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Abstract

Transcranial Magnetic Stimulation (TMS) is a non-invasive brain stimulation technique that uses
a coil to induce an electric field (E-field) in the brain and modulate its activity. Many applications
of TMS call for the repeated execution of E-field solvers to determine the E-field induced in the
brain for different coil placements. However, the usage of solvers for these applications remains
impractical because each coil placement requires the solution of a large linear system of equations.
We develop a fast E-field solver that enables the rapid evaluation of the E-field distribution for

a brain region of interest (ROI) for a large number of coil placements, which is achieved in two
stages. First, during the pre-processing stage, the mapping between coil placement and brain ROI
E-field distribution is approximated from E-field results for a few coil placements. Specifically,
we discretize the mapping into a matrix with each column having the ROI E-field samples for

a fixed coil placement. This matrix is approximated from a few of its rows and columns using
adaptive cross approximation (ACA). The accuracy, efficiency, and applicability of the new ACA
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approach are determined by comparing its E-field predictions with analytical and standard solvers
in spherical and MRI-derived head models. During the second stage, the E-field distribution in

the brain ROI from a specific coil placement is determined by the obtained rows and columns in
milliseconds. For many applications, only the E-field distribution for a comparatively small ROI is
required. For example, the solver can complete the pre-processing stage in approximately 4 hours
and determine the ROI E-field in approximately 40 ms for a 100 mm diameter ROI with less than
2% error enabling its use for neuro-navigation and other applications. Highlight: We developed

a fast solver for TMS computational E-field dosimetry, which can determine the ROl E-field in
approximately 40 ms for a 100 mm diameter ROI with less than 2% error.

Keywords

Transcranial magnetic stimulation (TMS); Fast simulation; Low rank approximation; Adaptive
cross approximation (ACA); Motor mapping

1.

Introduction

Transcranial Magnetic Stimulation (TMS) is a non-invasive method for brain stimulation
that uses a coil driven by low-frequency current pulses (< 10kHz) to magnetically stimulate
targeted brain regions. TMS has been widely used for neuroscience research to study brain
function and for the treatment of depression, migraines, and others (Carmi et al., 2019;
Cohen et al., 2022; Couturier, 2005; De Ridder et al., 2007; Hoffman et al., 2005; Kaptsan
etal., 2003; Lan et al., 2017; Lipton et al., 2010; Nahas et al., 2003; O’Reardon et al.,

2007; Pascual-Leone et al., 1996). It is recognized that neurons in brain regions exposed

to an electric field (E-field) above a stimulation threshold are likely stimulated during

TMS (Aberra et al., 2020; Siebner et al., 2022). Correspondingly, E-field dosimetry can

be used to infer its effects. For example, in cortical motor mapping, body movements

are measured from motor evoked potentials (MEPS) via electrodes. These MEPs are then
correlated with an E-field related quantity to predict its cortical representation (Weise et al.,
2020). Moreover, E-field predictions can be used to determine TMS coil placements that
both maximizes on-target and minimizes off-target E-field exposure (Balderston et al., 2020;
Casarotto et al., 2022; Dannhauer et al., 2022; Lynch et al., 2022). The E-field distribution
is also critical for coil shape optimization (Gomez et al., 2018; Gomez-Tames et al., 2018;
Koponen et al., 2017) and determining TMS coil driving current and other parameters
(Beynel et al., 2020). All these applications benefit from a simulation method that given a
coil and head model can determine the E-field distribution rapidly and accurately. Currently,
different approaches have been proposed to directly determine the E-field in the ROI of an
MRI-derived head model, such as the finite difference method (FDM) (Laakso and Hirata,
2012; Toschi et al., 2008), finite element method (FEM) (Dannhauer et al., 2012; Goetz

and Deng, 2017), or boundary element method (BEM) (Gomez et al., 2020; Makarov et

al., 2019; 2018; Stenroos and Koponen, 2019). TMS cortical mapping, coil placement, and
uncertainty analysis could be improved by using the E-field distribution in the brain for
many coil positions and orientations. However, the time required to run these solvers makes
them ill-suited for repeated execution. For example, to evaluate the TMS-induced E-field for
a single coil placement using SimNIBS FEM (Saturnino et al., 2019), or BEM accelerated
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with the fast multipole method (FMM) (Makarov et al., 2020) takes tens of seconds to
minutes.

To evaluate the E-field efficiently for TMS, we recently proposed the auxiliary dipole
method (ADM)(Gomez et al., 2021), which applies reciprocity to compute the average
E-field in a brain ROI. ADM can compute the average E-field in an ROI generated by

over one million coil placements in under 5 minutes. However, this method only provides
the average ROI E-field and does not compute its distribution. Other common statistical
metrics used to analyze TMS induced E-fields that are less prone to outliers such as median,
percentiles or E100 cannot be determined using ADM (Beynel et al., 2020; Dannhauer et

al., 2022). Furthermore, in some applications the E-field must be maximized in the ROI
while minimized elsewhere. Since ADM only computes average E-fields this cannot be done
using ADM. As a result, ADM can result in coil placements where functional networks
other than the target receive equivalent or greater levels of stimulation than the target
network (Lynch et al., 2022). There have been attempts to create real-time and near real-time
E-field solvers that determine the E-field distribution in fractions of a second and a few
seconds, respectively. All these methods have limitations as detailed the next paragraph. For
many applications, only the E-field distribution for a comparatively small ROl is required.
Furthermore, ROI E-field distributions for a dense sampling of coil placements can be used
to determine optimum coil placement, or can be interpolated for determining the E-field
rapidly on-the-fly. Unlike the real-time solvers, our method develops a dense sampling of the
coil placement to E-field distribution map.

By focusing on fixed coil placements our method can achieve more computationally
efficient results than the (or near) real-time E-field solvers recently proposed. A deep-
learning-based E-field solver was proposed for real-time E-field analysis (Yokota et al.,
2019). While this approach delivers visually accurate E-fields, the errors are not as low

as standard E-field solvers (or the ones achieved by our method). A highly optimized

BEM solver was developed for real-time E-field estimation (Stenroos and Koponen, 2019).
However, unlike our solver, their approach requires computation time scaling with mesh
resolution, limiting its use for meshes that have lower resolution than those used for
standard FEM (Stenroos and Koponen, 2019). More recently, the magnetic stimulation
profile approach was applied for real-time E-field evaluation, which, after a setup time of
up to 10.6 hours, can determine the E-field in 0.1 seconds (Daneshzand et al., 2021) on
triangle meshes consisting of up to 250 thousand triangles. While the magnetic stimulation
profile approach is a highly efficient method, the accurate determination of the E-field
using magnetic dipoles still requires over 1500 magnetic dipoles to achieve an relative error
between 5-15%. Here we adopt a matrix approximation approach and are able predict the
whole head E-field using less than or equal to 192 modes and achieve a relative error less
than 2% in the whole head.

Our method uses FEM and ADM simulations to develop an interpolant for the coil
placement to cortical E-field mapping. This interpolant is generated by using a matrix to
approximate the mapping between coil placement and cortical E-fields. The interpolant
is then generated using the adaptive cross approximation (ACA) to compress the matrix.
The ACA method was first proposed to compress the low-rank off-diagonal blocks of
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matrices resulting from the approximation of integral equations with non-oscillatory kernels
(Bebendorf, 2011; Bebendorf and Rjasanow, 2003; Zhao et al., 2005). For TMS, the sources
reside outside the head and the goal is to determine the E-field in the brain. This matrix

will have the same spectral properties as a source to target (S2T) operator corresponding

to the composition of the source to multipole (S2M), multipole to local (M2L), and local

to target (L2T) operators in a kernel-independent FMM for non-oscillatory kernels (Ying

et al., 2004). These operators, and by proxy their composition, are known to be low-rank.
As a result, the coil position to E-field matrix will be compressible by ACA. In fact, the
ACA enables us to generate an approximation to the E-field distribution on a 20 mm region
with less than 2% relative error by running a FEM solver and ADM for less than 20

coil placements and ROI tetrahedra, respectively. This results in a total 78 minutes long
pre-processing time and 0.1 ms to access the ROl E-field distribution for a large number of
coil positions on a computer with 2.90 GHz Intel(R) Core(TM) i7-10700 CPU.

This paper is organized as follows: The method section describes the details of the proposed
ACA-ADM approach, head models, ROIs, and some benchmark metrics used in this study.
The results section provides results that benchmark the ACA-ADM by comparing it with
the E-field obtained from ADM and analytical approaches. Furthermore, we consider results
obtained using the ACA-ADM for several coil placement tasks including a motor mapping
study and maximizing on-target stimulation while minimizing off-target stimulation. Our
results indicate that the ACA-ADM can achieve less than 2% error for several ROI sizes
requiring a minimal number of FEM solver runs and that the ACA-ADM is a practical

tool that can be used for optimizing TMS coils placement for a variety of TMS targeting
objectives.

Methods

2.1. Overview

We consider coil placements flat on the scalp centered about A/, distinct coil positions (Fig.
1). For each coil position, we consider 360 orientations, each generated by rotating the

coil 1° about the normal of the scalp at the coil center. The ROl is composed of N;gray
matter (GM) and white matter (WM) tetrahedra located in a spherical region centered about
a location r gy and with diameter dppo;. The ROI E-field is stored in a two-dimension table
with entries defined as

@

where 1 =1,2,,N,h=1,2,3,4=1,2,, N, p=1,2,-,360and E,(r,)

is the E-field generated at the center of the i" ROI tetrahedron r, assuming the coil is
placed centered at the " node and oriented to point j, degrees clockwise from the back of
the head. Fig. 1 illustrates the correspondence between table entries and simulation results.

Neuroimage. Author manuscript; available in PMC 2024 December 19.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Wang et al.

2.2.

Page 5

Each column of the table contains the average E-field in each tetrahedron of the ROl mesh
assuming a fixed coil placement. For example, in Fig. 1(a), coil placements C;, &, -,

Cy correspond to the E-fields stored in Columns 1, 2, ---, N (N =360/\,), respectively.
Furthermore, for each ;" coil position, there are 360 coil orientations. Correspondingly, each
row of the table contains a Cartesian component of the E-field at the center of a fixed ROI
mesh tetrahedron for each coil placement. More importantly, since the coil resides outside
of the head, this table will be low-rank when viewed as a matrix (Ilmoniemi and Sarvas,
2019; Koponen et al., 2015). This property has been shown analytically for a spherical

head where the eigenvalues of the coupling matrix between sources outside of the head and
E-fields inside it are known to decay exponentially (Gomez et al., 2018; Koponen et al.,
2015). Furthermore, this is the basis for FMM for non-oscillatory kernels (Rokhlin, 1985;
Ying et al., 2004). Therefore, as a pre-processing step, we use the ACA method to compress
the whole low-rank matrix by computing just a few of its columns and rows. Then, the ROI
E-field distribution for a given coil placement can be determined rapidly by multiplying the
compressed data structures to determine the corresponding column of the matrix.

In the following sections, we will first describe the FEM and ADM used to compute
columns and rows of the matrix, respectively. Then, we will describe the ACA algorithm for
computing the compressed form of the table shown in Fig. 1. Finally, we will provide details
of the coil and head models and benchmark error metrics used in this study.

Evaluation of a column using the FEM

When the coil is placed at position j; and oriented along the j;' orientation, it generates
an E-field in free-space (i.e. the primary E-field) denoted as E,> (r). Quasi-stationary
assumptions dictate that the total E-field is

EP(r)= - Vo(r) + ES(r)

PsJ1

@

and

V- o(r)VO(r) = V - 6(r)ES (),

©)

where @(r) is the scalar potential, o(r) is the conductivity, and the normal component of
E,”(r) is zero on the scalp. To determine V(r), we use an in-house 1st order FEM method
(for details see Gomez et al. (2020)). The above solution enables us to compute a column of
the matrix Z, with the run-time equal to a single FEM solution.

2.3. Evaluation of arow using the ADM

We need to determine a Cartesian component of the E-field at the center of a fixed
ROI tetrahedron for all coil placements. This is done using ADM (Gomez et al., 2021).
Here, we explain ADM as it pertains to this work. For additional details about ADM, see
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Gomez et al. (2021). Specifically, we define a constant current inside a tetrahedron equal to
J2(r)=1/v, i, where f is %, 3, and Z when 5 is 1, 2, and 3, respectively. 4 and v, are the
index of the tetrahedron and its volume, respectively. This current will generate additional
conduction currents that are determined using current continuity. Then, the magnetic fields
(H-fields) generated outside of the head H,”(r) by the total electric currents inside the head

(i.e., the ROI tetrahedron and conduction currents) are determined. These H-fields generated
outside of the head are used to determine the E-field inside the ROI tetrahedron using

( ) I EI(!) (J2)
jiZ 11 .t / ,2 KJZ

4)

where K;”(r) is a magnetic dipole model of the coil placed at position /; and oriented along
the j2' orientation. Equation (4) is rapidly evaluated using the FMM library (G reengard and
Gimbutas, 2012) and an efficient quadrature rule described in Gomez et al. (2021).

2.4. ACA algorithm

The ACA is run in the pre-processing stage of our algorithm to compress matrix Z in (1).
The ACA is a greedy iterative algorithm that generates a A-rank cross approximation of a
matrix at the A7 iteration (Bebendorf and Rjasanow, 2003; Zhao et al., 2005). A k-rank cross
approximation of a matrix Z is

5k
Zx Z( )= A}N,kakkakx%Och

®)

where A= Z;, 1, 00 1STOWS /, b, ..., Ix0of Z(1, € 1,2,....,3N,), C = Zy\110r .00 1S
columns &, &, ..., Jxof Z(J, € 1,2,...,360N.), and B = Zj;; 1, 115104 1S the inverse

of the overlap matrix of A and C. If columns and rows are chosen optimally, the cross
approximation is known to converge quasi-optimally with respect to increasing rank
(Goreinov et al., 1997). The ACA algorithm computes a cross approximation as a sequence
of rank-1 updates defined as

k
k) _ gy k) _ Z ww,.
=1

©)

Here uyand v;are the columns and rows of U() and V(4 | respectively. During the <%
iteration, the update vectors uxand vy are generated using a Gram-Schmidt procedure

(Trefethen and Bau |11, 1997) to result in an approximation matrix 7™ that exactly matches
all previously computed columns and rows of Z. To do this at the A iteration it computes

the residual error of Z* =" on column Jeand row /i as
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Sk-1)
Ry =20 — Zyy

(78)

Sk-1)
Riy1=2Zy0— Zi1s

(7b)

respectively. Using (7), ugand vgare chosen to result in zero residuals. Furthermore,
the indices Jxand /4. are chosen as the largest entry in magnitude of R, ., and R;,, ,,,

respectively. This is because the largest residual entries are indicative of the appended row
and column that will result in the biggest update and most accurate approximation at the
next iteration. The ACA algorithm is provided in Algorithm 1. In Algorithm 1 and the rest
of this paper, || - || is the Frobenius norm for matrices and Euclidean norm for vectors unless
otherwise specified. For more details about the ACA and convergence criteria, the reader is
referred to Bebendorf and Rjasanow (2003).

The ACA determines factors U® and V(¥ during the pre-processing stage. During the #h
iteration of the ACA, we must compute two matrix vector products scaling as 3/, x 7and
360/, x i, respectively. The total ACA computational complexity scales as (3/N;+ 360/\,)

x k% where kis the total number of iterations. That said, this computational overhead is
negligible relative to having to run 2 FEMs during each iteration. For example, running

the whole head simulation with more than 7 million coil placements, it took around 344

s to run the FEM twice and less than 1 s added ACA overhead per iteration. During the
reconstruction stage, the factors U and V(% are used to determine the E-field distribution
in the ROI for a given coil placement. Specifically, during reconstruction we must compute
the product between the 3/, x & dimensional matrix U(¥) and a single column vector of the &
x 360, dimensional matrix V(¥ . As such, the computation time scales as the product of A
times &. As a result, the total computation is proportional to the rank and number of E-field
samples.

2.5. Coil and head modeling

The TMS coil used in this study is a Figure-8 coil with 9 turns and inner and outer diameters
are 56 mm and 87 mm with a wire height of 6 mm (i.e. 70mm Figure-8 #31 in (Deng et al.,
2013)). The dipole model consists of two layers and it has a total of 2880 magnetic dipoles.
This dipole model has been previously validated and shown to result in less than 1% error in
the primary E-field (Gomez et al., 2020). Furthermore, we used the same ADM parameters
as in Gomez et al. (2021) (i.e. Ny= N, = 17 and N, = 2) that were shown to achieve an error
below 1%.

A spherical head model and 10 MRI-derived head models are used in this study. The
spherical head model consists of two concentric spherical compartments with inner and
outer radii of 70 mm and 85 mm, respectively. As in Deng et al. (2013), we assign a single
conductivity of 0.33 S/m to both spherical compartments. The ‘Ernie’ head model included
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in SIMNIBS 3.2 was used for studying ROIs of varying sizes (Thielscher et al., 2015). For
whole brain (gray and white) matter as ROIs, we considered additional MRI derived head
models. The MRIs were downloaded from the following public database (Gorgolewski et al.,
2017). These T1 and T2 images were converted to head models using SImMNIBS ‘mri2mesh’
tool, which combines outputs from FreeSurfer (Reuter et al., 2012) and FSL (Jenkinson et
al., 2012) and Gmsh (Geuzaine and Remacle, 2009) to generate a head model. On average,
a single head model consists of four million tetrahedra. All of the MRI-derived head models
consist of five homogeneous compartments such as GM, WM, cerebrospinal fluid (CSF),
skull, and scalp. The respective conductivity values are set to 0.276 S/m, 0.126 S/m, 1.654
S/m, 0.01 S/m, and 0.465 S/m (Wagner et al., 2004). It took approximately 30-35 hours to
generate a single head model using a single processor CPU. In this paper, we only consider
the E-fields induced in the brain (i.e. GM and WM regions).
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Algorithm 1 Adaptive Cross Approximation (ACA) .

Randomly initialize I, Z(O) =0,R=0,k=1.
1. Compute the I row of the residual error:
ifk=1,
Ry =215
else
k-1
Ri11= Zirn - Z (w)yvr.
I=1
2. Find the kth column index:
Ji = argmax{R;, 1} .
3. Compute v;:
_ Rt

e = .
R 5,

4. Compute Ji" column of the residual error matrix:
if k=1,
Riyn =20
then
k-1

Riys =25 - Z ).
I=1

W

. Compute u;:
.= Ry 1 Jk

6. Calculate the norms of the new approximate matrix:

if k=1,
12060 _ 126~ DI s o
then
k)2 -2, N
Iz = | 2= V] +2.Z T - [0 v] + ([ 2ol -

i=1

=

. Check convergence:
If

o] < el 20

where € is the pre-defined tolerance, end iteration. Otherwise, go

B

to next step .

oo

. Find next row index:

Iy = argmale[;]TJkl :

For both the spherical and MRI-derived head models, the ROIs are chosen as the gray and
white matters contained in spherical regions with center r o, and diameter dpp,. Figures of
ROIs and detailed descriptions are given in the supplementary document. (Note: For sphere
head results, here we used analytical methods used in Sarvas (1987) and Gomez et al. (2020)
in lieu of ADM and FEM, respectively.) For the Ernie head model we generated a total

of 3480 ROIs from all possible combinations of dy., = {5, 10, ..., 100} mm and centered at
162 distinct locations as shown in the supplementary figures. The 162 ROI center locations
were chosen projecting uniformly chosen points on the scalp to the cortex. This resulted in

a uniform sample possible ROI centers on the brain. The uniformly chosen scalp positions
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where generated by first defining nearly uniform samples on the scalp by defining a 10-20

EEG system its surface and performing barycentric refinement to ensure dense and uniform
coverage of the scalp. The cortical center locations of each of the 162 ROIs are provided in
the supplemental material.

Benchmark metrics

To validate our method, we consider three metrics the stop criterion (M), ACA error (M),
and SVD error. The stop criterion is defined as the approximation of the norm of the rank-1
update at each iteration as follows

®

where Uy, VK, 7®are the column update, row update, and matrix approximation obtained
during the & iteration of Algorithm 1, respectively.

The ‘ACA error’ is the relative Frobenius norm error of the residual defined as

IRl lz=z%
M=zl =~ Tz

©)

For all spherical head results and ROIs with diameter less than 30 mm, we compute M,
exactly. For ROIs with sizes beyond 30 mm, M, is estimated by considering 128 random
coil placements. For some examples, we additionally compute low-rank approximations
using the SVD and compute the relative Frobenius norm error, which we term ‘SVD error’.
The SVD is known to provide the optimal approximation for matrices (Trefethen and Bau
I11, 1997). As a result, this error represents the best possible error attainable for a rank-4&
approximation.

3. Results
3.1. Validation

Fig. 2 shows the errors obtained for ROIs with diameter of 10 mm and 20 mm in the
spherical and Ernie head. For the spherical head, to achieve a 2% accuracy, the ACA (and
SVD) required 6 (and 4) and 10 (and 6) iterations for the 10 mm and 20 mm diameter
ROIs, respectively. For the MRI-derived head model, to achieve a 2% accuracy the ACA
(and SVD) required 15 (and 7) and 17 (and 8) iterations for the 10 mm and 20 mm diameter
ROls, respectively. As expected, the ACA required a higher rank to achieve the same error
as the SVD. Furthermore, this difference in rank for the same error becomes larger for
larger ROIs. The SVD requires computation of the whole matrix, which requires either
180 (60 x 3) ADM runs to compute it row-wise or 346,680 (963 x 360) FEM runs to
compute it column-wise for the smallest ROI of the four. The ACA avoids computing the
matrix and requires exactly one ADM and FEM run per iteration. For all cases, the ACA
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required less than 2.15 times the rank of the SVD to reach a 2% accuracy, indicating that the
computational time could nearly at most be halved using other matrix completion techniques
for ROIs with diameter < 20 mm. Fig. 3 shows exemplary E-field distributions in the 20

mm diameter ROIs of the spherical and Ernie heads. Both cases consist of the results from
ACA-ADM and the reference results, obtained from analytical method in spherical head and
from ADM in Ernie head. As expected, given the 2% relative error, the ROI E-fields are
visually identical.

In Fig. 2, the stop criterion for the ACA-ADM always follows the trend of the ACA error
and thus indicative of the actual error. The rank to reach an ACA error and stop criterion
level for ROIs of various diameters are shown in Fig. 4. The discrepancy between the ACA
error and stop criterion increases with increasing accuracy level and ROI diameter.

To guarantee the robustness of the ACA algorithm, we further considered ROIs of varying
sizes centered at 162 distinct locations as shown in the supplementary document. The
statistical distributions of the maximum stop criteria and ranks required to achieve 10%, 2%,
and 1% accuracy across all ROIs are shown in Fig. 5 and 6. If we chose a stop criterion that
would guarantee a given accuracy across all ROIs, for many ROIs we would approximate
the matrix to an accuracy much higher than required. More importantly, this would lead

to slow convergence. In contrast, the number of iterations behaves less eratic across ROIs.
Specifically, the number of iterations increases nearly linearly and monotonically with ROI
diameter. To ensure robustness, we add an additional convergence criterion to the ACA
based on a linear fit of the maximum rank required over all ROI diameters to achieve a given
accuracy. Specifically, we run a fixed number of iterations before considering the ACA stop
criterion. Additionally, we use a stop criterion equal to 0.25-0.5 times the required accuracy
according to the ROI size.

We also considered the whole brain (gray and white) matter as ROI for 9 head models

as shown in Fig. 7. We chose 21,358 to 25,895 nearly uniformly spaced coil positions

(thus 7,688,880 to 9,322,200 coil placements) on the top of the scalp as shown in the
supplemental document. The distributions of ranks to reach different levels of accuracy are
shown in Fig. 7. To reach a 2% accuracy, the ranks ranged from 149 to 192. Therefore, for
whole brain as ROI, we recommend setting the minimum rank as 200 to ensure convergence.

The pre-processing CPU run-time cost of the ACA-ADM for computing the coil placement
(assuming N, =6163) to E-field matrix for different ROI diameters is shown in Fig. 8.

For all cases, computing the matrix using FEM would have required 2,218,680 (6163 x
360) forward solves. Each forward solve on average takes 217 s, resulting in a total time

of about 15.3 years. This could have been done using ADM, however, the number of ADM
runs would grow with ROI size, because it would require 3/V;simulations, each taking
approximately 105 s. For example, for ROIs with diameter of 20, 30, and 40 mm, it would
require on average 5,316, 15,684, 33,908 simulations, respectively. In fact, for a small ROI
with 20 mm diameter, the ACA method can construct the matrix with approximately 78
minutes whereas the ADM takes 9303 minutes. ADM is nearly 120 times slower than
ACA-ADM even for this small example. For the ACA in contrast, the computation time per
E-field sample grows sublinearly with ROI diameter because the rank grows slowly with
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increasing ROI size. Our results show that at most (i.e. for whole gray and white matters

as ROIs) we need a rank of 192. In the supplement extended results of pre-processing

and reconstruction times for whole brains are given. The pre-processing time to get a

2% accuracy ranged between 14.3 and 18.7 hours. The number of brain E-field samples
ranged between 1.53 and 1.58 million, and, correspondingly, the reconstruction times ranged
between 0.336 and 0.443 s on a CPU (2% accuracy). We also ran our simulations on an
Nvidia GeForce RTX 3080 GPU and the reconstruction times ranged between 6.6 and 8.5
ms (2% accuracy).

CPU run-time is highly dependent on CPU architecture and comparisons across methods
are best made using operation counts. Our reconstruction stage involves a dense matrix
vector product, which is an embarrassingly parallel operation and easily optimized even
for complicated CPU architectures. Here we provide CPU run-times for the processor
mentioned in the introduction section for reference. The average time required for
reconstructing E-field distributions for each ROI are shown in Fig. 9 (details of the
reconstruction times for the 162 ROIs with different diameters are provided in supplemental
document). The ACA-ADM can reconstruct an E-field distribution for a given coil
placement in approximately 0.1 ms for a 20 mm ROI. Furthermore, it computes the E-field
distribution in approximately 40 ms for ROIs with diameters less than 100 mm with a 2%
accuracy.

3.2. Cortical motor mapping

Neuronavigated TMS (nTMS) is often used for cortical motor mapping for presurgical
planning (Picht et al., 2013; 2011) and for neuroscience research (Salminen-Vaparanta et
al., 2012). Neuronavigated TMS co-registers the subject’s head with MRI images and coil
position(Ruohonen and Karhu, 2010). The position of the coil relative to the underlying
cortical anatomy is then displayed along with E-field estimates. These E-field estimates are
often derived from simplified spherical head models (Picht et al., 2011). During nTMS for
cortical mapping, it is important to deliver a specified E-field to the targeted cortical sites
(Krieg et al., 2017).

To illustrate the use of the ACA-ADM for nTMS, we computed E-field distribution in an
ROI consisting of a long portion of the precentral gyrus as shown in Fig. 10 (A). The

ROI has a diameter of 100 mm and consists of N=113,524 tetrahedra. The ACA-ADM
took approximately 4.07 hours to generate the ROI E-field maps for 2,227,320 (6187 x
360) coil placements. Thereafter, the E-field maps could be computed in approximately 44
ms, indicating that the E-field could be overlayed on the ROI for nTMS in near real-time.
Additionally, we computed the coil placement and orientation that generates a maximum
E-field on different cortical sites along the precentral gyrus. These markers could be used
to guide motor mapping procedures. This procedure can be extended to other cortical
mappings, such as language mapping. Fig. 10 (B)-(I) show the E-field distribution as the coil
moves along the scalp.

Neuroimage. Author manuscript; available in PMC 2024 December 19.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Wang et al.

Page 13

3.3. Trade-off of on/off-target E-field exposure

Some TMS applications require inducing a large E-field on a specific ROI while minimizing
it on specified ROIs. Here we illustrate how the ACA-ADM can be used to choose a coil
placement to achieve the two objectives: Maximize E-field magnitude on the targetted ROI
while minimizing it on the off-target ROI. Since this optimization has two objectives, we
consider an objective function defined as

Ey = AER - Eg,

(10)

where E,,; are defined as the average E-field in the target/off-target ROls, and A determines
the relative importance between Ezand E . A small A prioritizes inducing a small E-field
off target. As such, it results in coil placements far from both the target and off-target

ROIs. In contrast, a large A prioritizes maximizing target E-field, as such it results in coil
placement that maximizes both target without suppressing off-target E-field.

Fig. 11 (A)-(C) shows the coil position for different values of A. As we increase A, the

coil approaches the targeted site from the direction directly opposite to the off-target ROI.
These coil placements both maximize the distance of the coil center to off-target ROI while
minimizing the distance to the target ROI. In Fig. 11 (D)-(F), the average E-field for target
and off target ROIs as a function of A is shown. This information can be used to choose a
coil placement that achieves a high enough E-field on the ROl while minimizing E-field on
off-target region.

4. Discussion

Here we proposed a method for rapidly finding E-field distributions in brain ROIs. We
showed the efficacy of this method in a variety of scenarios and possible applications of it.
Our ACA-ADM approach works accurately and efficiently for any size ROI.

Since the ACA is a greedy algorithm, a small stop criterion value relative to the actual error
can be observed at intermediate iterations. This could result in premature convergence and
it is specially observed for large ROIs. From the spectral properties of Laplace’s equation,
we know that the singular values of the coil placement to ROI E-field matrices will decay
exponentially. Furthermore, we expect the rank for a fixed ROI size to be relatively fixed, as
it is nearly only dependent on the scalp to cortex distance. As such, we proposed to fix the
number of ACA iterations to ensure convergence.

Here we did not reduce the error below 1%. The rank required to further reduce the error in
principle grows as logarithm because of the spectral properties of Laplace’s equation. That
said, the FEM matrix only approximates the underlying physics. We notice that the rank
increases more rapidly for error levels lower than 1% than what is theoretically expected.
This is likely because at 1% we have already more than saturated the numerical accuracy of
the 1st order FEM method used here (Gomez et al., 2020). If a more precise match between
ACA-ADM and FEM is required, it is recommended to use a higher resolution mesh and/or
higher order method.
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The ACA-ADM algorithm is established based on the idea that the coil placement to E-field
distribution in the ROI can be viewed as a compressible matrix, and this matrix can be
determined using matrix completion algorithm. Specifically, the method introduced here is
agnostic to method used to determine the E-fields. Correspondingly, the highly optimized
BEMs presented in Daneshzand et al. (2021); Stenroos and Koponen (2019) could also be
used in conjunction to the ACA in a non-intrusive manner to develop fast real-time E-field
solver. Additionally, coil placements can be chosen on every node of the scalp triangle mesh
and table entries interpreted as linear nodal element expansion coefficients, thereby, enabling
its use to determine the E-field for any coil placement that is tangent to the scalp.

Validation results have shown that for both spherical head model and MRI-derived head
model, the coil placement to ROI E-field distribution map compressed from just a few FEM
and ADM runs. For example, for a typical ROI with diameter of 20 mm with 6163 coil
positions, 17 FEM and 17 ADM runs are required by the ACA-ADM approach. This is in
contrast to 5316 and 2,218,680 (6163 x 360) for ADM and FEM, respectively. Furthermore,
the number of simulations required by the ACA-ADM increases slowly with the ROI size.

The ACA-ADM can be used for determining E-fields for both tangential and non-tangential
coil placements outside of the head. The only constraint is that as the number of coil
placements increases, the FEM run-time asymptotically increases linearly. This is because
the ADM must compute the E-field for more coil positions. That said, results for the

whole brain ROI had between 7.69 and 9.32 million coil placements, and the average

single ACA run-time (including one FEM and one ADM run) is between 328 s and 354

s. Furthermore, the total pre-processing time was between 14.3 and 18.7 hours for a 2%
accuracy. Additionally, the reconstruction time scales as the rank & times number of E-field
samples in the brain and does not increase with increasing number of coil placements. For
example, for the whole brain ROI results (with 1.53 to 1.58 million E-field sample locations)
the reconstruction was at most 0.443 s on the CPU, and 8.5 ms on the GPU. This time is
proportional to the number of E-field samples and can be reduced by choosing fewer E-field
samples in the brain. These results indicate that for most applications the computational
resource increases due to increased coil placements have minor practical consequences.

In this study we chose to place the coils tangentially because this is what is done in
practice. However, ADM uses an auxiliary grid to discretize coils, which currently only
works for flat or nearly flat coils. This limits the applicability of this method to Figure-8
type coils. The ACA-ADM can achieve acceptable accuracy for any size ROI. However, as
the size of the ROI increases, the algorithm becomes less efficient as the ranks increase (Fig.
6). This increases the pre-processing time as shown in Fig. 8. For the whole brain (gray
and white) matter as ROI, the worst case tested required a rank of 192 to achieve a 2%
accuracy. This rank needs to be further reduced to make this practical for large size ROIs.
We recommend applying the ACA-ADM for small ROIs (< 100 mm). For whole head we
have been developing a method based on probabilistic matrix decomposition that has been
shown to achieve nearly optimal compression for many applications (Halko et al., 2011).
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5. Conclusions

Real-time TMS E-field dosimetry can be achieved for ROIs with diameters between 2 mm
and 100 mm using ACA-ADM on a CPU. These times could be further accelerated using
GPUs. The ACA-ADM solver requires a pre-processing phase of approximately 4 hours (for
ROIs with up to 100 mm diameter) to generate a factorized form for the E-field distribution
in the ROI for approximately two million coil placements. Then, this factorized form can

be used to access E-fields in less than 40 ms for an ROl of 100 mm diameter with 2%
accuracy. This tool could be used in neuronavigated TMS and for general E-field informed
coil placement.
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Refer to Web version on PubMed Central for supplementary material.
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ROI Tetrahedra

J," coil position
j,=123 ..., N,

(B)

(A) The coil placement to E-field mapping table contains E-fields in the ROI for all coil
placements, where Ais the number of tetrahedra in ROI, A is the number of coil positions,
and NVis the number of coil placements (V= 360/\/). Each column of the table is the
induced E-field in every ROI tetrahedron for a fixed coil placement. Each row of the table
denotes the E-field induced in a fixed tetrahedron for all possible coil placements. For each
coil placement, orientations are defined by rotating the coil tangent to the scalp and about
its center as shown. Here a local coordinate axis (x;,, y;,) tangential to the scalp and centered

about the coil is defined by setting the 3, unit vector pointing posterior to anterior. The

angles are defined as the polar angle on this coordinate system. Example coil orientations
corresponding to j, = 45°,90°, and 135° are shown for several coil positions. (B) TMS

coil positions are denoted by black dots over the scalp of the head model and are typically
chosen on a large region covering the ROI (red region).
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Fig. 2.
Convergence curves for each benchmark metric as a function of rank. (A) and (B) show the

spherical head results for ROIs with diameters of 10 and 20 mm, respectively. (C) and (D)
show the Ernie head results for ROIs with diameters of 10 and 20 mm, respectively.
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Fig. 3.

Exemplary E-field distributions computed using the reference and ACA-ADM method: (A)
a 20 mm ROI result for the spherical head, and (B) a 20 mm ROI result for the Ernie head
model.
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Fig. 4.
ACA rank required to achieve fixed accuracy levels versus ROI diameter for (A) the
spherical and (B) Ernie head models.
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Statistical distributions for the maximum stop criterion required to achieve (A) 10%

accuracy, (B) 2% accuracy, and (C) 1% accuracy.

Fig. 5.
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Fig. 6.

Statistical distributions of ranks required to achieve (A) 10% accuracy, (B) 2% accuracy, and
(C) 1% accuracy and regressions for median and maximum rank. The magenta and the green
points are the median and maximum rank, respectively. The solid lines are the regression
lines.
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Fig. 7.

Distribution of ranks required to achieve a fixed accuracy level for the whole brain (gray and
white) matter as ROI. The nine head models are shown within the figure as reference, and
coil positions are provided in the supplemental document.
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Averaged pre-processing CPU run-time cost versus ROI diameter for the Ernie head model.
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Fig. 9.
Averaged reconstruction time for the ROI E-field distribution computed

column of V(A with UK,
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Fig. 10.
Cortical motor mapping example. (A) The head model and the coil projections on the

precentral gyrus. (B)-(I) are the E-field distribution around the precentral gyrus. The black
points are the coil projections on the cortex corresponding to the eight labels in (A), the
red points are the brain positions with maximal E-field intensity, and the white line is the
distance between the coil projection and the position with maximum E-field intensity.
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Fig. 11.
Maximizing target and minimizing off-target E-field. (A)-(C) The 10 mm diameter adjacent

target (red) and off-target (green) ROIs on the frontal, occipital, and temporal lobe,

respectively. (D)-(F) The average E-fields on-target and off-target ROIs as a function of
A on the frontal, occipital, and temporal lobe, respectively. The black points indicate optimal
coil positions for the corresponding A values in (D)-(F).
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