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ABSTRACT 
We define and  determine  the interrelationships among five  sets  of disequilibrium parameters that 

measure two- and three-locus nonrandom associations in nuclear-dicytoplasmic  systems. These assume 
a diploid nuclear locus and two  haploid  cytoplasmic  loci,  with  special reference to nuclear-mitochon- 
drial-chloroplast systems. Three sets of  two-locus disequilibria measure the association between 
haplotypes at  the two  cytoplasmic loci (DM(;) and associations between each cytoplasmic  locus and 
nuclear alleles or genotypes ( D M ,   D , M ,   D Z M ,  D3M;  Dc, D I C ,  D2c, DsC). In addition, we present two  classes 
of higher-order disequilibria that measure nonrandom allelic or genotypic associations  involving  all 
three loci. The first class quantifies associations  between the nuclear locus and  the two cytoplasmic 
loci taken jointly (DAIMc, DAA/M(;,  DAo/MC, DnalMC, etc.), whereas the second measures only those 
associations remaining after all  two-locus  associations  have been taken into account (DA,M/c,  DAA/M/<;, 
DAo/M/(;, Dao/M/C). Based on combinations of these five  sets  of measures, we suggest a variety  of 
parameterizations of three-locus, nuclear-dicytoplasmic  systems. The dynamics  of these disequilibria 
are then investigated under models of random and mixed mating, either with both cytoplasmic 
genomes inherited through  the same parent  or  through opposite parents. Except for associations 
between the cytoplasmic haplotypes, which are constant when the two  cytoplasmic genomes are 
inherited  through  the same parent, all disequilibria ultimately  decay to zero. These randomizations 
do not necessarily occur monotonically, however, and in  some  cases are preceded by an initial increase 
in magnitude or sign change. For both inheritance patterns,  the asymptotic  decay rates are steadily 
retarded by increasing levels  of self-fertilization. This behavior contrasts with that in the  extreme case 
of complete selfing, for which  only the heterozygote disequilibria always decay to zero. For all  models 
considered, the dynamics of the two-locus cytonuclear subsystems are solely a function of the mating 
system,  whereas the dynamical behavior and sign patterns of the cytoplasmic and three-locus disequi- 
libria also depend strongly on the mode of cytoplasmic inheritance. 

A LTHOUGH important  interactions between nu- 
clear and cytoplasmic genes  have  been recog- 

nized for  a  large variety of organisms (SLOTT, SHADE 
and  LANSMAN  1983; MERRIL and  HARRINGTON  1985; 
BENNE  1988; MACRAE and ANDERSON 1988),  no  other 
group has a greater potential for nuclear-cytoplasmic 
interactions  than plants. This is because plant cells 
contain two major cytoplasmic genomes,  mitochon- 
drial  (mtDNA)  and chloroplast  (cpDNA),  both of 
which code for gene  products involved in metabolic 
processes, such as respiration and photosynthesis, that 
are  under  joint cytonuclear  control (BEALE and 
KNOWLES 1978; BORST, TABAK and GRIVELL 1983; 
WHITFELD and BOTTOMLEY 1983). As pointed out by 
BEAVIS, POLLACK and FREY  (1  987), it is therefore  not 
surprising that cytonuclear  interactions have been 
found  to  influence a number of quantitative  traits in 
plants (IWANAGA et al. 1978; RAO and FLEMING 1978; 
ROBERTSON and FREY  1984; BEAVIS and FREY  1987). 
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Cytonuclear  interactions are also important in the 
reproductive biology of many plant species. For in- 
stance, many of the cases of male sterility encountered 
in over 140 cultivated species have been attributed to 
interactions between one  or  more nuclear genes and 
a  mitochondrial locus (CONDE et al. 1982;  HANSON 
and CONDE 1985;  DEWEY, LEVINGS and TIMOTHY 
1986; H~KANSSON et al. 1988). The related  phenom- 
enon of gynodioecy, which has been reported  to occur 
in 543 species from  178 families (DEMYANOVA  1985), 
is often  thought  to  result  from similar interactions 
(e .g . ,  SUN  1987;  ROUWENDAL, VAN DAMME and WES- 
SELS 1987). The close relationship  among all three 
genomes is further highlighted by evidence of DNA 
transfer  between the nucleus and  both organelles 
(KEMBLE et al. 1983; TIMMIS and SCOTT 1983), as well 
as DNA transfer  from  the chloroplast to  the mito- 
chondrion  (STERN  and LONSDALE 1982; STERN and 
PALMER  1984). 

All of  these  important  cytonuclear  interactions in 
plants have the potential to generate statistical associ- 
ations  among the loci involved. Moreover, the pres- 
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ence of three major  genomes allows for  a wide variety 
of nonrandom  cytonuclear associations, which to- 
gether can provide  a qualitatively new kind of infor- 
mation about  the  evolutionary history of plant popu- 
lations. For example, pairwise associations can arise 
between nuclear alleles or genotypes and haplotypes 
(cytotypes) at  either of the cytoplasmic genomes (AS- 
MUSSEN, ARNOLD  and AVISE 1987,  1989;  ARNOLD, 
ASMUSSEN and AVISE 1988). Pairwise associations be- 
tween mitochondrial and chloroplast cytotypes are 
also possible. More significantly, higher-order  nonran- 
dom associations could  develop  among all three ge- 
nomes. The possibility  of both pairwise disequilibria 
involving all three loci (e.g., between nuclear geno- 
types or alleles and  joint cytotypes) and full three-way 
disequilibria highlights the potential wealth of infor- 
mation contained within nuclear-dicytoplasmic sys- 
tems. 

The dynamical behavior of such three-locus associ- 
ations is apt  to be  strongly dependent  on  the  mode of 
inheritance of the cytoplasmic loci. Although several 
plant species  show biparental plastid inheritance (KIRK 
and TILNEY-BASSETT  1978; METZLAFF, BORNER and 
HAGEMANN  1981; MEDGYESY, PAY and MARTON 
1986),  the majority of species exhibit  maternal  inher- 
itance of both chloroplasts and mitochondria  (BIRKY 
1978;  GILLHAM  1978; KIRK and TILNEY-BASSETT 
1978; SEARS 1980;  DEWEY,  LEVINGS  and TIMOTHY 
1986;  PALMER  1987;  NEALE  and SEDEROFF 1988).  In 
conifers, however, a  growing body of evidence sug- 
gests that chloroplasts and mitochondria can have 
contrasting  uniparental modes of inheritance; in some 
species, mitochondria  appear to exhibit  maternal in- 
heritance, whereas chloroplasts appear to be  inherited 
paternally (OHBA et al. 197 1 ; NEALE, WHEELER and 
ALLARD  1986; SZMIDT, A L D ~ N  and HALLGREN 1987; 
WAGNER et al. 1987; NEALE and SEDEROFF 1988).  For 
most plant species, then, all cytoplasmic loci behave 
as if completely linked (BEAVIS, POLLACK and FREY 
1987), which would presumably simplify the potential 
three-locus cytonuclear disequilibria. The dynamics 
of three-locus associations in certain  conifer popula- 
tions, on the  other  hand,  are potentially very complex, 
but may also be uniquely informative  about the ge- 
netic structure  and evolutionary history of those pop- 
ulations. In order  to take  better  advantage of the  joint 
nuclear-mtDNA-cpDNA  frequency  data  currently 
being gathered  (D. B. WAGNER and D. R. GOVINDA- 
RAJU, personal  communication), it is necessary to  de- 
velop a  theoretical  framework to quantify disequilibria 
in such systems and  to  determine what force or forces 
could account  for  observed values. 

Although there have been numerous mathematical 
analyses of cytonuclear  interactions in plants, none 
have  examined  three-locus, nuclear-dicytoplasmic sys- 
tems. Most theoretical  treatments have focused on  the 
evolution and maintenance of gynodioecy (WATSON 

and  CASPARI  1960;  CASPARI, WATSON and SMITH 
1966;  COSTANTINO  197 1 ; CHARLESWORTH and  GAN- 
DERS 1979; CHARLESWORTH 1981;  DELANNAY, GOU- 
YON and  VALDEYRON  198 1; ROSS and GRECORIUS 
1985). Other studies have addressed  the effects of 
cytonuclear  interactions  on  quantitative  traits (BEAVIS, 
POLLACK and  FREY  1987)  and  the conditions  for the 
maintenance of cytoplasmic polymorphisms under 
joint cytonuclear selection (CLARK  1984;  GREGORIUS 
and ROSS 1984). Most relevant to  the  present discus- 
sion  has been  the  extension of the theory of gametic 
disequilibrium to  nonrandom pairwise associations be- 
tween nuclear and cytoplasmic loci (CLARK  1984; As- 
MUSSEN, ARNOLD and AVISE 1987,  1989;  ARNOLD, 
ASMUSSEN and AVISE 1988). ASMUSSEN, ARNOLD and 
AVISE (1 987), in fact, have introduced  and analyzed a 
novel set of two-locus, cytonuclear disequilibrium sta- 
tistics that estimate both allelic and genotypic associ- 
ations between nuclear and individual cytoplasmic 
loci. 

In this paper, we extend  the basic cytonuclear 
framework of ASMUSSEN, ARNOLD and AVISE (1  987) 
by defining disequilibrium measures that quantify 
nonrandom associations within three-locus,  nuclear- 
dicytoplasmic systems. In  addition, we provide  a  foun- 
dation for  the  interpretation of observed disequilibria 
by describing  their  expected behavior under two 
standard  mating models, random  mating and mixed 
mating.  For each model, we consider  both  patterns of 
uniparental cytoplasmic inheritance  described  above. 
The first, which is applicable to most plant species, 
assumes that  the two cytoplasmic genomes are trans- 
mitted by the same parent. The second pattern, which 
is specifically applicable to certain  coniferous species, 
assumes that  the two are  inherited  through opposite 
parents.  Although the discussion is couched in terms 
of associations among  nuclear,  mitochondrial, and 
chloroplast loci  in plants, the basic results also apply 
to associations in other nuclear-dicytoplasmic systems 
within both plants and animals, such as those  that 
include the nucleus, a single organelle, and an intra- 
cellular microorganism. The same framework is also 
relevant to associations in the heterogametic sex 
among  autosomal, sex-linked, and cytoplasmic genes. 

DEFINITION  OF  VARIABLES 

Frequencies: We are  concerned with the dynamics 
and  patterns of two- and three-locus cytonuclear as- 
sociations in a  population of diploid plants. The three 
loci under consideration are  an autosomal nuclear 
locus  with two alleles, A and a, a haploid mitochondrial 
locus  with  two types, M and m, and a haploid chloro- 
plast locus with two types, C and c. The  12 possible 
three-locus genotype  frequencies are shown in Table 
1. In this table,  summation of each column gives the 
marginal nuclear genotype  frequencies, u, u and w ,  
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TABLE 1 

Three-locus genotype frequencies 

Nuclear genotype 

cytotype 

MIC UI I V I  I W l l  x1 I 

Mlc UIY VI2 w12 X12 

m/C UP I v2 I W2l x2 I 

m l c  U22 v22 W22 X22 

Joint 
AA  Aa  aa  Total 

Total U v W 1 .o 

whereas summation across rows gives the  four joint 
cytotype frequencies, XI], x12, xel, x22. From  these the 
nuclear allele frequencies are calculated as 

p = freq. (A)  = u + 1/2v q = freq. ( a )  = w + Vzv, (1) 

and  the mitochondrial and chloroplast  haplotype  fre- 
quencies are computed as 

XM = freq. ( M )  = x11 + x12 

YM = freq. (m)  = x21 + x22 

xc = freq. ( C )  = x11 + x21 

yc = freq. ( c )  = x12 + XZZ, 

where  “freq.”  denotes  “frequency  of.”  Note  that  the 
first index of  all subscripted variables in Table 1  refers 
to  the mitochondrial type and  the second index  refers 
to  the chloroplast  type, with an index of 1 indicating 
M (or C ) ,  and  an index of 2 indicating m (or c ) .  

Joint  frequency variables describing  each of the two 
cytonuclear subsystems can also be  derived  from the 
variables in Table 1 .  These include the six nuclear- 
mitochondrial  frequencies and  the six nuclear-chlo- 
roplast frequencies (Table 2), which correspond to  the 
ui, vi, and w, variables of ASMUSSEN, ARNOLD and 
AVISE (1987). The frequencies of the associated two- 
locus allelic combinations ( e l ,  e2,   e3,   e4,  in ASMUSSEN, 
ARNOLD  and AVISE 1987) are rewritten  here using 
the  notation in Table 3. Note  that  the row and column 
sums in Tables 2 and 3 provide  alternative  decompo- 
sitions of the single-locus frequencies. 

Finally, in the three-locus  context, it is useful to 
specify the frequencies of the eight possible three- 
locus allelic combinations,  as in Table 4. These vari- 
ables, whose indices follow the convention in Table 1 ,  
in turn provide  additional  formulas for  the  frequen- 
cies of all two-locus allelic combinations.  Summing 
across rows of Table 4 shows, for  instance,  that each 
of the  four  joint cytotype frequencies can be  written 
as xy = p ,  + 99, for i ,  j = 1, 2. Similarly, the eight 
nuclear-cytoplasmic, allelic combinations in Table 3 
can be  written as P I ,  = p i 1  + p i 2 ,  q a  = qil + qi2, pic  = 
pli  + p z i ,  and q,c = 4 1 %  + qzi, for i = 1, 2. 

Two-locus  disequilibria: Three sets of pairwise as- 
sociations are possible among  the  three loci. Two of 
these involve nuclear-cytoplasmic associations, which 

(2) 

are specified here in terms of the genotypic and allelic 
disequilibria introduced by  ASMUSSEN, ARNOLD and 
AVISE (1 987). In the present  notation,  the  nonrandom 
associations between the  three nuclear  genotypes and 
each cytoplasmic locus are measured by 

DIM = U I M  - U X M  Dlc = U ~ C  - U X ~  

DSM = V I M  - VXM D2c = V ~ C  - VXC ( 3 )  

D3.44 = W I M  - W X M  D3c = w ~ C  - W X ~ ,  

where,  for  instance, DIM = freq. (AAIM)  - freq. ( A A )  
freq. ( M )  and Dl(;  = freq. (AAIC)  - freq. ( A A )  freq. 
( C ) .  The corresponding allelic disequilibria, DM = 
freq. (AIM)  - freq. ( A )  freq. ( M )  and DC = freq. 
( A I C )  - freq. (A) freq. ( C ) ,  are 

DM = p l M  - P X M  DC = P I C  - P X C .  (4) 
The two-locus constraints within each cytonuclear 
subsystem require  that 

-UXM I DIM I UYM - U X ~  I Dlc I UYC 

-VXM 5 D 2 M  5 VYM - V X ~  I D2c 5 VYC 

-WXM I DBM I WYM -WXC I D3c 5 WYC ( 5 )  

-qyM I DM 5 P y M ,  qxM 

-qyc 5 Dc 5 pyc, qxc. 
Although it is useful to consider all these  eight 

measures of cytonuclear disequilibria, there  are only 
two independent disequilibrium parameters  for each 
nuclear-cytoplasmic pair, since the measures within 
each set are  interrelated by 

D I M + D ~ M + D ~ M = O   D l c + D 2 c + D 3 c = O  

DM = D I M  + ‘ / 2 D 2 ~  Dc = Dlc + V2D2c. 

The third set of  possible two-locus disequilibria 
quantifies  nonrandom associations between the two 
cytoplasmic loci. This cytoplasmic disequilibrium, D M C ,  

is defined as the  departure of the  joint cytoplasmic 
frequencies  from  expectations under  random associ- 
ation, 

DMC = freq. ( M I C )  - freq. ( M )  freq. ( C )  

(6) 

(7) 
= x11 - X M X C ,  

and is subject to  the  standard two-locus constraints 

- X M X C ,  -J@C 5 DMC 5 XMYC,  YMxC. (8) 

The two-locus allelic disequilibria in turn allow  use- 
ful alternative expressions for  the frequencies of the 
two-locus, cytonuclear allelic combinations (Table 3): 

P I M  = P X M  + DM P I C  = PXC + Dc 

p 2 M  = PYM - DM p2c = pyc - Dc 
(9) 

qlM = qxM - DM qlc = 4°C - DC 

q2M = qyM + DM q2c = qJ’c + Dc, 
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TABLE 2 

Nuclear-mitochondrial and nuclear-chloroplast genotype frequencies 

Nuclear genotype 

Cytotype AA  Aa  aa Totdl 

M UIM = u11 + UIP V I M = V I I  + V I P  W I M  = wll + w12 XM 

m U'LM = uq1 + up2 V2M = V.LI + v22 W2M = WZI + WZZ YM 

Total U V W 1 .o 
c UIC = u11 + UZI VI( :  = V I 1  + VYl WIC = w11 + WPI xi: 
C u.Lc = ule + UP' v.Lc = VI:! + up:! we<: = WIP + wp2 YC 
Total U V W 1 .o 

TABLE 3 

Frequencies of nuclear-mitochondrial and nuclear-chloroplast 
allelic combinations 

Nuclear allele 

Cytotype A a Totdl 

M p I M  = UlM + %VIM q1M = WIM + %VIM XM 

m ,b"M = U2M + %v2M q 2 M  = WZM + %vPM Y M  

Total P 4 1 .o 
c PIC = U l i .  + %VI(: QlC = WlC + %VI(: X(, 

C p2r: = U2(. + %VPC q 2 c  = W2C + %v2c yc 
Totdl P 4 1 .o 

and  the  four  joint cytotype frequencies: 

x11 = XMXC + DMC x12 = ~ M Y C  - DMC 

x21 = YMXC - DMC x22 = YMYC + DMC. 
(10) 

Three-locus  disequilibria: In addition to  the pair- 
wise associations defined in the previous section, there 
can be higher order associations involving all three 
loci.  We focus here on two forms, which represent 
either pairwise three-locus associations or full three- 
way associations. The first type measures nonrandom 
associations between the  four  joint cytotypes and  the 
nuclear genotypes and alleles. For  instance, in direct 
analogy to  the original cytonuclear disequilibria in 
(3)-(4) defined by ASMUSSEN, ARNOLD and AVISE 
(1 987), the joint  genotypic  disequilibrium involving AA 
and M / C  is defined as D A A / M C  = freq. ( A A / M / C )  - 
freq. ( A A )  freq. ( M / C )  = u1 - u x I I .  The treatment of 
the mitochondrial and chloroplast types as a joint 
cytotype is emphasized by removing the "/" between 
the M and C in the subscript of D A A / M C .  

In total,  12 joint genotypic disequilibria can be 
defined, as shown in Table 5 .  Note  that in order  to 
obtain the marginal totals of Table 5 ,  the disequilibria 
in any row or column must sum to zero. Within this 
group of 12 disequilibria there  are thus only  six in- 
dependent  measures.  Moreover, choosing any two 
disequilibria involving a given joint cytotype from 
Table 5,  we can write the remaining  ten disequilibria 
as simple linear  combinations of those two and  the 
original two-locus genotypic disequilibria in (3). 

For simplicity, subsequent discussion will focus on 

TABLE 4 

Frequencies of three-locus allelic combinations 

Nuclear allele 
Joint 

cytotype A  a Total 

M/C 
MlC 

pi ,  = UII + % V l l  411 = WII + %VII XI1 

pi, = u12 + %VIS 412 = w12 + %VlP x12 

m/C P S I  = UP1 + %VSl 4'2) = wql + %V.LI xpj 
mlc  p:!n = upp + %v22 4 2 2  = w2p + %vys x22 

Total P 4 1 .o 

TABLE 5 

Joint genotypic disequilibria 

Nuclear genotype 
Joint 

cytotype AA  Aa  aa  Total 

MIC U X I I  + DAA/MC VXII  + DA./MC W X I I  + Daal,w: x11 
M l c  UXI'I + DAA/M< V X I ~  + D A ~ ~ M ~  WXIZ + D,,/M, X I P  

m/C U X P I  + DAAlni: vxw + DAolmC w x P l  + Dnnlnc x P l  
m/c U X P ~  + DAAlm6 V X P ~  + DA,/,, W X Z P  + D,,/,, xq2 

Total U V W 1 .o 

the parameterization in Table 6, based on D A A / M C  and 
DAa/Mc: .  The decomposition of D A A / M c ,  for  instance, is 
obtained by writing 

DAA/M~ 

= freq. (AA/M/c )  - freq. (AA) freq. (M/c )  

= freq. (AAIM) - freq. ( A A / M / C )  

- freq. (AA) [freq. ( M )  - freq. ( M / C ) ]  

= freq. (AAIM) - freq. (AA) freq. ( M )  

- [freq. ( A A / M / C )  - freq. (AA) freq. (MIC) ]  

= DIM - DAA/MC. 

Substitution of the disequilibrium relations  from 
Table 6 and (10) into  Table 5 provides a  complete 
parameterization of the  12 genotype,  three-locus sys- 
tem in terms of the marginal single-locus frequencies, 
the two-locus disequilibria, and  the two joint geno- 
typic disequilibria, DAA/MC and DAa/Mc: .  Since the  12 
genotype  frequencies must all be  nonnegative, the 
new disequilibrium measures are  bounded within the 
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TABLE 6 

Interrelationships  among  the joint and two-locus genotypic  disequilibria 
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TABLE 7 

Parameterization of the  three-locus allele frequencies  in terms of the joint disequilibrium, DAIMc 

Nuclear allele 
loint 

intervals 
-uxMx(; - uDMC, -UY@C - uDMC + DIM + Dlc 

5 DAAIMC 5 UXMYC - UDMC + DIM, U ~ M X ~  

- UDMC + DlC 

-VXMXC - ~DMc, -VYMYC - ~ D M C  + DPM + D2c 

5 DAa/MC 5 V X M ~ C  - ~ D M C  + D ~ M ,  V ~ M X C  

- ~ D M C  + D2c 

--WXMXC - WDMC, - wy@c - WDMC D ~ M  + D3c 

(1  1) 

5 Daa/MC 5 WXMyC - WDMC + D ~ M ,  WyMXC 

- WDMC + DX, 

where Daa/MC = -DAA/MC - DA,/MC. 
In conjunction with the  joint genotypic disequi- 

libria, it is also of interest to consider joint allelic 
associations. For  instance, the  joint allelic disequi- 
librium, 

DA/MC = freq. ( A / M / C )  - freq. (A)  freq. ( M / C )  
(1 2) 

= P I 1  -px11, 

measures the pairwise association between the  nuclear 
allele, A, and  the  joint cytotype, M / C .  The remaining 
three  joint allelic disequilibria involving the A nuclear 
allele are closely related  to DA/Mc: 

DA/M, = p12 - fix12 = -DA/MC + DM 

D A / ~ c  = p21 - px21 = -DA/MC + Dc (13) 

DAlmc = p22 - p X 2 2  = DA/MC - DM - Dc, 

where DA/MC + D..+/Mc + DAfmC + DAlrnc = 0. Definitions 
(1 2)-( 13) determine  three  independent measures, 
which, in fact, fully describe the pairwise associations 
between the two  nuclear alleles and  the  four  joint 
cytotypes, since the  corresponding disequilibria in- 

volving the  nuclear allele, a,  are simply the negatives 
of those involving A (e.g., = 411 - 9x11 = 
-DA/MC, etc.).  Moreover,  the  rightmost sides of (1 3) 
show that all joint allelic disequilibria can be  expressed 
in terms  of  a single joint allelic association, say DA/MC, 
and  the two-locus allelic associations, DM and Dc, be- 
tween the  nuclear locus and each cytoplasmic locus. 
The resulting  parameterization of the  eight  three- 
locus allele frequencies  in Table 7 implies that  the 
basic measure, DA/MC, is subject to  the following con- 
straints: 

minDA/Mc 5 DA/MC 5 maXDA/Mc, (14) 

where 

minDA/Mc = max(-pxMxc - PDMC, 

- P y ~ c  - PDMC + DM + DC, 

- qXMyc + qDlcrc + DM, 

- qyMXc + QDMc + Dc) 

maxDA/Mc: = min{kx@c - PDMC + DM, 

PYMXC - PDMC + Dc, 

qxMxC + qDMC, 

qy@c + qDMc + DM + Dc). 

The three-locus, joint allelic and genotypic  disequi- 
libria have  analogous  interrelationships  to  those  found 
in (6) among  the original two-locus, cytonuclear dis- 
equilibria. In  particular, 

DAA/MC DAa/MC + Daa/MC = 0 and 
(15) DA/MC = DAA/MC + %DA~/MC. 

The same set of interrelationships  holds for each  of 
the  three  remaining sets of disequilibria involving the 
M / c ,  m/C, and m/c joint cytotypes. 
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Four consequences of these interrelationships are 
especially important. First, the  four  joint genotypic 
and allelic disequilibria involving any one  joint cyto- 
type represent two independent  measures, since the 
values  of  all four can be gotten  from  the values of any 
two  of them. Any two, then, will complete the para- 
meterization of the three-locus system, in conjunction 
with the single-locus frequencies and  the two-locus 
disequilibria. Second, if two joint disequilibria involv- 
ing  a given joint cytotype are zero,  then all four  are 
zero. Third, it is possible for  a  joint cytotype to  be 
randomly associated with the nuclear alleles and yet 
be  nonrandomly associated with  all three nuclear  gen- 
otypes. Last, the only  possible patterns  for  the  four 
associations involving a given joint cytotype are  that 
all four  are zero,  one is zero and  three  are  nonzero, 
or all four  are nonzero. 

A final set of observations follows from  the  fact, 
previously mentioned in conjunction with Table 5 
and (1 2)-( 13), that  the  four  joint disequilibria involv- 
ing any one  nuclear allele or genotype must sum to 
zero ( i . e . ,  D N / ~ ( ;  + D,v/M, + DN/mC + DNfmc = 0 for N = 
AA, Aa,   aa ,  or A).  This implies that any given nuclear 
type (allele or genotype) can be 1) randomly associated 
with  all four  joint cytotypes; 2)  randomly associated 
with  two joint cytotypes and nonrandomly associated 
with the  other two; 3 )  randomly associated with  only 
onejoint cytotype; or 4) nonrandomly associated with 
all four  joint cytotypes. 

Taken  together, these two sets of interrelationships 
allow for  a wide variety of  possible (zero  and  nonzero) 
patterns of associations among  the 16 disequilibria 
that can arise between the  four  joint cytotypes and 
the nuclear genotypes and alleles ( i . e . ,  the  12 involving 
the  three nuclear genotypes plus the  four involving 
the nuclear alleles). Because of this richness of detail, 
the observed pattern may provide  a useful test of 
alternative hypotheses concerning  a population’s 
structure  and its evolutionary history. 

Although the nuclear-dicytoplasmic system can be 
completely characterized using the variables defined 
above, it is also important  to  consider  true three-way 
associations. Such disequilibria measure  nonrandom 
associations among  the  three loci after  taking  account 
of  all  two-locus associations. To this end,  one can 
define the three-way allelic  disequilibrium 

DA/M/C = P I  I - PXMXC - PDMC - XMDC - XCDM, (1 6 )  

which is analogous to  the three-way gametic disequi- 
librium  among three nuclear loci (BENNETT 1954). In 
contrast to  the multiple joint allelic measures in (1 2)- 
(13),  there is only one such three-way measure, since 
the seven remaining three-way allelic disequilibria are 
either  equal  to, or  are  the negative of DAIMIC. 

A set of three-way  genotypic disequilibria can be  for- 
mulated in a similar fashion. The three-way genotypic 
disequilibria involving the M / C  cytotype, for  instance, 

are defined as 

- XM&C - XCDRM, 
and satisfy DAA/M/~: + DA~/M/C + DaalMIC = 0 (see APPEN- 

DIX A for  a  formal  derivation). In contrast  to the  joint 
associations, these completely describe all 12 possible 
three-way genotypic disequilibria, since for any nu- 
clear genotype N = AA, Aa,   aa ,  it can be shown that 
D N I M I ~  = D N / ~ / c  = - D , v / ~ / ~  = -DN/M/C, Paralleling the 
three-way allelic association, there is effectively only 
one three-way disequilibrium measure  for each nu- 
clear genotype, and thus only two independent  three- 
way genotypic disequilibria. 

Despite this major  difference,  the two sets of three- 
locus associations share several important  features. In 
particular,  the  four three-way associations have anal- 
ogous interrelationships to those shown in (1 5 )  for the 
corresponding joint disequilibria. The analogous  con- 
sequences of those relationships apply as well. The 
range of three-way association patterns  (zero us. non- 
zero) is much less than  for  the  joint measures, how- 
ever, because the three-way pattern is completely de- 
scribed by that  for  the measures involving M / C .  

The two types of three-locus disequilibria are ac- 
tually closely connected through  the relations 

DA/M/C = DA/MC - XMDC - XCDM 

DAAIMIC = DAA/MC - X M D I C  - X C D I M  
(1 8) 

DAa/M/C = DAa/MC - XMDBC - X d P M  

Daa/M/(; = Daa/MC - XMDX - XCDBM. 
The corresponding three-locus measures (joint and 
three-way) are  thus equivalent if the original two-locus 
cytonuclear disequilibria are all zero. The interrela- 
tions in (18) can also be  combined with the  joint 
disequilibrium constraints in (1  1) and (1 4) to yield the 
general  bounds on the  four three-way associations. 

Three-locus  constraints on pairwise  disequilibria: 
An additional, technical observation is that, as in the 
case  of three nuclear loci (THOMSON and BAUR  1984), 
there  are additional  constraints on two-locus disequi- 
libria in a nuclear-dicytoplasmic system. In  particular, 
the two-locus  allelic disequilibria, DM,  Dc,  and DMC, 
must satisfy 

DM + Dc + DMC I - ( P X M X C  + qyM)k’) 

DM + DC - DMC 5 PYMYc qxMxC 

DM - D(: + DMC 5 p)”X<: + qxM)k: 
(19) 

DM - De - DM(: 2 -( P x ~ c  + qyMXc), 
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in addition  to  the  12  standard two-locus constraints 
in (5) and (8). The four new three-locus  constraints in 
(19) are a  direct  consequence of the  bounds  on  the 
three-locus allelic associations. The complete 16 con- 
straints on  the two-locus disequilibria follow immedi- 
ately, for example,  from the  16 inequalities imposed 
by the  bounds in (14) on D A J M ~ ; ;  each of the  four 
expressions determining rninDAIMc; must be less than 
or equal to each of the  four expressions determining 
rnaxDAIMe;. The same two-locus restrictions are dic- 
tated by the constraints on D A / M / c .  Although the 
bounds  on  the  three-locus  genotypic disequilibria im- 
pose no new restrictions on  the two-locus, genotypic 
associations in (3), the  latter are nonetheless also sub- 
ject  to additional  three-locus  constraints due  to  (1 9) 
and  the close relationship in (6) between allelic and 
genotypic disequilibria. 

Three-locus  parameterizations: A wide variety of 
parameterizations are possible for  the 12-genotype, 
three-locus  cytonuclear system, each involving 11 in- 
dependent variables. Based on the MIC cytotype, for 
instance, several sets incorporating  both two- and 
three-locus disequilibria can be  formed using three 
allele frequencies ( p ,  xM, xc), one  nuclear  genotype 
frequency (u, v ,  or w ) ,  two of the  four nuclear-mito- 
chondrial disequilibria (DM,  D I M ,   D ~ M ,  D ~ M ) ,  two of the 
four  nuclear-chloroplast disequilibria (Dc ,   D lc ,   DZC,  
D 3 ( ; ) ,  the cytoplasmic disequilibrium ( D M ~ ) ,  and two 
independent  three-locus disequilibria. Many possible 
pairs of three-locus  associations can be used, including  1) 
two of the  four  joint disequilibria ( D A / M c ; ,   D A A / M c ,  

D A a / ~ c ,  D a a / ~ ~ ) ;  2) two of the  four three-way disequi- 
libria (DA/M/c,  DAAIMIC, D A a / M / C ,   D a a / M / C ) ;  3) one  joint 
and  one three-way disequilibrium, with one being 
allelic and  the  other genotypic (e.g. ,  D A / M c ;  and D A a / M , c ;  

or D A a / M ~ ;  and D A / M / c ; ) ;  or 4) one  joint genotypic and 
one three-way genotypic disequilibrium involving dif- 
ferent nuclear  genotypes (e.g. ,  D A A / M c  and D A a / M / c ; ) .  

These parameterizations of the  12 three-locus gen- 
otype  frequencies can be obtained as follows. First, as 
noted  above,  a full parameterization using the two 
joint genotypic  disequilibria, D A A / M c ;  and D A a / M c ,  fol- 
lows directly from ( l ) ,  (1 0), and  Tables 5 and 6. This 
can then  be easily converted  to  a  parameterization 
using another pair of joint MIC disequilibria via the 
relations in (1 5), or  to a  parameterization involving 
one  or two three-way disequilibria via the relations in 
(1 8). Analogous parameterizations can be  made based 
on one of the  other  three cytoplasmic combinations. 

Many other three-locus  parameterizations are pos- 
sible, of course, such as ones based on six independent 
joint disequilibria and five independent variables that 
specify the marginal nuclear and cytoplasmic frequen- 
cies. From the relations in Table 5 ,  ( l ) ,  and (1 0), one 
such set is given by p ,  X M ,  ~ c ,  U ,  DMC, DAA/MC, D A a / M C ,  

D A A / M ~ ,  D A ~ / M ~ ,  D A A l r n ( ;  and D A ~ I ~ C .  It  should  be  born in 
mind that  whatever  1  l-variable set is used as the basic 
parameterization of the system, the values of  all the 

other variables can be calculated from  the  definitions 
and relations  above. Which of the many variable sets 
is most useful will depend  on  the specific system under 
consideration. Presumably, the  joint three-locus dis- 
equilibria should  be  particularly  relevant to systems 
in  which both cytoplasmic loci are  inherited  through 
the same parent, whereas the full three-way associa- 
tions may be of greater utility when cytotypes are 
inherited  through opposite parents. 

DYNAMICS OF CYTONUCLEAR  DISEQUILIBRIA 

In this section, we investigate the dynamical behav- 
ior of three-locus, nuclear-dicytoplasmic systems un- 
der models of random  and mixed mating. The effects 
of two forms of uniparental, cytoplasmic transmission 
are discussed for each mating system. The first as- 
sumes mitochondria and chloroplasts are jointly in- 
herited  through  the same parent, whereas the second 
assumes the two genomes are  inherited  through op- 
posite parents. The assumptions common to all models 
are (i) discrete,  nonoverlapping  generations; (ii) nor- 
mal Mendelian inheritance of the  nuclear locus; (iii) 
equal  cytonuclear  frequencies in the two sexes; (iv) no 
selective differences  among the cytonuclear  geno- 
types; and (v) large  population size  with no  outside 
recruitment, so that  the effects of drift  and migration 
can be  ignored. 

Random  mating  with joint inheritance of mito- 
chondria  and  chloroplasts  through  the  same  parent: 
As  in the  three subsequent models, the underlying 
recursions can be  obtained  from  a  table of all  possible 
matings, together with their  frequencies and offspring 
distributions.  In this case, only 36 distinct matings 
need  be  considered,  those between the  12 three-locus 
genotypes of the  parent  transmitting the cytoplasmic 
genes and  the  three nuclear  genotypes of the  other 
parent. For example, with joint maternal  inheritance, 
the  mating AAIMIC 9 X Aa 8 has frequency ul Iv  and 
produces !hAA/M/C and ‘/2Aa/M/C progeny. Apply- 
ing this procedure  to all  possible matings shows that 
the values of the  12 genotype  frequencies are,  after 
one  generation: 

u; = pijp .; = pijq + qljp (20) 

w6 = qGq, for i ,  j = 1, 2. 

Note  that the new genotype  frequencies are simply 
the  product of the  three-locus allele frequencies 
(Table 4) for  the  parent  transmitting  the cytoplasmic 
genes and  the  appropriate  nuclear allele frequency of 
the  other  parent. Combining  these  transformations 
with the  relations in Tables  1  and 4 and equations ( l ) ,  
(2)  and (7) shows that the three gene frequencies ( p ,  x M ,  
x(;), thefour  joint cytotype frequencies (xl l ,  x12, x21, x22), 

and the cytoplasmic disequilibrium ( D M ( ; )  are  all constant 
through  time. The nuclear  genotypes, of course, im- 
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mediately stabilize at their  Hardy-Weinberg  frequen- 
cies. Moreover, in conjunction with the recursions in 
(20),  the definitions in (3)-(4) and  Tables 2 and 3 
show that  the  original, two-locus cytonuclear disequi- 
libria have the usual random-mating dynamics derived 
by ASMUSSEN, ARNOLD and AVISE (1987). Those  for 
the  nuclear-mitochondrial associations are 

D$ = 1/2D(t"l) 
M = D$)(1/2)' 

D(f )  = POL-') = pDL-1)(1/2)l-1 

D(l) 2M = (9 - p)DL-') = (q - p)Dg)(L/2)t"l (21) 
1M 

D(f)  = qDL-l) 
3M = -qDE)(1/2)l-' 

where t indicates time in generations. The corre- 
sponding dynamics for  the nuclear-chloroplast associ- 
ations are identical to (21),  except  that M is replaced 
by C in the subscripts of the disequilibrium measures. 

Turning to the three-locus associations, the defini- 
tions in (1 2) and  Table 6, plus the formulas in Tables 
4 and 7, show  in conjunction with the recursions in 
(20)  that  the dynamics of the  joint disequilibria in- 
volving M/C are 

D2)Mc = Y2D$,& = DTjMc('/2)' 

DiafMc = pD!$,L = p ~ ~ j ~ , ( ' / 2 ) " '  
0-1)  = (22) 

D.%fMC = (4 - p)'AfMC (4 - P)'?jMC('/2)"' 

DaafMC 0) = -qD2TAL = -qD~)Mc('/2)"'. 

The trajectories  for the disequilibria involving the 
other  three  joint cytotypes are identical to (22), with 
all occurrences of MC replaced by Mc, mC or mc. 
Direct substitution of the solutions in (21)-(22) into 
(18)  next shows that  the dynamics for  the three-way 
disequilibria (DAfMfc, DAAfMIc,  DAafMfc and DaalMIc) are 
also equivalent to those in (22), with the two-locus 
cytotypes rewritten as M / C ,   M l c ,  m/C and mlc. 

A comparison of (21)  and  (22) reveals that in a 
randomly  mating  population where the chloroplast  and 
mitochondrial genomes are inherited  through the same 
parent, the three-locus  cytonuclear disequilibria have the 
same relative sign patterns  and  qualitative behavior as  do 
the corresponding two-locus  cytonuclear disequilibria. In 
particular,  from the first generation on, all  two- and 
three-locus AA ( a a )  disequilibria have the same (op- 
posite) sign as the  corresponding allelic association, 
whereas the Aa disequilibria have either  the same or 
opposite sign as the  corresponding allelic association, 
depending  on  whether  the  nuclear allele frequency, 
p ,  is below or above 0.5. In  the special  case ofp = 0.5, 
all Aa disequilibria stabilize at zero in the first gener- 
ation.  Furthermore,  depending on whether  the initial 
allelic association is zero or nonzero,  either all four 
disequilibria in a set are fixed at zero  from the first 
generation or all (except possibly the Aa disequi- 

librium) are  nonzero  and decaying at a  constant geo- 
metric rate of Y2 per generation. 

The disequilibrium solutions also  allow a  complete 
description of the dynamical behavior of the nuclear- 
dicytoplasmic system. In particular, explicit time-de- 
pendent  trajectories  for the frequencies of all 12 
three-locus genotypes (see APPENDIX B) depend solely 
on  the values of seven key variables, only three of 
which change through time: the  three constant  gene 
frequencies ( p ,  XM, xc), the constant cytoplasmic dise- 
quilibrium (DMC), the two-locus cytonuclear allelic  dis- 
equilibria (DE,  D:)) ,  and  the  joint allelic disequi- 
librium (D!&J. All 12 genotypes monotonically 
approach  equilibrium values that are products of their 
respective nuclear  Hardy-Weinberg and  joint cyto- 
type frequencies. A three-locus genotype  reaches equi- 
librium in a single generation if its two-locus cytotype 
is initially randomly associated with the nuclear alleles. 
Otherwise,  the deviations from  equilibrium are halved 
each generation. The one  exception  occurs ifp = 0.5, 
when the  four  heterozygous genotypes reach equilib- 
rium in a single generation,  regardless of the initial 
allelic associations. 

Random  mating  with  mitochondria  and  chloro- 
plasts  inherited  through  opposite  parents: There  are 
again 36 possible matings, which  in this case involve 
the six nuclear-mitochondrial  genotypes of one  parent 
and  the six nuclear-chloroplast genotypes of the  other 
parent. The mating AAIM 9 X Aalc 8, for  example, 
has frequency u l M V 2 C  and produces VzAA/M/c and 
!hAa/Mlc progeny (assuming mitochondria are mater- 
nally inherited  and chloroplasts are paternally inher- 
ited). After one  generation,  the  12 three-locus geno- 
type frequencies are products of the two-locus cyto- 
nuclear allelic combinations in Table 3: 

u!. = p .  p . 
IJ I M  3C 

vh = ptMqJC + qiMpjC (23) 

wh = qaqjc;, €or i ,  j = 1 ,  2 .  

The same recursions hold regardless of which cyto- 
plasmic genome is maternally inherited. The transfor- 
mations for  the  nuclear-mitochondrial and nuclear- 
chloroplast subsystems are  the same as when the two 
cytoplasmic genomes are jointly  inherited  through  the 
same parent.  Consequently, the  gene  frequencies do 
not  change  from  their  original values, the  nuclear 
genotypes immediately reach  Hardy-Weinberg  equi- 
librium, and  the two-locus cytonuclear disequilibria 
have the usual random-mating  trajectories shown in 

The dynamics of the three-locus and  joint cytoplasmic 
variables  are strongly dependent on the cytoplasmic inher- 
itance pattern. For  instance, paralleling the nuclear 
gene  frequencies, the  joint cytotype frequencies are 

(21). 
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fixed after  one  round of mating as the  products of 
their  constant single-locus frequencies: 

= 
1 1  X M X C  

From this and (7), it is apparent  that  the cytoplasmic 
disequilibrium immediately stabilizes at zero: 

Thus, with opposite  modes of inheritance,  mitochondrial 
and  chloroplast haplotypes become randomly associated in 
a single generation, and  remain so in  all subsequent 
generations,  regardless of the initial genotypic distri- 
bution.  This is in strong contrast to  the behavior when 
the two cytoplasmic genomes are inherited  through 
the same parent, in which any initial nonrandom 
cytoplasmic association is fully retained. Both cases 
contrast with the geometric decay of '/2 per  generation 
for disequilibria between alleles at two unlinked  nu- 
clear loci, or between alleles at a  nuclear locus and a 
cytoplasmic locus. 

The recursions for  the  joint genotypic disequilibria 
are now readily obtained by using the equations in 
(23)-(24) in conjunction with the definitions in Table 
6 and  the two-locus allelic relations in (9). For  exam- 
ple, the transformations for  the genotypic disequi- 
libria involving the M / C  joint cytotype are 
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of the  corresponding  joint allellc disequilibrium: 

D:),, = f i ( x C ~ L - ' )  + x ~ D $ - ' ) )  

= ( x ~ D E )  + x ~ D : ) ) ( ' / ~ ) ' .  
(28) 

The dynamics of the remaining joint disequilibria are 
similar to those in (27)-(28) and  are  presented in 

An important  general observation is that the behav- 
ior of each joint  disequilibrium is here a  function solely of 
the constant gene frequencies  and the two-locus  cytonuclear 
allelic  disequilibria, D$ and DE). In the simplest case, 
where the nuclear alleles are initially randomly asso- 
ciated with ha lotypes in both cytoplasmic genomes 
( i . e . ,  DC) = D$= 0), all joint disequilibria stabilize at 
zero after  one  generation. If nuclear alleles are instead 
randomly associated with one cytoplasmic genome 
and nonrandomly associated with the  other (i.e.,  DE) 
= 0 # D:) or vice versa), all joint disequilibria ordi- 
narily exhibit  the typical (two-locus) geometric decay 
of '/2 per  generation, which is also the  standard dy- 
namic for all cytonuclear disequilibria when both cy- 
toplasmic genomes are  inherited  through  the same 
parent. 

In the general case where DE) and D:) are  both 
nonzero,  the dynamics are  more complex. Under 
special initial conditions, the  joint allelic association 
(for  a given  two-locus cytotype) immediately stabilizes 
at zero, while the  corresponding genotypic associa- 
tions decay at an  accelerated  geometric rate of % per 
generation ( e .  the  joint M / C  disequilibria when 
xcDE) + x M D F f 1  0). Ordinarily,  however,  the  joint 
allelic disequilibria again decay by !h per  generation 
when DE'DF) # 0, while the  joint genotypic associa- 
tions only approach this behavior asymptotically, with 
their full trajectories either (i) monotonically decaying 
to zero; (ii) initially increasing in magnitude  before 
decaying to zero; or (iii) initially decreasing in mag- 
nitude,  changing  sign, and  then increasing in magni- 
tude before decaying to  zero. An extensive analytic 
investigation shows that  not only can each of the 12 
genotypic measures display any of these dynamics, but 
the  three genotypic associations for  a given joint cy- 
totype can each have a qualitatively different  trajec- 
tory. In fact, each set of joint genotypic disequilibria 
has  many  possible combined  patterns of behavior un- 
der opposite cytoplasmic inheritance, with the trajec- 
tory combinations subject only to  the constraints  that 
(i) at least one (homozygote) disequilibrium monoton- 
ically decays to  zero; (ii) at most one genotypic dis- 
equilibrium increases; and (iii) the heterozygote dis- 
quilibrium  does  not increase if a homozygote disequi- 
librium changes sign. 

In contrast,  the dynamics and sign patterns of the 
true three-way disequilibria are all straightforward, 
although nonetheless different  from those with joint 

APPENDIX C .  
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cytoplasmic inheritance. The equations in (21) and 
(26)-(28) can be substituted directly into (18) to show 
that 

DA/M/C (1 )  E 0, for t 2: 1, (29) 

and  that 

D!&/M/C = Daa/M/C = D M  C 
(1) (t-l)D(t-') 

= D E)D (O) c ( % y l  (30) 
DAaIMIc (0 = -2DL-')D;-') = -2D$)DF) (1AY-l. 

Like the cytoplasmic disequilibrium (DMC),  the three-way 
allelic  disequilibrium (DAIMIC) immediately stabilizes at 
zero regardless of its  initial  value. The same is true of 
the three-way genotypic disequilibria, if either DE) or 
DF) is zero. In cases where DE) and D(,O) are both 
nonzero, all three-way genotypic associations decay 
monotonically to zero by 'A per  generation, which is 
faster  than the usual rate of Yz per  generation with 
joint inheritance. A further distinctive feature of the 
present model is that D:LlMIc and DaalMIC are equal to 
one  another  and have the sign  of D ~ ) D ~ )  for t 2 1 ,  
whereas D:)alMIc has the opposite sign and twice the 
magnitude of the two homozygous measures. 

The recursions in (21) and (23) plus the relations in 
(9) show that  the trajectories of the 12 genotype 
frequencies (see APPENDIX B) here  depend only on  the 
values of the  constant  gene  frequencies ( p ,  xM, xc) and 
the two-locus allelic disequilibria (Dt, 0;'). The gen- 
otype  frequencies each approach  the three-way prod- 
uct of the nuclear  genotype's  Hardy-Weinberg  fre- 
quency and  the individual cytoplasmic frequencies. 
These values are  reached in a single generation if the 
nuclear alleles are initially randomly associated with 
the haplotypes at each cytoplasmic locus. In  general, 
in addition to approaching  different  equilibria  than 
those obtained under  joint cytoplasmic inheritance, 
the trajectories under opposite cytoplasmic inheri- 
tance are not necessarily monotonic. 

Mixed  mating  with joint inheritance of mitochon- 
dria  and  chloroplasts  through  the  same  parent: We 
next  return  to  the case  of joint transmission of mito- 
chondria  and chloroplasts through a single parent,  but 
under  the  standard model of mixed mating (CLEGG 
1980). The distinguishing assumptions of this model 
are  that (i) offspring of each individual are  the result 
of either self-pollination, with probability s, or of 
random  outcrossing, with probability 1 - s, where 
0 < s < 1 ; and (ii) the  distribution of pollen allele 
frequencies is identical across all maternal individuals. 

The recursions for  the three-locus genotype  fre- 
quencies have the general  form 

(1) 

u; = s(u2, + 1AVJ + (1 - s>pijp 

v;  = Yzsv9 + (1 - s)(pIjq + qijp) (3 1) 

w ;  = s(wy + %try) + (1 - s)qijq, 

for i ,  j = 1, 2. Note that when no selfing occurs (i .e. ,  
s = 0), these  equations  reduce to those in (20), the 
dynamics under  random  mating  and  joint cytoplasmic 
inheritance. As in that  model, the  three  gene  frequen- 
cies, the  four  joint cytotype frequencies, and  the cy- 
toplasmic disequilibrium are  here constant through 
time. The nuclear  genotype  frequencies have the 
usual mixed-mating dynamics: 

= s(uf*-') + 1/4V(f-')) + (1 - s)p' = p - 

where 

In  conjunction with the  definitions in (3)-(4) and 
Tables 2-4, the equations in (3 1)-(32) can be used to 
show that  the  recursions  for the nuclear-mitochon- 
drial disequilibria have the mixed-mating dynamics 
derived in ASMUSSEN, ARNOLD and AVISE (1987): 

D L  = Y2(1 + s)DM 

= [S ( I  - S)p]D, - %S&M 

DiM = ( 1  - S ) ( q  -  DM + %S&M 

D &  = -[S + (1 - S)q]Dw - % s D ~ M .  

(33) 

Their explicit solutions are  rewritten  here as 

- ' /z [DfL - 2( 1 - s)(q - p)D;)]( i) 
The corresponding  formulas  for the nuclear-chloro- 
plast disequilibria are equivalent to those in (33) and 
(34) with all occurrences of A4 replaced by C. 

As in the case of  random  mating with joint cyto- 
plasmic inheritance,  the dynamics of the three-locus 
disequilibria are all exact parallels of those  for the 
corresponding two-locus cytonuctear associations. In 
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particular,  the  recursions  and solutions for  the  joint 
MIC cytotype are equivalent to (33)-(34) with DM 
replaced by DAIMC, D ~ M  by DAAIMC,  DBM by DAa/MC, and 
DSM by Daa/MC (see APPENDIX D). The dynamics of the 
other three-locus disequilibria have the same form, 
with  all occurrences of MC replaced by Mc,  mC, or mc, 
or alternatively by MIC,  Mlc,   m/C or mlc. 

Several other generalizations are evident  from the 
full system  of equations.  For  example, under mixed 
mating  with  joint cytoplasmic inheritance,  all the frequency 
and  disequilibrium recursions are the weighted averages 
of those under  random  mating  and  pure  seljing. This 
simple relation,  however,  does  not extend  to  the actual 
trajectories.  In  addition,  although all cytonuclear dis- 
equilibria eventually go  to zero under  either full or 
partial  random  outcrossing, there  are two distinctive 
features  to  the  mixed-mating dynamics. First, within 
each set of joint or three-way disequilibria  involving  a 
given two-locus cytotype, the allelic  disequilibrium may be 
zero  in  a  mixed-mating  population  at the same time that 
the three  genotypic disequilibria  are  nonzero. Second, 
with partial self-fertilization, the allelic and genotypic 
associations comprise two distinct classes  of disequi- 
librium dynamics. All allelic disequilibria monotoni- 
cally decay to zero at  the constant  geometric rate of 
(1 + s)/2 per  generation. The genotypic disequilibria 
also ultimately decay to zero at this same rate,  but  an 
analytic investigation shows that they may initially 
increase or change sign, exhibiting the same range of 
behavior  found  for the  joint genotypic disequilibria in 
(27) under  random  mating with opposite cytoplasmic 
inheritance. 

The complete  trajectories  for the frequencies of the 
12 three-locus  genotypes can be  obtained by substi- 
tuting  the nuclear  genotypic  trajectories  from (32), 
along with the genotypic  disequilibrium solutions, into 
the relations in Tables 5 and 6. These  require  a full 
1 1  independent variables, of  which only four,  the 
three  gene frequencies and  the cytoplasmic disequi- 
librium, are constant through time. Paralleling the 
completely random  mating case, the genotype  fre- 
quencies all approach  the  products  of  the nuclear 
genotypic equilibria under mixed mating (32) and  the 
constant joint cytotype frequencies,  but with partial 
self-fertilization their  trajectories are not necessarily 
monotonic. 

Mixed  mating  with  mitochondria  and  chloro- 
plasts  inherited  through opposite parents: The gen- 
eral  forms of the genotypic  transformations are 

u& = s(u,j. + 1/4v,j) + ( 1  - s)piMpjC 

vb = %svij + ( 1 - s)( PiMqjC + qtMpjC) (35) 

w$ = s(w,j. + Guy) + (1 - s ) q i M q I C .  

These can be used to show that  the  gene frequencies 
( p ,  XM, XC) are constant, and  the nuclear  genotypes 

and two-locus cytonuclear disequilibria have the usual 
mixed-mating dynamics in (32)-(34). 

The trajectory  for the cytoplasmic disequilibrium is 
in this case 

DEc = sDLil)  = DE&)*. (36) 

Direct substitution of DZc from (36) into  the relations 
in (10) in turn yields the dynamics of the two-locus 
cytoplasmic frequencies 

The formulas in (36)-(37) show that unless the seljing 
rate is high,  nonrandom associations between the cyto- 
plasmic genomes rapidly  disappear, and as a  result,  the 
joint cytoplasmic frequencies quickly approach  the 
products of their individual cytoplasmic frequencies. 
As mentioned  above, this randomization is established 
within a single generation  under  complete outcrossing 
(ie., s = 0). Moreover, this behavior contrasts  strongly 
with that  under  joint  inheritance,  for which any initial 
cytoplasmic association is fully retained  under  both 
mating systems. 

Turning to the three-locus associations, the  recur- 
sions  in (35) and (37) together with the definition in 
(1 2) show, for  example, that  the transformation  for 
the allelic disequilibrium involving the MIC joint cy- 
totype is 

and  the  resulting solution is 

(39) 

The dynamics of the  other  three  joint allelic associa- 
tions have similar forms (APPENDIX c), and can be 
obtained by substituting  those  for D t ,  Dg), and D:),, 
in (33)-(34) and (38)-(39) into  the  relations in (13). 
Note that thus far, as with joint cytoplasmic inherit- 
ance,  the  recurrence  relations  for  the  frequency  and 
disequilibrium variables are weighted averages of 
those under  pure selfing and  random  mating. 

The  recursions for the joint genotypic disequilibria, on 
the other hand, here include  a  third, higher order  inter- 
action term, corresponding to  the covariance between 
nuclear  genotypic and  joint cytoplasmic frequencies 
across the  randomly  mating and self-fertilizing seg- 
ments of the  population.  For  example,  equations (32), 
(35), and (37), in conjunction with the formulas in 
(9)-( 10) and  Table 6, show that  the  recursions  for the 
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M / C  genotypic disequilibria are 

D ~ A I M C  = S(DA/MC - %DA~/Mc)  

+ ( 1  - S ) [ ~ ( @ M  + XMDC) + DwDc] 

+ ~ ( l  - s)(pq - %V)DMC 

DL/Mc = %SDA~/MC 

+ (1 - s) [ (q  - P)(xcDM + X M D C ) -   ~ D M D c ]  (40) 

- 241 - S ) ( f q  - %V)DMC 

D&MC = -~ (DA/Mc + %DA~/Mc)  

- ( 1  - s)[q(xcDu + XMDC)- DM&] 

+ ~ ( l  - S ) ( p q  - %v)DM(;. 

Although explicit solutions can be  derived  for  the 12 
joint genotypic disequilibria (see APPENDIX c), they 
are complex, with each being  a  linear  combination of 
five geometric  terms. With the geometric  factors writ- 
ten in decreasing  magnitude, the solutions for each 
nuclear  genotype N = AA,  Aa,   aa and  joint cytotype 
J = MC,  Mc,  mC, mc have the common  form 

where in each case the constant coefficients d l ,  . -, 
d5 are distinctive functions of the initial conditions 
and  the selfing rate (s). 

The three-way disequilibria have somewhat simpler 
recursions  than the  joint disequilibria. This is espe- 
cially true  for  the allelic disequilibrium, whose recur- 
sion is obtained by substituting  the  transformations 
for D i ,  DE), and D:),, from (33) and (38) into  the 
relations in (1 8): 

A comparison of (41) and (36) reveals that, as under 
random  mating and opposite cytoplasmic inheritance, 
the three-way allelic association and the cytoplasmic  asso- 
ciation  have the same qualitative behavior. In this case, 
both decay to zero by s per  generation, whereas both 
instantly reach  zero in randomly  mating populations. 
Moreover,  as  for all variables except the three-locus 
genotypic disequilibria, the  recursion  for D$)MIc is the 
weighted average of those under  random  mating  and 
pure selfing. 

The recursions  for the three-way genotypic dis- 
equilibria are analogous to those in (40) for  the cor- 
responding joint genotypic disequilibria, except  that 
each lacks the  term involving the cytoplasmic frequen- 
cies. For  instance,  substitution of the recursions  from 
(33) and (40) into  the last three relations in (1 8) shows 
that  the  transformations  for the three-way genotypic 

disequilibria involving M / C  are 

D ~ A / M / c  = ~ ( D A / M / c  - %DAa/M/<:) 

+ ( 1  - S)DMDC + S( 1 - s)(pq - %v)DMC 

Dia/M/C = %DA~/M/c  - 2( 1 - S)DMDC 
(42) 

- 2s( 1 - S)(pq - %V)DMC 

Dia/M/C = - ~ ( D A / M / c  + %DA~/M/c )  

+ ( 1  - S)DMDC + S( 1 - s)(pq - %v)DM<;. 

Paralleling the  joint genotypic disequilibria, the ex- 
plicit solutions for  the three-way genotypic associa- 
tions are complex (see APPENDIX c), with each in this 
case being the linear  combination of four geometric 
terms (again listed in order of decreasing  magnitude): 

It is clear from  the solutions that all three-locus 
disequilibria eventually decay to zero. Of  these, how- 
ever, only D:)Mlc always does so monotonically. The 
remaining three-locus disequilibria potentially have 
more complex behavior. A detailed analytical investi- 
gation of their explicit solutions reveals that  the  joint 
allelic disequilibria either immediately stabilize at zero 
or have one of the  three qualitative trajectories  found 
for all genotypic disequilibria under mixed mating 
with joint cytoplasmic inheritance, and  for  the  joint 
genotypic disequilibria under  random  mating with 
opposite cytoplasmic inheritance. Based on numerical 
examples, these patterns also appear  to  be  the most 
common  ones  exhibited here by the  joint  and  three- 
way genotypic disequilibria. 

Paralleling the fully random-mating case  with op- 
posite cytoplasmic inheritance,  the two- and  three- 
locus disequilibria as a group display three  different 
asymptotic decay rates. Under both mating systems, the 
cytoplasmic disequilibrium (DM<;) and the three-way allelic 
disequilibrium (DA/M/<;) exhibit the fastest decay rate 
(s per  generation). Similarly, the  ultimate decay rate of 
[( 1 + s)/2I2 per generation  for  the three-way genotypic 
disequilibria is faster  than  the asymptotic decay rate 
of (1 + s)/2 per generation  exhibited by all remaining 
two- and three-locus disequilibria. The latter, com- 
mon rate also characterizes  the  ultimate  approach to 
equilibrium by the 12 three-locus genotypes. Their 
final frequencies are in this case three-way products 
of the nuclear  genotypes'  equilibrium  frequencies un- 
der mixed mating (32) and  the individual cytoplasmic 
frequencies. As under mixed mating with joint inher- 
itance,  a full 11 variables are  needed  to describe  their 
trajectories.  In this case, all but  the  three gene  fre- 
quencies vary through time. 

[(I + s)/212L, (4l, (s/2)', (s2/2)'. 

DISCUSSION 

We have expanded  the  original work of ASMUSSEN, 
ARNOLD and AVISE (1 987) by defining and  determin- 
ing  the  interrelationships  among five sets of disequi- 
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TABLE 8 

Generalized  disequilibrium  dynamics for generations t 2 1, under  three  mating  systems  with joint or opposite  cytoplasmic  inheritance 

Disequilibrium 
Mating  Cytoplasmic 
system inheritance  Cytoplasmic Allelic Genotypic 

Random  Joint  Constant All forms d(%)' All forms d(%)' 
Opposite 0 TWO-locus d(%)l Two-locus d(%)l 

Joint d(%)l Joint dl(%)l + dZ(Y4)' 
Three-way 0 Three-way d(%)l 

Mixed Joint Constant 

Selfing 

Opposite d(s)' 

All forms 
d( F) 

TWO-locus d(+) 

All forms dl(+) + d,($ 

TWO-locus dl(+) + d z ( t )  

Three way d(s)l Three-way 1 + s  

Constant All forms  Constant AA and aa dl  + d2(%)' 

Aa d(%y 

librium  parameters  that  measure  nonrandom associa- 
tions within nuclear-mitochondrial-chloroplast and 
other nuclear-dicytoplasmic systems. Three sets of 
pairwise disequilibria measure the association between 
haplotypes at  the two cytoplasmic loci ( D M c )  and as- 
sociations between each cytoplasmic locus and nuclear 
alleles or genotypes ( D M ,   D I M ,  DZM, D 3 M ;  Dc, D ~ c ,  D ~ c ,  
DSC). These  are complemented by two classes of novel 
higher order disequilibria involving all three loci. The 
first class quantifies nonrandom associations between 
nuclear alleles or genotypes and  joint two-locus cyto- 

second measures the  extent of full three-way allelic 
and genotypic associations ( D A / M / C ,   D A A I M I C ,   D A a / M / c : ,  

D a a , M / C ) .  Any of the three-locus disequilibria can be 
nonzero  even in the absence of pairwise associations, 
and, like the original two-locus cytonuclear disequi- 
libria (ASMUSSEN, ARNOLD and AVISE 1987), the 
three-locus  genotypic measures all serve to partition 
the  corresponding allelic association. In  addition to 
nuclear-dicytoplasmic systems, this framework also ap- 
plies to associations in the heterogametic sex among 
alleles and genotypes at autosomal,  sex-linked, and 
cytoplasmic loci. 

In order  to  form a basis for  interpreting  data  from 
such three-locus systems, we examined the dynamics 
under  random  and mixed mating, with either  joint  or 
opposite  inheritance of the two cytoplasmic genomes. 
All models considered are  neutral in that  the  three 
gene  frequencies do not  change through time. The 
joint  inheritance models also apply to  certain two- 
locus cytonuclear systems. Specifically, the three-locus 
frequencies and  joint disequilibria within these models 
also describe the two-locus frequencies and associa- 
tions between  a  nuclear locus and a single cytoplasmic 
(or sex-linked) locus with four alleles. 

types (DAIMC,  DAAIMC, D A a / M C ,   D a a f M C ,  etc.), Mhreas  the 

To facilitate an overview of the results, the general 
forms of the disequilibrium dynamics are summarized 
in Table 8 for each of the  four models, as well as for 
pure selfing. The behavior of  all disequilibria (as well 
as all other variables) under  pure selfing is obtained 
by setting s = 1 in the  formulas  for mixed mating 
populations with joint cytoplasmic inheritance.  Note 
that  Table 8 gives  only the basic forms of the disequi- 
librium solutions, which, unless constant, are  either 
fixed multiples or linear  combinations of various geo- 
metric  terms. The value of any particular,  generalized 
coefficient (d ,  d l ,  , d5) depends  on  the disequi- 
librium in question. 

The main general observation from  Table 8 is that 
any amount of random  outcrossing causes all cytonu- 
clear disequilibria to decay to zero. The cytoplasmic 
disequilibrium, D M C ,  is an  anomaly, in that it is con- 
stant under  joint cytoplasmic inheritance  for all selfing 
rates, 0 5 s 5 1. A second generalization is that, in  all 
other circumstances, partial self-fertilization serves to 
retard  the decay of the disequilibria. This process 
culminates in the  extreme case  of complete selfing, 
where the cytoplasmic disequilibria and all cytonu- 
clear allelic disequilibria are constant, and all two- and 
three-locus disequilibria involving nuclear homozy- 
gotes monotonically approach  the values (or nega- 
tives)  of their  corresponding allelic disequilibria. Only 
the  heterozygote disequilibria always decay to zero 
under complete self-fertilization. These associations 
are lost at  the constant  geometric rate of $4 per 
generation,  due  to  the  corresponding loss  of nuclear 
heterozygotes.  Interestingly, this is equivalent to  their 
usual decay rate in completely randomly  mating pop- 
ulations with joint cytoplasmic inheritance and is 
faster  than  their asymptotic decay rate of (1 + s)/2 
under partial self-fertilization. 
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Several other,  more technical observations are evi- 
dent  from  Table 8. First, the dynamics of the two- 
locus cytonuclear subsystems are solely a  function of 
the mating system, whereas the dynamical behavior 
and sign patterns of the cytoplasmic and three-locus 
disequilibria also depend strongly on  the mode of 
cytoplasmic inheritance.  For  example,  for every fixed 
selfing rate, 0 5 s < 1, all three-way associations have 
faster decay rates with opposite  inheritance  than with 
joint inheritance.  In  contrast,  although  their func- 
tional forms vary  with the  mode of cytoplasmic inher- 
itance, the  joint disequilibria have identical asymptotic 
decay rates in both cases. The various models also 
differ significantly in the complexity of their  complete 
disequilibrium trajectories. At one  extreme  are  the 
two random-mating models, for which all cytonuclear 
disequilibria generally decay monotonically. The one 
exception  occurs under opposite  inheritance,  where 
the  joint genotypic disequilibria can increase or 
change sign  in the early stages of their  trajectories. At 
the opposite extreme  are  the two mixed-mating 
models, for which all genotypic disequilibria can  ex- 
hibit these more complex patterns of behavior, as can 
also the  joint allelic disequilibria when the two cyto- 
plasmic genomes are inherited  through  opposite  par- 
ents. 

There  are many possible forms and levels  of non- 
random associations within nuclear-dicytoplasmic sys- 
tems, just as within multilocus nuclear systems (e .g . ,  
WEIR and WILSON, 1986). We have suggested several 
parameterizations, each of  which includes at least two 
of our three-locus disequilibria. In order  to utilize 
these two new  classes  of disequilibrium measures, it is 
important  to fully understand  the kind of information 
they contain as well as the interrelationships between 
them. The three-way disequilibria, on  the  one  hand, 
measure only those associations remaining  after all 
pairwise two-locus associations have been taken  into 
account. They consequently have complex definitions 
(APPENDIX A), but have the logical advantage  that 
there is only one such measure involving each nuclear 
allele or genotype.  Moreover, the values of  all four 
three-way disequilibria can be completely determined 
by the values of any two. 

The joint disequilibria, on  the  other  hand,  are sim- 
ply defined  as  the  difference  between the observed 
frequency of a given three-locus  combination and its 
expected  frequency given random association be- 
tween the nuclear type and  the  joint cytotype. These 
are thus  natural  parameters with a  direct basis  in the 
table of observed  three-locus  frequencies. The joint 
disequilibria are composite measures,  however, that 
encompass the combined effects of three-way and 
pairwise cytonuclear associations among  the loci [see 
(IS)]. If the nuclear alleles and genotypes are ran- 
domly associated with the  four  joint cytotypes, then 
all other two- and three-locus  cytonuclear associations 
are also necessarily zero. In  further contrast to  the 

three-way disequilibria, there  are multiple joint dis- 
equilibria for each nuclear  type, giving a total of six 
independent  joint measures. (A full three-locus  para- 
meterization can be  obtained  from only two of these 
if  the two-locus cytonuclear disequilibria are also ex- 
plicitly included.) 

The two classes  of three-locus measures thus  pro- 
vide qualitatively different kinds of information about 
the population, and  are equivalent only under special 
conditions such as when the nuclear alleles and geno- 
types are randomly associated with each individual 
cytoplasmic locus. Which of the three-locus measures 
is most informative in any given study will depend in 
large part  on  the specific nuclear-dicytoplasmic system 
under investigation. For  instance,  both sets of  dis- 
equilibria may be  informative when the cytoplasmic 
genomes are transmitted through opposite  parents 
(e .g . ,  mtDNA and cpDNA in conifers),  although  the 
three-way disequilibria would appear to be the most 
meaningful biologically. Moreover,  the dynamics of 
the three-way measures in this case are always simpler 
than those of the  joint disequilibria (Table 8), espe- 
cially for species that, like conifers, are almost com- 
pletely outcrossing. The choice is  less obvious with 
joint cytoplasmic inheritance,  where the two types of 
three-locus measures have the same qualitative dy- 
namics, which parallel those of the two-locus cytonu- 
clear measures. The  joint disequilibria might be  pre- 
ferred  here, however, due to  the  natural tendency in 
this case to consider the two cytoplasmic genomes 
jointly. 

In  general, the contrasting modes of inheritance 
shown by nuclear and cytoplasmic genes allow cyto- 
nuclear disequilibria to provide  a qualitatively new 
kind of information  about the  structure  and evolu- 
tionary history of natural populations. This is espe- 
cially true of nuclear-dicytoplasmic systems where the 
two cytoplasmic genomes can themselves exhibit dif- 
ferent inheritance  patterns. The present results are 
the first step  toward  a  theoretical  framework for using 
and  interpreting  data  from these novel three-locus 
systems. Subsequent work will address  the statistical 
estimation of nuclear-dicytoplasmic disequilibria and 
their behavior under  other evolutionary forces. 
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APPENDIX A 

Asmussen 

W:': = ~ ' ~ 1 1  - 9 ~ j p : ~ ~ ; ( ~ 2 ) ~ - ~  

U:: = p 2 x 1 2  + p(D;' - DY)M,)('/2)"1 

w(') = 2 

U ( f )  = 2 

12 9 X12 - ~(DA/M(;)(%)~-]  

21 p X P I  + $(D:' - DY)M,)('/z)"l 

u$ = 2 p q X p 1  + (9 - p)(D:' - DYjMJ(!hy-' 
w(') = 2 

P I  9 x 2 1  - @F' - Df),&)('/~y-~ 

U!; = p2xp2 + p(DrjMC - D;) - Df))(y~Y-l 

V:; = 2~9x22 + (9 - p ) ( ~ ; ) : , ,  - D;) - D F ) ) ( Y ~ ) ~ - I  
w ( t )  = 2 

22 9 x22 - 9(Dr)Mc - D;) - D:))(%Y-' 

Derivation of three-way genotypic disequilibria: T h e  three- 
way disequilibrium, D A A / M / ( ; ,  is formally defined as the  mathe- 
matical expectation, across  individuals  in the  population, of 
(X - px) (Y - p y )  (Z  - p& where  the  three  random variables, 

x (  
1 if AA 

y = { '  
if M .=( 1 if C 

0 if Aa or aa 0 if m 0 if c, 

represent  the  indicator  functions of the associated nuclear  gen- 
otypes  and cytotypes and  have  means 

px = E(X)  = U pc~y = E(Y) = xM pz = E(Z)  = xc. 

Expansion of this expectation immediately yields 

DAA/M/C = E[(X - u)(Y - xM)(Z - xC)] 

= E(XYZ) - x(:E(xY) - xME(xz) - uE(YZ) 

+ XMxCE(X) + ux[;E(Y) + uxME(z) - UXMXC;. 

Finally, after  substituting  the  expectations  for X ,  Y ,  and Z above, 
plus 

E(XY) = U I M  = UXM + D I M  

E(XZ) = U I C  = U X ~  + Dl(; 

E(YZ) = x11 = xMx(;  + D M C  

E(XYZ) = U1 I ,  

this simplifies to  the  definition given in ( 1  7 ) :  

DAA/M/C = U1 I - UXMXC - UDMC - XMD~C: - X & ] M .  

Using the  relations in (10) and  Table 6 ,  the three-way asso- 
ciation can  be  rewritten in terms of the  joint  disequilibrium 
DAAIMC, as in ( 1  8 ) :  

DAA/M/C = DAA/MC - XMDIC - XCD~M. 

T h e  three-way genotypic disequilibria  involving the Aa and aa 
nuclear  genotypes  are  defined analogously, with the  random 
variable X replaced in turn by the  indicator  function  for Aa or 
aa. 

Genotypic  trajectories  under  random mating with opposite 
inheritance of cytotypes: 

u(*) I I  = p P xMx(; + ~ ( x ( ; D ; )  + xM@))(%y-l + D;)D:)(%)~-~ 

J') I I  = 2 p p ~ X c  + (9 - p)(x(:D;' + x~DF))( ' /~)*"I  - 2D$)DF)(%y-] 

W?: = q2xMx[; - Q(x&)+ X,&:))(%Y-' + D;)@)(l/i)t-l 

uyh = p2xMy(: + P ~ ( ; D ; )  - xM~:))('/Py-l - D;)D:)(?A)~-~ 

$h = 2 p g x ~ y c  + (9 - #)(y(;D:' - xMD:))('/2)'-' + 2D;)DF)(%)'"l 

W:; = Q ~ x ~ ( :  - q(y(;D;' - X ~ D : ) ) ( % ~ - '  - D;)D:)(%y-' 
u(t) p 1  = p 2 Y,,,x(; - ~(X~D:) - y,+,~:))(%)~-l - D;)D:)(%)~-~ 

'U!: = 2pqyMXC - (9 - p)(X&;' - )"D:')(?h)'-' + 2D;)D:)(%)'-' 

Z U ~ ,  = q2yMx(; + 9(x$;' - yMDF))('/z)t-l - D;)D:)('/i)*-' 

U:; = p 2 y d c  - p(y&) + y M ~ F ) ) ( ~ 2 y - 1  + ~;)@)(1/iy-l  

u$: = 2 p q y ~ y c  - (9 - P)(@:) + y,&))(%y-' - 2D;)D:)(%y-1 
w:'; = 9 2 y ~ y ( ;  + q(ycDE' + J ~ D F ) ) ( ' / z ~ - ~  + D:)D:)(%y-' 

APPENDIX C 

Three-locus disequilibrium trajectories  with opposite cy- 
toplasmic  inheritance: Joint  disequilibria  under  random  mating: 
The trajectories  for  the allelic and  genotypic disequilibria in- 
volving the  joint M / C  cytotype  are given in ( 2 7 )  and (28). The  
explicit  solutions for  the  remaining  joint disequilibria are 

D:)Mc = (y(;DM (0) - XMD:))('/Z)~ 

D:;/MC = p(yJI;) - x~D:) ) ( I / z~ - '  - D;)D:)(%y-l 

DAn/Mr ( 0  = (9 - p)(y(;D$) - x ~ D : ) ) ( % ~ - '  + 2D;)D3%Y-'  

DtllMr = -9(p;D;) - ~,+,D:))('/py-~ - D;)D:)('/iy-l 

D ; ) ~ ~ ;  = -(X&) - yM~:) ) (Y2y 

D;;/,~; = - ~ ( x , D ; )  - y,,,~:))(%y-~ - ~ ; ) ~ : ) ( l / i ) ~ - l  

DAoImC ( 0  = -(9 - p)(x,D;' - yMD:')('/z)'-' + 2DE)D:)(%y-1 

D(') aa/mC = ~(x(;D:)  - y M ~ : ) ) ( ~ 2 ) ' - 1  - D;)D:)(?A~-~ 

APPENDIX B 
D:!,,,,~ = - ( ~ ( J I ; )  + yM@))(Y2y 

Genotypic  trajectories  under  random mating with joint 
inheritance of cytotypes: ~:i/~~ = - p ( y c ~ ; '  + J ~ D : ' ) ( ' / Z ~ - ~  + D ; ) D F ) ( % ) ~ - ~  

U:: = p2xll  + @DY),,,J'/z)'-~ 

uy: = 2pqxl l  + (9 - p)DYjM&'2)1-1 

DAalmr = - (Q - p)(ycD$' + yMD:))(!h)f-' - 2DE)DF)(1/4)t-1 ( 4  

Dti/mc = q(y(;D;' + ~,+&:')(YZ)~-' + D:)DF)(%y-' 
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Joint  and three-way disequilibria  under  mixed  mating: With 

a = 4(*)DE)DF), 1 + S2 b = ;DEL, c = (v(') - ;)DE',, 

D(r) aa/M/C = a ( l  - lsr + (5'26 - Dr)M/C)(s)' - %g(;) + %c($) ,  

where 

the general solutions for the trajectories of the  joint allelic and 
genotypic disequilibria for J = M C ,   M C ,   m C ,  mc are 

g = D::/~/(; + V ( O ) D E : ;  + 2a. 

D!i)J = d l  J (T) ' D Y j M / C ( s ) f  APPENDIX D 
l + s f  

(l ; s) (l ; y '  
D!;;, = [S + 2(1 - s ) ~ ] ~ I , J  - f a -  

Three-locus  disequilibrium  trajectories  under  mixed-mat- 
ing with joint cytoplasmic  inheritance: Substituting the recur- 
sions from (3 1)-(33) into definitions (1 2)-( 13) and Tables 5 and 

2 (%b + DT,!:,,,)(s)' T %dp.,(t)  k ' / z c ( g )  6 ,  for instance, shows that  the transformations for the  joint 
M / C  genotypic associations are 

D::// = 2(1 - s)(q - p ) d l . , ( T ) (  T 2a (T) 1 + S  1 + S  2r 

T b(s)' & d.,J(;) T C t i )  
D!llJ = -[S + 2(1 - S ) ~ ] ~ I , J ( T )  l + s f  * a ( T )  1 + S  2 f  

+ (Yzb - DY)M//c)(~)' T %d2J - * %C - (I)' (3' 
where the upper sign in +, T is taken for M C  and mc, the lower 
sign for MC and mC, and 

dl,Mc; = Xc:DE) + X,,.@0) 

dl.Mr = y&E' - X&:) 

dl.,(: = -XCD:) + YMD, (0) 

d,,mc = -y(:DE' - yMDF' 

dz.M(; = 2a - 2(  1 - s)(g -p)dl,M(; + v(')DEL + DflIMC 

d2,Mc = 2a + 2(  1 - S) (q  - p)d , .Mr  + d')DEL + DYi/MC - DfA 

d2,mC = 2a + 2(  1 - s)(q - p)dl,,c + u(')D;L + D:llMC  -D?; 

d2.,,,< = 2a - 2(  1 - s)(q - p)dl,,, + U ( ~ ) D ( ~ )  MC + D:L1/MC -D(') 2M - D") 2C' 

The solutions for the three-way genotypic disequilibria are 

DAA/M/(: = a - + (%b + DT):,/,)(s)'- %g - + %C - ( 0  

(l  :3" (I)' (3' 
D:I/MIc = -2a  (1 - ; y - b(s)' + g(;)' - c ( $ )  

D;I/M(: = %(l + S)DA/MC 

D ~ A I M C  = [ S  + (1 - ~ ) ~ ] D A / M c  - %SDA~/M(; 
DA/Mc = (1 - s)(q - ~ ) D A / M c  + %SDA~/MC 

D:./Mc = - [ S  + (1 - S)~]DA/MC - %sDA./Mc. 

(Dl)  

These dynamics are homologous to those in (33) and thus have 
the explicit solutions 

(1) (0) (1 ; S)' DA/Mc: = DA/M(; - 

DAA/M(: (1) = [ S  + 2(  1 - S ) ~ ] D Y , ! M C ( T )  
l + S '  

- V2[D?:/M(; - 2(1 - ' ) (q - p)'?)MC] - (I)' 

(I)' 
D A ~ / M < :  (1) = 2(1 - s)(q - ~ ) D T ~ M ~ : ( T )  

l + s f  
(D21 

+ [ D T l / M C  - 2(1 - ' ) (q - fi)D?,!MCl - 

Dnn/MC = -ls + 2(1 - ')qlD.?)MC - ( 0  

( l  ; s )  

- y2[Da",M(; - 2(1 - ' ) (q  - fl)DY;MCl($f' 

Substituting these equations  into the relations in (1 3), (1 8), and 
Table 6 in turn shows that  the dynamics of the  other three- 
locus disequilibria are analogous to (Dl)-(D2), with MC re- 
placed by M C ,  mC or mc, or alternatively by M / C ,  M l c ,  m/C or 
mlc.  


