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MSC: The b-metric space happens to be one of the of most significant and non-trivial generalizations
47H10 of metric spaces. In this paper, we introduce the concepts of Kannan type and Ciri¢-Reich-Rus
54H25

type cyclic contractions in b-metric spaces via interpolation. Existence and uniqueness of fixed
points of these two newly introduced contraction mappings have been studied and validated with
suitable examples. Our paper also generalizes, extends and provides improvements to the results
in the recent paper by Edraoui et al. (2023) [11].
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1. Introduction and preliminaries

In 1922, Bakhtin [3] introduced a new direction in the structure of metric space by generalizing the triangular inequality and
this concept was formally defined as b-metric space by Czerwik [6]. This implication of weakening the triangular inequality in the
extended version of metric space makes this ambient space useful to measure ice floes [4], pattern matching [12] etc.

Definition 1.1. [3] Let B be a nonempty set and s > 1 be a given real number. A function b : 8 X5 — [0, o) is said to be a b-metric
if for u, v, 3 € B the following conditions are satisfied:

(@) b(u,0)=0 < u=uv,
(b) b(u,0) ="b(v,u),
(c) b(u,v) < s[b(u,3)+ b(3,0)] (b-triangular inequality).

(B, b) is called a b-metric space (with constant s).
Note that every metric space is a b-metric space with s = 1. However, converse of the above statement is not necessarily true. Let
us consider the following example:
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Let 8 =N. Define b : B X 9B — [0, 00) by

0,ifu=mo,
b(u,0) =<4a,ifu,0 € {1,2},
a,ifuorvé {1,2} and u#wv,

where a > 0 is a constant.
Here (8, b) is a b-metric space with s =3. Now, b(1,2) =4a, b(1,3) =, b(3,2) =a and b(1,3) + b(3,2) = 2a.
Therefore, (B, b) is not a metric space as b(1,2) > b(1,3) + b(3,2).

Definition 1.2. [23] Let (8B,b;) and (¢,b,) be two b-metric spaces. A map J : B — € is said to be continuous at 3 € B if
lim,_, 6,(33,,33) =0 for all {3,} c B with lim,_,  b;(,.3) =0.
J is continuous on B if and only if J is continuous at every point of B.

One of the basic topological property continuity plays a crucial role in metric fixed point theory. However, it is worth mentioning
that b-metric space fails to be continuous as a function in general where as a metric is always continuous. So, the continuity can be
taken as one of the main difference between a metric and a b-metric [23].

Definition 1.3. [14] Let (B, b) be a b-metric space. A sequence {u,} in ‘B is said to be

(a) Cauchy if and only if b(u,,u,,) = 0 as n,m — co.
(b) Convergent if and only if there exists u € % such that b(u,,u) = 0 as n — co and we write lim,__,  u, =u.
(c) The b-metric space (B, b) is complete if every Cauchy sequence is convergent.

The extension of Banach fixed point result to the class of cyclic map and the concept of cyclical contractive mapping was introduced
by Kirk et al. [22]. They proved the existence of unique fixed point in different types of cyclical contractive mappings in a complete
metric space.

Definition 1.4. [22] Let (B, b) be a metric space. Let ‘P and £) be two nonempty subsets of 8. A mapping J : PU — P U is said
to be a cyclic mapping provided,

JP)C A, Q) CP.
Kirk et al. proved the following Fixed point theorem for cyclical contraction map:

Theorem 1.5. [22] Let (B, b) a complete metric space and let 3 and Q be two nonempty subsets of B. Suppose that 7 : PuUQ - PuUN
is a cyclic contraction and there exists k € (0, 1) such that b(Ju,Jv) < kb(u,v) for all u € P and v € Q. Then, J has a unique fixed point in
PNAQ.

Karapinar [17] introduced the concept of interpolation in Kannan [16] type contractions and proved the existence and uniqueness
of fixed point for such contractions. Similarly, the concept of interpolation was applied for Reich type contractions in [18] and Hardy-
Rogers type contractions in [19]. For more such relevant recent literature, we refer to [1,2,5,20,21].

Definition 1.6. [16-18] Let (8, b) be a metric space and let 3 and £ be two nonempty subsets of B.
A cyclicmap 7 : PUQ - P UL is said to be a:

(a) Kannan type cyclic contraction if there exists k € (0, %) such that

b(Ju, Jv) < k[b(Ju,u) + b(Jv,v)], VueP, Vo € Q.

(b) Reich type cyclic contraction if there exists k € (0, %) such that

b(Ju, Tb) < k[6(u, v) + b(Ju, 1) + (Jo, v)], Yu P, Yo € Q.

Researchers have extended the Kannan’s and Reich’s fixed point theorems in several ways and many interesting results are estab-
lished. To delve into their work and the future outcomes we refer to the works of Aydi et al. [24], Debnath et al. [7-10], Gornicki
[13], Karapinar et al. [17,19], Lu et al. [23].

In this paper, we use the results of Kannan and Reich [15,16,25,26] and introduce their interpolative versions for cyclic contraction
in a complete b-metric space.

Improvements to the results in a recent paper:
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As discussed in the abstract, our paper also generalizes, extends and provides improvements to the results in the recent paper by
Edraoui et al. [Appl. Gen. Topol. 24 (2) 2023, 247-252] [11].

For clarity of expression and comparison, we state below the two main results of [11], which will facilitate readers to compare
the results at a glance and more clearly identify the improvements in the results of this paper.

Theorem 2.2. [11] Let (B,b) be a complete metric space and let  and 9 be two non-empty subsets of B. If J : PUQ - PU is an
interpolative Kannan-type cyclic contraction, then J has a unique fixed point in 3 N Q.

Theorem 2.4. [11] Let (*B,b) be a complete metric space and let 3 and Q be nonempty subsets of B. Let T : P U Q — P U Q be an
interpolative Cirié-Reich-Rus-type cyclic contraction. Then J has a unique fixed point in B N Q.

In that paper, in the proof Theorem 2.2 and Theorem 2.4, the authors have concluded that in a complete metric space (28, b), if
> b,y 1, 1,) < oo, then the sequence {u,} is Cauchy.
In fact, from the condition Y > | b(u,,1,) < o, if one concludes that

lim b(u,,,u,) =0,
n—oo

then this does not guarantee that {u,} is Cauchy. Indeed, if we consider R with usual metric b(u,v) = |u — v| and the sequence

1 1 1
u,,=l+§+~-~+;,therl b(un+1’un)=H—l—>0asn—>oo.
But, by, 1,) = ﬁ +ni—2+.-.+ 2l —1In2asn— oo.

In the current paper, we have adop't'ed a new technique of proof to avoid any ambiguity or confusion. Moreover, our results have
been established in the new setting of a b-metric space.

First, we introduce a proper generalization of Kannan’s fixed point theorem for cyclic contraction and further introduce a Ciri¢-
Reich-Rus type generalization of the same.

2. Interpolative Kannan type cyclic contraction

Definition 2.1. Let (B, b) be a complete b-metric space and let ‘B and Q be two non-empty subsets of 8. A cyclicmap J : U Q —
P U is said to be an interpolative Kannan-type cyclic contraction if there exist k € [0,1) and a € [0, 1) such that

b(Ju, Tv) < k[6(Ju, u)]*[6(Jv, v)]'~* (2.1)

for all (u,v) €P x Q with u, v & Fix (J), where Fix (J) denotes the set of all fixed points of J.

Theorem 2.2. Let (°8,b) be a complete b-metric space and let 3 and Q be two non-empty subsets of B. If 7 : PuUQ - PU is an
interpolative Kannan-type cyclic contraction, then J has a unique fixed point in 3 N Q.

Proof. Let (%8,b) be a complete b-metric space and J : 5 U Q — P U Q be an interpolative Kannan type cyclic contraction. Let us
define a sequence {u,} in (B, b) such that

J(u,) =u,,,, forallneNU{0}. (2.2)

Fix uy € P then J(uy) € Q, 32(u0) [SPtR 33(u0) € 1 and so on. By using equation (2.2) we can write,

up = JI(ug)
uy =32 (up)
Uz = 33(110)

and so on. In general, u, = 3"(u) for all n e NU {0}.
Since J : PU O — P U Q is an interpolative cyclic contraction in (B, b), therefore the equation 2.1 becomes

B(3%(ug), Iutg)) < k[6(I (1tg), I(up))I*[6(I(utg), ug)' ™
= [6(3(up). Iup)]' ™ < k[6(I(ug), up)l' ™
= [6(2 (1), I(aig)] < kT [6(3(ug), )]
= (3% (ug), Iup)) < 16(I(up), g), where 1 = kT € [0, 1)
= b(uy,uy) < 1b(uy,up). (2.3)

In general, using inequality (2.3), we can write

b(ut,q1,1,) <1"b(up,ug) for all e NuU {0}.
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Fig. 1. Plot of the function J : B — B.

This implies that Y, | b(u,;1,1,) < X0 | "b(uy,ug) for all n€NU {0}.

As Y% 1"b(uy, 1) is a convergent series (being geometric), therefore by comparison test the series >, | b(u,1,1,) is also con-
verges.

Therefore b(u,, {,u,) = 0 asn— co.

Now, for all m € N with m > n and using (2.1), we have

b(u,,,u,) = b(3"(up), I (uy))
< K[6(3"(ug), 3" )1 [6(3™ (1), 3™ (up))]'
R LTCTRTIIND ) Ll [ TCTHRRTHNEND ) L (2.4)

Taking limit in (2.4) as n — o0, we get b(u,,u,_;) = 0 and b(u,,,u,,_;) = 0.

Therefore b(u,,u,,) - 0 as n - co.

Hence {u,} is a Cauchy sequence in 9B. (B, b) being a complete metric space, every Cauchy sequence of B converges in B.
We can write, b(u,,,0) - 0 as n —» oo for some 6 € B.

Notice that {u,,} is a sequence in ¥ and {u,,,} is a sequence in  having the same limit § [19]. Therefore

gePN.
Now, we have to show that @ is a fixed point of 7 : U Q - PUN.
Since (8, b) is a b-metric space, therefore for s > 1 we can write
6(8,30) < s[b(,u,,1)+ b(u,,,30)]
< s[b(0,u,, 1)+ b(3(u,),30)]
<sb(0,u,, 1)+ s6(I(u,),70)
< 560, u,,1) + 5.k[6(T(w,), u,)][6(36,0)]' ~*
< sb(0,u,41) + s.k[b(u, 1, u,)]*[6(30, o)1 (2.5)

Taking limit in (2.5) as n — oo, we have b(6,u,,;) — 0 and b(u,,u,, ) — 0. This implies b(#,J6) = 0 and hence 76 = 6.
Now, let w € PN and J(w) = w such that w # 6.

From equation (2.1), b(w, 8) = b(Jw, 30) < k[b(Jw, w)]?[6(30, 0)1' .

Hence b(w, 0) =0.

Therefore we get, w = 6. Thus, 0 is the unique fixed point of 7 : U Q — P U A in the complete h-metric space (B,b). []

Example 2.3. Let B =[0, 1] and b(u,v) = (u— v)? for all u, v € 8. Then (B, b) is a complete b-metric space with s =2.
Define the self-map (shown in Fig. 1) 7 : 8 —» B by Ju= %uz. If we consider u,v € B \ Fix(J), then, clearly u,v € (0, 1]. Thus

conditions of (2.1) are satisfied for a = %

Thus, J is an interpolative Kannan type cyclic contraction and 0 is the unique fixed point of J.

3. Interpolative Cirié-Reich-Rus-type cyclic contraction

In this section, we introduce and study interpolative Ciri¢-Reich-Rus-type cyclic contraction in a b-metric space.
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Definition 3.1. Let (8, b) be a complete h-metric space. Let ) and Q be two nonempty subsets of 8. A cyclicmap J : PuQ - PuU

is said to be an interpolative Ciri¢-Reich-Rus-type cyclic contraction if there exist k € [0, 1) and positive reals a, §, a + § < 1 such
that

b(Ju, Tv) < k[b(u, ©)1P[6(Tu, w)]*[b(Jv, 0)]'~*~F (3.1)

for all (u,v) €°P x Q with u, v & Fix (7).

Theorem 3.2. Let (8, b) be a complete b-metric space and let 3 and 9 be nonempty subsets of B. Let J : PUQ — P U A be an interpolative
Cirié-Reich-Rus-type cyclic contraction. Then J has a unique fixed point in 3 N Q.

Proof. Let (B,b) be a complete h-metric space and J : 9 U — P U Q be an interpolative Ciri¢-Reich-Rus - type cyclic contraction.
Let us define a sequence {u,} in B such that

J(u,)=u,,,, forallneNuU{0}.

Fix uy € P then J(uy) € Q, Jz(uo) [SPtA 33(110) € 9 and so on. Therefore we can write,

up = JI(ug)
U2 = SZ(UO)
113 = 33(110)

and so on. In general u, = 3"(u,) for all ne NU {0}.
Since J : PU O — P U Q is an interpolative cyclic contraction in (B, b), therefore the equation (3.1) becomes

B(32 (ug), I(utg)) < k[6(T2(ug), I P [0(T* (g, Tu)* [6(3(utg), up)] ~ 7
= [6(3%(ug), Iup)] < k[6(I(ug), T *PL0(I(uy), ug))' —47#

= [6(3%(ug), I ™7 < k[B(T? (ug), up)] 27
1
= [6(3% (), Iug)] < k=7 [6(T(ug), ug)]

1
= b(ﬁz(uo), J(ug)) < 16(3(uy), uy); where t = k1-«F €[0,1)
= b(uy,up) <1b(uy,ug). (3.2)

In general, using (3.2), we can write

b(u,q1,1,) <1"6(up,ug) for all e NuU {0}.

This implies that

(o] o0
2 b(u,,q,u,) < Z "6y, ug).
n=1 n=1

Since Y, | #"b(u;,1,) converges, therefore by comparison test Y, | b(u,,,u,) is also convergent. Therefore b(u,,,u,) — 0 as
n— oo.

Now, for all m € N with m > n we have
b(u,,,u,) = b(3"(upy), 3™ (uy))
< K[6(3" " (1), 3™ (w1 [6(I™ (), 3™ (gD 1* [6(I" (ug), 3" (wp)) '~

S L0,y DT [0t 1y, 1[0, 1, )] (3.3)

Taking limit in (3.3) as n — oo we get b(u,,u,_;) = 0 and b(u,,,u,,_;) = 0.
Therefore b(u,,u,,) = 0 as n — oco.

Hence {u,} is a Cauchy sequence in a b-metric space (B8, b). Since (%8, b) is a complete b-metric space so every Cauchy sequence
converges in B.

We can write b(u,,0) — 0 as n — co for some 6 in B.
Notice that {u,,} is a sequence in B and {u,,,} is a sequence in O having the same limit §. Therefore

fePn.
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Now, we have to show @ is the fixed point of J : fUQ — P U Q. Since (B, b) is a b-metric space, therefore for s > 1 we can write
6(8,36) < s[b(6,u,,1)+ b(u,,;,30)]
< s[b(8,u,41) +6(3(u,), 3(6))
<sb(8,u,, 1)+ sb(3(u,),30)
< 5b(0,1,41) + 5.k[b(u,, 1P [6(3(u,), 1,)1%[6(36, 6)]'7*F
< 5b(0,u,41) + 5. k(6 1P [6(u,,, 1, u,)1*[6(30,0)]' . (3.4)

Taking limit in (3.4) as n — oo we get b(0,u,, ;) = 0 and b(u,,u,,,) = 0.
This implies that b(0,36) = 0 and hence 760 = 6.
Now, let w €PN and J(w) = w such that w # 6. Then from (3.1),

b(w, ) = b(Jw,J0)
< k[6(w, )] [6@Qw, w)]*[6(36,0)]'~*F.

Hence b(w,0) =0, i.e., w=20.
Therefore, 6 is the unique fixed point of J : U Q — P U Q in the complete b-metric space (B,b). []

Example 3.3. Let B = {u,v,3} and define b : B X B — [0,00) as b(u,v) =0 if and only if u = v, b(u,v) = b(v,u) for all u,v € M.
Further, b(u,v) = 1,b(u,3) =2.3,b(v,3) = 1.1. Then (B, b) is a complete b-metric space with s = %, however it is not a metric space.
Define the self-map J : 85 — B by

_ wifu=uoru=v
Ju= )
v,ifu=3.

Thus, we have

bu,w) =0,if u#3,0#;

bo,u)=1,ifu=3,
b, Ju) = 4 "W = Lifu=5.07#5

bu,0)=1,ifu#j30=3

b(v,0)=0,if u=30=3.

Now, if we consider u,v € B \ Fix(J), then clearly the maximum value that b(Ju, Jv) can attain is 1. Thus, the inequality (3.1)
and the conditions of Theorem 3.2 are satisfied for k =0.01, a = %,ﬂ = % In this case, J has the unique fixed point u=0.

4. Conclusion

In conclusion, this paper significantly advances the study of b-metric spaces by introducing and exploring Kannan type and Ciri¢-
Reich-Rus type cyclic contractions. Through interpolation, we have established the existence and uniqueness of fixed points for these
newly defined contraction mappings. Additionally, our findings extend and refine the results presented in the recent work by Edraoui
et al., offering broader generalizations and corrections. We have adopted a new technique of proof to avoid error and ambiguity.
These contributions not only enhance the theoretical framework of b-metric spaces but also provide practical examples that validate
our results, thereby enriching the understanding of cyclic contractions in this context.
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