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Abstract

Humans are skillful at manipulating objects that possess nonlinear underactuated dynamics,

such as clothes or containers filled with liquids. Several studies suggested that humans

implement a predictive model-based strategy to control such objects. However, these stud-

ies only considered unconstrained reaching without any object involved or, at most, linear

mass-spring systems with relatively simple dynamics. It is not clear what internal model

humans develop of more complex objects, and what level of granularity is represented. To

answer these questions, this study examined a task where participants physically interacted

with a nonlinear underactuated system mimicking a cup of sloshing coffee: a cup with a ball

rolling inside. The cup and ball were simulated in a virtual environment and subjects inter-

acted with the system via a haptic robotic interface. Participants were instructed to move the

system and arrive at a target region with both cup and ball at rest, ‘zeroing out’ residual oscil-

lations of the ball. This challenging task affords a solution known as ‘input shaping’, whereby

a series of pulses moves the dynamic object to the target leaving no residual oscillations.

Since the timing and amplitude of these pulses depend on the controller’s internal model of

the object, input shaping served as a tool to identify the subjects’ internal representation of

the cup-and-ball. Five simulations with different internal models were compared against the

human data. Results showed that the features in the data were correctly predicted by a sim-

ple internal model that represented the cup-and-ball as a single rigid mass coupled to the

hand impedance. These findings provide evidence that humans use simplified internal mod-

els along with mechanical impedance to manipulate complex objects.

Author summary

In their daily life, humans interact with objects that possess complex dynamics. Some

examples include picking up containers filled with liquids, tying shoelaces, and folding

laundry. To allow for dexterous interactions with these objects, we hypothesized that the
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brain develops an internal representation of their dynamics. But what form does this

representation take? Is it a detailed representation or an approximate one? To answer

these questions, we had subjects interact with a simplified cup of coffee in a virtual envi-

ronment: a 2D cup moving on a horizontal line, and with a ball rolling inside. Subjects

were instructed to move the cup from a start position and quickly arrive at a target posi-

tion, with both the cup and ball completely stopped, i.e., the ball should not be rolling

once the cup reached the target position. The manner by which subjects moved the cup-

and-ball prior to arriving at the target location allowed us to infer what internal represen-

tation subjects developed of the system’s dynamics. Experimental and modeling results

showed that subjects developed a simple and approximate representation of the system’s

dynamics rather than a complex and detailed one.

Introduction

Humans manipulate and interact with a myriad of objects on a daily basis. From rigid objects

like pens and hammers to non-rigid ones like clothes and containers filled with liquid, the

dynamics governing the behavior of these objects vary in complexity. Most studies on object

manipulation in motor neuroscience have focused on simple tasks involving rigid objects:

grasping [1], lifting [2], and transporting [3]. In these tasks, controlling the movement of the

hand is equivalent to controlling the movement of the object, only with an added mass. Rela-

tively few studies have examined human control of objects that contain internal degrees of

freedom, i.e., non-rigid objects. Non-rigid objects are underactuated, meaning their internal

degrees of freedom are not controlled directly, but rather indirectly through the interaction

between the hand and the object. Manipulation of such objects is considerably more challeng-

ing than unconstrained reaching or rigid object manipulation. It is yet to be fully understood

how humans manage to interact with objects with such complex dynamics in their numerous

daily activities.

The few existing studies on non-rigid object manipulation modeled the human behavior as

being optimal and sought to identify what criteria the humans were optimizing. All these mod-

els proposed that humans sought to maximize some measure of smoothness [4,5,6], effort [7],

or both [8]. While informative, these models are confined to the descriptive level of analysis:

they describe what the biological system does, but not how it is achieved. One assumption

inherent to these approaches is that humans form precise internal models that specify the

forces that need to be exerted on the object to induce a desired motion [7,9]. This is plausible

since the non-rigid object considered in these studies was merely a linear mass-spring system,

a system that does not possess the considerably more complex nonlinear dynamics of the

broad range of objects that humans interact with daily. Nonlinear underactuated systems are

very sensitive to small changes in their input and initial conditions, and some are even prone

to chaos [10]. Such small perturbations readily arise from the fact that human actions are

intrinsically variable. Can humans acquire precise internal models of more complex objects

with nonlinear and potentially chaotic dynamics? What level of detail do these internal models

represent?

Feedback can handle imprecision and can alleviate the need for an accurate internal model.

One study showed that optimal feedback control can explain the behavior observed in human

control of non-rigid objects, specifically mass-spring systems [7]. However, for more complex

objects the behavior can evolve on a very short time scale and become unpredictable, render-

ing feedback inadequate due to the long delays in neural transmission. Alternatively, the
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spring-like properties of muscles, specifically mechanical impedance, may be used to handle

discrepancies between predicted and actual movement [8,11]. How do humans exploit muscle

impedance in conjunction with internal models to control complex objects?

To develop a deeper understanding of dexterous sensorimotor control more challenging

tasks are required [12,13]. In addition to interacting with a complex object, namely a container

with a rolling ball inside, this study increased the task’s demands with a challenging goal: move

the system, i.e., the cup and also the ball, to come to a complete rest. This instruction of ‘zero-

ing out’ terminal oscillations of the ball presented a major challenge for the human subjects,

especially as they had to move very fast. Participants were instructed to transport this simpli-

fied ‘cup of coffee’ in a virtual environment. This system was presented to the subjects as a cup

with one internal degree of freedom, a ball, rolling inside the cup. The physics that were virtu-

ally simulated were those of a cart-pendulum system, which was already employed in our pre-

vious research [10,14,15,16,8].

For this task of zeroing out residual oscillations, control engineering has developed a strat-

egy named ‘input shaping’ that achieves a perfect solution. However, knowledge of the system

being controlled is necessary. Input shaping applies a series of timed pulses to move a dynamic

object from point to point leaving no residual oscillations [17]. Since the timing and amplitude

of these pulses depend on the controller’s internal model of the object, input shaping could

serve as a tool to estimate the human’s internal representation of the cup-and-ball and, hence,

probe human control. Simulations employing five internal models with different degrees of

complexity were compared against the human data. The internal models ranged from a

detailed representation of the coupled hand and cup-and-ball system to a rigid body model

without the oscillatory dynamics of the ball. Remarkably, the latter model best reproduced the

data.

Results

Experimental task

The task of transporting a ‘cup of coffee’ was simplified to moving a two-dimensional arc with

a ball ‘rolling’ inside (Fig 1). This cup-and-ball system was modeled as a cart-and-pendulum

system, where the cup’s movement corresponded to the cart’s movement and the ball repre-

sented the pendulum’s bob (Fig 1A). Even though this model simplified the full dynamics of a

cup of coffee, the essential challenges of the task were retained: underactuation and nonlinear-

ity, where the latter could induce chaotic behavior. The motion of the cup was limited to the

horizontal axis only (Fig 1B). The equations of motion for this system were:

ðmc þmpÞẍ ¼ mplð
_�
2 sin � � �̈ cos �Þ þ F ¼ Fball þ F ð1Þ

�̈ ¼ �
ẍ
l
cos � �

g
l
sin � ð2Þ

where x denoted the cup position and ϕ denoted the ball angle, with ϕ = 0 defined at the bot-

tom of the cup; positive angles moved counterclockwise. The mass of the cup was mc and the

pendulum’s mass and length were mp and l, respectively. F was the force applied by the subject

on the cup and g was the gravitational acceleration. Fball denoted the force that the ball applies

back onto the cup. The cup-and-ball system was simulated in a virtual environment and visu-

ally displayed on a projection screen. Throughout the experiment, the following values were

used: mc = 1.9 kg, mp = 1.1 kg, l = 0.5 m, and g = 9.81 m/s2. Subjects interacted with the cup-

and-ball using the HapticMaster robotic manipulandum [18].
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At the beginning of each trial, the cup was centered inside the start region on the left of the

screen with the ball resting at the bottom of the cup. Subjects made one-dimensional move-

ments from the start region to the target region, and were instructed to arrive at the target

region with no residual ball oscillations, i.e., both the cup and the ball should come to a com-

plete stop. As the task was difficult, subjects were trained in blocks 1 and 2 before performing

the desired task in blocks 3 and 4.

In the first block of 25 trials, subjects were instructed to move the cup-and-ball system from

the start region and bring the cup to a complete stop inside the target region within 1.50 s. Sub-

jects did not have to pay attention to the movements of the ball, except for making sure they

did not lose the ball. For the second block of trials, subjects practiced moving the cup-and-ball

to arrive at the target region with no residual ball oscillations. Subjects’ performance was quan-

tified using the residual ball angle, which was defined as the maximum absolute ball angle after

the cup had arrived at the target region. Subjects were verbally encouraged to try to move at a

pace similar to the first block. After the first two familiarization blocks, subjects were presented

with the two testing blocks 3 and 4, where they were required to both minimize residual ball

oscillations and meet a specific movement duration constraint: 1.40 s in block 3 and 1.20 s in

block 4. To motivate subjects to try their best, they were told that a residual angle less than or

equal to 10 deg was considered skillful performance.

Input shaping

Input shaping is a control strategy developed to move objects with resonant internal dynamics

from point to point with no residual oscillation of the internal degrees of freedom at the target

[17]. This is achieved by commanding impulses of appropriate amplitude and timing to the

system that result in destructive interference of the excited oscillatory modes. Impulses with

these amplitudes and timings are convolved with the nominal input, i.e., the input that would

result in the desired displacement of the object. This produces a shaped input that will both

command the system to the desired position and eliminate residual oscillations (Fig 2). For a

Fig 1. Experimental task and apparatus. A. Inspired by the daily task of carrying a cup of coffee, a simplified model

of a cup with a ball rolling inside was designed. Mechanically, this cup-and-ball system was equivalent to a cart-and-

pendulum system. B. Subjects interacted with the cart-and-pendulum system in a virtual environment through a

robotic manipulandum. The cart-and-pendulum system was visually displayed as a 2D semicircular cup with a ball

(the pendulum’s bob) sliding inside. The robotic manipulandum provided haptic feedback about the forces that the

ball imparted on the cup.

https://doi.org/10.1371/journal.pcbi.1012599.g001
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given mode of oscillation of a system, the amplitudes (Ai) and timings (ti) of the required

impulses can be computed as

A1 ¼
1

1þ C
; A2 ¼

C
1þ C

; t1 ¼ 0; t2 ¼
Td

2
; C ¼ e

� zpffiffiffiffiffiffiffi
1� z2
p

ð3Þ

where z is the damping ratio and Td is the damped natural period. In this study, the nominal

input was taken to be a minimum-jerk velocity profile [19]. As can be seen in Fig 2, the shaped

input consists of peaks and valleys, the amplitudes and timings of which depend on the

impulses, which themselves depend on the system’s dynamics. Two controllers with different

information about the system’s dynamics, i.e., different internal models of the system, would

provide different shaped inputs to the system and result in different outputs. Therefore, the

peaks and valleys observed in the subjects’ behavioral data could be used to infer their internal

model of the system’s dynamics.

Input shaping is generally based on the system’s natural frequency and damping ratio,

which are parameters that are poorly defined for nonlinear systems. Several approaches have

been proposed to implement input shaping for nonlinear systems, a topic that is beyond the

scope of the paper [20]. However, most approaches follow the same procedure: 1) linearize the

system to estimate the frequency and damping and hence the required impulses, and then 2)

use mathematical techniques to guarantee robustness of the input shaper to modeling uncer-

tainties. In this paper, we did not seek to design perfect input shapers for nonlinear systems,

but rather we aimed to use input shaping as a tool to determine subjects’ internal model of the

nonlinear system. For that purpose, it sufficed to compute the impulses for input shaping sim-

ulations based on the frequency and damping ratio of the linearized system.

Consider the cart-and-pendulum system described by Eqs (1)–(2) with the parameters

mentioned earlier. For the first set of simulations in this paper, the cup-and-ball system was

linearized about the pendulum’s downward static equilibrium, � ¼ 0; _� ¼ 0, resulting in the

linearized equations of motion:

ðmc þmpÞẍ ¼ � mpl�̈ þ F ð4Þ

Fig 2. Input shaping technique for generating commands that minimize residual oscillations. First, using the internal model of the system, impulses of appropriate

amplitude and timing are computed (Eq 3). These impulses are then convolved with a nominal input that would nominally result in the desired displacement of the

system. The result is a shaped input that will both command the system to the desired position and eliminate residual oscillations. The peaks and valleys in the shaped

input are the result of the computed impulses, which in turn represent the controller’s knowledge of the system’s dynamics. They can therefore be used to infer the

subject’s internal model of the system.

https://doi.org/10.1371/journal.pcbi.1012599.g002

PLOS COMPUTATIONAL BIOLOGY Internal models of complex objects

PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi.1012599 November 18, 2024 5 / 33

https://doi.org/10.1371/journal.pcbi.1012599.g002
https://doi.org/10.1371/journal.pcbi.1012599


�̈ ¼ �
g
l
� �

ẍ
l

ð5Þ

An input shaping controller provided with this precise internal model of the system’s dynam-

ics would compute the required amplitudes and timings for the impulses from (3) as

A1 ¼ 0:5; A2 ¼ 0:5; t1 ¼ 0; t2 ¼ 0:71.

Fig 3 illustrates the simulated velocity profiles of shaping a minimum-jerk trajectory of 22

different durations between .75 and 1.5 times the object’s natural period with these impulses

[21]. A robust observation of this summary graph is the symmetry of all trajectories and the

presence of two peaks of equal amplitude for any given movement of a sufficiently short dura-

tion. These two-peaked kinematic patterns are the result of the equal amplitude of the two

impulses, which were computed based on the system dynamics that were provided to the con-

troller. From Eq (3), we note that shaping the input to a system with zero damping will always

result in such a symmetric two-peaked profile. Another observation is the fact that the value of

the inter-peak minimum velocity was positively correlated with the movement duration:

shorter movement durations had smaller minimum velocities. The inter-peak minimum

velocity plateaued at 0 m/s for movement durations that were shorter than 1.42 s, which is the

pendulum’s natural period of oscillation.

To summarize, an input shaping controller that assumes an internal model in the form of

linearized cart-and-pendulum dynamics predicts three features: 1) Two peaks in the velocity

Fig 3. Shaped inputs required to eliminate residual oscillations from the linearized cart-pendulum system (Eqs 4–

5), for different movement durations. It was assumed that the controller has a precise internal model of the system’s

dynamics. Two important observations are worth highlighting: 1) the equality of the two peak amplitudes for

movements of sufficiently short durations, and 2) the decrease of inter-peak minimum velocities with shorter

movement durations.

https://doi.org/10.1371/journal.pcbi.1012599.g003
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profile, 2) equal magnitude of these two peaks, and 3) a positive correlation between the move-

ment duration and the inter-peak minimum velocity that plateaus at around 1.42 s.

Familiarization blocks

In block 1, the mean movement duration across all subjects was 1.36 ± 0.33 s. Most subjects (9

out of 11) achieved a mean movement duration that was shorter than the upper bound for this

block (1.54 s) demonstrating that on average they learned to move the cup-and-ball system at

the required pace. Fig 4A shows the average velocity profiles across all trials for each of the 11

subjects. Their movement times were normalized for better comparison of the shape. The

velocity profiles displayed only one peak with an additional ‘shoulder’ caused by the moving

ball acting upon the cup. These features were consistent across all subjects and are typical for

movements that involve transporting the cup with the moving ball [22]. As to be expected, the

ball kinematics displayed large residual oscillations, since the subjects did not seek to minimize

these oscillations in this first block (Fig 4B).

In block 2, the aim was to familiarize the subjects with the explicit focus on minimizing

residual ball oscillations while still moving at the same pace as in block 1. A first look at cup

and ball kinematics in Fig 5A and 5B shows the change in cup velocity from the early to the

later trials of block 2 for all subjects. At the beginning, the velocity profiles of the subjects’

movements exhibited a single peak with an additional ‘shoulder’, similar to what is seen in

block 1. However, by the end of the block all subjects had adopted a new pattern that displayed

two peaks in the velocity profile. The effect of this change in movement pattern on the residual

ball oscillations is shown in Fig 5C and 5D. As the subjects shifted to a two-peak velocity pro-

file, the residual ball oscillations became slightly smaller, although there was even more vari-

ability in the patterns.

Fig 6 shows how the residual ball angles of the subjects changed as they practiced the task.

Fig 6A shows ball angles over trials in two selected subjects with linear regressions: S1 shows

the expected decrease with practice, while S7 shows an increase in the angle with practice,

counter to the task instructions, speaking to the difficulty of the task. Linear regressions were

fitted that revealed that 8 out of 11 subjects (S2-S5, S7-S10) did not show any statistically sig-

nificant trends with practice (Fig 6B and Table 1). The zero slope was within the 95%

Fig 4. A. Mean velocity profiles across all trials for all 11 subjects in block 1. The velocity profiles of all subjects displayed an asymmetric profile with one peak

with an additional ‘shoulder’ caused by the moving ball acting upon the cup. B. Mean ball angle profiles across all trials of block 1 for every subject. As

expected, residual ball angles were large after completion of the cup movement, since the subjects did not seek to minimize ball oscillations. The gray shaded

area indicates the time after completion of the cup movement.

https://doi.org/10.1371/journal.pcbi.1012599.g004
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confidence interval for the regression slope for all these 8 subjects. Only 3 subjects exhibited

improvements with a statistically significant negative trend, indicating overall performance

improvement with practice.

Fig 5. Mean velocity and ball angle profiles across first and last 10 trials of block 2 for every subject. A. At the beginning of the block, the velocity profiles of

the subjects’ movements exhibited a single peak with an extended decrease, similar to what was seen in block 1. B. By the end of the block all subjects had

adopted a new pattern that displayed two peaks in the velocity profile. C. At the beginning of the block, subjects’ movements were still exhibiting large residual

oscillations, due to their single peak velocity profile. D. By the end of the block, all subjects were able to learn how to minimize residual oscillations to a

satisfactory degree, due to the two-peak movement strategy. The gray shaded areas indicate the time after completion of cup movement.

https://doi.org/10.1371/journal.pcbi.1012599.g005

Table 1. Regression statistics for residual ball angle vs trial number in block 2. Asterisks highlight the subjects with

a significantly negative regression slope.

Subject Regression Slope 95% CI p-value

S1 -0.30 [-0.45, -0.16]* < 0.001

S2 0.08 [-0.13, 0.29] 0.44

S3 -0.11 [-0.23, 0.008] 0.07

S4 0.11 [-0.06, 0.28] 0.19

S5 0.06 [-0.07, 0.18] 0.35

S6 -0.13 [-0.26, -0.002]* 0.046

S7 -0.01 [-0.15, 0.12] 0.87

S8 -0.09 [-0.34, 0.16] 0.49

S9 -0.08 [-0.25, 0.08] 0.30

S10 -0.15 [-0.31, 0.002] 0.053

S11 -0.25 [-0.36, -0.14]* < 0.001

https://doi.org/10.1371/journal.pcbi.1012599.t001
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Testing blocks

In blocks 3 and 4, subjects were required to both minimize residual ball oscillations and com-

plete the movement within a specified amount of time (1.40 s for block 3 and 1.20 s for block

4). The mean movement durations across all subjects was 1.50 ± 0.25 s in block 3 and

1.36 ± 0.20 s in block 4, which were longer than the desired movement durations in each

block, reflecting the difficulty of performing the task quickly. However, the specified move-

ment duration was not a hard constraint; it was only intended to deflect the subjects from the

trivial solution of moving very slowly and to ensure sufficiently fast movements to elicit a

dynamic ball behavior. With that in mind, subjects satisfied the movement duration constraint

to an acceptable degree.

The mean velocity and ball angle profiles for every subject across all trials of blocks 3 and

4 are shown in Fig 7. The two-peaked velocity profiles that subjects adopted towards the

end of the second familiarization block were maintained and became more regular in block

3 and block 4. The ball kinematics displayed small residual oscillations (compare to block 1,

Fig 4B and block 2, Fig 5C and 5D), indicating that subjects performed well in the task. Fig

8 further displays the mean value of the residual ball angle, achieved by every subject in the

testing blocks 3 and 4. The mean residual ball angle across all subjects was 10.39 ± 5.60 deg

in block 3 and 11.38 ± 5.60 deg in block 4, with six subjects achieving a mean residual ball

angle� 10 deg in block 3 and four subjects achieving a mean residual ball angle� 10 deg in

block 4. As the instructed residual ball angle was � 10 deg, these values indicated that sub-

jects were successful in minimizing the residual ball angle. Altogether, these results show

that the subjects were able to meet the task instructions of minimizing residual ball angles

while moving at the required pace, hence performing the task with a reasonable level of

skill.

Fig 6. Residual ball angles vs trial number for block 2 where subjects were instructed to focus on minimizing the

residual ball oscillations. A. The two panels on the left display two representative subjects’ data (S1 with a negative

trend and S7 with no trend) along with the regression line. The shaded bands represent the 95% confidence interval for

the slope. B. The panel on the right displays the regression lines for all 11 subjects (statistics in Table 1). Eight subjects

did not show any statistically significant trends with practice, which testifies that the task was difficult. The remaining 3

subjects had statistically significant negative trends, with the regression slope confidence intervals not containing zero.

https://doi.org/10.1371/journal.pcbi.1012599.g006
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Fig 7. Mean velocity and ball angle profiles across all trials of block 3 and block 4 for every subject. A,B. In blocks

3 and 4, subjects maintained the two-peak velocity profiles that they learned in block 2. An important observation is

the inequality in the peaks: the first peak was consistently higher than the second peak. C,D. Subjects were able to

achieve small residual ball oscillations in blocks 3 and 4 (compare to Figs 4B, 5C and 5D). The gray shaded area

indicates the time after completion of the cup trajectory.

https://doi.org/10.1371/journal.pcbi.1012599.g007

Fig 8. Mean residual ball angles achieved by every subject in blocks 3 and 4. The error bars denote one standard

deviation. Subjects were instructed to aim for a residual ball angle� 10 deg, which is marked by the dashed line in the

figure.

https://doi.org/10.1371/journal.pcbi.1012599.g008
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Hypothesis 1: Two peaks in the velocity profiles

As was pointed out earlier, the first robust observation in the velocity profiles in blocks 3 and 4

was the presence of two peaks in the velocity profile (Fig 7A and 7C). This matches the number

of peaks predicted from the simulations presented in Fig 3.

Hypothesis 2: Symmetric peaks in the velocity profiles

Contrary to the simulations however, the two peak amplitudes were not equal, with the ten-

dency of the first peak to be higher than the second peak. Defining the peak ratio as
peak 1

peak 2
, 8 out

of the 11 subjects had a mean peak ratio > 1 in block 3, while 9 subjects had a mean peak

ratio > 1 in block 4 (Fig 9). The mean peak ratio across all subjects was 1.17 ± 0.30 in block 3

and 1.13 ± 0.25 in block 4. These means were significantly different from 1 in both blocks:

block 3: t(10) = 3.10, p = 0.01; block 4: t(10) = 3.11, p = 0.01. This observation was not consis-

tent with the simulation predictions based on a precise internal model of the linearized

dynamics (Fig 3). While the imprecision and inequality of peak values was not surprising, it

was not of a random nature, but rather exhibited systematic features. There was robust signa-

ture of “imprecision” whereby the first peak was larger than the second peak. This salient

behavioral feature served as a guide in further investigations below.

Hypothesis 3: Positive correlation between inter-peak minimum velocity

and movement duration

Counter to expectations, the correlations between the inter-peak minimum velocity and the

movement duration were negative. Out of the 11 subjects, 4 subjects in block 3 and 7 subjects

in block 4 displayed a behavior that resulted in a statistically significant negative regression

line between the inter-peak minimum velocity and movement duration, i.e., smaller inter-

Fig 9. Mean peak ratio across all trials of block 3 and block 4 for every subject. The error bars denote one standard

deviation. In block 3, eight subjects had a mean peak ratio> 1, while in block 4 nine subjects had a mean peak

ratio> 1.

https://doi.org/10.1371/journal.pcbi.1012599.g009
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peak minimum velocities for longer movement durations (Fig 10, light-colored lines). The

zero slope was in the 95% confidence interval for all the remaining subjects, indicating no sta-

tistically significant relation, i.e., no subject displayed a positive relation (Table 2). A linear

mixed-effects model with subject as a random factor was fitted in block 3 and block 4 (Fig 10,

thick lines). In both blocks, movement duration had a significant negative main effect on

inter-peak velocity (block 3: β¼ � 0:061� 0:026; p < 0:001; block 4:

b ¼ � 0:067� 0:029; p < 0:001). This negative relation between inter-peak velocity and

movement duration also contradicted the simulation predictions portrayed in Fig 3. For com-

parison with Fig 3, the cup velocity profiles of two representative subjects are displayed in

Fig 11, color-coded by movement duration.

Simulations: Testing different internal models

The experimental results showed consistent patterns with two peaks in the velocity profile as

predicted by an input shaping strategy (Hypothesis 1, Fig 3). However, the two peaks had dif-

ferent amplitudes, counter to the predictions for input shaping when applied to the system

dynamics described in Eqs (4)–(5) (Hypothesis 2). Also counter to Hypothesis 3, at the mini-

mum between the two peaks the velocity decreased with movement duration, not increased as

predicted. We therefore concluded that subjects implemented an input shaping control strat-

egy, but that the assumed internal model required modification.

Fig 10. The lighter-colored lines show the linear regressions between the inter-peak minimum velocity and the

movement duration for every subject in blocks 3 and 4 (for statistics, refer to Table 2). The thick lines are the fitted

linear mixed-effects models, which show a significant negative main effect of movement duration on inter-peak

velocity.

https://doi.org/10.1371/journal.pcbi.1012599.g010

Table 2. Regression statistics for inter-peak minimum velocity vs movement duration in blocks 3 and 4. Asterisks highlight significantly negative regression slopes.

Subject Block 3 Block 4

Regression Slope 95% CI p Regression Slope 95% CI p
S1 -0.36* [-0.48, -0.24] < 0.001 -0.06 [-0.13, 0.002] 0.06

S2 -0.04 [-0.10, 0.02] 0.18 -0.05* [-0.09, -0.008] 0.02

S3 -0.02 [-0.07, 0.03] 0.40 -0.03 [-0.11, 0.04] 0.36

S4 -0.08* [-0.13, -0.03] 0.003 -0.10* [-0.15, -0.04] < 0.001

S5 -0.12* [-0.17, -0.07] < 0.001 -0.15* [-0.20, -0.10] < 0.001

S6 -0.005 [-0.03, 0.02] 0.69 -0.06* [-0.10, -0.01] 0.01

S7 -0.04 [-0.10, 0.01] 0.12 -0.08* [-0.13, -0.03] 0.002

S8 -0.02 [-0.15, 0.12] 0.78 -0.06 [-0.20, 0.07] 0.33

S9 0.02 [-0.05, 0.09] 0.55 0.008 [-0.08, 0.09] 0.85

S10 0.006 [-0.05, 0.06] 0.85 -0.19* [-0.25, -0.13] < 0.001

S11 -0.08* [-0.12, -0.05] < 0.001 -0.06* [-0.12, -0.005] 0.03

https://doi.org/10.1371/journal.pcbi.1012599.t002
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Hand-object coupled dynamics model

Given that subjects were instructed to reduce residual ball oscillations in the experiment, input

shaping was used as a template for possible control strategies they employed. For the cup-and-

ball system in Eqs (4)–(5) the damping ratio was zero and, hence, the damped natural period

of oscillation Td was equal to the natural period of the assumed pendulum Tn ¼ 2p

ffiffiffi
l
g

r

.

Assuming a perfect internal model, from Eq (3), the required amplitudes and timings of the

impulses were computed to be A1 ¼ 0:5; A2 ¼ 0:5; t1 ¼ 0; t2 ¼ 0:71. Simulations using this

shaped input showed that this model predicted cup velocity profiles with equal peaks (Fig 3).

Further, this model predicted that for faster movements, the inter-peak minimum velocity

should decrease. Both predictions were in stark contrast to the experimental observations,

indicating a fundamental component was missing.

The decrease in amplitude in the second peak in the data suggested that the biological sys-

tem was dissipating energy, in contrast to the system modeled in Eqs (4)–(5). As the virtual

system did not have any damping, the hand-object coupling must have played a significant

role in the subjects’ performance. This meant that the system’s equations of motion needed to

include hand interactive dynamics coupled to the cart-and-pendulum system. This was

achieved by adding an impedance element, modeled as an ideal force generator (Fff) in parallel

with a spring (stiffness K) and a damper (damping coefficient B) to the cart-and-pendulum

system (Fig 12). Fff denotes the feedforward force required to follow a desired trajectory

½xdesðtÞ; _xdesðtÞ�. If the full dynamics of the cart-and-pendulum system were perfectly antici-

pated, including the ball’s perturbing forces, subjects would be able to generate an Fff that

would allow the cart to follow the desired trajectory exactly, i.e., x = xdes and _x ¼ _xdes. Due to

the system’s complex dynamics, however, it is unlikely that subjects learned the precise model.

If, instead, the internal model differed from the system’s dynamics, the spring and damper

would provide restoring forces back toward the desired trajectory. Adding the feedforward

force and impedance element to Eqs (4)–(5) results in these equations of motion:

ðmc þmpÞẍ ¼ � mpl�̈ þ F ð6Þ

�̈ ¼ �
g
l
� �

ẍ
l

ð7Þ

F ¼ Fff þ Bð _x0 � _xÞ þ Kðx0 � xÞ ð8Þ

The impedance parameters K and B were considered constant during a single trial. The

Fig 11. Velocity profiles for two representative subjects S2 and S5 in block 4. As opposed to the simulation

predictions in Fig 3, the inter-peak minimum velocities increased with shorter movement durations.

https://doi.org/10.1371/journal.pcbi.1012599.g011
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coupled system (6)–(8) was a 4th-order dynamical system, which meant that it exhibited two

modes of oscillation with different decay rates [23]. How would subjects plan and shape the

inputs ½x0; _x0�? Were subjects accounting for the hand impedance and, hence, planning their

inputs based on an accurate model of the full 4th-order cart-and-pendulum system coupled to

the hand? Or were their inputs planned and generated based on a simpler, lower-order internal

model? To gain insight into the internal representation that subjects may have developed of

the coupled hand plus cart-and-pendulum system, input shaping controllers with varying

internal models were developed and compared with the data.

Five different internal models were considered to generate shaped inputs as illustrated in

Fig 13. In each case, the impulse amplitudes and timings were computed based on the selected

internal model and convolved with a minimum-jerk profile as before. The resulting shaped

input ½x0; _x0; ẍ0� was delivered to the corresponding internal model and forward simulated to

generate the desired kinematic profile ½xdes; _xdes; ẍdes� and the feedforward force Fff. Finally, Fff
and the shaped input were applied to a simulation of the nonlinear equations of motion

including hand impedance:

ðmc þmpÞẍ ¼ mplð
_�
2 sin � � �̈ cos �Þ þ F ð9Þ

�̈ ¼ �
ẍ
l
cos � �

g
l
sin � ð10Þ

F ¼ Fff þ Bð _x0 � _xÞ þ Kðx0 � xÞ ð11Þ

For all simulations, the shaped input was computed based on a different hypothesized linear

internal model of (6)-(8). The shaped input was always entered into that internal model to gen-

erate a desired trajectory as an output. Finally, that desired trajectory was used to calculate a

Fig 12. Coupled hand-object system used to model the task in simulations. The dynamics of the cart-pendulum

system were coupled to a model of hand impedance. x0, shaped cart position; K, hand stiffness; B, hand damping

coefficient; Fff, feedforward force; x, cart position; M, mass of the cart; l, pendulum length; ϕ, pendulum angle; m, mass

of the pendulum.

https://doi.org/10.1371/journal.pcbi.1012599.g012
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feedforward force Fff which was entered into the fully fledged coupled nonlinear system (9)-

(11) along with the shaped input ½x0; _x0�. This simulation process is visualized in Fig 13 and

summarized in a flow chart in the Supplementary Material S1 Fig.

After careful study of the object’s dynamics, and through systematic reduction, five candi-

date internal models were identified. These models were a full set, insofar as they included all

structural simplifications of this system, which has only two dynamic modes of behavior. Full

derivations of the feedforward force generated based on each internal model are provided in

the Supplementary Material S1 Text. The five different internal models were:

I. Internal model of the coupled system: Multi-Mode (MM)

The first model assumed that subjects developed a precise internal model of the 4th-order

coupled system and sought to cancel both modes of oscillation. For systems with multiple

modes that each contribute significantly to a system’s behavior, a multi-mode input shaper

was needed to successfully move the system from point to point with zero residual oscilla-

tions. A simple implementation of a multi-mode input shaper was the convolved shaper,

achieved by convolving together input shapers for each individual mode [24]. The resultant

multi-mode shaper maintained the oscillation-cancelling properties of each individual

shaper. In this case of a two-mode shaper, a total of four impulses were required to success-

fully achieve the task.

To generate the feedforward force input for this model, Eqs (6)–(8) were integrated using

the shaped input x0 and _x0, producing desired cart-and-pendulum kinematics, ½xdes; _xdes; ẍdes�
and ½�des;

_�des; � ̈des�. Combining and rearranging Eqs (6)–(8), the feedforward force Fff was

hence calculated as

Fff ¼ mcẍdes � mpg�des ð12Þ

Fig 13. The five different internal models used to generate control inputs to the system via input shaping. Once x0 and Fff were generated depending on the internal

model, they were fed into the coupled nonlinear system (Eqs 9–11) and simulated.

https://doi.org/10.1371/journal.pcbi.1012599.g013
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II. Internal model of the coupled system: Slow Mode (SM)

Similar to the Multi-Mode model, the Slow Mode model assumed that subjects had a precise

internal model of the 4th-order coupled system. However, this model assumed that subjects

sought to cancel only one of the oscillation modes, specifically the lower-frequency mode,

requiring only two input shaping impulses. This model could have represented a control strat-

egy in which subjects, faced with a difficult task, attempted to cancel only the slower oscillation

in the system, which may have been easier to do.

A single vibratory mode of a system with multiple degrees of freedom could be represented

by an equivalent mass-spring-damper system. The natural frequency and damping ratio of the

slower mode were first calculated. The effective modal mass was set equal to that of the larger

of the two masses in the system, the cup. The effective modal stiffness and damping of this

equivalent system were then calculated as

~Kslow ¼ mco
2

slow ð13Þ

~Bslow ¼ 2mczslowoslow ð14Þ

where ωslow and zslow are the natural frequency and damping ratio of the slower mode, respec-

tively. A shaped input for this internal system was generated by inserting the damping ratio

and damped natural period into Eq (3) and convolving the resulting impulses with the nomi-

nal minimum jerk profile. The shaped input ½x0; _x0� was then applied to the equation of motion

of the equivalent mass-spring-damper system:

mcẍ þ ~Bslowð _x � _x0Þ þ
~Kslowðx � x0Þ ¼ F ð15Þ

Integrating Eq (15) produced the desired cup kinematics. The feedforward force input Fff was

hence calculated as:

Fff ¼ mcẍdes ð16Þ

III. Internal model of the coupled system: Fast Mode (FM)

The Fast Mode model was conceived in the same spirit as the slow mode model, with the dif-

ference that input shaping impulses were generated to cancel only the faster mode. This model

could have represented a control strategy in which subjects focused only on cancelling the

higher-frequency oscillation in the system while ignoring the lower-frequency oscillation.

Such a strategy may have been encouraged by the experiment’s emphasis on performing faster

movements and minimizing pendulum motion.

An effective mass-spring-damper system was formulated in the same way as Eqs (13)–(15)

but by using the natural frequency and damping ratio of the higher-frequency mode, as well as

the smaller of the two masses in the system, i.e., that of the pendulum, mp. Feedforward force

input Fff was calculated similarly to Eqs (15)–(16):

Fff ¼ mpẍdes ð17Þ

IV. Simplified internal model: Rigid Body (RB)

This model considered a simplified internal model that disregarded the pendulum’s oscillatory

dynamics, grouping the cart-and-pendulum to a single mass, resulting in a mass-spring-
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damper system. As humans are adept at manipulating rigid objects, the motivation for this

rigid body model was that subjects internally represented the total mass of the object and their

own hand impedance. Such dynamics would be more familiar than the pendulum’s internal

degree of freedom. This internal model had the following characteristics, which were used to

calculate the required impulses:

z ¼
B

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Kðmc þmpÞ

q ;o ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K

ðmc þmpÞ

s

;Td ¼
2p

o
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � z

2
p ð18Þ

Feedforward force was calculated as

Fff ¼ ðmc þmpÞẍdes ð19Þ

V. Simplified internal model: No Impedance (NI)

This model considered that subjects planned the shaped inputs based on the cart-and-

pendulum dynamics expressed in Eqs (4)–(5), without regard to hand impedance. The impulse

amplitudes and timings were therefore identical to those computed for the nominal input

shaping model presented in Fig 3. Note however that this simulation differed from the input

shaping simulation of Fig 3. The internal model without impedance was used to generate a

feedforward force Fff that was fed as an input to the coupled system with impedance (9)-(11)

rather than the system without impedance (4)-(5), producing different outputs. This No

Impedance model assumed that subjects were mainly focused on the dynamics of the cart-

and-pendulum system and did not consider the effect of their own hand impedance.

To generate the desired cart-and-pendulum trajectories, Eqs (4)–(5) were forward-simulated

using the shaped input to the cup, ẍ0. Feedforward force Fff was then calculated as

Fff ¼ mcẍdes � mpg�des ð20Þ

Model fitting using optimization

S1 and S2 Figs illustrate the process used to find optimal impedance values for each experi-

mental trial using different internal models. For each of the five models, the desired cart kine-

matics ½xdes; _xdes; ẍdes� were computed based on the respective internal model, leaving three free

parameters to fit a simulated trial to one experimental trial: stiffness K, damping B, and time

added to the experimental trial duration T. To find the parameter values that resulted in the

best fit to the experimental observations, a nonlinear optimization was conducted utilizing the

open-source NLopt package [25]. The controlled random search algorithm (CRS2) with the

“local mutation” modification was used for all optimizations [26].

Hand impedance values were allowed to vary over a large range: damping values were

bounded from 0 to 100 Ns/m and stiffness values were bounded from 0 to 1000 N/m. Initial

values were chosen as B = 10 Ns/m and K = 100 N/m, reasonable order-of-magnitude esti-

mates for upper arm impedance [14]. The optimization also included additional trial duration

T as a parameter, which was allowed to vary from 0 to 1000 ms. This was a necessary step to

simulate longer trials starting from rest before they were trimmed at non-zero velocity start

and end thresholds, enabling comparison to the experimental trials.

The objective function for the nonlinear optimization was defined as the root mean square

error (RMSE) between simulated and observed kinematic profiles at all time points. Both
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profiles were defined using weighted kinematic variables normalized to that variable’s range.

RMSE for one kinematic variable was defined as:

RMSEx ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

wx

PN
i¼1
ðxðtiÞ � x̂ðtiÞÞ

2

q

maxðxÞ � minðxÞ
ð21Þ

where wx is the weight assigned to variable x. The total RMSE was then calculated by summing

the RMSE for each variable and dividing by the sum of the square roots of the weights. Further

details on the optimization methods are included in S1 Text. The dynamic simulation and

optimization code used in this study may be found at https://github.com/stephan-stansfield/

cup-task.

Simulation results

The simulated data were analyzed in the same way as the experimental data. The criteria for

evaluating the adequacy of the model were the two robust features in the behavioral data: the

unequal peaks in the velocity profiles and the negative relation between inter-peak minimum

velocity and movement duration. In addition, the variance of the cup velocity accounted for by

the simulation along with the best-fit impedance values (selected by the optimization algo-

rithm) were used to assess model competence.

Unequal peaks in the simulated velocity profiles

All five candidate models had a mean velocity peak ratio that was greater than 1 (Fig 14).

The interaction between Block and Model was significant (χ2(5) = 34.57, p<0.0001).

Planned pairwise comparisons with Bonferroni corrections between the experimental

mean peak ratio and the mean peak ratios for the different models revealed that block 3 of

the Fast Mode (FM) model, and block 4 of the Multi-Mode (MM) model were significantly

different from the experimental (Exp) data (block 3: Exp vs FM

tð5766Þ ¼ � 2:583; p ¼ 0:05; block 4: Exp vs MM tð5766Þ ¼ � 2:609; p ¼ 0:05) (Fig 14 and

Table 3). Hence, this first test gave an indication that the Multi-Mode and Fast Mode mod-

els did not replicate the subjects’ behavior.

Inter-peak minimum velocity vs movement duration correlation

To investigate which simulated models reproduced the negative relation between movement

duration and inter-peak minimum velocity, we first fitted a linear mixed-effects model with

Model, Block, Movement Duration and their interactions as the main predictors. The interac-

tion between Block, Model and Movement Duration was significant (χ2(5) = 22.56,

p = 0.0004) (Fig 15). Planned pairwise comparisons with Bonferroni corrections between the

experimental data and the simulated models revealed that only the Fast Mode and Rigid Body

models were not significantly different from the experiment in both blocks, while the Multi-

Mode model was not significantly different only in block 3 (Table 4). Taken together with the

peak ratio results, the Rigid Body model was the only model that was capable of reproducing

both experimental observations in both blocks.

Variance Accounted For (VAF)

As shown above, the simulated models produced movement kinematics which fit the subjects’

movements to varying degrees. To further evaluate the model fits, the cup velocity variance
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accounted for (VAF) for each trial was calculated as

VAF ¼ 100%∗max 1 �

PN
i¼1
½vðtiÞ � v̂ðtiÞ � �v þ �̂v �2
PN

i¼1
½vðtiÞ � �v�2

; 0

 !

ð22Þ

where N was the number of data points analyzed in a trial, v(ti) was the experimentally

observed cup velocity at one time point, v̂ðtiÞ was the simulated cart velocity at the same time

Fig 14. Velocity peak ratios from experimental and simulated trials of block 3 and block 4 for the five different models. The white line in every

box denotes the mean, the box height is half a standard deviation, and the error bars denote one standard deviation. Planned pairwise comparisons between the

experimental mean peak ratio and the mean peak ratios of the models revealed that block 3 of the Fast Mode model and block 4 of the Multi-Mode model were

statistically significantly different from the experimental means (Table 3). This was the first indication that the Multi-Mode and Fast Mode models did not

match the data.

https://doi.org/10.1371/journal.pcbi.1012599.g014
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point, and �v and �̂v were the mean values of v(t) and v̂ðtÞ across the movement interval, respec-

tively [27].

The mean and standard deviation of subjects’ cart velocity VAF for each model in block 3

and block 4 are shown in Fig 16. The Rigid Body model produced the highest VAF (84 ± 14%

in block 3 and 87 ± 10% in block 4), providing further evidence that it was the best-fit model.

The interaction between Model and Block was significant (χ2(4) = 100.95, p< 0.0001).

Planned pairwise comparisons with Bonferroni corrections between the Rigid Body model

and the rest of the simulated models revealed that the mean VAF in the Rigid Body model was

significantly different from all other models in both blocks, except for the Multi-Mode model

in block 3 (Table 5).

Best-Fit impedance values

To further evaluate the model fits, the best-fit impedance values were inspected. There was

considerable variability in the best-fit impedance values between the different models (Fig 17).

The best-fit stiffness and damping values for the Multi-Mode, Slow Mode, and No Impedance

models varied widely across subjects. The ranges of subject mean best-fit stiffness values for

Table 3. Planned pairwise comparisons between the mean velocity peak ratio of the experimental data and simulated models. Asterisks highlight statistically signifi-

cant differences.

Comparison Block 3 Block 4

Mean Difference SE t p Mean Difference SE t p
Exp vs MM -0.06 0.03 -1.8 0.33 -0.08* 0.03 -2.6 0.05

Exp vs SM -0.02 0.03 -0.67 1 -0.03 0.03 -0.98 1

Exp vs FM -0.08* 0.03 -2.6 0.05 -0.04 0.03 -1.2 1

Exp vs RB -0.02 0.03 -0.57 1 -0.01 0.03 0.44 1

Exp vs NI -0.01 0.03 -0.38 1 -0.06 0.03 -2.1 0.18

https://doi.org/10.1371/journal.pcbi.1012599.t003

Fig 15. Regression lines for inter-peak minimum velocity versus movement duration. Planned pairwise comparisons between the experimental data and the

simulated models revealed that only the Fast Mode and Rigid Body models replicated, in both blocks, the negative relation observed in the data (Table 4).

https://doi.org/10.1371/journal.pcbi.1012599.g015
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these three models were greater than 330 N/m, while the ranges for the Fast Mode and Rigid

Body models were less than 100 N/m. Likewise, the ranges of subject mean best-fit damping

coefficients were greater than 30 N/m for Multi-Mode, Slow Mode, and No Impedance, and

Table 4. Planned pairwise comparisons between the regression lines of inter-peak velocity vs movement duration of the experimental data and simulated models.

Asterisks highlight statistically significant differences.

Comparison Block 3 Block 4

Mean Difference SE t p Mean Difference SE t p
Exp vs MM -0.001 0.02 -0.05 1 0.06* 0.02 3.1 0.01

Exp vs SM -0.34* 0.03 -13.3 <0.001 -0.39* 0.03 -14.0 <0.001

Exp vs FM 0.0008 0.03 0.03 1 0.05 0.02 2.0 0.2

Exp vs RB 0.007 0.02 0.35 1 -0.005 0.02 -0.25 1

Exp vs NI -0.21* 0.02 -9.2 <0.001 -0.14* 0.02 -6.1 <0.001

https://doi.org/10.1371/journal.pcbi.1012599.t004

Fig 16. Cup velocity variance accounted for (VAF) in block 3 and block 4 of every model. The white line in every box denotes the mean, the box height is

half a standard deviation, and the error bars denote one standard deviation. The Rigid Body model had the highest variance accounted for (84±14% in block 3

and 87±10% in block 4). Planned pairwise comparisons revealed that the mean VAF in the Rigid Body model was significantly different from all other models

in both blocks, except for the Multi-Mode model in block 3 (Table 5).

https://doi.org/10.1371/journal.pcbi.1012599.g016
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were less than 11 Ns/m for Fast Mode and Rigid Body. For the Fast Mode model, the overall

mean best-fit stiffness was 85 N/m in block 3 and 97 N/m in block 4, and the overall mean

best-fit damping was 6 Ns/m in block 3 and 4.3 Ns/m in block 4. For the Rigid Body model,

the overall mean best-fit stiffness was 125 N/m in block 3 and 154 N/m in block 4, and the

overall mean best-fit damping was 3.3 Ns/m in block 3 and 3.7 Ns/m in block 4. The Fast

Mode and Rigid Body best-fit impedance values were within the range of previously reported

values of hand impedance for tasks involving interaction with the cup-and-ball system

[8,14,16]. Therefore, the Fast Mode and Rigid Body models had the most physiologically plau-

sible impedance values. Another interesting observation in the Rigid Body model was evidence

of a negative exponential relation between trial duration and best-fit hand stiffness (Fig 18).

Table 6 summarizes the performance of the different simulation models with regard to the

evaluation criteria. Altogether, the simulation results showed that the control strategy that

used the simplified Rigid Body internal model coupled with hand impedance dynamics pro-

vided the best match to the experimental data: it replicated both experimental observations,

had the highest VAF, and used physiologically plausible impedance values to fit the data. This

provided evidence that when physically interacting with complex objects, humans used a con-

trol strategy that relied on a simple internal model of the object dynamics along with imped-

ance to manage the differences between model predictions and reality.

Table 5. Planned pairwise comparisons between the variance accounted for (VAF) of the Rigid body model (highest VAF) and the rest of the simulated models.

Asterisks highlight statistically significant differences.

Comparison Block 3 Block 4

Mean Difference SE t p Mean Difference SE t p
RB vs MM -0.15 0.07 -2.0 0.41 -0.28* 0.07 -4.0 <0.001

RB vs SM -0.33* 0.07 -4.6 <0.001 -0.61* 0.07 -8.6 <0.001

RB vs FM -0.66* 0.07 -9.2 <0.001 -0.68* 0.07 -9.6 <0.001

RB vs NI 0.24* 0.07 3.3 0.01 0.40* 0.07 5.7 <0.001

https://doi.org/10.1371/journal.pcbi.1012599.t005

Fig 17. Best-fit stiffness and damping values for each model. The white line in every box denotes the mean, the box height is half a standard deviation, and the error

bars denote one standard deviation. The Fast Mode and Rigid Body models had the most physiologically plausible impedance values, and the smallest inter-subject

variability.

https://doi.org/10.1371/journal.pcbi.1012599.g017
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Discussion

This study investigated the structure of the controller used to manage dynamically complex

objects. Results provided evidence for a model-based feedforward control strategy using input

shaping based on a simplified representation of the object’s dynamics. Participants physically

interacted with a nonlinear underactuated system mimicking a cup of sloshing coffee: a cup

with a ball rolling inside. The cup and ball were simulated in a virtual environment and sub-

jects interacted with the dynamical system via a haptic robotic interface that rendered the

interactive forces between object and hand. Participants were instructed to move the system

and arrive at a target region with both cup and ball at rest, ‘zeroing out’ residual oscillations of

the ball. This is a very challenging task, especially when the transport movement is executed

sufficiently fast. To preempt the trivial slow solution, a metronome paced the movements to a

brisk tempo that was manageable by all subjects.

The behavioral data displayed three salient features: 1) with training, cup velocity displayed

two peaks, 2) the two velocity peaks exhibited two unequal amplitudes with the second one

lower than the first one, 3) the inter-peak minimum velocity increased for faster movements.

Fig 18. Best-fit stiffness vs trial duration for every subject for the Rigid Body model (block 3 and block 4 combined). The negative exponential relation

suggests a possible strategy that humans may employ in rapid complex object manipulation tasks: applying greater hand stiffness for faster movements and a

more relaxed grip for slower movements.

https://doi.org/10.1371/journal.pcbi.1012599.g018

Table 6. Summary of the performance of the simulation models with regards to the different evaluation criteria.

Multi-Mode Slow Mode Fast Mode Rigid Body No Impedance

Block 3 Block 4 Block 3 Block 4 Block 3 Block 4 Block 3 Block 4 Block 3 Block 4

Peak Ratio ✓ ✖ ✓ ✓ ✖ ✓ ✓ ✓ ✓ ✓

Inter-peak Velocity vs Movement Duration ✓ ✖ ✖ ✖ ✓ ✓ ✓ ✓ ✖ ✖
Highest VAF ✓ ✖ ✖ ✖ ✖ ✖ ✓ ✓ ✖ ✖

Physiological Best-Fit Impedance Values ✖ ✖ ✖ ✖ ✓ ✓ ✓ ✓ ✖ ✖

https://doi.org/10.1371/journal.pcbi.1012599.t006
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To probe human control and potential internal representation of the object, we conducted

simulations with ‘input shaping’, a control strategy that has been developed to place an under-

actuated object at a target without any remaining oscillations. The input shaping controller

applies a series of timed pulses to move the object from point to point, canceling intrinsic oscil-

lations to ensure zero oscillations at the end of the movement [17]. Since the timings and

amplitudes of these pulses depend on the controller’s internal model of the object, this study

used input shaping as a tool to identify the human’s internal representation of the cup-and-

ball system.

Input shaping models with five different internal representations were compared against

the human data. The internal models ranged from a detailed representation of the hand cou-

pled to the nonlinear cup-and-ball system to a simple rigid body model without oscillatory

dynamics of the ball. Results showed that the features of the data were best predicted by a sim-

ple internal model that represented the cup-and-ball as a single rigid mass coupled to the hand

impedance. Moreover, this model exhibited physiologically plausible best-fit impedance values

with small variability between subjects. These findings suggest that humans use simplified

internal models to control and manipulate complex objects. They also suggest that humans use

impedance to manage the differences between model predictions and reality.

The form of internal models of complex objects

Many studies in the human motor control literature point to the existence and necessity of

internal models for movement control. Early work suggested that humans develop internal

models of their limbs’ geometry and dynamics [28,29,30,31]. Learning an internal representa-

tion of one’s own body and limbs is of course a different problem than learning an internal

representation of a novel object. Compared to motor development, skill acquisition and adap-

tation occur at much shorter timescales to allow for goal-directed interaction with the object

[32,14]. In skill learning, several time scales have been observed [32]. These changes in coordi-

nation have been discussed as processes that happen at the parameter, state or graph dynamic

level [33]. Studies on adaptation, probably the shortest time scale, considered point-to-point

reaching movements in external force fields and with modified visuomotor mappings

[34,35,36,37]. These latter studies showed that subjects adapted their movements to cancel out

the effects of the force field within the time of an experiment, indicating that they acquired an

internal model to predict and compensate for the forces imposed by the environment.

This capacity to form internal models was also later shown in tasks involving rigid object

manipulation. Examples included catching a ball [38] and balancing an inverted pendulum

[39,40,41]. It is important to distinguish between the studies involving pendulum swing-up

[39,40,41] and ball-and-beam balancing tasks [42] and the cup-and-ball task in our study.

While the objects (pendulum or ball-and-beam) may bear some resemblance to the cup-and-

ball (cart-and-pendulum) system, the tasks are also significantly different. Pendulum swing-up

and ball-and-beam balancing tasks require stabilizing the system around an unstable state

(upright pendulum, or ball at mid-point of the beam). In contrast, our task goal focused on

canceling residual oscillations around the stable downward position of the pendulum, which

introduced a different complexity.

A few studies argued that, when manipulating non-rigid objects, humans form an accurate
internal model of the object that specifies the forces required to move the object in a desired

manner [4,9]. For example, Nagengast and colleagues showed that an optimal control model

incorporating complete knowledge of arm and object dynamics captured the salient behavioral

features [7]. These studies argued that humans use precise and accurate internal models of the

object, but the respective objects were linear mass-spring systems. These systems possess
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relatively simple dynamics, far from the complex nonlinear dynamics of numerous objects

that humans interact with on a daily basis, such as clothes and containers filled with liquids.

Do humans similarly acquire internal models of such complex objects? And if so, what form

do they take and what level of detail do they represent?

This study provided evidence that for more complex objects with nonlinear dynamics,

humans may only represent a simplified version of the object that approximates the dynamics

of the object. However, this may only work if the internal model includes the hand impedance

coupled to the object. Our findings showed that this model was able to predict the qualitative

features observed in the data, namely the unequal peaks and the negative relation between

inter-peak velocity and movement duration. These results suggest that useful representations

need not mirror every detailed aspect of the world. Such approximate knowledge has been

extensively discussed in the context of cognitive tasks where the brain needs to efficiently use

limited cognitive resources [43,44,45]. For example, it was shown that when solving a

2-dimensional maze humans optimally balance the complexity of the task representation and

its utility for planning and acting to facilitate the effective use of limited cognitive resources

[45]. This paper showed that the principle of simplified representation may extend beyond

cognitive tasks, specifically to complex sensorimotor tasks.

In many control engineering problems, the systems of interest are complex and high-

dimensional, e.g., fluid flow, soft robots. To make the problem manageable, the use of simple

reduced-order (low-dimensional) models has become a common practice for model-based

control. One study successfully combined an approximate model with a Gaussian model of the

difference between the real and simplified system to teach a robot how to accurately throw

arbitrary objects [46]. Another approach, known as the delta dynamics strategy, has shown

promise for robotic control of deformable objects [47]. Instead of modeling the entire dynam-

ical system, it only captured the effect of small action perturbations on a previously observed

trajectory of the system. Given the prevalence of reduced-order models in engineering, a range

of principled model order reduction techniques have been developed [48,49]. For human

motor control it remains unclear how the brain derives simplified representations of complex

objects, and what principles guide the selection of suitable representations.

Simplified models vs uncertain models

Nagengast and colleagues [7] showed that the subjects’ behavior when controlling mass-spring

objects was better accounted for when the controller included uncertainty about the internal

model, rather than assuming complete knowledge of the system. As such, one alternative

explanation of our experimental results could be that subjects had not (yet) learned a model of

the object, but rather still had an incomplete model with some uncertainty remaining [50]. In

other words, the simplified model was not the endpoint of learning, but rather what was

observed after only short practice. It might be possible that if subjects were given longer expo-

sure to the object, they could have learned the fully-fledged nonlinear model.

Predicting the exact consequences of longer practice sessions and more trials is of course dif-

ficult as challenging skills take weeks, if not years to master [32,51]. However, we have strong

reasons to believe that, as opposed to the subjects in [7], the subjects in our study had come

close to an asymptote and more practice would only have shown small increments in perfor-

mance. First of all, most of the subjects approached a plateau in performance during blocks 3

and 4. These stable and skillful (residual angle< 10 deg) levels of performance displayed by the

subjects indicated that they had arrived close to their performance maximum; most improve-

ments had occurred in the training blocks 1 and 2. This is in contrast to the subjects’ behavior

in [7] (see Fig 5 therein), where the subjects’ performance was still improving in later trials.
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Role of impedance

A key result in this paper is the importance of including hand impedance in models of human

control of complex objects. The physical properties of the body, especially the mechanical

impedance of the limbs, play a critical role in physical interactions with the external world [52,

53]. They can stabilize the behavior in the face of perturbations [54] and in the presence of sen-

sorimotor delays [11]. Furthermore, one of our previous studies showed that adding imped-

ance to the model better replicated human behavior when controlling the cup-and-ball system,

and rendered the cost function and sensory feedback in an optimal feedback control frame-

work less critical [8].

A notable experimental observation was the negative relation between movement duration

and inter-peak minimum cup velocity. This observation runs counter to the predictions of pre-

viously proposed optimization-based models [21]. In the absence of impedance, input shaping

produced trajectories with a positive or no correlation between movement duration and inter-

peak minimum velocity, depending on the movement duration and internal model.

In this study, the input-shaping-based simulations produced blocks of trials with a negative

relation between these two measures, a direct consequence of including stiffness and damping

as optimization parameters that could vary between trials. The model that best reproduced the

scaling of inter-peak velocity with movement duration, the Rigid Body model, also displayed a

negative exponential relation between trial duration and best-fit hand stiffness (Fig 18). This

result suggests a possible strategy that humans may employ in rapid complex object manipula-

tion tasks, applying greater hand stiffness for faster movements and a more relaxed grip for

slower movements. In [55], it was suggested that humans may issue feedforward force and

impedance commands using stochastic optimal open-loop control, selecting higher stiffnesses

to increase robustness. Our study similarly suggests an open-loop selection of force and

impedance commands, but does so in a computationally simpler framework than stochastic

optimal control.

Conclusions

This study investigated what internal models humans use to control dynamically complex

objects, specifically a cup with a ball rolling inside. Results provided evidence that humans rely

on a simplified representation of the object’s dynamics that is coupled to hand impedance to

coordinate their interactions with the object. These results emphasize the importance of inves-

tigating not only complex objects, but also complex tasks that involve rich behaviors. Some

control strategies and principles may only manifest in more complex behaviors and are other-

wise covert.

Methods

Ethics statement

The experimental protocol was approved by the Institutional Review Board of Northeastern

University. All subjects were naïve to the purpose of the study and prior to the experiment sub-

jects provided written informed consent.

Participants

Eleven healthy right-handed subjects (6 males and 5 females, mean age 21.8 ± 1.3 years) with

no known neuromuscular disorders or injuries affecting their upper extremities participated

in the experiment.
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Experimental apparatus and task

The task was inspired by how humans move a cup of coffee. However, simulating a realistic

3-dimensional cup with sloshing coffee governed by nonlinear equations of fluid dynamics is

computationally taxing. This computational complexity was undesirable as the study

employed a virtual setup where real-time simulations of the system dynamics were required.

Using a virtual environment, the task was therefore reduced to having subjects transport a sim-

ulated cup with a ball rolling inside from a start region to a target region (Fig 1). The cup-and-

ball system was modeled as a cart-and-pendulum system, where the cup’s movement corre-

sponded to the cart’s movement and the ball represented the pendulum’s bob (Fig 1A). Even

though this model simplified the full dynamics of a cup of coffee, the essential challenges of the

task were retained: underactuation and nonlinearity. The motion of the cup was limited to the

horizontal axis only (Fig 1B). The equations of motion for this system are given in Eqs (1)–(2).

Throughout the experiment, the following values were used: mc = 1.9 kg, mp = 1.1 kg, l = 0.5

m, and g = 9.81 m/s2. These values were selected to be large enough such that subjects felt the

forces generated by the ball, while also small enough that the subjects did not fatigue.

The cup-and-ball system was simulated in a virtual environment and visually displayed on

a large back-projection screen 1.5m in front of the subject. The cup was displayed as a yellow

arc with a small white circle inside it that represented the ball. The arc corresponded to the cir-

cular path of the pendulum bob. Two blue rectangles, each 4.1 cm wide and with their centers

0.25 m apart, denoted the start and target regions (Fig 1B). Subjects interacted with the cup-

and-ball using the HapticMaster robotic manipulandum [18]. They controlled the displace-

ment of the virtual cup by moving the handle of the robot. The total latency of the robotic

interface and the visual projection, computed as the time difference between the moment the

robot’s handle moves until the time the movement was displayed on the screen, was

33ms ± 17ms. The forces F applied by the user on the handle resulted in cup displacements x
and ball angles ϕ. To increase task difficulty, ball angles were visually amplified by a factor of 3.

The resulting ball forces Fball were computed and provided as haptically felt forces through the

handle onto the participants’ hand. The applied force F, the cup position x, velocity _x, and

acceleration ẍ, and the angle ϕ, angular velocity _�, and angular acceleration �̈ of the ball were

recorded at 120 Hz.

Experimental procedure

At the beginning of each trial, the cup was centered inside the start region on the left of the screen

with the ball resting at the bottom of the cup. Subjects made one-dimensional horizontal move-

ments from the start region to the target region, while firmly holding the handle of the manipu-

landum with their dominant arm. Each subject completed 4 blocks of trials, where the first block

consisted of 25 trials and the rest consisted of 50 trials each. As the task was difficult, subjects

were trained in the first two blocks before performing the desired task in blocks 3 and 4.

In the first block, subjects were instructed to move the cup-and-ball system from the start

region and bring the cup to a complete stop inside the target region within 1.50 s. Subjects did

not have to pay attention to the movements of the ball, except for making sure they did not

lose the ball. The purpose of this block was to familiarize the subjects with the desired pace of

movement. To help the subjects time their movements, at the beginning of every trial a metro-

nome beeped three times at equal intervals of 1.50 s. Subjects were instructed to move once

they heard the third beep and try to arrive at the target region at the sound of the fourth beep

(after another 1.50 s). In practice, it was difficult to bring the cup to a complete stop since the

oscillations of the heavy ball kept pushing the cup left and right and subjects tried to stabilize

the cup inside the target region. Hence, for this and all subsequent blocks, a trial was
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terminated when the cup was completely inside the target region (cup width = 2.3 cm; target

region width = 4.1 cm) and its velocity remained<0.10 m/s for at least 1.00 s. At the end of

each trial, feedback on the subject’s performance was provided through the color of the ball. If

the subjects moved too fast, the ball color changed from white to green, and if they were too

slow, the ball color changed from white to red. The ball color stayed white if their movement

duration was within 1.50 s.

For the second block of trials, subjects practiced moving the cup-and-ball to arrive at the

target region with no residual ball oscillations, i.e., both the cup and the ball should come to a

complete stop. Subjects’ performance was quantified using the residual ball angle, which was

defined as the maximum absolute ball angle after the cup had arrived at the target region. At

the end of each trial, the residual ball angle was computed and displayed as text (rounded to

the nearest degree) on the screen to provide the subjects with quantitative feedback on their

performance. The residual ball angle was also visualized as additional feedback by freezing the

ball at the residual angle. Note that even though movement duration was not explicitly speci-

fied in this block, subjects were verbally encouraged to try to move at a pace similar to the first

block.

After the first two familiarization blocks, subjects were presented with the two testing

blocks 3 and 4. In these sets of 50 trials each, subjects were required to both minimize residual

ball oscillations and meet a specific movement duration constraint. In block 3, the required

movement duration was 1.40 s, whereas in block 4 it was 1.20 s. Similar to block 1, a metro-

nome with an inter-beep interval equal to the required time was used in every trial to help the

subjects pace their movements. Note that faster movements were considerably more difficult,

and the time constraints aimed to challenge subjects and deter them from the trivial slow solu-

tion that did not excite the internal degree of freedom (the ball). In these testing blocks, the

primary goal was to induce subjects to minimize residual oscillations and move quickly, but

not necessarily match the movement duration requirement precisely. At the end of each trial,

both residual angle and movement duration feedback were provided in the same manner as

before. To motivate subjects to try their best, they were told that a residual angle less than or

equal to 10 degrees was considered skillful performance.

Data analysis

Before analyzing the data, every trial was trimmed to eliminate movements that were irrelevant

to the performance, specifically the corrective movements that subjects often performed to

keep the cup inside the target region after arriving. The start of the trial was taken to be the

instant at which the cup velocity exceeded 0.02 m/s. The end of the trial was determined to

be when the cup was completely inside the target region and its velocity had dropped below

0.10 m/s. This cutoff velocity ensured that all the corrective movements performed inside

the target region were excluded from the time series. Occasionally, for blocks where the sub-

jects were required to move at a specific pace, some subjects would ‘jump the gun’ and start

moving before the third metronome beep. These trials were excluded from any subsequent

data analysis. Furthermore, in some trials subjects first explored the dynamics of the cup-

and-ball system by moving it back and forth with no intention of completing the transport

task. These trials were also excluded. From the 1925 trials of 11 participants, 19 trials were

excluded for any of these reasons.

The data processing and analyses were performed with MATLAB R2022a (The Math-

Works, Natick, MA) and Mathematica 13.2 (Wolfram Research, Champaign, IL). The linear

mixed-effects models and subsequent planned pairwise comparisons were implemented in R,

v.4.3.2 (R Foundation for Statistical Computing, Vienna, Austria).
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Performance metrics

The two performance criteria were movement duration and residual ball angle. Both were

computed online during the experiment and provided as feedback at the end of every trial.

Movement duration was taken to be the interval from the start of the movement until the

cup was completely inside the target region with its velocity below 0.10 m/s. This was also

the moment at which the residual ball oscillations were evaluated. However, the subjects

started to dampen out the undesired ball oscillations, a strategy that was not part of our

modeling assumptions. Therefore, the residual ball angle was computed as follows: for every

trial, the instantaneous ball angle and angular velocity (�f ;
_� f ) at the moment at which the

movement ended were recorded. Then, a free undamped pendulum was initialized with

(�f ;
_� f ) and forward simulated for one period of oscillation. The maximum angle attained

by the pendulum within that time period was taken to be the residual ball angle. This

ensured that the residual ball angle truly reflected the behavior of the subject upon arriving

at the target and was not influenced by the subsequent corrective, cup-stabilizing move-

ments in the target region.

Statistical analysis

Linear mixed-effects models were fit to the experimental and simulated data prior to con-

ducting planned pairwise comparisons. Three different models for the three dependent

measures of interest (peak ratio, inter-peak minimum velocity, VAF) were used. Model was

the main categorical predictor, with the first level being Experimental in the respective

tests. For the inter-peak minimum velocity, Movement Duration was also added as a main

continuous predictor. To account for variance due to other factors, the categorical predic-

tor Block and the continuous predictor Trial and their interactions with each other and

with the other factors were added to the model. Random slopes per subject related to one of

the predictors were added when they significantly improved the model. Heterogeneous var-

iance structures were corrected when convergence was reached in the calculation and this

correction significantly improved the model. The significance of the main effects and their

interactions was assessed using likelihood ratio tests comparing nested models with and

without each term of interest. Following this omnibus test, planned comparisons using the

t-statistic with Bonferroni corrections [56] at the 95% confidence level were performed to

focus on the pairwise difference of interest. The linear mixed-effects models were imple-

mented using the lme function from the nlme package in R [57]. The planned pairwise com-

parisons were performed with the functions emtrend and emmeans from the package

emmeans [58].

Supporting information

S1 Text. Supplementary simulation methods.
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S1 Fig. Procedure for generating a simulated trial based on the different hypothesized

internal models.
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S2 Fig. Optimization procedure for fitting simulated models to the experimental data.

(TIF)
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