the implosion 
energy to be used for the condensation of the vapour. In short, while 
higher system temperature lowers the cavitation threshold, it also 
lowers the effects of bubble collapse and other effects related to it [54]. 
In temperature sensitive reaction systems, one would need to optimise 
the system temperature to balance the effect of reaction kinetics and 
sonochemical effectiveness [140,153].

On the other hand, increasing the overall system pressure results in a 
decrease of equilibrium vapour pressure. This in turn causes the initia-
tion of cavitation to be more difficult (cavitation threshold is increased) 
but allows for a more intense energy release when cavitation occurs. 
Therefore, it is common for the overall system pressure to be optimised 
to balance the cavitation threshold and the cavitation effectiveness to 
obtain the best results [71].

3.1.3. Physical properties of the liquid medium
The ease of bubble generation as well as the intensity of bubble 

collapse is also influenced by physical properties of the liquid medium 
such as the vapour pressure, viscosity and surface tension. In theory, for 
liquids with higher vapour pressure, lower viscosity and lower surface 
tension, the cavitation threshold would be lower. However, the intensity 
of bubble collapse in the liquid would also be reduced. For example, 
[78] have found that the intensity of cavitation is the highest in solvents 
with higher viscosity. [28] found that for very volatile solvents, the 
cavitation effect is not observed.

3.1.4. Ultrasonic frequency and acoustic power
The ultrasonic frequency of a system influences the cavitation effect 

in a few ways. From the modelling of bubble dynamics, it is known that 
the system frequency plays an influential role in determining the critical 
size of the cavitation bubbles. Usually, increasing the frequency of the 
system would reduce the cavitation effect. This can be attributed to two 
explanations. Firstly, increasing the frequency would cause the 
compression and rarefaction cycle to occur at higher frequency. If the 
timescale of the rarefaction cycle is too short, the bubbles would not 
have sufficient time to grow for the full cavitation effect to take place. 
On the other hand, the compression cycle can also occur faster than the 
collapse of the bubble and inhibiting the cavitation effect, resulting in 
the formation of stable cavitation bubbles which remain in the system 
for a longer duration compared to the violent transient cavitation bub-
bles. A significant number of studies is reported on this matter for 
different acoustic cavitation systems. [37] reported that changing the 
frequency as no effect on the dissociation of carbon disulphide. In 
another study, [36] found that increasing the frequency improved the 
oxidation of iodide. Other similar studies have also reported similar 
effects in reactions requiring free radicals [51,68,92]. The consensus 
supports the hypothesis that higher frequencies produce more stable 
cavitation bubbles, leading to less violent transient bubble collapse, 
which results in less efficient chemical reactions due to the reduced 
production of radicals during transient cavitation. In general, while 
increasing the system frequency decreases the intensity of transient 
cavitation, it also increases the rate of bubble generation, which may be 
beneficial to certain systems.

The effect of acoustic power supplied to the system was reported to 
depend on the ultrasonic frequency used [144]. Some studies suggest 
that there exists an optimal system power that maximises sonochemical 
effects [46]. A possible explanation is that as the power increases over a 
certain threshold, the higher intensity bubble generation near the probe 
tip can limit the transmission of energy to the rest of the system, 
reducing the overall sonochemical effect [22].

In their study on a multi-bubble system using pulsed ultrasound 
method, Brotchie, et al. (2009) found that the mean bubble size in-
creases with increasing acoustic power and decreased with increasing 

ultrasonic frequency. On a similar note, [93] performed a numerical 
modelling of a single bubble system and reported similar results for the 
effect of frequency but claimed that increasing the ultrasonic amplitude 
increases the range of bubble radius instead. In acoustic cavitation 
systems, controlling the mean bubble size is important, as not all bubbles 
contribute to sonochemical effects. A mean bubble diameter of 
approximately 40–50 µm is considered ideal for generating sufficient 
acoustic pressure to facilitate chemical reactions [151].

4. Numerical modelling of ultrasonic systems

The availability of commercial finite element method (FEM) solvers 
which offer acoustic modules has greatly encouraged the modelling of 
acoustic pressure systems. Modelling of acoustic systems has been 
widely employed in many fields, most notably in sonobiology, nano-
technology and sonochemistry. One key advantage of numerical 
modelling of acoustic systems is that it provides insights into acoustic 
intensity distribution, which is often difficult to determine from methods 
such as calorimetry [157], erosion testing [112], reaction rate analysis 
[106] and probe analysis [38,90]. Modelling these systems enables 
theoretical analysis and optimisation without the need for experimental 
methods, greatly reducing the resources required for developing and 
designing new technologies. For example, in the field of sonoreactor 
design, models often focus on the intensity and distribution of cavitation 
activity as well as the acoustic field structure to allow for scale-up and 
optimisation of reactors [45].

The following sections explore and review various methods of 
modelling and simulating ultrasonic systems using numerical and 
computational models. Literature review results showed that two main 
types of studies on acoustic systems are commonly published. The first 
type involves the use of models to study phenomena within an acoustic 
system, such as identifying cavitating regions, and analysing tempera-
ture, pressure, and velocity profiles, along with the effects of operating 
parameters (geometry, power, frequency, etc.) on the system. Some 
studies also involve coupling multiple models, for example, in fluid-
–structure interaction studies and multiphase acoustic systems. These 
studies often employ finite element method (FEM) solvers to obtain the 
acoustic pressure field.

The second type of study is more common in sonochemistry, where 
models simulate single or multiple cavitating bubbles. In these models, 
based on equations of bubble dynamics, significant emphasis is placed 
on coupling acoustic phenomena with mass and energy balances and 
reaction rate equations to predict the conditions within cavitating 
bubbles.

4.1. Description of the problem

The phenomena taking place within an acoustic system can be 
dauntingly complex when scrutinised in detail. In general, the system 
mainly comprises a few major components. The first component is the 
medium through which sound propagates. The medium can be a single 
liquid phase or a multiphase system consisting of two or more liquid 
phases or a liquid phase containing one or more solid objects. The sec-
ond component is the source of the ultrasonic wave source or emitter, 
often comprising one or more transducers. The third major component 
of the system is the solid vessel walls surrounding the liquid medium, 
which significantly affect the acoustic properties of the system. In many 
cases, the boundary conditions are crucial for the resolution of the 
models, and therefore must be appropriately represented.

Considering a simple system where a transducer is placed in a body 
of water within a vessel, the boundary conditions of the vessel walls, 
transducer surfaces and the water–air interface is required. The propa-
gating sound waves in the system can then be described based on the 
wave equation, such as the Helmholtz equation for linear systems. If the 
transducer frequency is fixed, a time-harmonic study can be conducted. 
Solving the model would allow the acoustic pressure field to be 
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obtained. The acoustic pressure field can then be coupled with other 
models, such as transport equations, to calculate the velocity and flow 
profiles in the system to study acoustic streaming.

However, the complexity of an acoustic system greatly increases 
when cavitating bubbles are considered. In systems where cavitation is 
significant, propagating acoustic waves can be modified by the bubble 
field through refraction, reflection, diffusion, diffraction and absorption. 
Abrupt and unpredictable pressure changes due to shockwaves and 
streaming further increase the difficulty of developing an accurate 
model [24].

4.2. Linear models for the acoustic system

The availability of commercial FEM solvers has led to many studies 
being conducted using linear models. The key advantage of using linear 
models is their simplicity and its availability in many commercial FEM 
software. Calculations involving linear models are less resource inten-
sive while also providing relatively satisfactory results that offer sig-
nificant insights into problems involving acoustic systems.

4.2.1. Helmholtz equation for wave propagation
The basic three dimensional model for wave propagation in a liquid 

can be written as the wave partial differential equation as a function of 
space and time dependant acoustic pressure, P(r,t) as: 

∇2P −
1
c2

l

(
∂2P
∂t2

)

= 0 (1) 

In the case where the liquid is homogeneous and the density is 
constant, it can be written: 

∇

(
1
ρl
∇P

)

−
1

ρc2
l

(
∂2P
∂t2

)

= 0 (2) 

If the system is time harmonic, which is often true for cases using 
transducers with a single frequency, the equation can be written as: 

P(r, t) = p(r)eiωt (3) 

where r, is defined as the spatial variable, r = r(x, y, z). The time- 
independent acoustic pressure, p = p(r), is most obtained from the 
Helmholtz equation, which was a common partial differential equation 
applicable in many fields [52]. In the case of acoustic modelling, the 
equation, which was derived from the wave equation, represents the 
linear, time-independent form of sound propagation in a medium. By 
writing the equation in the terms of time-independent pressure ampli-
tude, p, the following equation is obtained. 

∇2p+ k2p = 0 (4) 

k is known as the wave number which depends on the angular fre-
quency, ω and the speed of sound in the liquid medium, cl. The equation 
is derived based on the four key assumptions: linear propagation of 
sound, negligible shear stress, constant liquid density and compress-
ibility as well as the acoustic pressure is time harmonic. The model can 
then be solved using methods such as the finite element method [56]. 
Despite its limitations in address key problems such as non-linear 
dissipation by cavitating bubbles, the Helmholtz equation remains 
valuable tool since it is easy to solve, as well as allows the use of har-
monic response simulations.

One notable study based on the linear Helmholtz models is published 
by [116], where FEMLAB simulations were carried out to characterise 
the ultrasonic field to study the distribution of cavitation activity. The 
simulation results were compared to experimental data from calorim-
etry, foil erosion test and thermal measurements. Similarly, [67] also 
used FEMLAB for their study. Their results showed that for a probe 
operating in a “free field”, high acoustic intensities can only be found in 
close vicinity to the horn, with a given example shown in Fig. 2. They 
also reported that by varying various parameters, such as the dimensions 
of the walls as well as horn size and depth, the amount of volume with 
high acoustic intensity can be maximised. By comparing their results to 
experimental data, while the position of the pressure maxima was 
justified, the simulated magnitude was found to be too high and not 
possible, due to the use of simplifying assumptions.

[65] used the Helmholtz model in their study to predict the energy 
density of various solvents. COMSOL Multiphysics simulations were 
carried out using the acoustic and heat transfer modules. The Helmholtz 
equation is solved along with heat transfer equations to give the pressure 
and temperature fields of the system. The simulation was then carried 
out using different solvent properties and varying ultrasonic power and 
irradiation times. In their study on numerically modelling ultrasonic 
agglomeration for treating magnesium alloy melts, [120] used the 
Helmholtz model to describe the standing waves formed from the ul-
trasonic field. After resolving for the acoustic pressure field, they per-
formed particle modelling to find out the spatial distribution of free 
particles based on the calculated acoustic field. In a subsequent study, 
they coupled cavitation behaviour and bubble dynamics with the 
Helmholtz ultrasound field model and performed experimental valida-
tion to support the numerical data [120].

Solving acoustic systems using the linear Helmholtz equation does 
present certain limitations, such as not taking non-linear wave propa-
gation into account as well as ignoring the effects of shear waves [116]. 
Additionally, the solution of the model is also sensitive to the wave-
number used, where higher wavenumbers may result in higher oscilla-
tory results [48]. Also, as discussed in previous sections, while there are 
proposed methods for linear models to be able to provide satisfactory 
results accounting for energy losses for certain cases, non-linear models 
are often better at representing the various energy losses experienced by 

Fig. 2. Photograph of a cavitating liquid (left) compared to the simulated re-
sults by [67] (Reproduced with author’s permission).
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the system at the cost of higher complexity and larger resource 
requirements.

4.2.2. Boundary conditions
Using appropriate boundary conditions is crucial for the accuracy of 

the numerical models with respect to the system that is being studied. In 
this section, different boundary conditions and their respective justifi-
cations in employing them are discussed. In studies involving the reso-
lution of the Helmholtz equation, the common boundary conditions 
used to represent the system boundaries are shown in Table 1 [132], 
2014).

4.2.2.1. Boundary conditions for vessel walls. Earlier FEM studies on 
linear acoustic models often treated the vessel boundaries as either 
infinitely rigid walls (Sáez, Frıás-Ferrer, et al., 2005; [118,120], or 
specified them as infinitely soft boundaries [67,125,123,134]. The use 
of infinitely hard boundaries to represent the vessel walls is set on the 
basis that the walls are rigid and do not deform upon interacting with 
propagating acoustic waves, while the representation using infinitely 
soft boundaries assumes that the walls are thin enough to vibrate and 
deform. This is often done as a simplification to the model, as repre-
senting the vessel walls as infinitely hard or soft, is realistically inac-
curate unless there is no propagation of sounds through the walls [133]. 
To validate the different boundary conditions set for vessel walls in 
previous studies, [152] studied the effect of the thickness of the vessel 
walls in an acoustic system and reported that for a thin glass wall (2 
mm), the boundary is similar to that of a free (soft) boundary, while for a 
thick glass wall (7 mm), the boundary is similar to a rigid (hard) 
boundary. However, further studies conducted by researchers on this 
matter have found that the impact of reducing the effect of the vessel 
walls into a single boundary condition is significant, especially in sys-
tems with more complex wall geometries. The fluid–structure interac-
tion models used in the studies of [84] and [132] coupled the acoustic 
field in the medium to the structural deformation of the vessel walls. It is 
found that the resonance frequencies and antinode locations of a system 
where the structural deformations are simulated vary significantly 
compared to systems where the vessel walls are represented as infinitely 
hard or soft boundaries.

Besides the boundary conditions, other types of boundary conditions 
have also been used to represent the walls of the vessels. In their study, 
[148] represented the walls of the quartz glass container using an 
impedance boundary condition. In another study, [60] used a plane 
wave radiation boundary to represent the inner walls of a microchannel 
reactor while defining the outer walls of the reactor as infinitely soft.

4.2.2.2. Boundary conditions for emitter surfaces. Another common 
over-simplified boundary condition for simulations of acoustic systems 
is the boundary representing the surfaces of the transducers. This 
simplification is often used because in order to correctly represent the 
vibrating transducer, one would otherwise have to model all the parts of 
the transducer, including the piezo ceramics as well as develop appro-
priate coupling equations with the fluid [84].

In many works, the transducer is usually defined as a pressure source, 
and the transducer boundary is defined in the form of acoustic pressure 

amplitude of the emitted wave, such as in the works of 
[67,116,120,125]. 

Ptransducer = P0, trans (8) 

The acoustic pressure amplitude defined for the transducer surface is 
often obtained experimentally by measuring the power dissipated into 
the system. The transducer pressure boundary can also be written in the 
following form, as a function of power dissipated in the system, Pdiss 

[60]. 

Ptransducer =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

2ρlclPdiss

Atransducer

√

(9) 

Recently, it is also common to represent the vibrating transducer 
using its amplitude for normal displacement as shown [84,132]: 

∇P⋅n = ρlω2Utrans (10) 

[118]decided to represent their transducer boundary condition as a 
time dependant velocity which is a function of maximum transducer 
amplitude, written as: 

utrans(t) = ωUtranssin(ωt) (11) 

4.2.2.3. Boundary conditions for liquid surfaces. There is currently a lack 
of discussion on the boundary conditions used for liquid surfaces which 
are not in contact with vessel walls, such as open liquid–air surfaces. 
Many past studies have represented liquid–air interfaces as infinitely 
sound soft boundaries [67,116,120]. In their study, [148] represented 
the air–water interface an impedance boundary condition.

4.3. Energy balance and dissipation effects

Considering an acoustic system for a volume of liquid, from the Euler 
equations. 

1
ρlc2

l

(
∂p
∂t

)

+∇ • v = 0 (12) 

ρl

(
∂v
∂t

)

= − ∇p (13) 

The energy balance for a system with volume V and its boundary S 
can be written as 

d
dt

∫∫∫

V

eadV =

∫∫

S

− I.n dS (14) 

ea =
1
2

ρlv2 +
1
2

p2

ρlc2
l

(15) 

I = pv (16) 

Which describes the relation between the energy density within the 
volume (W/m3) to the acoustic intensity of its surface boundaries (W/ 
m3). By comparing the above energy balance to the theorem of kinetic 
energy, [84] presented for a volume of liquid excited by the surface of a 
sonotrode, the following energy conservation equation for a mono- 
harmonic system. 

Pactive = Pdiss +Pbound (17) 

Pactive =

∫∫

Ssonotrode

−
1
2

R(PV*).n dS (18) 

Pbound =

∫∫

Sboundaries

−
1
2

R(PV*).n dS (19) 

Table 1 
Common boundary conditions for solving the Helmholtz equation in linear 
models.

Boundary 
Condition

Description

P = 0(5) This condition is used for infinitely soft (free) boundaries.
∇P⋅n = 0(6) This condition is used for infinitely hard (fixed) boundaries. 

Where n is a normal vector pointing outward.
P = P0(7) This condition is commonly applied at the surface of the 

emitting ultrasonic transducer.
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Pdiss =

∫∫∫

V

α|P|2

ρlcl
dV (20) 

Pactive is the active power supplied into the system from the sonotrode 
surface, Ssonotrode, while Pbound represents the power loss into the sur-
roundings through the boundary surfaces, Sboundaries, and lastly the 
dissipated power within the liquid, Pdiss, which is related to the attenu-
ation coefficient α.

4.3.1. Attenuation of sound waves and the damping factor
The attenuation of acoustic waves within the liquid can occur 

through many reasons, such as through reflection, refraction, scattering 
and thermo-viscoelastic losses within the liquid. Propagating waves can 
also lose energy to bulk loss mechanisms such as bulk shear effects and 
heat conduction. Besides that, in real systems, the interaction of prop-
agating waves and the vessel walls also result in loss of wave energy, 
such as the loss of heat to the walls and energy dissipation due to viscous 
forces due to the interaction with the no-slip condition at wall bound-
aries. However, the significance of these losses greatly depends on the 
medium properties, wavelength and the domain size. It is known that 
thermo-viscoelastic losses are a lot more significant for the propagation 
of acoustic waves through gaseous media such as air [6]. In the case of 
liquid acoustic systems, the major dissipation effects arise from cavita-
tion bubbles, where the bubbles can induce viscous friction, bubble heat 
diffusion and even acoustic radiation [21,84].

It is known that as waves propagate away from the transducer, the 
intensity is observed to decrease with increasing distance. In the case of 
a linear, mono-harmonic system, the attenuation coefficient can be 
defined as follows: 

k = kT − iα (21) 

Early studies reported by [66] attempted to quantify the effects of 
thermal conduction on the attenuation of sound waves as shown: 

αth =
2π2K(γ − 1)f2

ρCpC3 (22) 

Where K is the thermal conductivity, γ is the gas constant and Cp is 
the specific heat capacity. In another work, [35]tried to quantify the 
attenuation factor of a sound wave propagating through a liquid as a 
function of the shear and bulk viscosity, where. 

αf =
ω2μb*

2ρC3 (23) 

b* is constant (b* =

(
4
3

)

× 107 for water containing cavitating bub-

bles) and C is the speed of sound in liquid. The author noted that the 
equation is limited to applications for low frequencies.

[98] reported that the attenuation can be written as a function of 
physiochemical properties of the liquid medium, velocity of sound in the 
medium and the operating frequency. 

αs =
8μπ2f2

3ρC3 (24) 

However, the use of the above equations is difficult especially when 
bubbles are formed within the acoustic system. As the attenuation is 
dependent on the properties of the medium, the attenuation factor is not 
spatially uniform and constant, but instead dependant on many spa-
tial–temporal variables. The main challenges include accurately pre-
dicting the spatial and size distribution of bubbles across time.

4.4. Representing damping effects in linear models

In their study on cavitation activity in sonoreactors, [124] have 
modified the Helmholtz equation to account for damping effects and 
solved the linear model using COMSOL Multiphysics. A similar approach 

is also later used by [148] in their linear modelling of a sonochemical 
reactor.

The modification is done by changing the density and speed of sound 
terms to give a modified form of Helmholtz equation: 

∇2p
ρc

−
1

ρcc2
c

δ2p
δt2 +

daδp
δt

= 0 (25) 

Where the complex parameters of density, speed of sound, wave 
number and impedance can be represented as follows: 

ρc =
Zckc

ω (26) 

cc =
ω
kc

(27) 

kc =
ω
c

1
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
1 + (iωμ/ρc2)

√ (28) 

Zc = ρc
1

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
1 + (iωμ/ρc2)

√ (29) 

While the above method provides a rather simple way of considering 
acoustic damping in linear models, the author noted that the above 
method neglects any effect of temperature and is only limited to systems 
with low cavitation intensities. This is because in systems with intense 
cavitation, shielding effects by bubble clouds and the introduction on 
non-homogeneity may show vastly different behaviour of that predicted 
by the model.

4.5. Linear models with presence of bubbles

As it was previously mentioned a cavitating acoustic system is rather 
complex. Especially in systems with intense cavitation, it is important to 
account for the effects of cavitation bubbles clouds. This is because the 
presence of bubbles in the system significantly affects wave propagation. 
During cavitation, a homogeneous liquid can show non-homogeneity as 
the single-phase liquid continuum is transformed into two phases. 
Cavitation clouds can amplify acoustic dispersion and attenuation while 
also altering the velocity of acoustic waves in the liquid. As an example, 
the sound velocity in water is around 1500 ms− 1 while in a bubbly 
liquid, it can drastically decrease to around 20 ms− 1 [118]. Moreover, 
the bubbly medium exhibits a significant degree of compressibility 
which greatly increases the nonlinearity in sound propagation. How-
ever, to account for bubbles in the system would significantly increase 
the degree of non-linearity of the model. While non-linear methods may 
provide an accurate representation of the system, it is often difficult to 
incorporate into acoustic simulations due to its complexity and the 
requirement of large computational power.

In 1989, a paper published by [21] presented a linear model base on 

Table 2 
Parameters for the linear model accounting for wave propagation in bubbly 
liquid systems.

Model Parameter Mathematical Representation

Complex wave number,km k2
m =

ω2

c2
l

(

1+
4πc2

l nbao

ω2
0 − ω2 + 2ibω

)

(30)

Damping factor,b
b =

2μl
ρla2

0
+

Pb

2ρlωa2
0

IΦ +
ω2a0

2cl
(31)

Complex dimensionless 
parameter,Φ

Φ =

3γ

1 − 3(γ − 1)iχ
[
(i/χ)1/2coth(i/χ)1/2

− 1
](32)

Dimensionless parameter,χ χ = D/ωa2
0(33)

Bubble resonance frequency,ω0 ω2
0 =

Pb

2ρla2
0

(

RΦ −
2σl

a0Pb

)

(34)

Volume fraction of bubbles,β β =
4π
3

nba3
0(35)
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the linearization of the Caflisch equations [14] which directly incorpo-
rated the wave attenuation from bubble clouds using a complex wave 
number. Further discussion on the Caflisch equations can be found in 
subsequent sections on the topic of non-linear models. The linearised 
Caflisch equations can be easily incorporated into the Helmholtz model, 
further improving the linear models used in many FEM. A summary of 
the proposed model is given in Table 2.

In the model, nb is the number of bubbles per unit volume, ω0 is the 
resonance frequency of the bubbles, a0 is the monodisperse bubble 
equilibrium radius, b is the damping factor, μl is the liquid viscosity, Pb is 
the undisturbed pressure at bubble location, I and R are both imaginary 
parts of the complex dimensionless parameter Φ, γ is the specific heat 
ratio of the gas inside the bubbles, the thermal diffusivity of the gas, D 
which is used to calculate the dimensionless parameter χ, ω0 is the 
resonance frequency of the bubble, σl is the surface tension of the liquid 
and β is the volume fraction of bubbles.

[26] was one of the earlier studies which applied the above model in 
their studies. In one of their earlier works on modelling the acoustic field 
of a 3D sonochemical reactor by determining the three-dimensional, 
time-independent pressure field. By applying the works of [21] in 
their model, they were able to model acoustic propagation in a system 
with a non-homogeneous distribution of bubble density by relating the 
propagating acoustic waves and the cavitating bubbles. The model is 
based on a stepwise calculation of a propagating wave, with the bubble 
density distribution calculated stepwise based on the phase velocity and 
attenuation coefficient. From their study, they noticed a few key find-
ings. Notably, they reported that most of the acoustic energy is focused 
near the vicinity of the transducer due to the significant damping effects. 
They also concluded that the damping effects of the cavitating bubbles 
are significant and greatly affect the acoustic fields. In subsequent 
studies, they improved the developed model by considering the time 
dependent wave equation, which allows for a more realistic prediction 
on the cavitation event [27]. In subsequent studies, the time-dependent 
model was further developed by solving it using the finite difference 
approach [27] and compared to experimental results reported by [121]
as well as being investigated for sonoreactors with different geometries 
[27].

The linearized model for acoustic systems with bubbles is also 
adapted in the works of other authors. In their study, [59] first solved 
the homogeneous linear model, and subsequently investigated the effect 
of bubbles on the system by manually varying the bubble volume frac-
tion assuming the distribution is homogeneous. In the same study, they 
also resolved the model by defining a linear relationship between the 
pressure and volume fraction, based on previous works [25,119]. 

β = 2 × 10− 9 p̂ (36) 

Similarly, [60] in their simulation of a microchannel reactor also 
applied the linearized Caflisch model in their COMSOL Multiphysics 
simulation. Their simulation used an acoustic pressure model similar to 
that of [59]. The calculated acoustic pressure field is then used to resolve 
the flow profile and chemical reaction kinetics in the reactor.

While certainly offering a more rigorous approach compared to the 
simple Helmholtz model in modelling ultrasonic systems, the linearized 
Caflisch equations are not without limitations. In their comprehensive 
review, [133] provided a comprehensive discussion on this matter. 
Namely, the implementation of the linearised model is often based on an 
arbitrary Gaussian bubble size distribution which is often larger than 
those experimentally observed. Another highlighted problem lies with 
the Caflisch equations themselves, from which the linearized model is 
derived. The model is developed based on the assumptions where the 
fluid velocity is small enough for convection to be neglected, as well as 
very small volume fractions of bubbles. This issue is also discussed by 
[21] who noted that the linearised model is only accurate up to bubble 
fractions of 1–2 %.

4.6. Non-Linear models for the acoustic system

The main contributor to non-linearity in acoustic systems is the 
phenomenon of cavitation. While the simple linear Helmholtz equation 
may show a certain degree of agreement when subjected to experimental 
validation, this is often valid for systems where cavitation intensity is 
low or the cavitating regions are limited. Nonetheless, linear models can 
still offer a good prediction of pressure antinodes where cavitation could 
occur. Non-linearity is introduced into the system once cavitation be-
gins. The degree of non-linearity subsequently increases as the bubbles 
expand, vibrate and collapse in the medium, causing various effects such 
as shockwaves and microjets that interacts with propagating acoustic 
waves. The bubbles themselves also affect propagating waves through 
reflections, refractions and other energy dissipation effects. Generation 
and migration of bubbles clouds changes the physical properties of the 
system and forms an interdependent relationship with the acoustic 
pressure field. This creates a very complex system which requires the 
consideration of many phenomena spanning various spatial and tem-
poral scales [133].

4.6.1. Bubble motion in acoustic fields
The bubble density or bubble fraction term is often a key parameter 

in many models accounting for presence of bubbles. The bubble density 
was known to not be homogeneous across a medium. The cavitation 
bubbles also show translational motion and self-organisation behaviours 
[94]. This knowledge on the spatial evolution of the bubble distribution 
is crucial in the development of models to properly describe wave 
propagation in bubbly liquids.

There have been studies aimed to investigate the non-linear effect of 
the acoustic pressure on the cavitation bubbles, particularly on the topic 
of bubble migration and formation of bubble clouds. The Bjerknes forces 
are believed to be the primary cause of the translational motion of 
radially vibrating bubbles. A study on this effect has been extensively 
studied in the context of non-linear inertial radial oscillations and 
travelling waves by Mettin and coworkers [1,95]. Experimental obser-
vations have revealed that bubbles in ultrasonic fields tend to form 
bubble clouds with certain geometries such as cones [99] and branches 
[96]. There are also efforts to model these observations using particle 
modelling, where the forces exerted on the bubbles by their surround-
ings are calculated directly using their non-linear dynamics [2].

To account for the motion of a single bubble, one would have to 
perform a force balance on the bubble. Essentially, one should account 
not only the driving forces such as the Bjerknes forces, but also viscous 
drag and added mass forces. Ideally, the motion of the bubbles should be 
calculated by simultaneously resolving the radial bubble dynamics and 
the translational bubble motion. This idea was first brought up by [142]
and has since been improved upon by [29–31].

4.6.1.1. The Bjerknes force. The Bjerknes force [8] is the main 
contributor to bubble translational motion in an acoustic field [1,158]. It 
can be defined as the generalized buoyancy force exerting on a body in 
an accelerating liquid, averaged over one oscillation period [87]. 

FB = − 〈V∇p〉 (37) 

The bracket of the right-hand side term is used to represent the 
average over one acoustic period. V is the bubble volume and p is the 
acoustic pressure. In an acoustic cycle, the bubble would translationally 
move in the direction of the pressure gradient. However, the forward 
and backward motion of the bubble may not compensate. This is due to 
the possibility that the bubble may be larger when it is moving forward 
compared to when it is moving backward. The effect of the Bjerknes 
force on a bubble has been comprehensively discussed by [83].

In systems with standing waves, it is known that bubbles smaller 
than the resonant size are attracted to pressure antinodes, while bubbles 
larger than resonant sizes migrate towards pressure nodes instead [150]. 

T.Joyce Tiong et al.                                                                                                                                                                                                                            Ultrasonics Sonochemistry 112 (2025) 107163 

8 



This observation has been confirmed in early experimental works [23]. 
It is also found that the in cases where the antinode pressure exceeds a 
certain threshold, the bubbles would be repulsed instead. This effect is 
found to be nonlinear [1] has have also been confirmed in experiments 
[9]. In the case of travelling waves, it was known that the Bjerknes forces 
exerted by travelling waves are negligible when the amplitudes are 
small. However, large amplitude travelling waves can result in signifi-
cant Bjerknes forces on the bubbles [83,94], leading to observations like 
bubbles being repelled by ultrasonic sources generating a travelling 
wave.

4.6.1.2. Coupling bubble motion to the acoustic field. [83]conducted a 
study which aims to study the effect of travelling waves on bubble 
motion in an acoustic field. In their model, they represented the Bjerknes 
force for a mono-harmonic pressure field as a function of space and time 
as: 

FBi = − Gi(r)
(

1
T

)∫ T

0
V(r, t)cos[ωt+ψ i(r) ]dt (38) 

Where the bubble volume in the equation is obtained by simulta-
neously solving the bubble dynamics equation: 

ρl

(

RR̈+
3
2
Ṙ2

)

= pg −
2σ
R

−
4μlṘ

R
− p(r, t) (39) 

The equations are further modified to allow for the Bjerknes force to 
be calculated as an average over an acoustic period. This is done by 
fixing the phase of the pressure function by expressing certain equations 
in a dimensionless form. This representation of the Bjernes force can be 
now written as 

FBi = Gi(r)(ICcos[ϕ(r) − ψ i(r) ] + ISsin[ϕ(r) − ψ i(r) ]) (40) 

IC =
1
2π

∫ 2π

0
V(τ*)cosτ*dτ* (41) 

IS =
1
2π

∫ 2π

0
V(τ*)sinτ*dτ* (42) 

A key advantage of the model proposed is that the contributions of 
standing waves and travelling waves on the Bjerknes force can be 
individually calculated.

4.6.2. Wave propagation in bubbly liquids
Likewise, there are also studies which aims to explore the non-linear 

effects of cavitating bubbles on the acoustic pressure of the system. 
Many works have tried to further develop a model for acoustic propa-
gation in bubbly liquids by further studying the many factors of non- 
linearity. There is a significant number of studies published on the 
theoretical description of wave propagation in liquid systems containing 
bubbles. Examples include works by [43,55,61]; [145]. Publications are 
also done in the field of biomedicine, where ultrasound is used for 
therapeutic and diagnostic applications [32,75]. Classical references 
such as the works of [47] and [104] have also reported good physical 
understanding of the phenomenon based on analytic perturbation 
techniques. Approximation models were proposed for nonlinear inco-
herent scattering [57,104]. Non-linearity presented by encapsulated 
microbubbles have been presented by [86] while shielding effects of 
bubble layers were studied by [76]. In their work, [76] also described a 
technique on generation of bubble walls in spatial control therapy and 
highlighted the importance of understanding non-linear behaviour of 
ultrasound for applications in medicine. [63] used the linear pressure 
theory to study the non-homogeneous bubble distribution. A compre-
hensive discussion on coupling the acoustic field with bubble dynamics 
was also given in relevant review papers [62,133].

4.6.3. Non-linear models with the presence of bubbles
In the topic of non-linear models with the presence of bubbles, the 

early work of [42] laid an important foundation for many studies to 
come. In their work, they developed a model which describes the linear 
scattering of waves based on an arbitrary distribution of scatterers. In 
the case of propagating linear sounds waves, the scatterers in context 
would be the cavitating bubbles, as applied in the study by [16]. Further 
development on the model for the consideration of non-linear dispersive 
waves was contributed by the work of (van Wijngaarden, 1968) and 
later by other authors [69,109].

Another important development on the topic is the Caflisch model 
[15]which is essentially a rigorous generalisation of Foldy’s model for 
non-linear cases. In the model, the bubbly liquid is described as a con-
tinuum, where the mass and momentum conservation of the bubbly 
liquid can be written as: 

1
ρlc2

l

(
∂p
∂t

)

+∇.v =
∂β
∂t

(43) 

ρl
∂v
∂t

+∇p = 0 (44) 

The non-homogeneous equation for the conservation of mass is 
responsible for the non-linearity of the system of equations. The non- 
homogeneous term ∂β

∂t is then related to the local bubble dynamics 
using the inviscid Rayleigh-Plesset equation.

[21] reduced the Caflisch model using a linear approximation, 
reducing it to the dispersion relation of Foldy. The model was widely 
used in studies using the Helmholtz equation to couple the wave prop-
agation and cavitating bubbles. Subsequently, [73] proposed a model to 
study the non-linear acoustic effects associated with bubble dynamics on 
wave propagation. Their model considered bubble motion under the 
action of primary and secondary Bjerkness forces. In the same year, [97]
studied the transmission of an acoustic wave through a single layer of 
bubbles using the non-linear Caflisch equations. They noted that when 
the frequency used is close to the resonance frequency of the bubbles, 
reflection greatly dominates and wave transmission through the bubbly 
layer is greatly decreased. They also noted that for systems where the 
wavelength is much greater than the bubbly later thickness, the bubbly 
region can be replaced by an effective boundary condition for velocity 
and pressure.

While the fully non-linear form of the Caflisch equations is powerful, 
solving these equations is challenging, as it requires extremely complex 
temporal integration to obtain the solution [133], and is also difficult to 
apply to cases with complex geometries. Efforts to solve the Caflisch 
equations also found that the model presents convergence problems 
when applied to inertial cavitation, even when solved in one dimension 
[80,137].

[82] considered the realistic estimation of power dissipation by 
bubble oscillations an important aspect for correctly estimation wave 
attenuation in bubbly liquid. They have proposed a model by simpli-
fying the Caflisch equations. In their study, they developed a simple yet 
powerful model which couples a non-linear Helmholtz equation with the 
bubble field. The model calculates the wave attenuation directly from 
the energy dissipated by a single bubble using non-linear bubble dy-
namics, accounting for thermal diffusion and viscous friction. The model 
also considers energy conservation in the medium as well as non-linear 
attenuation of acoustic waves. The basis of the proposed model is the 
non-linear Helmholtz equation, which is given as: 

∇2P+ k2(|P| )P = 0 (45) 

The non-linear equation is then solved by using the derived relations 
of.

I

(
∇2P

P

)

= 2ρlωN
(Πth + Πv)

|P|2 
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(46So)
and. 

I
(
k2) = − 2ρlωN

(Πth + Πv)

|P|2
(47) 

Where the terms Πth and Πv which corresponds to the thermal and 
viscous losses from the bubbles can be estimated from non-linear bubble 
dynamics. As for the real part of the wave number k, it can be obtained 
from the classic linear dispersion relation as: 

R
(
k2) =

ω2

c2
l
+

4πRoω2N
ω2

o − ω2 (48) 

A key finding obtained from the study is that the model can predict 
the commonly observed cavitation phenomena of conical bubble struc-
tures under ultrasonic horns [99], where linear based models often fail 
to predict. Results obtained from the models showed strong attenuation 
caused by cavitation, as well as significant energy dissipation caused by 
cavitating bubbles, which greatly affected the resulting acoustic pres-
sure profile. They noted that the viscous friction losses calculated were 
around 4 orders of magnitude higher than the linear dispersion relation. 
The strong attenuation also found to cause the formation of travelling 
waves in the system, even when perfectly reflecting wall boundaries are 
specified. In a review by [133], they commented that while the model 
provides a better approximation than previous linear models, notably 
the amplitude calculations, it does possess certain limitations such as 
being based on unproven approximations in the derivation of the non- 
linear Helmholtz equations. Simulations are also conducted using an 
arbitrary choice of bubble radius as well as the assumption that the 
bubble distribution is homogeneous when the pressure is above the 
Blake threshold. In the study, 5 µm bubbles are considered based on 
experimental data by [13].

4.6.4. Wave propagation in the absence of bubbles
While it is notable that a significant amount of research has focused 

on wave propagation and the non-linearity caused by acoustic cavitation 
bubbles, there are also cases where ultrasonic waves propagate non- 
linearly in the absence of bubbles. Such instances occur particularly in 
diagnostic ultrasound, where the ultrasonic frequencies are in the MHz 
range, making the acoustic cycle too short to induce cavitation bubbles. 
In these cases, the non-linear propagation arises from the distortion of 
the wave as the compressional phase moves faster than the rarefaction 
phase, leading to the generation of harmonics and the formation of 
shock waves. These effects contribute to localized heating, acoustic 
streaming, and enhanced energy transfer, which can facilitate molecular 
interactions even without cavitation. These findings were well reported 
by the earlier works of [7] and [47].

Building on these insights, [34] demonstrated that the nonlinearity 
of wave propagation in the absence of bubbles could be quantified by the 
shock parameter, σ. In general, the value of σ represents the extent of 
waveform distortion during propagation, where higher values indicate 
stronger non-linear effects. Specifically, when σ < 1, the wave behaves 
linearly, with minimal distortion. At σ = 1, a shock wave begins to form, 
and as σ increases further, the wave evolves into a sawtooth shape, 
generating multiple harmonics and exhibiting advanced nonlinearity. 
The behaviour of σ is influenced by factors such as source pressure, 
frequency, and medium properties, with higher values reflecting faster 
wave distortion, enhanced harmonic content, and increased energy 
transfer within the system.

In the context of this review, the focus is on ultrasonic waves in high- 
power ultrasonic regions, where cavitation bubbles are highly likely to 
occur. Therefore, the discussion will center on wave propagation and its 
characteristics in the presence of acoustic cavitation bubbles.

5. Notable studies and discoveries in acoustic system modelling

[120] performed numerical simulation with experimental validation 
in their study on ultrasonic agglomeration for treating magnesium alloy 
melts. Initially, the Helmholtz model was employed to model the ul-
trasonic field. Once the acoustic field is established, particle modelling 
was carried out through force balance accounting for the acoustic ra-
diation force, fluid drag, buoyancy and particle momentum [131].

[120] investigated the treatment of AZ80 alloy melts using ultra-
sound by modelling cavitation behaviour and bubble dynamics coupled 
with the Helmholtz ultrasound field model. Experimental validation is 
carried out to support the numerical data. [65] utilized COMSOL Mul-
tiphysics simulations using the acoustic and heat transfer modules to 
study the temperature and pressure profiles in an acoustic system for 
different solvents.

[147] developed a one-dimensional model to study the mechanism of 
bubble transport in a standing wave field for experimental validation. 
Their numerical model represented the bubble dynamics using the 
Keller-Miksis equation [64] equation for radial oscillations and modi-
fying it to account for translational motion [11,12,29,42]

[60] performed a computational simulation using COMSOL Multi-
physics with further experimental validation for a microchannel sono-
chemical reactor set-up. Their simulation integrated four key modules: 
the Pressure Acoustic Module for the simulation of solid walls, the 
Helmholtz model for acoustic pressure in liquid, the Laminar Flow 
Module for flow velocity simulations, and the Chemical Reaction Mod-
ule to account for sonochemical reactions.

[118] performed a computational simulation for an acoustic system 
with presence of bubbles using a non-linear model developed based on 
the Catflisch equations and solved using the Aquilon code after certain 
modifications. In their work, formation of bubbles is based on an 
assumed cavitation threshold, while bubble radii distribution is repre-
sented following the work published by [21]. The Catlisch equations 
which relates wave propagation and bubble dynamics are used and 
solved together with the Navier-Stokes equations. The entire system was 
modelled using the Eulerian two-fluid approach, where two Eulerian 
and Navier-Stokes models for both the liquid and bubble phase can be 
coupled together using interfacial transfer terms. The model not only 
accounted for bubble generation sites, but also bubble movement to-
wards pressure nodes, time averaged bubble velocity, as well as fluid 
flow. In their subsequent work, the model is further improved by 
introducing a linear relationship between the time-dependant bubble 
density to the acoustic pressure amplitude [119].

[149] aimed to study the formation of an ultrasonic fountain using 
numerical simulation to improve the performance of ultrasonic atomi-
zation. Their model involves using the inhomogeneous Helmholtz 
equation and included complex parameters to account for attenuation, 
pressure as transducer boundary, liquid–air interface set as impedance 
boundary. Additionally, the liquid flow field was calculated using the 
transport and continuity equations. The liquid surface was modelled as 
an external fluid interface with free deformation to simulate the foun-
tain formation, with the boundary condition being a function of surface 
tension.

6. Computational software and codes for numerical modelling

Earlier efforts in numerically solving the acoustic pressure field were 
often done using computational algorithms. [27] performed a three- 
dimensional modelling on various reactor geometries by solving the 
Helmholtz integral and Kirchhoff integral using Riemann integration 
with their FORTRAN 90 codes.

Solving models such as the Helmholtz equation is frequently 
accomplished using the finite element method (FEM) or finite element 
analysis (FEA). A literature review indicates that many recent compu-
tational studies of ultrasonic systems favour the use of the commercial 
simulation software COMSOL Multiphysics (previously known as 
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FEMLAB) in their studies. This software enables users to solve of the 
Helmholtz equation through its built-in acoustic module and facilitates 
the coupling of multiple physics models within a system. COMSOL is 
often employed for time-harmonic studies (time-independent) of the 
acoustic pressure fields with results typically validated against experi-
mental data [67]; Sáez, Frías-Ferrer, et al., 2005).

In addition to COMSOL Multiphysics, other FEM solvers, although 
less common, have also been used for the modelling of ultrasonic sys-
tems. For example, the ATILA code is used by [107] to investigate the 
ultrasonic pressure field in a textile treatment bath. [100] studied the 
ultrasonic fields in cylindrical reactors using the PZflex code. As one of 
the earlier studies of acoustic modelling, [24] studied the coupling of the 
acoustic pressure field and the velocity field (streaming) by using the 
Sysnoise code to solve for the acoustic pressure then transferring it to the 
commercial software Fluent to solve for flow fields.

Another earlier work reported by [70] took the approach of solving 
the acoustic field using Euler equations by using the Eole code, and then 
coupling it to the Navier-Stokes equation with energy balance using the 
Aquilon code. It was reported that the accuracy of this method was 
limited to high frequency-low power systems, where the less intense 
cavitation would generate less non-linearity in the system. In the works 
of [118], a Eulerian two-fluid approach is used to model the acoustic 
field in a two-phase system comprising the liquid phase and the bubble 
phase. In their study, they used the CFD code Estet-Astrid which is 
commonly used to study bubbly fluid flows to obtain solutions for the 
model [105].

6.1. Recent developments and future trends

There have been significant recent developments in the field of 
acoustical modelling in the past decade. Some notable highlights include 
Louisnard’s research group, who has focused on developing non-linear 
collapse of cavitation bubbles to predict the acoustic attenuation 
caused by the presence of cavitation collapse. Their model concludes a 
simplified method based on the principle of primary Bjerknes force 
provides a better representation of the real-life acoustic environment 
[81,83]. Other notable researchers in this field include Vanhille and co- 
workers, where they have included numerous studies, including sta-
tionary and transient phase simulations on non-linear acoustic waves, 
some of which considered the presence and effect of heat on the overall 
acoustic simulation system [126,135–136,138–139].

Most of the time, the issue with numerical simulations lies within the 
comparison and compatibility with real-life experimental data. Example 
such as [143] demonstrated a classic piece of work to map the acoustic 

simulation studies to their pilot-scale sonoreactors. Other classic works 
of comparing between experimental and pilot-scale reactors include 
[59,58,132–133,156], who have provided notable information 
regarding to the improvement of numerical simulations, mainly focusing 
on the improvements of mathematical model equations to represent the 
actual complex bubble dynamics. Additionally, some recent de-
velopments performed by a research group led by the author have 
demonstrated significant improvements in incorporating multi-phase 
and multiple-frequency models [18,17,130,129], with an example 
result of multi-frequency simulation shown in Fig. 3. These works have 
successfully, for the first time, simplified the semi-empirical bubbly 
liquid models to be used in a multiple-frequency set-up. The main 
outcome from the research has provided insightful findings for simpli-
fied, organised and systematic numerical simulations to represent 
various acoustic systems, which can further enhance future sonochem-
ical reactor designs and developments.

7. Concluding Remarks

The field of acoustic cavitation modelling has evolved significantly, 
offering crucial insights into the behaviour of sonochemical systems. 
From early models like the Rayleigh-Plesset equation to more complex 
approaches such as the Commander-Prosperetti and non-linear Helm-
holtz models, advancements have steadily improved the accuracy of 
simulations, bridging the gap between theoretical predictions and 
experimental data. These developments have enhanced the scalability 
and design of sonochemical reactors, enabling more effective industrial 
applications. However, challenges remain in optimizing models for 
multi-phase systems and capturing non-linear effects, which are critical 
for achieving further improvements in the efficiency and scalability of 
these systems.

This review has successfully provided a comprehensive overview of 
the key advancements in acoustic cavitation modelling, highlighting 
both the progress made and the areas that require further exploration to 
optimize sonochemical reactor designs and applications.
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Fig. 3. Comparison of simulated acoustic pressure fields in a multi-frequency reactor, using semi-empirical bubbly liquid models (Commander Prosperetti and Non- 
linear Helmholtz equation) and the experimental data [17].
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