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1 Introduction

Let k be a number field and let Ay denote the adéles of k. Let X /k be a smooth, projective,
geometrically irreducible algebraic variety, let X denote its base change to an algebraic
closure of k, and let Br(X) = Hgt(X Gy,) denote the Brauer group of X. For v a place of k
and A € Br(X), functoriality yields an evaluation map

evay : X(k,) = Br(ky)

%y = Axy).

The Hasse invariant inv, : Br(k,) — Q/Z is an isomorphism for v finite, and has image
%Z/Z for v real and zero for v complex. In [17], Manin defined what became known as

the Brauer—Manin pairing

X(Ag) x Br(X) — Q/Z
@)y, A) > > invy(A,)) (1)

where the sum is over all places v of k. For B C Br(X), the subset of X (A) consisting of all
elements that are orthogonal to B under the pairing (1) is denoted X (Ay)?. The Brauer—
Manin set is X(A;)P*™®). Global class field theory (the Albert—Brauer—Hasse—Noether
Theorem), and continuity of evaluation maps, shows that X (Ag)B@) contains the closure
of X(k) in X(Ag) = [], X(k,) with respect to the product of the v-adic topologies. This
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shows that, in some cases, the emptiness of X (k) despite X having points in all comple-
tions can be explained by the emptiness of X (A)B*™). This is known as a Brauer—Manin
obstruction to the Hasse principle. In cases where X (k) is non-empty, one would like to
understand more about the rational points on X: for example, does weak approximation
hold, i.e. is X (k) dense in X (Az)? If X (Ax)® is not equal to X (A;) for some B C Br(X), we
say that B obstructs weak approximation on X.

Manin’s work initiated a great deal of activity, see [29] for a recent summary. Ini-
tially, most research focused on the algebraic part of the Brauer group, which by defi-
nition is Bry(X) = ker(Br(X) — Br(X)), and the more mysterious transcendental part
Br(X)/ Bri(X) was rarely computed. In [12,14], the authors computed the odd order tor-
sion in the transcendental Brauer groups of diagonal quartic surfaces by relating these
surfaces to Kummer surfaces of products of elliptic curves over Q with complex multipli-
cation by Z[i]. In [12,13], Ieronymou and Skorobogatov went on to study the evaluation
maps for these elements of odd order and thus gave new examples of Brauer—Manin
obstructions to weak approximation coming from transcendental Brauer group elements.

In this paper, we replace Z[i] by the ring of integers Ok of an imaginary quadratic field
K and study Brauer groups and Brauer—Manin obstructions to weak approximation for
Kummer surfaces of products of elliptic curves E, E’ over Q with complex multiplica-
tion by Ok. Note that the assumption that O is the endomorphism ring of an elliptic
curve over QQ implies that K is an imaginary quadratic field of class number one (see e.g.
[25, Theorem 11.4.1]), but this is the only restriction on K. Moreover, our assumptions
also imply that the elliptic curves E and E’ are geometrically isomorphic, see e.g. [25,
Proposition I1.2.1].

Theorem 1.1 Let K be an imaginary quadratic field and let Y = Kum(E x E’) for elliptic
curves E, E' over Q with End E = End E’ = Ok. Suppose that Br(Y)/ Br1(Y) contains an

element of order n > 1. Then K € {Q(&3), Q(i), Q(v/=7), Q(v—2), Q(v/—11)} and n < 10.

Remark 1.2 Similar results can be obtained in the more general setting where the elliptic
curves can have CM by non-maximal orders in Ok, see Remark 3.2 below.

In Theorem 1.1 and throughout the paper, we write Kum(E x E’) to mean the minimal
desingularisation of the quotient of E x E’ by the action of —1, which sends (P, Q) to
(—P, —Q). Such Kummer surfaces are examples of so-called singular K3 surfaces, which
are defined to be K3 surfaces of maximal Picard rank.

The cases of Theorem 1.1 where K is Q(i) or Q(¢3) follow from work of Valloni on Brauer
groups of principal K3 surfaces with CM in [28]. In the case where K = Q(i), the odd order
torsion in the Brauer group was computed by Ieronymou—Skorobogatov—Zarhin [14] and
Ieronymou-Skorobogatov [12] in their study of Brauer groups of diagonal quartic surfaces.
In particular, [12, Theorem 1.1] also applies to the Kummer surface Y = Kum(E"! x E"™2)

3 — mx for m € Q. It shows that

where E™ has affine equation y2 =x
Z)3Z if —3mimy € (—4)Q*4,
(Br(Y)/Br(Q))odd = (Br(Y)/Bri(Y))oad = {Z/5Z if 53mymy € (—4)Q*%,  (2)
0 otherwise.

Our next result handles all cases where O = {+1}.
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Theorem 1.3 Let K be an imaginary quadratic field with O = {£1} and let Y =
Kum(E x E') for elliptic curves E, E' over Q with EndE = EndE’ = Ok. Suppose that
Br(Y) \ Br(Q) contains an element of odd order. Then

(1) K € {Q(v=2), Qv-11)};
(2) Br(Y)/Bri(Y) = Br(Y)s/ Br1(Y)s = Z/3%Z;
2 K —
(3) Bri(Y)/Br(Q) = (/25 ’,fK -V
727 ifK = Q(v—11);
(4) Y is the minimal desingularisation of the projective surface with affine equation
u? = af (x)f (t) where

f(x) =« + 4x® + 2x and a € {3, 6} ifK = Q(v/=2),
flx)=x3—-25.33 110 +2*.32. 7. 112 and a € {-3,33}) ifK = Q(~/—11).

The remaining, and most interesting, case is K = Q(¢3). Any elliptic curve E over Q with
End E = Z[¢3] has an affine equation of the form E% : y?> = x3 + 4 for some a € Q*. Let
¢ d € Q% and let Y = Kum(E¢ x E?). Then Br(Y) can contain transcendental elements
of odd order # for n < 9. Cases involving elements of order divisible by 3 require a more
delicate analysis, essentially because 3 ramifies in the CM field Q(¢3), and will be explored
in future work. For elements of order 5 or 7, we have the following:

Theorem 1.4 For a € Q%, let E* be the elliptic curve over Q with affine equation y* =
w3 +a Letc,d e Q% andlet Y = Kum(ES x E?). Let ¢ € {5,7} and let £(¢) = (—1)¢~D/2,
Then

ZJe7  ife(f) - 2% 05O . cd € (—3%)Q%,

0 otherwise.

(Br(Y)/ Bri(Y))go =

Furthermore, if (€) - 2% - 060 . ¢ed e (—33)Q*O then

Br(Y)/Br1(Y) = Br(Y)¢/ Bri(Y)e.

The reason for the focus on odd order torsion in Br(Y)/Bri(Y) is a result of Sko-
robogatov and Zarhin (Theorem 2.1 below), which shows that odd order torsion in
Br(E x E')/Bri(E x E’) descends to the transcendental Brauer group of Kum(E x E').
This means that one can transfer many calculations concerning transcendental Brauer
classes to the realm of abelian varieties. In particular, the method of Skorobogatov and
Zarhin described in Sect. 2.2 enables one to compute Brauer—Manin pairings for tran-
scendental Brauer group elements of odd order without the need to find explicit Azumaya
algebras representing them.

However, it is important that we consider Kummer surfaces and not just abelian sur-
faces, for the following reason. For torsors under abelian varieties over number fields, any
Brauer—Manin obstruction to the Hasse principle or weak approximation can already be
explained by an algebraic element in the Brauer group, see [8,17]. In contrast, for K3 sur-
faces, it can happen that the algebraic part of the Brauer group consists only of constant
elements (and so does not contribute to any Brauer—Manin obstruction), while there is
an obstruction coming from a transcendental element in the Brauer group. Examples of
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this phenomenon were given in [11,19,21]. Our next two results yield a new source of
examples.

Theorem 1.5 Let K be an imaginary quadratic field and let Y = Kum(E x E’) for elliptic
curves E, E' over Q with End E = End E’ = Ok. Let £ be an odd prime and if K = Q(3)
assume that £ > 3. Suppose that A € Br(Y), \ Br(Q). Then the evaluation map ev 4 :
Y(Q¢) — Br(Qy)¢ is surjective and hence

Y(AQ)* # Y(Aqg),
i.e. A obstructs weak approximation on Y.

Theorem 1.6 Reinstate the notation and assumptions of Theorem 1.4. Suppose that &(£) -
24050 . cd € (=33YQ*C and ¢ ¢ 2 - 150 . Q*3. Then

Br(Y) = Br(Q)

and hence the failure of weak approximation in Theorem 1.5 cannot be explained by any
algebraic element in the Brauer group of Y.

Remark 1.7 1. In Theorem 6.1 we prove a complement to Theorem 1.5, showing in
many cases that the evaluation maps ev 4,, for places v # ¢ are constant, cf. [12,
Theorem 1.2(i)].

2. Creutz and Viray showed in [9, Theorem 1.7] that if there is a Brauer—Manin obstruc-
tion to the Hasse principle on a Kummer variety, then there is an obstruction coming
from an element in the 2-primary part of the Brauer group. It was already known
(see e.g. [21]) that the analogous statement for Brauer—Manin obstructions to weak
approximation does not hold. Theorem 1.6 gives further illustration of this fact,
generalising the example given in [21, Theorem 1.3]. We note that the statement
of [21, Theorem 1.3] needs correcting: for A € Br(X)s3 \ Br(Q), the evaluation map
ev_4y : X(Q,) — Br(Q,)s is constant, but not necessarily zero, for all v # 3. However,
any such A does give an obstruction to weak approximation and there is a choice of
A for which the theorem holds as stated — one takes .4 = B, where the notation is
as in the proof of Theorem 6.1. This choice of A should be in force throughout [21,
Sect. 5], yielding corrections to the statements of [21, Proposition 5.1, Theorems 5.2,
5.3], see [22].

3. In the same way that Ieronymou, Skorobogatov and Zarhin used Kummer surfaces
of products of elliptic curves with CM by Z[i] to study Brauer groups and Brauer—
Manin obstructions on diagonal quartic surfaces in [12—14], the results of this paper
could be applied to the study of other families of quartic surfaces, e.g. those of
the form ax* + cxy® = bz* + dzw?® with abed € Q*, in other words the family of
surfaces geometrically isomorphic to Schur’s quartic surface. Note that these surfaces
contain lines given by x = z = 0 so any Brauer—Manin obstructions arising would

be obstructions to weak approximation.

1.1 Outline of the paper

We begin by gathering some preliminary results on transcendental elements of Brauer
groups and their evaluations at local points in Sect. 2. In Sect. 3, for K an imaginary
quadratic field with O = {£1}, we compute transcendental Brauer groups of products
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of elliptic curves over Q with CM by Ok and prove Theorem 1.1. In Sect. 4 we perform
the same calculation in the case where K = Q(¢3) and prove Theorem 1.4. In Sect. 5 we
compute the algebraic part of the Brauer group for each of the Kummer surfaces under
consideration and prove Theorem 1.6. Combining the results for the transcendental and
algebraic parts of the Brauer group allows us to prove Theorem 1.3. In Sect. 6 we consider
the evaluation of a Brauer group element of prime order ¢ at p-adic points with p # £ and
show in many cases that these evaluation maps are constant, providing a complement to
Theorem 1.5. Section 7 is devoted to the proof of Theorem 1.5.

1.2 Notation

If A is an abelian group and # a positive integer, then A, and A/n denote the kernel and
cokernel, respectively, of multiplication by # on A. If £ is prime, then A;~ denotes the
£-power torsion subgroup of A.

If k is a field of characteristic zero, then k denotes an algebraic closure of k and I'
denotes the absolute Galois group Gal(k/k). If X is an algebraic variety over k and //k is a
field extension then X; denotes the base change X x /. The base change X x k is denoted
by X.

The Brauer group of X /k is denoted by Br(X) and its algebraic part ker(Br(X) — Br(X))
is denoted by Br;(X). The quotient Br(X)/Bri(X) is called the transcendental part of
Br(X), or the transcendental Brauer group of X.

For an elliptic curve E/k we denote by End E the full ring of endomorphisms defined

over k.

2 Preliminaries

2.1 Transcendental Brauer groups

The following result of Skorobogatov and Zarhin allows us to move between the transcen-
dental Brauer group of an abelian surface and that of the associated Kummer surface.

Theorem 2.1 ([26, Theorem 2.4]) Let A be an abelian surface, let Y = Kum(A) and let
n € Zwo. There is a natural embedding

Br(Y)n/ Bri(Y)n < Br(A)/Bri(A), ()

which is an isomorphism if n is odd. The subgroups of elements of odd order of the tran-
scendental Brauer groups Br(Y)/ Br1(Y) and Br(A)/ Br1(A) are isomorphic.

To calculate the transcendental part of the Brauer group for products of elliptic curves,
we use another result of Skorobogatov and Zarhin.

Proposition 2.2 ([26, Proposition 3.3]) Let E and E’ be elliptic curves over a field k of
characteristic zero. For n € Z~., we have a canonical isomorphism of abelian groups

Br(E x E'),/ Br1(E x E'), = Homr (E,, E,)/(Hom(E, E')/n)"*.
When the elliptic curves have complex multiplication, we can say more.

Definition 2.3 Let k be a field of characteristic zero and let E, E’ be elliptic curves over k
with £ = E" and End E = End £’ = O for an imaginary quadratic field K. For # € Z-,
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we define I'g-submodules of Hom(E,, E},), as follows:

Hom(E,, E;)* = {¢ € Hom(E,, E,)) | ¢ o B = Bop VB € Ok};
Hom(E,, E,)” = {¢ € Hom(E,, E,) | 9o B = Bo o VB € Ok},

where 8 denotes the complex conjugate of .

The following lemma and corollary are slight generalisations of some results from [12,

§3].

Lemma 2.4 Let k be a field of characteristic zero. Let d € Z-o be squarefree and let
K = Q(v/—d). Let E, E' be elliptic curves over k with E = E' and EndE = End E’ = Ox.
For all n € Z~ coprime to 2d, we have equalities of T'x-modules

Hom(E,, E,) = Hom(E,, E,,)" ® Hom(E,, E,)~ (4)
and

Hom(E, E')/n = Hom(E,, E,)*. (5)
In the case d = 3, (4) and (5) hold for all n € Z- coprime to 3.

Proof First suppose that # is coprime to 2d. Then multiplication by v/ —d is invertible on
E, and E;, and we have

Hom(En’ E}/'I)Jr = {¢ € Hom(En: E;I) | \/jd ooy —d_l = w},
Hom(E”’ E}/'l)7 = {¢ € Hom(E,,, E;l) | \/jdo @Yoy —d_l = —90}‘

Since 7 is odd, we can write any ¢ € Hom(E,, E,,) as

g = % ((p+\/—do¢)ow/—d1) + % <<p— —do¢0\/—d1>

and thus prove (4).
The case d = 3 and n coprime to 3 is similar except that we consider conjugation by ¢3
instead of ~/—d. Since ;“33 =1, we have

Hom(E,, E,) = Hom(E,, E,)° ® Hom(E,, E,)* & Hom(E,, E,,)*
where Hom(E,,, E,Y = {¢ € Hom(E,, E}) | {3090 " = ¢} o). Butifp € Hom(E,, EL)!
then0 = ¢ o (§3_1 — 1), which implies that ¢ 0 3 = 0 and hence ¢ = 0, as # is coprime
to 3. Therefore, Hom(E,, E|)! = 0. Now observe that Hom(E,, E,,)° = Hom(E,, E,)* and
Hom(E,, E})?> = Hom(E,, E,,)~ to complete the proof of (4).

For (5), view End(E) and End(E,) as (’)I?—modules via the action of (91? = AutE on
the second factor in each case, so that & € Oy sends an endomorphism ¢ to ag. Since
E = F/, the elliptic curve E’ is a twist of E by an element in H!(k, Aut £) = H!(k, Og)-
Thus, the I'y-modules Hom(E, £') and Hom(E,, E},) are twists of End(E) and End(E,),
respectively, by the same element of H(k, (91?), acting on the second factor. Therefore,
it is enough to prove that End(E)/n = End(E,)". Since End(E) = Ok, it is clear that
End(E)/n C End(E,)". Equality follows from the fact that both are isomorphic to (Z/nZ)?
as abelian groups. ]
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Corollary 2.5 Under the assumptions of Lemma 2.4, we have a canonical isomorphism of
abelian groups

Br(E x E'),/Bri(E x E'),, = Homr, (E,, E;) .
Proof Follows immediately from Proposition 2.2 and Lemma 2.4. ]

In order to use Proposition 2.2 to calculate the whole of the transcendental part of the
Brauer group, we will need the following material from [21].

Definition 2.6 Fix a number field L, an imaginary quadratic field K and a prime number
£ € Z.Define n(£) to be the largest integer ¢ such that the ring class field K,: corresponding
to the order Z + ¢! Og embeds into KL.

Theorem 2.7 Let L be a number field and let E/L be an elliptic curve such that End E =
Ok for an imaginary quadratic field K. Then for all prime numbers { € Z,

( Br(E x E) ) Br(E x E) )
ZOO

Bri(E x E) - Bri(E x E)en(@)‘

Proof This is an immediate consequence of [21, Proposition 2.2, Theorems 2.5 and 2.9].
O

To aid us in our applications of Theorem 2.7, we will need the following well-known
formula for the degree of a ring class field (see [7, Theorem 7.24], for example). Let K be
an imaginary quadratic field with discriminant Ag and class number /i, let ¢ € Z~ ¢ and
let O, = Z + c¢Ok be the order of conductor ¢ in Og. Then

Y ( (AK> 1)
K :Kl=—— 1—(==1)2). 6
[ ! [OE:OCX]H pJ)p ©)

ple
The symbol ( ;) denotes the Legendre symbol for odd primes. For the prime 2, the Legendre
symbol is replaced by the Kronecker symbol (3), with

Ag )
T =11 if Ax =1 (mod 8),
—1 ifAK =5 (mod 8)

2.2 Evaluation maps
Let k be a number field. Let d € Z.¢ be squarefree and let K = Q(v/—d). Let E, E be
elliptic curves over k with £ = E’ and End £ = End E’ = Ok and let Y = Kum(E x E').
Let n € Z~¢ be coprime to 24 and let ¢ € Homr, (E;, E,)”. For the reader’s convenience,
following [12, §5.1], [26, §3], we summarise here the construction of an element of Br(Y’),
from ¢, and describe its evaluation at a p-adic point of Y in terms of a cup-product map.
Multiplication by # on E turns E into an E-torsor with structure group E,,. Denote this
torsor by 7 and let [7] denote its class in Hét (E E,). Similarly, let 7’ denote E’ considered
as an E’-torsor with structure group E,, and let [7'] denote its class in H(lét(E/, E)). The
homomorphism ¢ : E, — E, gives rise to the E’-torsor ¢, 7’ with structure group E,,
with class [¢,T'] € Hét(E/, E,).
Composing the cup-product map with the Weil pairing E,, x E, — u, yields a pairing

H},(E x E,E,) x HY(E x E/,E,) — Br(E x E),. (7)
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Letp: E X E' — Eandp' : E x E' — E' be the natural projection maps. The pullbacks
p*Th and p* ¢, T’ are E x E’-torsors with structure group E,; let C € Br(E x E’), denote
the pairing of their classes in Hiﬁt(E x E', E,) via (7). By [26, Lemma 3.1, Proposition 3.3],
the natural map
Br(E x E'), — Br(E x E),/ Bri(E x E'),, = Homr, (E,, E,)~

sends C to ¢. Let ¢ denote the involution on Br(E x E’) induced by (P, Q) — (—P, —Q) on
E x E'. The proof of [26, Theorem 2.4] identifies Br(Y") with the subgroup of Br(E x E’)
consisting of elements fixed by t. By the functoriality and bilinearity of the cup product,
we find that ((C) = C. Let 3 be the element of Br(Y) corresponding to C.

Note that if we take quadratic twists of E and E’ by the same element a € k* then
there is a natural isomorphism Kum(E? x E’*) — Y. Applying the construction described
above to the homomorphism of I'y-modules E}* — E% coming from ¢, we obtain an
element of the Brauer group of Kum(E? x E’%) that is identified with B € Br(Y) under the
isomorphism Kum(E* x E'*) — Y.

Let F be a field containing k (e.g. F could be the completion of k at some place v of k).
Let P € E(F)\ Ey, let Q € E'(F)\ Ey and let [P, Q] € Y (F) denote the corresponding point
on the Kummer surface. Then

B([P, Q) = C((, Q)).
Let xp denote the image of P under the natural map x : E(F) — H(F E,) and let XQ
denote the image of Q under the natural map x : E'(F) — HYF, E},). The cup product
and the Weil pairing E, x E, — 1, give a pairing

U: HY(E E,) x H'(F, E,;) — Br(F),. (8)

Now the construction of C and the functoriality of the cup product show that

B([P, Q) = C((P, Q) = xp U ¢sx(xq) € Br(F)n. )
This description of the evaluation map, due to Skorobogatov and Zarhin in [26], is very
powerful because it enables one to evaluate transcendental elements of Br(Y) at local
points (and thus compute the Brauer—Manin pairing) without the need to obtain explicit
Azumaya algebras representing these elements of the Brauer group.

Lemma 2.8 Let k be a number field and let k, be its completion at a place v. Let d € Z~¢
be squarefree and let K = Q(~/—d). Let E, E' be elliptic curves over k with E = E' and
EndE = EndE' = Ok and let Y = Kum(E x E'). Let n € Z~q be coprime to 2d and
let ¢ € Homr(E;, E,)~. Let B € Br(Y) be constructed from ¢ as described above. If the
evaluation map

evg,y : Y(k,) = Br(k,),
y = B(y)

is constant then it is zero.

Proof LetP € E(ky,)\ E4 (so that 2P ¢ E;) and let Q € E'(ky) \ Es. If evp is constant then
B([2P, Q]) = B([P, Q]) and (9) gives

B([2P, Q]) = x2r U ¢«(x@) =2 (xr U ¢x(x@)) = 2B([P, Q).

Hence B([P, Q]) = 0, which suffices to prove the lemma. O
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3 CM by Ok with Og = {+1}: transcendental Brauer groups

If End E = O for an imaginary quadratic field K with (91? = {%1} (i.e. K is not Q(i) or
Q(¢3)), then the only twists of E are quadratic twists. Theorem 3.1 below shows that in
this case the transcendental part of the Brauer group of E x E’ has exponent at most 6,
where E’ denotes a quadratic twist of E. The theorem is stated for elliptic curves over K,
but the conclusion also holds for elliptic curves over QQ, by definition of the transcendental
part of the Brauer group (cf. (10) below).

Theorem 3.1 Let K be an imaginary quadratic field with Of = {£1}. Let E/K be an
elliptic curve with EndE = O, let E' be a quadratic twist of E and let T = Br(E x
E’)/Bri(E x E').

(i) IfK = Q(v/—2) then T is killed by 6.
(i) IfK = Q(v/=7) then T is killed by 4.
(iii) IfK = Q(v/—11) then T is killed by 3.
(iv) In all other cases, T = 0.

Proof Let E’ be the quadratic twist of E by some a € K* and let L = K(\/a). Write
A = E x E' = E x E* Observe that A; is isomorphic to E x E over L and by definition

we have
Br(A)/Bri(A) < Br(Ar)/ Bri(Ayr). (10)
Applying [21, Theorem 1.1 and Proposition 2.2], we see that for any prime number ¢,
(Br(Ar)/ Bri(Ap))es = Br(AL) ey / Bri(Ar) pne) (11)

where n(¢) is the largest integer ¢ such that the ring class field K¢ corresponding to the
order Z + ¢!Ok embeds into L. Bounds on n(£) are easily obtained by noting that if K
embeds into L then [K,: : K] divides [L : K] < 2. Furthermore, we can use the formula (6)
to calculate [K: : K], noting that the theory of complex multiplication shows that ix = 1,
since the Hilbert class field Hx is equal to K(j(E)) and E is defined over K. In this way,
we find that #(¢) = 0 for all £ > 5. For £ = 3, we find that #(3) < 1, and #(3) = 0 unless

K is an imaginary quadratic field of class number one with % = 1, ie. unless K €
{Q(v/—2), Q(+/—11)}. Similarly, we find that #(2) = 0 unless K € {Q(v/—7), Q(~/—2)},
and furthermore n(2) < 1 if K = Q(v/—2) and n(2) < 2if K = Q(v/—7). |

Proof of Theorem 1.1 Asnoted in the introduction, the assumptions of Theorem 1.1 imply
that the CM field K has class number one and the elliptic curves E and E’ are geometrically
isomorphic. If O = {#1}, then this means that E’ is a quadratic twist of E and the result
follows from Theorems 3.1 and 2.1. The remaining cases, where K € {Q(i), Q(¢3)}, follow
from [28, Examples 1 and 2, pp. 48-51] and Theorem 2.1. O

Remark 3.2 1f we relax the assumptions of Theorem 1.1 to allow E and E’ to have CM
by orders O; and Oy in Ok of conductors f and f', respectively, we can obtain simi-
lar results using the existence of isogenies of degrees f and ' from E and E’, respec-
tively, to elliptic curves with CM by Ok. Since K; = K(i(E)) = K = K((E')) =
Ky (see e.g. [7, Theorem 11.1]), the formula (6) shows that f,f < 3 and K €
{Q(z3), Qi), Q(V/—=7), Q(v/=2), Q(~/—11)}. Bounds on the order of a non-trivial class in

the transcendental Brauer group then follow from [2, Theorem 5.13] and Theorem 2.1.
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Thus, in the setting of Theorem 3.1, an element of odd order in Br(E x E’)/ Bri(E x E’)
has order dividing 3. In Sect. 4, we will see that the situation is more interesting in
the case of elliptic curves with complex multiplication by Z[¢3], where sextic twists can
occur. But first we will investigate the cases in Theorem 3.1 where non-trivial elements
of odd order can occur in the transcendental part of the Brauer group, namely when
K € {Q(v/=2), Q(+/—11)}. Elements of odd order are of particular interest to us because
Theorem 2.1 shows that they descend to the transcendental part of the Brauer group of
the relevant Kummer surface, where there is a chance they may give obstructions to weak
approximation that cannot be explained by any algebraic element in the Brauer group.

Lemma 3.3 Let K € {Q(v/—=2), Q(v/—11)}, let F € {Q, K}, let E/F be an elliptic curve
such that End E = Ok and let a € F*. Then

Br(E x E%) _ Br(E x E%);3
Bri(E x E%) )30 Bri(E x E4)3’
Proof LetA = E x E®. Since Br(A) is torsion (see [5, Lemma 3.5.3]),
(Br(A)/ Bri(A))z~ = Br(A)sze~/ Bry(A)sc.

Let A € Br(4)3~ and let L = K(+/a). Then (10), (11) and the fact that #(3) < 1 (see the
proof of Theorem 3.1) give

(Br(A)/ Br1(A))ze~ < Br(Ar)3/ Bri(Ar)s. (12)

Hence, Res;/r A = B+ C where B € Br(Ay)3 and C € Bri(A[)3~. Applying corestriction
yields

[L:F]- A= COI‘L/FB + Cory/r C,

where Cory/r B € Br(A)sz and Cory/r C € Bri(A)3«, by [4, Lemme 1.4]. Since [L : F] is
coprime to 3, we can invert [L : F] modulo the order of A to see that the class of A in
Br(A)sc/ Bri(A)s~ lies in Br(A)3/ Bry(A4)s. |

Proposition 3.4 Let K € {Q(+/—2), Q(«/—11)}, let E/K be an elliptic curve with CM by
Ok, let a € K* and let E* denote the quadratic twist of E by a. Suppose that Br(E X
E?)/Bri(E x E?) contains an element of order 3. Then K(\/a) = K(v/—3) and hence
ae—3-K*2

Proof The proofof Theorem 3.1 shows that if the 3-primary part of Br(E x E?)/ Br1(E X E%)
is non-trivial (so necessarily 7(3) > 0) then K(y/a) = Kj. It is easily checked that K3 =

K(/=3). o

Theorem 3.5 Let K € {Q(v/—2), Q(+/—11)}, let F € {Q, K} and let E/F be an elliptic
curve such that End E = Og. Furthermore, let a € F* N =3 - K*2. Then

Br(E x E*)/Bri(E x E%) = %

= Homr, (Es, Eél)_
(Z/37)* ifF =K;
7/3Z  ifF =Q.
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Remark 3.6 In Theorem 3.5, if F = K then one may assume ¢ = —3 since multiplying
a by an element of F*? does not change E%. Likewise, if F = Q then one may assume
a € {—3,6}ifK = Q(v/—2),anda € {—3,33}if K = Q(v/—11). Proposition 3.4 shows that
these are the only quadratic twists for which Br(E x E%)/ Br1(E x E%) contains non-trivial
elements of odd order.

Proof of Theorem 3.5 We begin by computing Homr, (E3, E{) ™. Since K has class number
one, the theory of complex multiplication shows that any two elliptic curves over F with
CM by Ok are geometrically isomorphic and hence quadratic twists of each other, in
this case. Therefore, we can select a chosen elliptic curve £/F with CM by Ok and write
E = & for some 8§ € F*. Thus, E* = £% and Hom(E3, E%) = Hom(é’g, 6’?5). Now I'rp
acts on Hom(&2, 53‘:8) by conjugation and the two quadratic twists by § cancel each other
out so that Hom(é'g, 53‘,’5) = Hom(&3, £%) as a I'r-module. Furthermore, the I'r-module
Hom(&3, £5)7 is the quadratic twist of End(€3) ™ by the quadratic character corresponding
to F(y/a)/F.In other words, we identify Hom(&3, £5)~ with the group End(€3)~ equipped
with an action of I'r such that o € I'r sends ¢ € End(£3)~ to %awo‘l.

o K = Q(+/—2): We take £ to be the elliptic curve with affine equation y? = x> 4 4«2 4 2x,
which has complex multiplication by Z[+/—2] by [25, Proposition I1.2.3.1(ii)]. One com-
putes that Homr, (&3, 53_3)_ =~ (Z/3Z)* and Homr, (€3, 53_3)_ = Homr(&s, 536)_ =
Z/3Z. This can be done by calculating the 3-torsion points of £ and using the fact that the
I'r-module Hom(&3, &5 %)~ is the quadratic twist of End(£3)~ by the quadratic character
corresponding to F(v/—3)/F. Alternatively, for an explicit computation of the 'g-modules
Hom(&3, £5) for a € {—3, 6}, see the proof of [1, Lemma 2.3.3].

Now Lemma 3.3 and Corollary 2.5 show that

Br(E x E* Br(E x E
<&) = T D Homr (6. 9)
300

Bri(E x E4) " Bri(E x E%)3

By Theorem 3.1(i), it only remains to show that the 2-primary part of Br(E x E%)/ Br;(E x
E%) is trivial. Write A = E x E% and L = K(4/a). By (10), (11) and the computation of
n(2) in the proof of Theorem 3.1, it is enough to show that Br(Ay)2/ Bri(Ar)2 = 0. Now
Proposition 2.2 shows that

Br(A)2/ Bri(Az)2 = Endr, (E2)/(End E/2)".

One computes that this quotient is trivial. As before, one can take E = £ and compute
the 2-torsion explicitly. For the details, see the proof of [1, Lemma 2.3.6].

e K = Q(+/—11): We take & to be the elliptic curve with LMEDB label 121.b2, which has
affine equation y?+y = x% —x2 —7x+10. This is the modular curve X% (11). It has complex
multiplication by Z[%_Tl] by [27]. One computes that Homr, (&3, 5;3)_ = (Z/37Z)*
and Homr@(é’g, &y 3 = Homr, (&3, 5?3)_ = 7Z/37Z. Explicit calculations can be found
in the proof of [1, Theorem 2.4.1]. Now Theorem 3.1(ii), Lemma 3.3 and Corollary 2.5
show that

Br(E x E%) Br(E x E%)3

- = Homr, (€3, £9)".
Bri(E x E4) Bri(E x E4)3 omr; (&3, £3)
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4 CM by Z[¢3]: transcendental Brauer groups
Throughout this section, for ¢ € Q*, let E€ denote the elliptic curve over Q with affine
equation

EC:y?P=x+c

The curve E€ has complex multiplication by Z[¢3], where {3 denotes a primitive 3rd root
of unity. Multiplication by ¢3 sends

(% y) > (¢3% 7).

The curve E€ is the sextic twist of y? = x3 4 1 by the class of ¢! in H!(Q, j16). Since Q(¢3)
has class number one, any elliptic curve over Q with complex multiplication by Z[¢3] is of
the form E° for some ¢ € Q*.

In this section, we study the transcendental Brauer groups of E° x E4 and Kum(E€ x E¥)
for ¢, d € Q*.

Lemma 4.1 Letc, d € Q. For every prime number £ > 7,
(Br(E€ x E%)/ Bry(E® x E%))y = 0.
Fort € {57},
(Br(E€ x E?)/Bri(E¢ x E%))y = Br(E€ x E%);/ Bri(E® x E%),.
Fort € {2, 3},
(Br(E€ x E%)/Br(E¢ x E%))y = (Br(E® x E%)/ Bri(ES x E%)),.
Proof Let A = E¢ x E% and let Y = Kum A. By definition of Br;(Y), we have an injection
Br(Y)/Bri(Y) — Br(¥)'ee),

Since Y is a K3 surface with CM by Z[¢3], we can apply [28, Example 2, pp. 50-51] to YV’
to see that, for all primes £ > 7, Br(Y)Zg(m = 0 and hence (Br(Y)/Bri(Y))¢~ = 0. Since
Br(Y) is a torsion group, (Br(Y)/Bri(Y))¢~ = Br(Y )~/ Bri(Y)e~. The first statement
now follows easily from Theorem 2.1.

Let L = (@(Cg, W) so that A;, = E€ x E°. By definition,

Br(A),/ Bri(A)y < Br(AL)u/ Bri(AL)x (13)
for all n € Z-. By Theorem 2.7, for any prime number ¢,
(Br(Az)/ Bri(Ar))eee = Br(Ar) e/ Bri(AL) pue (14)

where n(£) is as defined in Definition 2.6.
Observe that [L : Q(£3)] | 6. By (6), we have [Kg : Q(¢3)] = 4 and [Ky7 : Q(£3)] = 9,
whence n(2), n(3) < 2. This, together with (13) and (14), proves the statement for £ € {2, 3}.
Now suppose that £ € {5, 7}. By (6), [Kj2 : Q(¢3)] = 2€ > 6,50 n(£) < 1. Our discussion
above shows that

(Br(Ar)/ Bri(Ar))e~ = (Br(Az))e/(Bri(Ar))e. (15)

Now an argument using restriction and corestriction similar to the one used in the proof
of Lemma 3.3 shows that (Br(A)/ Bri(A))g~ = Br(A)¢/ Bri(A)e. O
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In this paper, we will focus on the cases with CM by Z[¢3] where the transcendental part
of the Brauer group contains an element of order 5 or 7. The other cases will be discussed

in future work.

Lemma 4.2 Letc,d € Q% and let Y = Kum(E® x E?). Let ¢ € {5,7} and suppose that
(Br(Y)/Bri1(Y))¢ # 0. Then (3) yields an isomorphism

Br(Y)/Bri(Y) = Br(E® x E%)¢/Br1(E¢ x E%),.
Proof This follows from [28, Example 2, pp. 50-51] and Lemma 4.1. O

We now calculate Br(E¢ x Ed)g/ Bri(E¢ x E%), for € € {5,7)}, using Corollary 2.5. To
compute HomrQ (Ed, EE)_ for £ € {5, 7}, we will use Eisenstein’s sextic reciprocity law, as
stated in [16, Theorem 7.10].

Definition 4.3 An element a + b{3 € Z[¢3] is called E-primary if b = 0 mod 3 and

a+b=1mod4,if2|b,
b=1mod4,if2 | a,
a =3 mod 4, if21ab.

Let N denote the norm map Ng;,)q @ Q(¢3) — Q. Recall the definition of the sextic
residue symbol: for A, w € Z[¢3] with 7 prime, (%) 6 is the unique 6th root of unity
satisfying
m)— A
AN( = = <—> (mod ).
6

T

Theorem 4.4 (Eisenstein) If B, y € Z[¢3] are E-primary and relatively prime, then

B N(B)-1 N()-1 y)
= = (-1 2 2 — .
(V)s 1 (,3 6

Definition 4.5 Let « = /c/d and let ¢, : E? — E° be the isomorphism defined over

Q(«) given by (x, y) > (0%, asy).

We use (—33)Q*° to denote Q*® U —33 . Q*°,

Proposition 4.6 View ') and T'q,) as subgroups of T, so that the set difference
Cow) \ T'oes) is defined.

(i) If2*-5-cd € (—3%)Q*® then, for T € Co@) \ T'q(g) abusing notation and viewing
T o ¢y as an element ofHom(Eg, E%),

Br(E® x E%)5/ Bri(E¢ x E%)s = Homry (ES, ES)™ = (Z/5Z) - T 0 ¢ = Z/5L.

Otherwise, Br(E¢ x E%)s/ Bry(E€ x E%)5 = 0.
(ii) If—2*-771.cd € (—33)Q* then, fort € L) \T'q(zs) abusing notation and viewing
T o ¢y as an element ofHom(Egl, E%),

Br(E® x E%)7/ Bri(E¢ x E%); = Homr(ES, ES)™ = (Z/7Z) - T 0 ¢ = L] 7.

Otherwise, Br(E€ x E%);/Br1(E€ x E%); = 0.
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Proof Multiplying by 6th powers if necessary, we may assume that ¢,d € Z. By Corol-
lary 2.5 it suffices to compute Homr, (Egl, Ef)" fort € {5,7}. Lete(f) = (=1)€=1/2 First,
we will show that

Hom(E4, ES)~  ife(0) - 2%¢°®) . cd € (—3%)Q*5;

d —
HomrQ({g) (E{,E;)” = ‘
otherwise.

To prove this claim, we will determine the action of I'g(z) on Hom(Ef, Eﬁ)_ via a study
of the actions of Frobenius elements for sufficiently many primes in Z[¢3]. The action of
I"g(g,) factors through Gal(Q(¢3, E7, Egl) /Q(&3)). Let w € Z[¢3] be an E-primary prime that
is coprime to 6¢d¢ and unramified in Q(¢3, E7, Ezl) /Q(¢3). The prime ideals generated by
such 7w comprise all but finitely many prime ideals of Z[{3], as every prime ideal of Z[¢3] that
is coprime to 6 has an E-primary generator. Furthermore, Chebotarev’s density theorem
shows that Gal(Q(¢3, Ef, Ejf )/Q(¢3)) is generated by Frobenius elements associated to such
primes 7. We require 7 to be E-primary so that we can apply sextic reciprocity later on
in the proof. In particular, we have 7 = +1 (mod 3).

For a € {c d}, let Yga/q(;) be the Gréssencharakter attached to £4/Q(¢3). We write
YEa Q(g;) () for the image under Yga () of the idele (1,...,1,7,1,1,...) with entry
at the place () and entry 1 at every other place. Then Frob, € Gal(Q(¢3, Ej, Eg) /Q(&3))
acts on E7 as multiplication by ¥ga g (;;) () € Z[¢3], see [15, Corollary 4.1.3], for example.
By [25, Example 11.10.6],

4a 4a\"!

WE“/Q({s)(”) =t|— | r=%x|— TT. (16)
T /e T /e

The £1 here comes from the fact that [25, Example 11.10.6] is stated for primes that are

congruent to —1 (mod 3), whereas our E-primary prime 7 maybe congruent to either

1 or —1 (mod 3). In any case, the £1 in (16) is independent of a and is therefore of no

consequence for the action on Hom(E?, E7)™ by conjugation, as the %1 for the actions on
E€ and E“ cancel out. Thus, for ¢ € Hom(EZl, E})~, we have

4c\ 7! ad
Frob, -¢ = (f) T (;) P
6 6

-1

2%cd
- ( a ) r7 Ly, (17)
T Je
e For ¢ = 5, sextic reciprocity gives
5
(—) = (Z) =% (mod5).
T/ 576

-1
Furthermore, 7 = 7° (mod 5), whereby 77! = <%)6 (mod 5). Substituting this
into (17) gives

-1

2% 5-cd
6

for all E-primary primes mw € Z[¢3] that are coprime to 30cd and unramified in

Q(¢s, E5, Eg’)/@(gg). Since z — 1 is invertible modulo 5 for all z € ug \ {1}, we deduce

that Frob,, -¢ = ¢ if and only if either ¢ = 0 or <M>6 = 1 for all E-primary primes

T
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7 € 7Z[¢3] that are coprime to 30cd and unramified in Q(¢3, E%, Eg )/Q(¢3). The latter con-
dition holds ifand only if2*-5-cd € Q*NQ(¢3)*® = (—33)Q*° (see [20, Theorem 9.1.11]).
Hence, if HomrQ(;S)(Ed, Ef)™ # Othen 2% . 5. cd € Q% NQ(¢3)*°, whereby (18) shows
that Homrms) (E9, E)” = Hom(EZ, EZ)™, as required.

e For ¢ = 7, factorise 7 in Z[¢3] as 7 = ww with @ = —1 — 3¢3. Then @w and —w are
both E-primary and sextic reciprocity gives

(),=(.(F),= 2,3,

Taking complex conjugates and then inverting both sides of (19) gives (_?7) ¢ =TT

77! (mod w). (19)

-1

(mod @) and hence (%7) 6= n~! (mod 7). Substituting this into (17) gives

-1

24 .71 . g4
6

for all E-primary primes m € Z[¢3] that are coprime to 42cd and unramified in
Q(¢3, ES, EZ)/Q(&3). As before, we deduce that if Homrg,,  (E4, ES)™ # 0 then —2%. 771
cd € Q% N Q(;B)XG _ <_33>@><6 and HomFQ({g)(E?’E;)_ = Hom(E;l, E?)™, completing
the proof of our claim.

To complete the proof of Proposition 4.6, it remains to compute Homr, (Ezl, Ej)” for
¢ € {5, 7} in the case where e(¢)-24¢¢(¥).cd € (—33)Q*. Itis easy to see that the conditions
on cd ensure that Q(¢3) ¢ Q(a) and hence there exists some 7 € ') \ Ig(gy). Now
observe that

Homry,  (E{, Ef)” = Hom(E{, E{)™ = {(a + b(3)T 0 ¢ | 4, b € Z/LZ},

Indeed, it is clear that {(a + b¢3)t o ¢y | a4, b € Z/LZ} C Hom(E%, E})” and both are
isomorphic to (Z/£Z)? as abelian groups.

Furthermore, since the image of t generates Gal(Q(¢3)/Q), an element of Homr@@ (Ef,
Ej)” is fixed by the action of I'gp if and only if it commutes with 7. Therefore,
Homr,, (Ef, E})” = (Z/LZ) - T o ¢y, as claimed. O

Proof of Theorem 1.4 This now follows from Theorem 2.1, Proposition 4.6 and Lemma 4.2.
O

5 Algebraic Brauer groups
Let E and E’ be elliptic curves over Q and let Y = Kum(E x E’). Since Y(Q) # @, the
Hochschild—Serre spectral sequence gives a short exact sequence

0 — Br(Q) — Bri(Y) — HY(Q, Pic(Y)) — 0. (21)

Since Y is a K3 surface, Pic(Y) = NS(Y). Furthermore, [26, Proposition 1.4(i)] gives a
short exact sequence

0 — Np & Ny — NS(Y) - Hom(E, E') — 0, (22)

where N and N, are permutation I'g modules and hence H!(Q, Ny ) = HY(Q, Nx) = 0.
Therefore, the long exact sequence of Galois cohomology attached to (22) can be combined
with (21) to yield

Br1(Y)/Br(Q) = HY(Q Pic(Y)) = H(Q Hom(E, E')). (23)
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Now suppose that End E = O for an imaginary quadratic field K and suppose that
there exists a finite extension L/K such that L/Q is Galois and E; = E;. Then inflation-
restriction gives an exact sequence

0 — HY(Gal(L/Q), Hom(E, E')) — HY(Q, Hom(E, E')) — H'(L, Hom(E, E')), (24)

where we view Hom(E, E') as a twist of O defined over L. But then H! (L, Hom(E, E)) =
Homs(T'z, Z2) = 0. Thus, (24) gives a canonical isomorphism from H! (Gal(L/Q), Hom(E,
E") to HY(Q, Hom(E, E’)). Plugging this into (23) gives

Br1(Y)/Br(Q) = H'(Q Hom(E, £')) = H'(Gal(L/Q), Hom(E, E')). (25)
Theorem 5.1 Letd € Z-¢ be squarefree so that K = Q(«/—d) is an imaginary quadratic
field. Let E/Q be an elliptic curve with End E = O, let E'/Q be the quadratic twist of E
bya € Q* andlet Y = Kum(E x E’). Then
0 ifQ(ya) C K and —d =1 mod 4;
Bri(Y)/Br(Q) = {(2/22)* ifQ(Va) ¢ K and —d = 2,3 mod 4;
7.]27 otherwise.

Proof Let L = K(«/a). Then (25) gives
Br1(Y)/Br(Q) = H'(Gal(L/Q), Hom(E, E'))

where the I'g-module Hom(E, £) is the twist of End E = Ok by the quadratic character
corresponding to Q(/a)/Q.

If Q(v/a) C K then Gal(L/Q) = Gal(K/Q) is cyclic and a Tate cohomology calculation
gives
0 if —d =1 mod 4;
7./27 if —d = 2,3 mod 4.

12

H!(Gal(L/Q), Hom(E, E'))

If Q(v/a) ¢ K then letting G = Gal(L/Q), N = Gal(L/K) and M = Hom(E, E’),
inflation-restriction gives an exact sequence

0 -» HY(G/N, MN) - HY(G, M) - H'WN, M)®/N — H2(G/N, MN).

Since M is the twist of O by the character corresponding to Q(+/a)/Q, the generator
of N acts as multiplication by —1 on M, whereby MN = 0 and the inflation-restriction
sequence yields an isomorphism from H! (G, M) to HY(N, M YG/N Now a Tate cohomology
calculation gives H!(N, M) = M /2M. One checks that

7.]27 if —d =1 mod 4

M /2Mm) N =
(Z.)27)* if —d =2,3 mod 4.

We now have all the necessary ingredients for the proof of Theorem 1.3.

Proof of Theorem 1.3 By Theorem 5.1, Br1(Y) \ Br(Q) contains no elements of odd order.
Therefore, the assumption that Br(Y) \ Br(Q) contains an element of odd order implies
that Br(Y)/ Bri(Y) # 0. Therefore, by Theorems 2.1 and 3.1, Br(Y)/ Bri(Y) contains an
element of order 3 and K € {Q(+/—2), Q(+/—11)}, proving (1). Hence, Y = Kum(E x E%)
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with a € —3K*2 N Q*, by Proposition 3.4. Now (2) follows from Theorems 2.1 and 3.5,
and (3) follows from Theorem 5.1. To prove (4), note that K has class number one and
therefore E is a quadratic twist of any chosen elliptic curve £/Q with End € = Og. We
take &€ with affine equation y> = f(x), where f (x) is as stated in Theorem 1.3. Thus, E has
equation Ay? = f(x) for some A € Q* and Kum(E x E?) is the minimal desingularisation
of the projective surface with affine equation A2u?> = af (x)f(t). Replacing u by Au and
computing (—3K*? N Q*)/Q*? completes the proof. O

Theorem 5.2 Fora € Q, let E*/Q be the elliptic curve with affine equation y* = x> + a.
Letc,d € 7\ {0}, let Y = Kum(E¢ x E%) and let o = Jc/d. We have

Z/3Z  ifQ(g3) € Qo) and [Q(a) : Q(&3)] = 3;
Bri(Y)/Br(Q) = 1Z/2Z  if [Q(e) : Q] = 2 and Q(er) # Q&3);

0 otherwise.

Proof 1f [Q() : Q] < 2 then E? is a quadratic twist of E° and the result follows from
Theorem 5.1. So henceforth we may assume that [Q(«) : Q] € {3, 6}.

Let ¢, : E? — E° be the isomorphism defined over Q(c) given by (x,y) — (a?

% ay),
whereby

Hom(E%, E°) = End(E°) 0 ¢ = Z[¢3] © ps
so (25) gives

Br1(Y)/Br(Q) = H'(Gal(L/Q), Z[¢3] o ¢a) (26)

where L = Q(¢3, ). It remains to calculate H! (Gal(L/Q), Z[3] o ¢q).
Inflation-restriction gives an exact sequence

0 — HY(Gal(Q(£3)/Q), (Z[¢3] 0 o)UY . HY(Gal(L/Q), ZIE3] © ¢
— HYGal(L/Q(&3)), Z[¢3] 0 o) QD s H2(Gal(Q(g3)/Q), (Zlg3] o ¢) SUE/QD),
(27)

Since Q(«) ¢ Q(¢3), the Galois group Gal(L/Q(¢3)) acts non-trivially on « and therefore
on ¢, and we have (Z[z3] o ¢ )FE/QE) = 0, Thus, (27) yields

H(Gal(L/Q), Z[£3] o do) = HN(Gal(L/Q(23)), ZIt3] 0 b)) 3@/ Q) (28)

Since Gal(L/Q(¢3)) is cyclic, we can use Tate cohomology to compute H! (Gal(L/Q(¢3)),

Z[g3] o ¢o).
First suppose that Gal(L/Q(¢3)) = Z/3Z. Then we can choose a generator o of
Gal(L/Q(¢3)) that sends ¢y to {3¢4. Therefore,

HY(Gal(L/Q(£3)), ZI3] © ¢a) = (Z[¢3] 0 $a)/ (83 — 1)(ZIE3] © ba)
= (2/3Z) - ¢a- (29)

The first isomorphism in (29) is induced by sending a 1-cocycle to its value at o. Let
f: Gal(L/Q(¢3)) — Z[¢3] o ¢ be the 1-cocycle sending o to ¢. To determine whether
HY(Gal(L/Q(£3)), Z[z3] 0 ¢g)FQ)/D s trivial or isomorphic to Z/37Z, we just have to
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check whether the class of f in HY(Gal(L/Q(¢3)), Z[¢3] o ¢y) is fixed by the action of
Gal(Q(¢3)/Q). Let T € Gal(L/Q) be such that its image in Gal(Q(¢3)/Q) is non-trivial.

1

Then tot~! = o~ and the 1-cocycle property gives

frlot) =f(6™Y) = =0 H(f(0)) = —t3¢s.

Therefore,

fio) =1 -frlor) =1 (—{3¢a) = —{37 - s (30)
by definition of the action of T on H (Gal(L/Q(¢3)), Z[¢3] o ¢g) in terms of its actions on
Gal(L/Q(¢3)) and on Z[¢3] o ¢y = Hom(E?, E°).

If [Q(e) : Q] = 3 then we may assume that t acts trivially on ¢, whereby (30) gives

f* (o) = —¢3¢. Hence, f* and f are not cohomologous (as can be seen using (29), for
example). Therefore, H! (Gal(L/Q(¢3)), Z[z3] 0 ¢e) G2 (QE)/Q = 0 and (26) and (28) give

Br1(Y)/ Br(Q) = HY(Gal(L/Q(¢3)), Z[¢3] 0 o) S2QI/Q = o,

On the other hand, if [Q(«) : Q] = 6 then Q(¢3) C Q(«r) = L and in fact Q(¢3) = Q(cr?).
In this case we may assume that t(¢) = —« and hence 7 - ¢ = —¢. Therefore, (30) gives
fT(0) = ¢3¢, and hence f7 is cohomologous to f (as can be seen using (29), for example).
Therefore, H' (Gal(L/Q(¢3)), Z[¢3] o o) GNQE)/Q) = (Z/3Z) - ¢4 and the result follows
from (26) and (28).

Finally, suppose that Gal(L/Q(¢3)) = Z/6Z. Then we can choose a generator of
Gal(L/Q(¢3)) that sends ¢y to —¢3¢,. Therefore,

HY(Gal(L/Q(£3)), ZI3] © ¢a) = (Z[E3] 0 )/ (83 + 1)(ZI[E3] 0 ¢a) = O.

By (26) and (28), our proof is complete. O
Theorem 1.6 now follows easily from Theorem 5.2.

Proof of Theorem 1.6 We have g(¢) - 2* - 260 . cd = (=3)3" . 5 for some n € {0,1} and

teQ*so
c &) 24 . 2O . 2
d  (=3)P¥m.t5

Suppose for contradiction that Q(¢3) C Q(W). Then Q(¢3) = Q(W) and hence
c/d € —3 - Q*2, which is evidently not the case. Furthermore, [Q(W) : Q] = 2if
and only if ¢/d lies in Q*3, if and only if ¢ € 2 - £5() . Q*3. Now the result follows from
Theorem 5.2. O

For completeness, we also include the calculation of the algebraic part of the Brauer
group in the case of CM by Z[i].

Theorem 5.3 Fora € Q, let E*/Q be the elliptic curve with affine equation y* = x> — ax.
Letc,d € 7\ {0}, let Y = Kum(E€ x E?%) and let « = c/d. We have

(z/22)*  if Q) : Q] = 2 and Q) # Q(i);
7.]27 otherwise.

Bri(Y)/Br(Q) =
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Proof The proof is very similar to that of Theorem 5.2 so we shall be brief. Given Theo-
rem 5.1, our concern is the case [Q(«) : Q] = 4. Let ¢y : E? — E€ be the isomorphism
defined over Q(«) given by (%, y) > (a?x, ®y), whereby

Br1(Y)/Br(Q) = H'(Gal(Z/Q), Z[i] o ¢4)

where L = Q(;, o). Inflation-restriction gives

HY(Gal(L/Q), Z[i] o ¢o) = H(Gal(L/Q(0)), Z[i] o ¢, QD = 7,27,

6 Constant evaluation maps

In this section, we prove the following analogue of [12, Theorem 1.2(i)].

Theorem 6.1 Let K # Q(y/—11) be an imaginary quadratic field and let Y = Kum(E x
E') for elliptic curves E, E' over Q with End E = End E’ = Ok. Let £ be an odd prime and
if K = Q(¢3) assume that £ > 3. Suppose that A € Br(Y), and let v # £ be a place of Q.
Then the evaluation map ev 4, : Y(Q,) — Br(Q,); is constant.

The statement for odd primes of good reduction for Y follows immediately from [3,
Theorem D, Remark 1.6.2], and in the remaining cases the proof boils down to showing
£-divisibility for the sets of local points of certain elliptic curves with bad reduction. We
will need the following elementary lemmas.

Lemma 6.2 Let K be an imaginary quadratic field and let Y = Kum(E x E’) for elliptic
curves E E' over Q with EndE = EndE’ = Ok. Let £ be an odd prime and if K =
Q(g3) assume that £ > 3. Suppose that A € Br(Y), \ Br(Q). Then £ < 7, K is one of
Q(¢3), Q) Q(V-2), Q(v/—11) and

Br(Y)¢/ Br(Q)e = Br(Y)¢/ Bri(Y)e = Homry (Ey, Ee)~ = Z/UZ. (31)

Furthermore, if ¢ € Homp, (E}, E¢)~ is non-zero then it is an isomorphism.

Proof Suppose for contradiction that A € Bri(Y). Then Theorems 5.1, 5.2 and 5.3 show
that K = Q(¢3) and £ = 3, contradicting our assumptions. Consequently, A € Br(Y), \
Br;(Y) and Theorem 1.1 shows that K € {Q(¢3), Q(i), Q(+v/=7), Q(+/—2), Q(~/—11)} and
¢ < 7. Since £ is odd, Theorem 1.3 shows that K # Q(v/—7).

For K = Q(¢3), (31) follows from Theorems 5.2, 2.1 and Proposition 4.6. For K =
Q(i), (31) follows from (2) and [12, Sect. 4]. For K equal to Q(v/—2) or Q(v/—11), (31)
follows from Theorems 1.3, 2.1 and Corollary 2.5 (note that £ must equal 3 in this case).

Now let 0 # ¢ € Homr,, (E,, E¢)~. We claim that ¢ is an isomorphism. For K = Q(3),
this follows from the explicit generator given in Proposition 4.6. For K = Q(i), it is proved
in [12, Sect. 5.1], and we adapt the argument therein for K equal to Q(+/—2) or Q(+/—11),
observing that 3 splits in K/Q as 3 = A4 and we can write E3 = E; @ E} but neither factor
is a I'g-submodule of Eé and therefore neither factor can be the kernel of ¢. Thus, the
restrictions of ¢ to E; and E;l are isomorphisms E; — Ej and E/X — E;. Hence, ¢ is an

isomorphism. O
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Lemma 6.3 Let E/Q be an elliptic curve with EndE = Z[/—2]. Then 2 is a prime of
bad reduction for E. Furthermore, if p # 3 is a prime of bad reduction for E then E(Qy) is
3-divisible.

Proof Since Q(+/—2) has class number one, E is a quadratic twist of y> = x3 4 4x? + 2x
by some squarefree a € Z \ {0}. Hence E has an affine equation y*> = x> + 4ax? + 2a°«.
One checks that this equation is minimal and that 2 is a prime of bad reduction. Running
Tate’s algorithm (see [25, IV.9], for example) shows that if p is a prime of bad reduction for
E then the reduction type is additive and the Tamagawa number |E(Qy)/Eo(Q))] is either
2 or 4, so it suffices to show that Eq(Q)) is 3-divisible. This follows from the description
of Eo(Qp) given in [23, Theorem 1]. O

Remark 6.4 The analogue of Lemma 6.3 for elliptic curves with complex multiplication
by Z[@] is false. For example, the elliptic curve E/Q with LMFDB label 121.b2,
which has affine equation y? +y = x3 — x2 — 7x + 10, has good (supersingular) reduction
at 2 and E(Q,)/E1(Q2) = 7Z/37Z, so E(Q,) is not 3-divisible. This is why Q(y/—11) was
excluded from Theorem 6.1; further investigation would be needed to determine whether
the statement still holds in that case.

Lemma 6.5 Let p and { be distinct primes with £ > 3. Let a € Q;, let E* denote the
elliptic curve with affine equation y* = x* + a and if p is odd suppose that E*/ Qp has bad
reduction. Then E*(Q)) is £-divisible.

Proof First suppose that E4/Q, has bad reduction. An examination of Tate’s algorithm
(see [25, IV.9], for example) shows that E4 has additive reduction at p and the Tamagawa
number [E4(Q)) : E§(Qy)] is at most 4. In particular, the Tamagawa number is coprime
to £ and thus the claim is proved once we have shown that £§(Q,) is £-divisible. The £-
divisibility of £5(Q,) follows from the description of this group given in [23, Theorem 1].
Now suppose that p = 2 and E4/Q, has good reduction. Tate’s algorithm shows that
this can only happen if ordy(a¢) = 4 and E“ has a minimal Weierstrass equation of the
form y? + y = x> + b for some b € Zj. The standard filtration on the Q, points of E is

E*(Q2) D EF(Q2) DEF(Q2) D ...

where E¢(Q2) denotes the kernel of the reduction map. The theory of formal groups
(see [24, IV, VII], for example) shows that E5(Q2) = 4Z,, which is ¢-divisible, and
?‘f(@z)/Eg(Qg) = Z/27Z. Therefore, E{(Q3) is ¢-divisible. Finally, E%(Q3)/E{(Q2) =
E(F9) = Z/3Z, whence it follows that E4(Q-) is £-divisible, as required. O

Proof of Theorem 6.1 The statement for the infinite place is clear, since Br(R) = Z/2 has
trivial £-torsion. The statement for odd primes of good reduction for Y follows from [3,
Theorem D, Remark 1.6.2].

If A € Br(Q) then there is nothing to prove, so henceforth we will assume that A €
Br(Y) \ Br(Q). Thus, by Lemma 6.2, K is one of Q(¢3), Q(i), Q(+/—2) and £ < 7.

For K = Q(i), we have (Br(Y)/Bri(Y))odd = Z/¢Z by (2). For K = Q(+/—2), Theo-
rem 1.3 shows that £ = 3 and Br(Y)/Br1(Y) = Z/3Z. For K = Q({3), we are assuming
that £ > 3, and Theorem 1.4 gives Br(Y)/ Br1(Y) = Z/¢Z. So from now on let p # € be a
finite prime and if p is odd assume that Y has bad reduction at p. Our task is to show that

ev 4,p is constant.
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Let0 # ¢ € Homr (E}, E¢)~ and let B be the element of Br(Y), constructed from ¢ as in
Sect. 2.2. By construction, and Lemma 6.2, B generates Br(Y),/ Br1(Y)¢ = Br(Y)¢/ Br(Q),.
Therefore, it suffices to prove that evjs : Y(Q,) — Br(Qy)¢ is the zero map.

Let E and E’ have affine equations E : y*> = f(x) and E’ : y* = g(x), respectively. Then
Y is the minimal desingularisation of the projective surface with affine equation

u? = f(x)g(t). (32)
Note that if E and E’ are both replaced by their quadratic twists by some A € Q*, with

affine equations E* : Ay> = f(x) and E” : Ay?> = g(x), respectively, then the resulting
Kummer surface has affine equation

Mu? = f(x)g(t)
and the map (x, t, u) — («, £, Au) gives an isomorphism back to the original model, showing
that the Kummer surface remains the same.

We adapt the arguments given in [12, Sect. 5] to our setting. Since the evaluation map
evpy : Y(Qp) — Br(Qp) is locally constant, it is enough to show that it is zero on all
Qp-points R = (xo, to, uo) satisfying (32). Let g = g(¢p). Again by local constancy, we
are free to use the implicit function theorem to replace R by a point R = (xy, £1, u1)
satisfying (32), sufficiently close to R, such that § = S € Q* and u; # 0. Now R’
gives rise to points P = (x1, 41/8) € E‘S(Qp) \E‘ZS and Q = (t,1) € E? (Qp) \Eé‘s. Note
that Kum(E? x E’) is the minimal desingularisation of the projective surface with affine
equation 8%u® = f(x)g(t) and the map (x, £, u) — (x, £, Su) gives a Q-isomorphism from
Kum(E? x E”®) to Y that sends the point corresponding to (P, Q) € E‘S(Qp) X E"S(Qp) to
R .Lety’ e Homr (EZS, E?)_ denote the isomorphism EZS — Eg coming from ¢. Now (9)
shows that

B(R) = xp Ui(xQ) € Br(Qp)e = ¢'Z/2 (33)
where xp is the image of P under y : E‘S(Qp) — Hl(Qp, Eg) and xq is the image of Q
under y : E"S(Qp) — Hl(Qp, Egs). The maps denoted by x factor through the quotients
E’S(Qp)/l and E”® (Qp)/¢, respectively.

Recall that p is either equal to 2 or a prime of bad reduction for Y. By [18, Lemma 4.2],
odd primes of good reduction for an abelian surface are primes of good reduction for the
corresponding Kummer surface. Therefore, switching E® and E”® if necessary, if p is odd
then we may assume that p is a prime of bad reduction for E?. Now Lemmas 6.3, 6.5 and
[12, Sect. 5.2] show that E’S(Qp)/é = 0 and hence (33) shows that B(R') = 0, as required.

O

7 Surjective evaluation maps

In this section, we prove Theorem 1.5. The notation and assumptions of that theorem will
be in force throughout this section. Furthermore, henceforth let ¢ be a non-zero element
of Homr, (Ey, E¢)~.

Proposition 7.1 To prove Theorem 1.5, it suffices to prove the existence of P € E(Qq) and
Q € E'(Qy) such that

xp U es(xqQ) #0

where xp is the image of P under x : E(Q¢) — HY(Qy, E¢) and XQ is the image of Q under
x : E'(Qp) - HY(Qq, E)).
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Proof Lemma 6.2 shows that ¢ is an isomorphism. Let B € Br(Y), be the element
constructed from ¢ as in Sect. 2.2. By construction, and Lemma 6.2, B generates
Br(Y)¢/Br1(Y), = Br(Y)¢/Br(Q),. Therefore, it suffices to prove Theorem 1.5 with
A = B. By continuity, we may assume that P and Q are not 2-torsion points (replac-
ing them with nearby points if necessary). Let [P, Q] € Y(Q) denote the point of Y
coming from (P, Q). Then (9) shows that

0 # xp U px(xqQ) = B(P, Ql) € Br(Q)¢ = ¢ 'Z/Z.

Furthermore, for all m € Z such that mP ¢ E,, we have

B([mP, Q) = xmp U ¢x(xq) = m(xp U ¢x(x0))-

Therefore, taking scalar multiples of P gives the desired surjectivity. (Again, we can always
substitute a sufficiently close point to avoid any issues with 2-torsion points.)

Finally, it is well known and easy to verify that having a non-constant evaluation map
evg, : Y(Qr) — Br(Qg), implies the existence of an adelic point on Y that does not pair
to zero with 5 under the Brauer—Manin pairing (1). O

Therefore, our task is to find P € E(Q;) and Q € E'(Qy) such that xp U ¢.(xq) # 0, as
in Proposition 7.1. We begin by treating the easier case where the order ¢ of our Brauer
group element splits in the CM field K.

7.1 The case of £ splitin K/Q

This section mimics [12, §5.3]. Let £ be an odd prime number that splits in K /Q, so £ = AL
for some A € Ok. This splitting will allow us to replace the cup-product pairing that gives
the evaluation map (see (9)) with a non-degenerate pairing H(Qg, E;) x HY(Qy, E) —
Br(Qg), (see (35) below). The proof of Theorem 1.5 in this setting will then come down to
showing that the images of E(Q;) and E'(Q;) in HY(Qy, E;) and H'(Qy, E}), respectively,
are sufficiently large.

Choose an embedding of K into Q; such that A is a uniformiser of Z, and A € ZZ. Now
E; = E; ® Ej as I'g,-modules and therefore H! (Qy, E¢) = H'(Qy, E;.) ® HY(Qy, E3). Since
the restriction of the skew-symmetric Weil pairing to each of the one-dimensional F,-
subspaces E; and Ej is trivial, each of the subspaces HY(Qy, E;) and HL(Qy, E;) is isotropic
for the pairing

U HYQp E¢) x HY(Qy, E¢) — Br(Qp)e = ¢7'Z/Z

described in (8). By the non-degeneracy of the cup product, these subspaces are maximal
isotropic subspaces of H'(Qy, E;), each of dimension % dim HY(Qy, E¢). Thus, (8) induces
a non-degenerate pairing

U: HY(Qq E) x HY(Qp, E5) — Br(Qq)¢ = ¢7'Z/Z. (34)
Recall that we have
0 # ¢ € Homry(Ey, E;)” = {y € Homry(Ey, Eo) | Yy = 7¥ ¥y € Ok}

Then ¢ = ¢' + ¢” where ¢’ is an isomorphism of I'g,-modules E; — Ej and ¢” is
an isomorphism of I'g,-modules E/i — E,. Consequently, the induced isomorphism
Os : Hl(Qg,Eé) — HYQy, E¢) is a sum of ¢/, : HI(QZ,EQ) — HYQ E;) and ¢! :
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HY(Qy, E%) — HY(Qy, E3). In conclusion, (34) together with ¢}, induces a non-degenerate
pairing

HY Qe Ex) x H'(Qo E}) — Br(Qe)e = ¢'Z/Z. (35)

We will use the non-degeneracy of the pairing (35) to prove Theorem 1.5 via Propo-

sition 7.1 in the case where ¢ splits in K /Q. For this to work, we will need to show that

the images of E(Q;) and E'(Q;) in HY(Qy, E;) and H!(Qy, E}), respectively, are sufficiently

large. We will frequently use that HY(Qy, E;) and E(Qg)/¢ are both maximal isotropic
subspaces of H'(Qy, E¢). Moreover,

E(Q¢)/x c HYQu Ey)
and E(Qy)/¢ = E(Q¢)/% ® E(Qq¢)/A.

We need to treat four cases as delineated in Lemma 6.2: the CM field K is one of

Q(23), Q) Q(v-2), Q(v/—11).

We begin with the case K = Q(+/—2). In this case, Theorem 1.3 shows that £ = 3 and
Y = Kum(E x E%) where E/Q is the elliptic curve with affine equation y> = x3 + 42 + 2x,
a € {—3, 6} and E* denotes the quadratic twist of E by a.

Proposition 7.2 Let E/Q have affine equation y* = x> + 4x> + 2x and let E* denote its
quadratic twist by a € Q*. Choose an embedding of Q(v/—2) in Q3 such that /-2 =
1 mod 3, whereby A = 1 — /=2 is a uniformiser for Z3 and . = 1 + /=2 € Z5. Then

E(Q3)/» = E(Q3)/A = Z/3Z
and for a € {—3, 6} we have E*(Qs3)/A = 0 and
H'(Qs, Ef) = E4(Q3)/% = E*(Q3)/3 = (Z/32)*.

Proof First, we prove the statement for E. This elliptic curve has good reduction at 3 and

we have
E(QS)/EI(QS) = E(]F3) - {O» (O) 0), (1) 1)) (1’ _1)1 (_L 1)1 (_L _1)}

Let £ denote the formal group associated to E. We have isomorphisms of topological
groups

(y)—>5F

Ev(Qs) 2 E(3Z5) 1% 324 (36)

where log denotes the formal logarithm, which is given by a power series T+ -, h7” "
for some b, € Z, see [24, Proposition IV.5.5]. These isomorphisms respect the action
of ~/=2. This means that A = 1 + +/—2 acts as a multiplication by a unit in Z3 and
A =1 — 4/—2 acts as multiplication by a uniformiser and hence

E1(Q3)/A = E1(Q3)/3 = Z/3. (37)
Now one checks that A induces an automorphism of E(Q3)/E1(Q3) = E(F3). Thus,

E(Qs3) = AE(Qs3) + £1(Q3) (38)

and

E(Q3)/r = E1(Q3)/A = Z/3
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by (37). Furthermore, (38) gives

AE(Q3) = 3E(Q3) + AE1(Q3) = 3E(Q3) + E1(Q3)

since A acts as an automorphism on E1(Qs3) by our discussion above. Therefore,

E(Qs3)/A = E(Qs3)/(3E(Q3) + E1(Qs3)) = E(F3)/3 = Z/3.

Now we deal with E% fora € {—3, 6}. In fact, since —2 € (@;2,15_3 and E® are isomorphic
over Q3 and we may take @ = —3 in what follows. The elliptic curve E~3 has additive
reduction at 3 and the Tamagawa number |E_3(Q3)/EO_ 3(Q3)| is 2, so we can replace
E~3(Q3) by Ey 3(Q3) in our calculations. As above, we find that

E(Qs)/ = E;°(@3)/3=Z/3 (39)
and

EP@s)/h=0. (40)
Furthermore, E;>(Q3)/E;>(Qs) = E;3(F3) = {O,(1,1),(1, —1)} and +/=2 acts as the
identity on £, 3(FF3), whereby

Ey*(Qs) = AEy*(Q3) + E{*(Q3) (41)
and hence

Ey*(@3)/h = E;*(@3) /3 =0
by (40). Moreover, (41) and (39) give

AE;3(Qs) = 3E;(Qs) + AE;*(Qs) = 3E;°(Qs).
Now [23, Theorem 1] shows that E;’ 3(Q3) =373 x Z /37 and hence

E*(@3)/h = Ey°(Qs)/3 = (2/32)".
Now since E~3(Q3)/3 = E~3(Q3)/A C HY(Q3, E;B), and E73(Qs3)/3 and H'(Qs, E;S) are

both maximal isotropic subspaces of H (Qs, E; 3, they must be equal. O

Corollary 7.3 Let E/Q have affine equation y* = x> + 4x*> 4 2x and let E* denote its
quadratic twist by a € Q*. Then for a € {—3, 6}, there exist P € E(Q3) and Q € E*(Q3)
such that xp U ¢+(xq) is non-zero.

Proof This follows from the non-degeneracy of (35), with £ =3 and A =1 — /-2, and
Proposition 7.2. O

Next, we treat the case where K = Q(+/—11). In this case, Theorem 1.3 shows that £ = 3
and Y = Kum(E x E%) where E/Q has affine equation y* = x® —2°.33.11x4+2%4.33.7.112,
a € {—3, 33} and E* denotes the quadratic twist of E by a. A minimal Weierstrass equation
for E is given by y? + y = 3 — x? — 7x + 10, see [27].

Proposition 7.4 Let E/Q have affine equation y*+y = x> — x> —7x+10 and let E* denote
its quadratic twist by a € Q. Choose an embedding of Q(v/—11) in Q3 such that /—11 =
1 mod 3, whereby A = (1 — «/—11)/2 is a uniformiser for Z3 and . = (1++/—11)/2 € Zy.
Then for a € {1, —3, 33} we have E*(Q3)/A = 0 and

H'(Q3, EY) = E“(Q3)/A = E“(Q3)/3 = Z/3Z.
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Proof Standard calculations similar to those in the proof of Proposition 7.2 show that

E(Q3)/A =0 and E(Q3)/A = E(Q3)/3 = Z/3.

Now since E(Q3)/3 = E(Q3)/A C HY(Qj3, E;) and both are maximal isotropic subspaces
of H'(Qs, E3), they must be equal. This completes the proof of the statement for E.

Now we deal with E% for a € {—3, 33}. Since —11 € (@;2, it suffices to take a = —3.
Using [6, §4.3] and Tate’s algorithm, we find that E~3(Q3) = Ey 3(Q3). Moreover, the
isomorphism (36) respects complex multiplication. Therefore,

E3(Q3)/h =0 and E;3(Qs3)/A = E;3(Q3)/3 = Z/3.

By [23, Definition 10 and Proposition 11], the map (x,y) — —x/y extends to an iso-
morphism of topological groups E 3(Q3) — E3(Zs). Furthermore, [23, Proposition 18]
gives an isomorphism of topological groups E~3(Z3) — Z3 extending the isomorphism
E~3(37Z3) — 373 given by the formal logarithm. Transporting the action of complex mul-
tiplication by A along these isomorphisms gives an endomorphism of Z3 that coincides
with multiplication by A on 3Z3. But this endomorphism must then be multiplication by
. The same argument applies to A and hence we have

Ey3(Q3)/h =0 and E;3(Qs3)/A = E;3(Qs)/3 = Z/3. (42)

The usual argument about maximal isotropic subspaces of H!(Qs, Ey %) completes the
proof. ]

Corollary 7.5 Let E/Q have affine equation y* = x> — x> — 7x + 10 and let E* denote its
quadratic twist by a € Q*. Then for a € {—3, 33}, there exist P € E(Q3) and Q € E*(Q3)
such that xp U ¢.(xq) is non-zero.

Proof This follows from the non-degeneracy of (35), with £ = 3 and A = (1 — /—11)/2,
and Proposition 7.4. O

Now we treat the case where K = Q(¢3). By Lemma 6.2, we have £ < 7. In this section,
our focus is on the case where ¢ splits in K/Q, so we take £ = 7. Fora € Q*, let E# denote
the ellliptic curve over Q with affine equation y> = x> + 4. Now Theorems 1.4 and 5.2
give Y = Kum(E€ x E%) where ¢, d € Q* satisfy —2% - 771 . cd € (—33)Q*C.

Proposition 7.6 For any a € QF, let E be the elliptic curve with affine equation y*
%% + a. Choose an embedding of Q(¢3) in Q3 such that ¢3 = 2 mod 7, whereby . =
1-— 24“32 = 3 + 2¢3 is a uniformiser for Zy and » = 1 — 2¢3 € Zs.

(1) Ifac2-7-Q° then E*(Q7)/A = 0 and

H'(Q7, Ef) = E*(Q7)/A = E(Q7)/7 = (Z/7Z)*.
(2) Ifa € —2-Q° then E*(Q7)/» = E*(Qy)/A = Z)71.
(3) In all other cases, E*(Q;)/A = 0 and

H'(Qy, Ef) = E“(Q7)/» = E“(Q7)/7 = Z/7Z.

Proof Recall that E4(Q;)/7 and HY(Qy, E¢) are both maximal isotropic subspaces of
HY(Q,, E%), and E*(Q7)/A C HY(Q-, E?). Therefore, in cases where we show that
E*(Q7)/7 = E*(Q7)/A, it will follow that this group is also equal to H!(Q5, E?).
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Since the Q7-isomorphism class of E* only depends on the class of 4 in Q5 / Q7X6, we

may assume that 0 < ordy(a) < 5. The reduction type of E# is either good or additive.
The Tamagawa number |[E*(Q7)/EG(Q7)| is coprime to 7, so we can replace £4(Q7) by
E{(Qy7) in our calculations. Standard calculations give

AET(Q7) = Ef(Qy) and AET(Q7) = 7E{(Q). (43)

If 2 = 14 (mod 49), then [23, Proposition 18] shows that the extension 0 — E{(Q;) —
E§(Q7) — E2(F7) — 0 is split. Computing the action of {3 on Egs(Fﬂ shows that
it coincides with multiplication by 2. Therefore, )_\Egs(F 7) = Er‘fs(]F7) and AEI‘:S(F7) =
7E% (F7) = 0. When combined with (43), this proves part (1) of the proposition.

In the case where E“ has additive reduction and @ # 14 (mod 49), we use [23, Defini-
tion 10, Propositions 11 and 18] to obtain an isomorphism E§(Q7) = Z; respecting the
action of ¢3, and hence show that XE(‘)’(Q7) = E{(Q7) and AE{(Q7) = 7E{(Qy), proving
the proposition in this case.

Now suppose that £4 has good reduction so £4(Q7)/E{(Q7) = E*(F7). Elementary
calculations show that |E4(F;)| is coprime to 7, unless a € —2 - Q;e when E4(Fy) =
E~2(F;) = Z/7Z. Thus, (43) proves the proposition for a ¢ —2 - Q;6.

Our final task is to prove part (2). Taking a = —2, we have

E_Z(]F7) = {O: (3’ 2)) (3) _2): (_2: 2)) (_2: _2)» (_1: 2); (_1: _2)}
and multiplication by ¢3 sends (x, y) to (2%, y), which coincides with multiplication by 4

on E7%(F7) = Z/77. Therefore, AE2(F7) = 0 and hence AE~2(Q;7) C E; *(Qy). By (43),
this containment is an equality and hence

E™2(Qyp)/Ah = EX(Q9)/E{*(Qy) = E72(Fy) = Z/7L.
Moreover, AE~2(F7) = E~2(F) and hence

E7X(Qy) = AETX(Q7) + E{ (@),

whereby (43) gives
E72(Q7)/% = E; (Q))/h = Z/7L.

O

Corollary 7.7 For a € Q%, let E* denote the ellliptic curve over Q with affine equation
y* =xd+a Letc,d € Q% satisfy —2* - 771 - cd € (—33)Q*®. Then there exist P € E(Q7)
and Q € E*(Q7) such that xp U ¢+(xQ) is non-zero.

Proof First note that the relation —2% - 771 . ¢cd € (—32)Q*® implies thatc € 2- 7 - Q7X6
if and only if d € —2 - Q;G. Suppose that ¢ € 2 -7 - Q;“s. Thend € -2 - Q;e and
the result follows from the non-degeneracy of (35), with ¢ = 7and . = 1 — 2{32, and
Proposition 7.6(1) and (2). The proof in the case wherec € —2- Q;6 follows by symmetry
in ¢ and d. In the remaining case, where ¢ and d are in neither 2 - 7 - @;6 nor —2 - Q;6,
the result follows from the non-degeneracy of (35) and Proposition 7.6(3). o

The remaining case is where K = Q(i) and (2) together with the splitting condition

gives £ = 5and Y = Kum(E™ x E") where m1, my € Q* satisfy 53mymy € (—4)Q**

3

and E™/Q is the elliptic curve with affine equation y> = x> — mx. This case was tackled
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by Ieronymou and Skorobogatov in [12], en route to their treatment of diagonal quartic
surfaces. In particular, [12, Proposition 5.7 and Corollary 5.8] shows that if #; and m; are
notin (1 & 21‘)(@;4 then there exist P € E”1(Qs5) and Q € E"(Q)s) such that xp U ¢.(xq)
is non-zero. If my or my is in (1 &+ 21’)(@;4 then replace m; and m;y by 52m; and 52m1,
respectively. Now the relation 53mimy € (—4)Q*4 implies that 52m; and 52my are
not in (1 £ 21’)@5X4 and one can apply [12, Proposition 5.7 and Corollary 5.8] as before.
The Kummer surface Y is unchanged when we replace 71; and my by 52m; and 52m,
respectively, because this simply amounts to replacing each of E”! and E"2 by their
quadratic twists by 5 € Q*/Q*2. We have seen previously (in the proof of Theorem 6.1)
that this does not change the Kummer surface.

At this stage, thanks to Proposition 7.1, Corollaries 7.3, 7.5, 7.7 and the above discussion
for K = Q(i) and ¢ = 5, we have proved Theorem 1.5 in all cases where £ splits in K.

7.2 The case of £ inertin K/Q

This is the hardest case. We will follow the work of Ieronymou and Skorobogatov in
[13] and use a result of Harpaz and Skorobogatov (Proposition 7.10 below) to reduce the
proof of Theorem 1.5 in this case to the task of showing that the function fields of torsors
associated to certain elements of H(Qs, Es) are not isomorphic. We will avoid difficult
calculations with these totally wildly ramified extensions of degree 25 by using quadratic
twists to obtain function fields with distinct discriminants.

By Lemma 6.2 and our assumptions in the statement of Theorem 1.5 that £ is odd, and if
K = Q(¢3) then £ > 3, we have excluded all cases where £ ramifies in K /Q. For K = Q(¢3),
the evaluations at 3-adic points of Brauer group elements of orders 3 and 9 will be studied
in future work.

By Lemma 6.2 and Theorems 1.3, 1.4 and (2), the only cases where the order £ of our
Brauer group element is inert in the CM field K are when ¢ = 5and K = Q(¢3), and when
£ =3and K = Q(i).

The case where K = Q(i) and £ = 3 was tackled by Ieronymou and Skorobogatov in
[13]. In this case, (2) gives Y = Kum(E"! x E™2) where mj, my € Q* satisfy —3mimy €
(—4)Q** and E™/Q is the elliptic curve with affine equation y> = x> — mx. By [13,
Proposition 2.2], if the 3-adic valuations of #1; and m15 are both non-zero modulo 4, then
there exist P € E"(Q3) and Q € E™(Q3) such that xp U ¢.(xq) # 0. If the 3-adic
valuation of m; or mjy is zero modulo 4, then we can replace m; and my by 3%m; and
32my, respectively, which does not change the Kummer surface Y, and then apply [13,
Proposition 2.2]. Now applying Proposition 7.1 completes the proof of Theorem 1.5 in
this case.

Note the qualitative difference in behaviour between the Kummer surfaces Y and the
closely related diagonal quartic surfaces studied by Ieronymou and Skorobogatov. In [13,
Theorem 2.3], the authors show that for some diagonal quartic surfaces, a Brauer group
element of order 3 has constant evaluation on 3-adic points, while for others it attains all
three possible values.

The remainder of this section is devoted to proving the last remaining case of Theo-
rem 1.5, wherein K = Q(¢3) and £ = 5. Henceforth, for a € Q*, we use EZ to denote
the elliptic curve over Q with affine equation y*> = x* 4+ 4. Theorems 1.4 and 5.2 give
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Y = Kum(E¢ x E%) where ¢,d € Q* satisfy 2% - 5 - cd € (—33)Q*°. The work below
should be compared to [13].

We begin by showing that the image of E4(Qs) in H}(Qs, E?%)is a one-dimensional vector
space over 5.

Lemma 7.8 Leta € Q.. Then E*(Qs)/5 = Z/5Z as abelian groups.

Proof An inspection of Tate’s algorithm shows that £4/Qs has either good or additive
reduction and in all cases the Tamagawa number |E(Q5)/E§(Qs)| is coprime to 5. So it
is enough to show that Ef(Qs)/5 = Z/5. In the case of additive reduction, this follows
from [23, Theorem 1]. Now suppose that £4/Q5 has good reduction. Then we compute
E*4(Qs5)/EF(Qs) = Ea(F5) = 7/67Z, so it suffices to show that E{(Qs5)/5 = Z/5Z. The
theory of formal groups gives E¥(Q5) = 5Zs. |

Proposition 7.9 Let c,d € Q* be such that 2* - 5 - cd € (—3%)Q*®. Let P and Q gen-
erate E(Qs)/5 and E*(Qs)/5, and let xp and XQ denote their images in HY(Qs, Ef) and
HY(Qs, Eg), respectively. To prove Theorem 1.5 for Y = Kum(E€ x E%) and £ = 5, it suffices
to show that ¢.(xq) is not a scalar multiple of xp.

Proof This follows from Proposition 7.1, Lemma 7.8 and the fact that the image of
E*(Q5)/5 in HY(Qs, E?) is a maximal isotropic subspace for the pairing (8). O

To prove that ¢, (@) is not a scalar multiple of xp (with the notation of Proposition 7.9),
we wish to apply the following special case of a result of Harpaz and Skorobogatov.

Proposition 7.10 ([10, Corollary 3.7]) Let k be a field of characteristic zero and let M be a
finite simple T-module, identified with the group of k-points of a finite étale commutative
group k-scheme Gyr. Let K be the smallest extension of k such that Tk acts trivially on M,
let G = Gal(K /k) and suppose that H (G, M) = 0. Let a, B € H'(k, M) be non-zero. Then
the associated torsors Zo and Zg for Gy are integral k-schemes. Furthermore, the following
conditions are equivalent:

(1) there exists r € R := Endg(M) such that ra = B;
(2) Ra =RB C H'(k M);
(3) Zy and Zg are isomorphic as abstract k-schemes.

Lemmas 7.11 and 7.12 below are used to show that the hypotheses relevant for our
application of Proposition 7.10 are satisfied.

Lemma 7.11 Let a € Q* and let G and H be the images of I'g and T'qg in Aut(EZ),
respectively. Then [G : H] divides 3.

Proof We adapt the strategy of the proof of [13, Lemma 2.1]. Multiplying by a 6th power,
we may assume that a € Z \ {0}. Let L = Q(EZ), so G = Gal(L/Q). For any E-primary
prime 7 € Z[¢3] that is coprime to 2 - 3 - 5 - 4 and unramified in L/Q(¢3), the action of
Frob, € I'g,) on EZ is given by multiplication by (the reduction modulo 5 of)

+ (4_a> 7, (44)
T /e

see [25, Example 11.10.6]. Thus, the action of I'g,) on EZ factors through a homomor-
phism to F5[¢3]* = F..
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Let F C L be the fixed field of the kernel of the action of I'g on End(E£). The natural
map GL(EZ) — PGL(EZ) restricts to a surjective homomorphism ® : G — Gal(F/Q)
with kernel ]’FSX By Lemma 2.4, End(E%) = (Z[¢3]/5) ® End(EZ)~. Therefore, Q(¢3) C F.

The proof of Proposition 4.6 shows that Frob, € Gal(L/Q(¢3)) acts on End(EZ)™ as
left-multiplication by (24751—“2 _1. By the definition of the sextic residue symbol and the
fact that these Frobenius elements generate Gal(L/Q(¢3)), this means that the action of

Gal(L/Q(¢3)) on End(E%)™ is given by the sextic character attached to (2%.5-4%)1, which

sends o € T'g(z,) to U:—é;%“;) Therefore, F = Q(¢3, V2% - 5 - a2).

Now fix an inclusion I'g; C Ig. Let K = Qs5(E%), so H = Gal(K/Qs). Let F5 =
Qs(z3, ¥/2% - 5 - a2) be the fixed field of the kernel of the action of I'g, on End(EZ). Write
a = 5"uforu € Z; and use that every unitin Z; is a cube to see that F5 = Q5(¢3, J/52r+1),
Therefore, [F5 : Qs5(¢3)] is either 2 or 6 depending on whether r = 1 mod 3. Thus,
®(H) = Gal(F5/Qs5) has index dividing 3 in ®(G) = Gal(F/Q). To complete the proof, it
remains to show that IE‘SX = ker(®) C H.

Consider the restriction of ® to G’ := Gal(L/Q(¢3)). This is a cyclic group of order
dividing |F5; | = 24, which contains F; as its unique subgroup of order 4, and ® : G’ —
Gal(F/Q(¢3)) is the quotient by F,'. It suffices to show that F' € H' := Gal(K/Q5(¢3)).
We have

H'/(H' NFZ) = O(H') = Gal(F5/Qs(¢3)).

Therefore, [Fs5 : Qs5(£3)] divides |H'| (whereby H' has even order) and H' ¢ FZ'. Since H' is
a subgroup of the cyclic group G’ of order dividing 24, we can now conclude that F2* c H’
unless H' has order 6. Suppose for contradiction that [H'| = 6. Then |[H' NF; | = 2 and
[F5 : Q5(¢3)] = |H'/(H' NF)| = 3, a contradiction. O

Lemma 7.12 Leta € @; and let H denote the image of T'qy, in Aut(EZ). Then

1. HY(H, E&) = 0;
2. EZ is asimple I'g;-module;
3. Endy(Ef) =TFs.

Proof Multiplying by a 6th power in Q;', we may assume thata € Z\ {0}. Let G denote the
image of I'g in Aut(E¢). Recall from the proof of Lemma 7.11 that the action of I'g(,;) on
E? factors through a homomorphism to F5[¢3]* = IFZXS. Therefore, G has order dividing
2 - 24. Now (1) is immediate since H C G is a finite group of order coprime to 5 and
H!(H, EZ) is killed by |H| and by 5.

The strategy of the rest of the proof is to use Lemma 7.11 to move from the action of I'g
on Eg to that of I'g, and from there to the action of I'g;;), where we have the explicit action
of Frobenius elements on EZ given by (44). Henceforth, let ¥ € Z[3] be an E-primary
prime lying above a rational prime p that is coprime to 2 - 3 - 5 - ¢ and completely split in
Q(¢3, v4a)/Q. Then (44) shows that the action of Frob, on E{ is given by multiplication
by the reduction modulo 5 of 7 = x + y¢3 for some %, y € Z. Assume in addition that p
is inert in Q(+/5)/Q. Then, writing p = n77 = x? — xy + y2, we see that if y = 0 (mod 5)

2 mod 5 and hence quadratic reciprocity gives (}%) = (%’) = 1, contradicting

thenp =«
the fact that p is inert in Q(+/5)/Q. Therefore, y # 0 (mod 5). Similarly, x(x — y) # 0
(mod 5). By Lemma 7.11, the image of Frob® in Aut(E2) is contained in H. It acts on Ef

as multiplication by the reduction modulo 5 of (x + y¢3)® = %% +»® — 3xy? 4 3xy(x — y)¢3.
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Let M be a I'g, -submodule of EZ and suppose T € M is non-zero. We have Frobi T =
(3 + 9% — 3%y + 3xy(x — y)z3) - T € M. Since 3xy(x —y) # 0 (mod 5), T and (x> +y3 —
3xy% + 3xy(x — y)¢3) - T form an F5-basis of E{ and hence M = E£, proving (2).

For (3), Propositions 2.2 and 4.6 show that

Endry, (E¢) = (End(E%)/5)" = (Z[¢3]/5)"¢ = Fs.
Thus, it suffices to show that Endy (EZ) = Endr, (E5). Clearly,
Endry (E5) = Endg(E5) C Endp (ES

so it suffices to show the reverse inclusion. Let ¢ € Endy(E¢). Then for 7 as above, ¢
commutes with the image of Frob? in Aut(EZ), which implies that ¢ commutes with the
image of ¢3 in Aut(Ef). Therefore, ¢ commutes with the image of I'g ;) in Aut(EZ). Let
T € I'p denote complex conjugation, which generates I'g/I'g(,)- Since T has order 2,
Lemma 7.11 shows that the image of 7 in Aut(EZ) lies in H. Therefore, ¢ commutes with
1 and hence with the whole image of I'g in Aut(E¢), as required. ]

For x € HY(Qs, Eg), write K(x) for the function field of the Qs-torsor for the group
Qs-scheme Ef corresponding to x. Note that K(x) is a finite extension of Qs.

Proposition 7.13 Let ¢, d, xp, xq be as in Proposition 7.9. To prove Theorem 1.5 for Y =
Kum(E¢ x E%) and ¢ = 5, it suffices to show that K(xp) is not isomorphic to K(xq). In
particular, it suffices to show that disc(K(xp)) is not equal to disc(K(xq)).

Proof Proposition 7.9 tells us that it suffices to show that ¢..( ) is not a scalar multiple of
xp- By Lemma 7.12, we can apply Proposition 7.10 to see that this is equivalent to showing
that the Qs-torsor for the group Qs-scheme E¢ determined by ¢.(x¢) is not isomorphic
(as an abstract Q5-scheme) to that determined by xp. For this, it suffices to show that
the function fields of the torsors are not isomorphic as extensions of Q5. Since ¢ is an
isomorphism (by Lemma 6.2), it follows from the construction of the pushforward that

xo and ¢, (xq) are isomorphic as Q5-schemes. O

Note that if we prove Theorem 1.5 with £ = 5 and ¥ = Kum(E® x E¥) for a given pair
of rational numbers ¢ and d, then it also holds for all multiples of ¢ and d by elements in
Q*n Q;‘S, since the relevant elliptic curves are isomorphic over Q5. Hence, we can reduce
to considering ¢, d € {2i .5 | 0 <i<1,0<j <5} since these elements represent all
cosets in Q. /Q;6. Fora e {2/-5 |0 <i<1,0 <j <5}, Table 1 records a generator P,
for E4(Qs5)/5 and the discriminant of the function field of the torsor xp,, which we denote
by disc(K (xp,))-

Note that in all cases disc(K(xp,)) = disc(K(xp,,)).

We are now ready to prove the last remaining case of Theorem 1.5, in which ¥ =
Kum(E¢ x E4) for ¢,d € Q* with2* .5 ¢d € (—3%)Q*°, and £ = 5.

Proof (Completion of the proof of Theorem 1.5) Since 2* - 5 - cd € (—33) - Q*%,2 € Q;B
and -3 - Q;G =2 Q;6, Table 1 and the preceding discussion show that disc(K(xp,)) =
diSC(K(XPSSCs )), where we can take 5°¢®> modulo QSX6.

Let S = 5X6 u2. QSX6 us°. Q;G u2.5°. 5X6. An inspection of Table 1 shows that
disc(K(xp,)) is not equal to disc(K(Xpsscs)) unless ¢ € S. Thus, by Proposition 7.13, we
have proved Theorem 1.5 for ¢ ¢ S. Now suppose that ¢ € S. Then 53¢ ¢ S so Theorem 1.5
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Table 1

a Pa disc(K(xp,))
1 (L, Vi) 5%
5 (1,V/1+5 54
52 (1, V1559 541
53 (1LVT+5) 537
5 (1,v/1+5%) 533
59 (1, VT+59) 525
P (5%/ 1;2 56) 525
2.5 (1, V/T+2-5 54
2.5° (1,V1+2-59) 541
2.5 (1, V1T+2-59) 5%
2.5 (1, V1T+2-59 533
2.5° (1, /14259 525

holds for Kum(E53C X E53d). Now recall that Kum(E¢ x E4) = Kum(E53C X E53d), so the
proof of Theorem 1.5 is complete. O
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