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INTRODUCTION

Professor H. S. JENNINGs (1916) has published the numerical re-
sults for a variety of breeding problems.! The present writer (RoBBINS
1917) considered some more general problems, suggested in every case
by JENNINGS's paper, and showed how results obtained by JENNINGS
came by specializing the general problems. This paper dealt only with
a typical Mendelian factor.

The present paper is a continuation of this work. In Part I breeding
problems will be considered in which a sex-linked character is involved.
Part II consists of problems in breeding parents to offspring, a typical
Mendelian character being involved. Each of these problems has been
suggested by JENNINGS's work.

PART 1. BREEDING PROBLEMS INVOLVING SEX-LINKED CHARACTERS

a. Random wmating

For a sex-linked character there are but two types of individuals of
the heterozygous sex. They may be indicated by 4— and a—, while
in the homozygous sex the usual three types, 44, Aa, aa, occur.

L The paper referred to deals with problems involving one pair of factors. The
same author has since published a paper on two factor problems (JENNINGS 1917).
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74 RAINARD B. ROBBINS

Limiting the discussion to the case in which the male is the hetero-
zygous sex, consider the problem of random mating in a population,

Males: w A— -+ v a—,
Females: r A4 + s Aa + t aa.

with the restriction that # + v = r + s -+ ¢. This restriction is for
convenience rather than from necessity since it is evident that the propor-
tions will be the same if it is omitted and we assume that each male has
an equal chance with every other one of fertilizing a female and that a
male may mate with more than one female. It should be stated once
for all that in any expression for numbers of different types of indi-
viduals, or gametes, it is only the ratio of the coefficients that is of in-
terest. We wish to know how the population will be divided between
the possible types after » random matings.

The two types of males in any generation, 4-— and ¢—, can.occur
only by unions of the “bar” (—) of the males with the 4 and a gametes
of the females of the preceding generation. For this reason it is essen-
tial to count the 4 and ¢ gametes in the females of each generation.
In the original population the female gametes are,

(r+s/2)4 + (t++s/2)a.
It is convenient to use the notation,
1) 2rf-s=M; 2t4s=N; r+s-t+t=ut+v=K.

Then the female gametes in the original population are in the propor-
tion MA--Na, and therefore the males of the first generation are rep-
resented by M A—-+N o—. To form a female, the 4 or a gamete of
the male must unite with 4 or o gamete of the female. The possible
ways in which this can occur gives immediately that the three types of
females occur in the proportion

MuAA 4+ (Mv 4+ Nu)de -+ Nvaa.

We will uniformly reduce the proportions so that the sum of the co-
efficients of the types is unity. Thus we have for the first generation:

M N
Males: A— 4+ a— 7+ uy A— + v, a—.
2K 2K
Mu My-+Nu Nv
Females: AA + ————4a ad.
2K? 2K* 2K*

Similar argument gives the following results for the second and third
generations.
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Second generation:
M-t-2u N+t2v
+

Males : —_ K O— =ty d— - va—.
: M(M-+t2u M(NH2 N(M—+2
Females:—(—_uAA -+ (Nt20) + V(M +2u) Aa 4+
' : 2 8K?
N(N-2v)
—_—aa.
8K*
= A4 + (uv, + vyu,)Aa 4 v1v.040.
Third generation: _
M-+-2u N+4-2v
Males: M+ A— 3N+ o— = ugd— + vga—.
8K
(MA-2u) (3M-+2u)AA
Females:
32K2
(M+2u) (3N+2v)+(N+2v) (3M+2u) (N+2v) (3N-+2v)
: Aa -+ aa
32K*® 32K?

== uzug,A‘A + (4,75 -+ voug)Aa -+ v.v500.

In the expressions after the identity signs above, %, and v, are to indi-
cate the proportions of A-—- and ¢— individuals in the nth generation.
It is evident from the second form of the expressions for females that
the composition of the females in the nth generation can be written
down when the compositions of the males for the nth and (#—1)th gen-
erations are known. ‘

Inspection shows that u; == (u,+u,)/2 and v, = (v,+7;)/2. This
fact or at least the data for another generation or two suggests that we
have for all values of #, :

Up—q U2 (2 N
2) Up = ———————— Up—= ———.
2 2 .

We shall prove that this is actually the case,"and that the females of
the nth generation are represented by 7,44 - s,4a -+ t,a0 if we let

V== UpUpy_1,
4) Sn = UnUpn_y —l_ UnUn-1;

ty == VyUn-q-

We wish to show that random mating in the population
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76 RAINARD B. ROBBINS
5} Males: u,A— + v,0—,
Females: 7,44 -+ s,Aa + t,aa,

gives a population obtained by replacing # by 41 in 5). The gametic
composition of the females in 3) is

(ratsn/2)A + (t+s$./2)a.

Substituting the values of 7,, s,, t, from 4), this becomes
L T UV~ Tl
(141t 1+ _"_'Ll__l__ﬂl)/j + (VVny+ L”l—/l;#tl)a_

Simplifying, and remembering that #,+v, = #,1+v.; = I, We have,

“n"}_“n—l A + 7)n_i"vn—l a

2 2

Then the males of the (n-1)th generation are represented by

un+“n—1 A-—+ 'vn_i_vn—l .
2 2

Thus we have shown that u,,;, = (1, ~+4,_1) /2 and v, = (V1) /2.
As for the females, consideration of the crosses involved gives for
(n-41)th generation (#,., #,)AA + (tni1Vp + Vs ) + (Vns1Tn)aa.
Thus 7,y = tyey %5 Sniy = Upi1Vn F Vniy %5 Lysy = Vnsy Une Q. E. D.
So far we have proved that the fractions giving the proportions of
the two types of males in any generation are the averages of the cor-
responding fractions in the two preceding generations. We have ex-
plicit expressions for these fractions for only three generations. To
get the general expressions we need to solve the recurrence equation,

6) Uy = (Ug-ytUn-2)/2,
subject to the conditions, u, == M /2K ; u, = (M-+2u)/4K. This solu-
tion is

w4+ M n 2u—M ( I )
Uy, == — )
7) 3K 3K 2
Similarly,
v+ N 2v—N 1
8) Up — + (—‘ ';)n

3K 3K
From these values of #,, v, we can immediately calculate 7,, s,, ¢, by
use of equations 4).
Discussion

1. It should be noticed that these results do not depend directly upon
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the values of 7, s, ¢, the numbers determining the nature of the original
female population. They are, however, clearly dependent upon the
gametic composition of the original female population. Otherwise
stated, two original female populations, however different, will give the
same results providing that the gametic composition of the two is the
same.

2. It is well known that for a non-sex-linked character the propor-
tions in random mating are fixed after the first generation. It should
be noted that this is not in general the case for a sex-linked character.
A special case will be considered presently in which the proportions
are fixed.

3. As the number of generations increases, the population approaches
a fixed composition in which all types are present except in very special
cases: A
Limit ~ #+4AM  Limit

" 7} _vN

n=cw " 3K’ n=ow " 3K
Limit _(u+M *. Limit = (u4M)(@+N) Limit , _(v+N)2
n=o " \ 3K ]’ n=w"" 9K s =0 * \ 3K /"

Some particular cases: The meaning of these formulae will be made
clearer by application to particular cases. Let w=—7», v=1¢, s==o0.
Then M =2r +s=—=z2rand N=z2t +s=2t; K=r+ s+ t=
7 -+ t. Substituting in equation 7), 8) and 4),

. u-+M . 3r o 8
“TETK T 0 e e
r? 2rt 12
¥y == P N .
(r+1)? (r+t)? (r-+t)2

These results were obtained by JENNINGS (1916, § 57).
Again,let s=1,u=1,r =t —=v=0. Then M =N =K = 1.
Substituting in 7) and 8),
2n+1__(___1 )n+1

=25+ %5 . (—12)" =

3xz*
Zn'_(_I)n
v=— % (—H)=——
3xz2"
It has been shown by the present writer (RoBBINS 1917) that the nth
: . 2"—(—1)"
term of JENNINGS’s G series (1916, p. 54) is G, = ————
3
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78 RAINARD B. ROBBINS

Using this notation we have,

GM:L Gﬂ.
Uy — ; ‘U" joonamad .
2" 2"

Substituting in equations 4) to obtain the numbers for the female popu-
lation we have

G'n+1 Gn
o ==ty =
Gn+1Gﬂ—1+Gn2
Sp == UpUp4 + Uplhy4 — San-1 =1—r,—Ily;
Gn G -1
by = UpUp_y = 21 .

Using B, = 2", these expressions check with those obtained by JENNINGS
(1916, § 58). Using the formulae above for the limiting values of
1y, Uy, O taking the limits of the expressions obtained for this particular
case,

Limit =~ «#+M , Limit v+N

S U ETSL ISP |

2, == == P, = =1,
n=co " 3K T ¥ p=oc " 3K 3
and
Limit Limit Limit
rn:‘_"'%; Sn:%‘y tn:’sl)"
n= o n= oo 7= 00

Equations 7) and 8) show clearly that in general the proportions in
random mating are not fixed. We have found a special case, however,
in which they are fixed. The question naturally arises, what is the con-
dition that must be satisfied in order that the proportions be fixed?
From equation 7) we read immediately that for the proportions to be
fixed we must have 24 =M. This condition is also sufficient since if u,
is constant, ¢,( = 1 —u,) is also constant. In other words, if in the
original population the proportion of dominant males equals the pro-
portion of A gametes in the females, the proportions for random mating
are fixed.

b. Assortative mating

Given the population,
Males: #A— + va—,
Females: »r 44 + s Aa 4+ taa,
what is the composition of the nth generation if 4— males mate with
A4 and Aae females and e— males mate with ae females? It is at once
evident that the values of # and v have nothing to do with the future
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proportions so long as # and v are not zero. We assume that one male
may mate with more than one female.

As in the case of random mating, the two types of males in any gen-
eration appear in the same proportion as do the two types of female
gametes in the preceding generation. In getting the numbers for females
it is essential to remember that for assortative mating there will be
r - s dominants to ¢ recessives. It is also convenient to notice that the
AA females are in number equal to the 4 female gametes in the pre-
ceding generation and that the proportion of heterozygous females is
halved at each succeeding generation. These facts enable one to show
very easily that the composition of the nth generation is,

2"(r+s)—s s+2"
Males: ——(——I_—z——/l-— -+ T a—;
2"K 2K
2"(rts)—s s ¢
Females: ———MM— 44 Aag + —aa.
2"K + 2"K T K

in which K =7+ s+ ¢
Discussion

The heterozygous female tends to disappear and in the limiting popu-
lation the ratio of the dominants to recessives, in males and females
alike, is the ratio of dominants to recessives in the original female popu-
lation, i.e., r + s to .

In applying these formulae it should be remembered that in deriving
them we assumed that neither % nor v was zero. To apply the formulae
with safety it is therefore necessary to study the crosses in detail until
both dominant and recessive males appear.

A particular case. Let r — t == 1; § = 2, and assume the existence
of both types of males in the original population. This gives,

Karl—1 1271
Males: SaS A— + * o—;
2n+1 2n+1
3 X2 i—1 I
Females: ———T—AA -+ ———I—Aa- + 14 aa.
on+ on

These are the results obtained by JENNINGs (1916, § 60).
If dominants alone are selected, it can readily be shown that the wuth
generation has the composition,

Males: [1 14—+ ——a—;

— 2"(r-}s) 2"(r-f-s)
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s
Females: [1 — ———]4A + ——— Aa.
2" (r-+s) 2" (r—+s)
These formulae may also be obtained from the corresponding ones for
mating dominants with dominants, recessives with recessives, by set-
ting t==o.
c. Brother and sister mating
i. Random mating

Given a family consisting of
Males: wA— + va—,
Females: » A4 + s Aa 4+ taa,
what will be the composition of the nth generation if matings are re-
stricted to brothers with sisters? It is necessary here to consider the
different types of families which will arise. These are tabulated below.

1
Composition of resulting family
— | Letter indicating

i
Type of cross | e of famil

ij Males Females P Y
J (A—, a—) (A4, Aa, aa)

AA X A— [ (1, o) (1, 0, 0) b

All X A—‘—' | (sz I/2) (sz sz 0) c

aa X A— ! (o, 1) (o, 1, 0) d

Ad X e— | (1, 0) (0, 1, 0) e

Aa X a— 3 (%, 12) (0, ¥, 12) f

aa X a— ; (o, 1) (0, 0, 1) g

! I
!

If we find the number of families of the different types in the nth
generation we can readily count up the number of individuals of differ-
ent types. Letb, c,...... g, be the proportion, of families of type
bye,..... g respectively in the nth generation, so chosen that b, + ¢, +
d, e, + f, + g, = 1. It is useful to study the outcome of brother
and sister mating in families of the various types. This study enables
us to write down the following recurrence relations:

9) 4b, = 4b, 1 + coys
IO) 4Cp == Cpq + 4€nq + fn-l;
II ) 4d, = f n-1»
12) 4&n =— Cp-1,
13) 4f’ﬂ = 4dn-1 + Cp-1 + fn—l!
14) 48n = 4&n-1 T+ fa-1-
Using P, = K;(1+V35)" + K,(1—V/75)" the solutions of this sys-

tem of equations are
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1+K; 3K+ (—1)"K, Pyt-Ppy
15) b, = — - .
2 . 3><2n+2 4n
K —i1)*K P,
16) - 1+(n+1) 2 4 -
2 4
K4 (—1)"K P
17) d"’ = — #+2 - + n1 :
2 4
K —I1)"K P,
18) — 1+( 9) 2 + 1.
21’L+_ 4”
K+ (—1)"K, P,
19)  fam— e
2 4
‘ 1—K; 3K+ (—1)"K, P,+P,,
20) . g,= -+ — .

2 3X2m2 4"
The composition of the nth generation is,
Males: 4, A— + v 0—,
Females: », AA + s, da - t, aq,

in which
" — 2bn+cn+23n+fn . I+K5 (—I)WKZ
" 2 2 3Xz2" ’
21)
v — cn—|—2d,,—!—fn+2g,,_ 1—K, + (—I1)"K,
* 2 2 3 X 2" ’
2bn+cn I+K5 (——I)nK2 Pn+1
¥n = = + - 3
2 2 3 X2n+1 4n+1
Cn+2dn+2en+f~n P,
22) Sy = == s
2 2% 4"
;o fn+2gn‘_ I"—'K5 o (—I)"Kz_ Pn+1
2 o 2 3><2n+1 4n+1
Discussion

1. The heterozygous female tends to disappear. This follows from
the fact that s, involves the proper fractions (1-+V35)/4 and
(1—V/35) /4 to higher and higher powers as # increases.

GexEeTIcS 3: Ja 1918



2 RAINARD B. ROBBINS

2. In the limiting population the ratio of dominants to recessives, in
males and females alike, is (1+K;)/2 to (1—K5) /2.
Substituting #==1 in equations 15)-20) and solving for A,..... Ky,
K,=2 (31‘_({1)_ +e1—f1-
Ky, =2(e;—dy)—c1+f1.

Ky = —— [(dite) (Vi—1)-Ferbfal-
V3

I ; . ,
K= po [(dite) (V5+1)—ci—f1]
Vs
e,—d+ci—
I<5 _ bl-—-—gl + 1 1+ 1 fl
In terms of 7, s, t, u, v we have
b 1473 Su p tu ry sV tv
= -—-, Cy — —_— , g —————, £, —= ’ frosad ; - .
R AT R T R T kL T 8 T kL

imwhich K =r+ s+ tand L = u 4+ v.

Particular cases. Consider the problem of brother and sister mating
in the family obtained by crossing A4 with a—. What we have called
the original family will consist in this case of equal numbers of Aa and
A— individuals. Thusry =i =wv=o0;s =u=1. Thusb, =d,=¢,

= f, =g, =0; ¢, = 1. Calculating the constants, K| = 1; Ky = —1;
I I

Ky=—r; Ky=———; Ky = 7.
Vs Vs

Substituting in 21) and 22) we have,

(=" GHVE)—(—VE)"

Tpn — % - — ’
3><2n+1 \/5X4n+1
L EHVEI—a—vE)™
" 2V3X4" ’
(—1)*  (+VH™—(1—V3)"?
tn = V3 + " - — .
3X2" Vi3X 4"
1 ENN___ I— =\n
The nth term of the Fibonacci series is F, = (1+Vs) — ( Vs)
: ViiXa2®
Using F, and G, we have for the composition of the nth generation
G Cﬂ
Males: J“;* A— + —a—
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n+l
Females: z ‘Ml Fan A4 + Fra Aa 4 —————G"ﬂ Faa aa.
2n+1 on 2n+1
This problem is worked by JENNINGs (1916, § 69).

It should be apparent that one value of the developments here given
is to find the limiting values of the proportions in the composition of
the nth generation. To make this clear, suppose we start with a family
inwhichr=1,s=2,t=3, 4 =4, v=35. (Any other numbers would
do equally well.) Then

4 8 12 5 10 I5
by=—;=—;dy=—; e, =—; fi=""T; &1 =—.
54 54 54 54 54 54
, 4 15 5—1248—10 7
Kiyem—— 2 42—~
54 54 162 ' 27
1-+K; 10 1—Kj 17

2 —2_7’ z 27

Then the limiting proportions are:

10 17
Males: —A— 4+ —a—;

27 27

10 17,
Females: — 44 4+ — aa.
27 27
This is to show how easily we can get the limiting proportions without
calculating a number of terms in the series involved.

ii. Assortative mating

The problem of assortative mating is almost trivial in case of a sex-
linked factor. This is because only three types of matings can occur.
They are A4 X A—, Aa X A— and aa X a—. The recurrence rela-
tions involved are

by = bn-1+cn—1/2
Cp = Cn—l/z
En == &n-1-
The solutions are
b, = bytcy—c; /2™
Cn = Cy/2"L.
&= 1—b;—c; =g,

GEeNETICS 3: Ja 1918
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The composition of the nth generation is

Males:  [by-+c;—cy/2"]A— + [cy/2"+g1la—

Females: [b;4c,—c,/2"]4AA + ¢/2"Aa+-g,00.
It is evident that the heterozygous female tends to disappear as # in-
creases indefinitely.

d. Mating parent by offspring

A rather simple problem showing the application of the method of
recurrence relations is that of analyzing the population resulting from
mating sons to mothers and daughters to fathers. The only possible
types of families resulting from such mating are those which we have
called b, ¢, f and g families. A family of type d arises from a cross
between aa and A—. This cannot occur in the present problem since
an ago female cannot be the mother of an A— male, nor can an 4— be
the father of an aa. For similar reasons no families of type e can occur.
The recurrence relations of the problem are as follows:

4by, = 4by 1 +Cay;

4¢, = ch—l—l_fn—l;

4fn = Cnrt2fnos;

48n = 4gn~1+fn—1-
The solutions are,

B 14K, K, 46K, X3"

2 63X 4"

o 2K, X3"+K,
Cp — —-—;—Zn——‘

o 2K, X3"—K,
Fn= 2X4"

1I—K, K,—6K,X3"
& ="— + P 3 .
The constants have the values,

Ky = 4(c;—f1).

K, = 2(c;+f,)/3
Ky = bi—g+ (ei—F1)/3.

The composition of the uth generation is

Males:  [by+ (cot-fn) /21— + [gu+ (cat-fa) /2]a—.
Females: [b,+-c,/2]144 + [(c,+fa)/2]4a + [f./2-+gn]aa.
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Substituting the values of b,..... g» this becomes:
14+K K 1—K K
Males: [ th K Jd—+ [ 4+ Ja—
2 6X4" 2 6X4" "
14K K,—2K wtl
Females: [ 1 + — 2X3 144 + K,(34)"4a +
2 3><4n+1
I_‘K3 K1+2K2><3n+1
[ - n+l ]aa
2 3X4

It is evident from these results that the heterozygous female tends to
disappear and the homozygous types approach the proportion, (1-+K;)/2
dominants to (1—K,)/2 recessives.

Consider a particular case. AA is crossed with ¢— and then the
daughters are mated to their father and the sons to their mother. As
a result of the original cross we have individuals of types 4@ and A—
in equal numbers. Now we have the crosses daXa— and A4 XA—
to give what we call our first generation. Thus we have,

by=fi=%;c,=g =0
Evaluating the constants,
Ky=—2; K, =13; Kz = J5.
Finally, the population of the nth generation is,
B ¢

Males: [25 + 14— 4+ [V — Ja—.
3IX4" ’ 3X4"
Females: [% — -5 144 4+ 3 da 4 1% + 5 1aa

PART II. BREEDING PARENTS TO OFFSPRING—TYPICAL FACTOR
a. Breeding half of offspring to one parent and half to the other

Suppose a breeding problem is started by making a certain cross and
that thereafter half the resulting family is bred to one parent and half
to the other. What is the composition of the uth generation, if a typical
Mendelian trait is being considered?

Only five types of families can exist in any generation. The cross
AAXaa cannot occur because neither A4 nor aa can have the other
as parent. The crosses which occur and the resulting families are
tabulated below.

GeneTics 3: Ja 1918



86 RAINARD B. ROBBINS

Type of cross Composition of resulting Type of family
family
(AA, Aa, aa)
AAXAA (1, 0,0) 0
AAXAa (%, Y%, 0) ?
AaXda (%%, 2, 04) r
AaXaa (o0, %) u
aa X aa (o, o, 1) v

Our problem now is to consider what results when in a family of
each type half the individuals are bred back to one and half to the other
of the members of the cross which produced the family. It is evident
that families of type o give rise to families of this type only. In fam-
ilies of type p the individuals are equally divided between the types
AA and Aa. This family came from a cross between A4 and Aa.
Breeding A4 back to A4 gives an o family; breeding 4.4 back to Aa
gives a p family; breeding Aa back to A4 gives a p family and breed-
ing Aa back to Aa gives an # family. Thus the offspring of a p family
will be in families of types o, p, # in the ratio 14 : 14 : 4. Similar de-
tailed consideration of the offspring of families of types », u#, v enable
us finally to write down the recurrence relations,

23) 405 == 40n_3 + Pn-1;
24) 4Pn = 2pn-1 + V-1
25) 47y = Ppoy + 275y -t Ung;
26) 4ty == 21ty F Toy;
27) 4V = 47Uy + Up-y-
The solutions of these equations are,
28) 0, = 14K, . K,y . Py .
2 2nm2 2X 4"
K, P, '
29) Pn = n+l w '
2 4
Pn+1"_2Pn
30) Py = .
4”
K, P,
31) M‘n = n+l n
2 4
1—K, K, P,
32) Up == i

2 22 2% 4" )
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in which P, = K (2+V2)"+K,(2—V2)" Evaluating the constants,
K1 = 2(p1—uy).

K,=o0,—v,+ Pl_wl.
2
33) K3 :p1+“‘1+\/§7’1.
2-+V2
K, _htu—Van
2—\/2

The composition of the nth generation is

34) Lontpu/2410/4) AA+[ (put-7at1un) /2] Ao+ .
[7a/4+un/2+v4]aa.

Substituting from equations 28)-33) into expression 34), the nth gen-

eration is

I_]_K Pn Pn I—K Pn
35) [—— — —)dd + —""da + [—— — “aa
2 4" 2X 4" 2 4"
Discussion

The heterozygous individuals tend to disappear regardless of the na-
ture of the original cross. The homozygous types approach a fixed
proportion as 7 increases indefinitely :

14+K 1—K
T 2 A4 -+ ? aa.
2 2
It should be noted that o4....v; are proportional to the numbers of

families of the different types after the first breeding of offspring to
parent has occurred.

JenNiNGs considered some special cases of this problem but was un-
able to get a simple expression for the numbers involved. The first case
which JENNINGs considers is a cross between 44 and as followed by
breeding back to parents. The result of the first cross is a family of
individuals all of type Ae¢. Half of these are bred to 44 and half to aa,
giving two types of families p, % equal in numbers. Thus, 0, =v, =
r, =0; p, — u, — V5. Substituting in equations 33),

K, =K, = o0; K, = 1/(24V?); K, = 1/(2—V%).
Substituting these values of the constants in expression 35), and re-
membering that P, = K,(2-+V2)"* + K,(2—\/2)" we have,

[}
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(24 V) +(2—V3)"

(Ad), ==}z — :
41’l+
(24 V2) " (2—V3)"
(Aa), =
24"
2 /"2’ n_+_ 2 E n
oy, — p TV
4711—
These formulae give the results which JenNiNGgs (1916, § 53) has,
when we substitute n=—=1, 2, 3, ...., enable us to calculate the propor-

tions for any value of # independent of other values of #, and give us
at once the limits approached. In this case the limiting population is
%44 4+ Yiaa. :

It may be worth while to calculate the limiting population for another
special case. The original cross is 44 X Aa giving a p family, half
of which is to be bred back to 44 and half to 4a. This gives as our

first generation Yo -+ 12p -+ Ur; ie,
0y =Y4;pr= 102571 = Y4; Uy =10, =0.
Ki=o0,—v + (b —uw)/2=%4 + % =72
Then (14+K,)/2 = 34; (1—K,)/2 = ¥4 and the limiting population is

3 Ad + }4 aa,
which is at least suggested by JENNINGs's result for the 10th generation
(JENNINGS 1916, § 55).

b. Breeding offspring to younger parent

The various problems in breeding offspring to the younger parent
may be made to depend upon three special problems of this sort. Only
five types of families can occur. A family all members of which are
Ag individuals cannot occur since the parents of such a family must be
AA and aa and neither of these latter types can be the offspring of the
other type. Since 0 and v families remain pure by this system of breed-
ing, we need only consider the outcome of families of types p, 7, u.

Suppose we start by breeding the members of a p family to their 44
parent. The first generation will consist of families of types o and p
in equal numbers. In later generations the offspring of the o families
will be in families of type 0. To get the contribution of the p families
to the second generation we mate with the Aa parent. Thus it is evident
that the problem under consideration can be made to depend upon the
one begun by mating a p family to the 4a parent. Then any problem
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in breeding offspring to the younger parent can be made to depend upon
three special problems of mating to the younger parent, the breeding
being started in the respective problems by mating,

i. members of an 7 family to the Aa parent,
ii. members of a p family to the Aa parent,
iil. members of a # family to the Aa parent.
(Of course it is evident that both parents of an » family are of type 4a.)

It should be stated that the results for each of these problems are
given by JENNINGS (1916, §§ 52, 47, 50). The excuses for the follow-
ing pages are that proofs are given, and that the methods used, which
have important points of difference from any so far used, may be of use
elsewhere.

i. If we mate the members of an r family to either parent, Aa, the
first generation consists of families of types g, 7, # in the propoftion
indicated by J4p  + Jor + %uaa The subscripts on p and » indicate

the type of parent to which we are to breed next. The second genera-
tion will be

Wot+ ottt u, K, + K

Notice that because of the symmetry of the problem we will have,
Op = Up; pn == uy. Notice also that part of the families of type p are
bred to the A4 parent and part to the Ag parent. This threatens to
introduce a complication which it is wise to avoid. There are the same
number of p and # families to be bred to Aa. Since p and » families
have compositions indicated by (24, ¥4, 0) and (o, ¥, %), one of each
is equivalent in composition to two families of composition (4, ¥4, ¥4),
i.e.,, two r families. Then so far as the present problem is concerned,
the p and # families which are to be bred to the 4a parents may be re-
placed by » families. Let 3, represent the families of type p to be bred
to the, 44 parent. Let 4, represent the families of type # to be bred to
the aa parent. Let 7, = r,+p—p,+ #,—,. Then it is easy to show
that

36) 20y == 205y +Pn-;
37) 477'1; = 71:—1;

38) 27, = ?n—1+2§n—1;
39) Tln == P

40) Uy == Oy

If we let P, = K,(1+V35)"+K,(1—V5)" the solutions of this
system are,

GenerIics 8: Ja 1918
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41) 77":12"=Pn_1/4";
42) P = Pn/4n;
43) Op == Up == %—Pn+1/4n+l-
For our problem p, =— 14 ; 7, = 14 ; these values determine K, and K,
to be K, = (1+V35)/2V5 and K, = —(1—V/3)/2\/5 and P, be-

comes P, = [(1-+V3)"—(1—V35)*']/2V35.  Since F, = [(1+
V35)"—(1—V35"]/2" X V5, we have P, = 2"F,,;. The composition of
the nth generation is

Pt Tty

;‘n Tn
[on + 7+ 1A + |

Substituting from the above equations, this becomes,

Tn Ty
lda + [— 4 = + vn]aa.,
4 2

™

n+2 n+2

44) [lz —

144 +

I:n+2
I e .
ont2 ou+l Aa‘ + [/2 o2 ]aa'

Incidentally it may be noted that the problem of mating 4.4 with aa,
then mating half of progeny back to 44 and half to aa and then breed-
ing to the younger parent is essentially the present problem. (Compare
JENNINGS 1916, § 45.)

ii. If we mate the members of a p family with the 4a parent, the
first generation will be VszA + 147. The second generation will be

Lo + %,pAa -+ %% of result of mating » by 4a.

The lack of symmetry in this and later results shows that the method of
problem i. cannot bhe used readily. However, inspection of this ex-
pression for the second generation is the key to the situation. Let (p),
stand for the composition of the nth generation in the problem under
discussion and similarly, let (7), stand for the composition of the nth
generation in problem i. Then from the second generation we read,

45) (P)n =240 + Y4 ()2 + V2 (7).

Replacing # by n—2 we have

46) (PIn-2= Y40 + % (P)n-s + Y2 (") nea.

Substituting from 46) into 45),

47) (P)n= 140 4 1/160 + 1/16(p) sy + 22 (")nr + 25 (r)ucs.
It is evident that this process can be continued until (p) has a subscript

zero or unity on the right, according as » is even or odd. If # is even
we have,



APPLICATIONS OF MATHEMATICS TO BREEDING o1

B (0) =Yoot ... 4P
" 16 2"
S (Parst A (Dot o A— (s
#)o
— BI—(4)" /210 S (Dt
K (Dast oot =g (D
If »n is odd,
49) (D)= H[1— ()™ /2l0 + (f,,).IJr % (aat
5wt — (N

(7)s is the result in problem i., and is the distribution given in ex-
pression 44). (A4A),, (Aa),, (aa), will be used to represent the pro-
portions of the corresponding types of individuals in the nth generation.
If # is even,
50) (Aa)n = [1+Fupu+Foi+. ... +Fs+F,] /2"
The terms of the Fibonacci series satisfy the relation
‘ F,=F,;+F,.. Then, ‘

F, = F;+F,;

F, = F;+4F, = F;+F,+F, = F,+F, since F, = o.

F¢ = Fy+F, = F;+F;+F;; it is seen immediately that

51) Fop =Fyy_1+Fous+..+F,+F,; and similar equations show that,
52) Fonq= Fouo+Foust. ... +FAF+F,.

In words these equations are equivalent to: The sum of any number
of successive odd (even) terms of the Fibonacci series, beginning with
F, (Fy,-+F,) is the next higher term.

Since F, == 1, this enables us to write 50) in the form
53) (Aa‘)n = n+2/2”+l-
We have shown that 53) holds when # is even. Exactly similar work
with equation 49) shows that 53) is correct for n odd. Calculating the
values of (A4), and (aa), we have,
2™ (—1)"—3Fa, Grrs—Faio

AA n — —
54) ( ) 3 >< 2n+2 2n+2
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2m2— (_I )30 Grio—Fnss
55) (aa), = = '

3 X2n+2 2n+2

ili. The results for this problem are those for ii. with 44 and aa
interchanged.
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