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ABSTRACT
The variances of genetic variances within and between finite populations were systematically studied
using a general multiple allele model with mutation in terms of identity by descent measures. We
partitioned the genetic variances into components corresponding to genetic variances and covariances
within and between loci. We also analyzed the sampling variance. Both transient and equilibrium
results were derived exactly and the results can be used in diverse applications. For the genetic
variance within populations, 63, the coefficient of variation can be very well approximated as
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for a normal distribution of allelic effects, ignoring recurrent mutation in the absence of linkage,
where m is the number of loci, N is the effective population size, n is the sample size, 8, is the initial
identity by descent measure of two genes within populations and ¢ is the generation number. The first
term is due to genic variance, the second due to linkage disequilibrium, and third due to sampling.
In the short term, the variation is predominantly due to linkage disequilibrium and sampling; but in
the long term it can be largely due to genic variance. At equilibrium with mutation
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where u is the mutation rate. The genetic variance between populations is a parameter. Variance
arises only among sample estimates due to finite sampling of populations and individuals. The
coefficient of variation for sample genetic variance between populations, o7, can be generally

approximated as
\/ 2
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when the number of loci is large where S is the number of sampling populations.

HERE have been considerable analyses of the
genetic variation within and between finite pop-
ulations. The original work of WRIGHT (1951, 1952)
partitioned the total genetic variance of populations
o = (1 + 6)s; into components of variance within and
between populations o5 = (1 — 8)e%, o7 = 2002, where
0 is the coancestry coefficient between individuals in
the same population and is the same as the inbreeding
coefficient, and o2 is the genetic variance in an infinite
random mating population. By incorporating muta-
tion into the model COCKERHAM and T'ACHIDA (1987)
formulated the genetic variation within and between
populations with mutation in the same framework as
WRIGHT’s partition and expressed the results in terms
of identity by descent measures. In contrast, CHAK-
RABORTY and NEI (1982) and LYNCH and HiLL (1986),
working on a different mutation model, reached
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somewhat different results. For a discussion of the
differences of the results between the two models, see
CockeERHAM and TACHIDA (1987).

These are, however, analyses of expectations of
estimates of genetic variances. Estimates of genetic
variances have variation. Variation arises among ge-
netic variances within populations because of drift and
mutation (“genetic sampling”) and finite sampling of
individuals (“statistical sampling”). For the genetic
variance between populations, however, variance
arises only among sample estimates due to finite sam-
pling of populations and individuals.

Compared with the analysis of genetic variances,
analysis of the variance of genetic variances within
and between populations is limited. BULMER (1976,
1980) and AVERY and HILL (1977) analyzed the vari-
ance of genetic variance within populations without
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mutation for two alleles in a locus for a relatively short
time. They derived approximate results and observed
that if many loci affect the character the variance of
genetic variance within populations is contributed to
largely by linkage disequilibrium between pairs of loci,
and the distribution of individual allelic effects and
frequencies may be unimportant in the short term.
LyncH and HiLL (1986) analyzed the equilibrium
variance of the genetic variance within populations
with mutation for the constant variance mutation
model. LyNcH (1988b) also approximated the sam-
pling variance of the genetic variance between popu-
lations without mutation. Only approximate results
were attempted in these analyses however.

In this paper we attempt to derive complete and
exact solutions of variance of genetic variances within
and between populations for a quantitative character
with additive effects of genes undergoing mutation.
The analysis is greatly facilitated by utilizing various
identity by descent measures. Both transient and equi-
librium results are derived, and the results are evalu-
ated for different founder populations. Where possi-
ble, we try to extract approximate formulae from the
complex solutions. These are then compared with the
results of some previous studies and the analysis is
presented in the discussion. There are similarities in
the approach of using descent measures to the papers
of WEIR, AVERY and HiLL (1980), WEIR and HiLL
(1980), CockeRHAM and WEIR (1983) and WEIR,
REYNOLDS and Dobbs (1990).

VARIANCE OF GENETIC VARIANCE WITHIN
POPULATIONS

Definitions and assumptions: Let us consider a set
of independent replicate random mating (including
selfing) monoecious diploid populations, each consist-
ing of N individuals in each distinct generation, all
stemming from the same founder population, which
is assumed to be at linkage equilibrium. We consider
a quantitative character contributed to by m loci,
which are otherwise neutral, undergoing mutation.
Mutation is of the form that a random gene in a locus
mutates to the ith allele with probability v; each gen-
eration. The total mutation rate for the locus is u =
Sivi,i=1,2,..., K for K alleles and the equilibrium
frequency for the ith allele is p;, = vi/u. We consider
only additive effects of genes within and between loci.

Let the genotypic value for a genotype with alleles
A; and A; at a locus be G; = x; + xj, where the x’s are
considered to be identically independently distributed
with some distribution with mean zero, variance o2,
and the fourth central moment 4. Genotypes formed
by the union of gametes A;B; and A;B, have frequency
Pi} = Pji. Sums of genotypic frequencies indicated by
dots for the indices summed, provide various marginal
totals. Gametic frequencies for A;B;, for example, are

denoted by

For convenience, allelic frequencies have an alterna-
tive notation

p: = P%. for A; and ¢; = P:* for B,.

All of these frequencies are expected population
values so that they are expected values over all pos-
sible replicate populations maintained with identical
histories.

Let the expected gene and gametic frequencies in
a population be distinguished by a degree hat °
(or other notations indicated below), as in §;. Then,
with random union of gametes as in our mating sys-
tem, the expected genetic variance in a population is
defined as

du = LXT phixi + x)*

T s, (1)
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where the summations of r and s are over loci and the
summations of 7, f, £ and [ are over alleles with respect
to the implied locus. This can be decomposed into
components representing gene effects (genic variance)
within loci and the effect of linkage disequilibrium
which is the covariance between loci

o = oy + oL Q)
with
gug =2 IT Pl — pxd — 2 TIT ppxx;  (3)
rot r i
o2 =2 %22% (15 * 4+ I;'k — 2p:qi)xis. 4)

The variance of 62 among replicate populations is

Var(2) = S — A2 ®)
where 62 and o, are used to denote the variances for
two distinct replicate populations, which is the differ-
ence between the variance for unrelated populations
and the covariance for replicate populations. In ana-
lyzing the variance of variance (5), we will dissect it
into parts of the variance corresponding to the differ-
ent genetic variance components (2).

Identity measures: Analysis is greatly facilitated by
utilizing identity by descent measures. With mutation
they are the probabilities that the genes are identical
by descent and none of them has mutated. The re-
quired descent measures are defined and listed
in Table 1. They involve genes from four popula-
tions, both for within and between loci. Explicit solu-
tions of these descent measures for random mating
monoecious populations are given in APPENDICES A
and B. Many of these descent measures for one and
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Definitions of identity measures

Description Identity measures
One locus
Within population
Two genes 6, = Prob(a = b)
Three genes Y1 =Probla=b = c)
Four genes 8, =Probla=b=c=d) 8;=Probla=b, c= d)
Between two populations
Two genes 0] = Prob(a = a’)
Three genes ¥i=Probla=b=a’)
Four genes 5{ =Prob(a=b,a’ = b") 8, =Proba=b=3 =b")

Among three populations
Three genes
Four genes

Among four populations
Four genes

Two loci
Within population
On two gametes
On three gametes
On four gametes
Between two populations
On two gametes
On three gametes
On four gametes

Among three populations
On three gametes
On four gametes
Among four populations
On four gametes

85 = Prob(a=a’, b=1b")
8, =Probfa=b,c=2a")

¥ = Prob(a=2a’ =a”)
87 =Probla=b,a’ =a”")

63 = Prob(a=a’, b=23"

87 = Proba=a’,a” =a")

g, = Proba = b, A = B)
¥1=Probfa=b, A =C)
5, = Proba=b,C=D)
§/=Proba=a’, A=A’)
¥: = Proba=a’, A =B’)
8/ = Proba=b, A’ = B
3 =Proba=b,C=A")

ji’ =Probla=a’, A= A")
07 =Prob(a=a’,B=A")

5 =Probla=b=c=2a’)

8 = Prob(a=b =a’ = 2a")

67 =Proba=a’ =a”’=a"”

;% =Prob(a=b, A= A’)
65 =Prob(a=a’, B=B’)

3 = Probla=b, A’ = A")

8" = Probla=a’, A” = A")

Identity by descent measures are defined as the probability of genes being identical by descent without mutations (denoted by =). The

representation of random distinct genes from populations is

Population 1 Population 2 Population 3 Population 4
Locus 1 abcd a” a”

(I [ |
Locus 2 A B A” A"

Genes connected by a line are on the same gamete. Only a representative gene arrangement is presented above.

two populations have been given by H. TACHIDA and
C. C. CockerRHAM (unpublished results) and are re-
produced here. We use somewhat different notations
here due to the complexity of the problem considered.
As before, 6 is used for two genes, ¥ for three genes,
and ¢ for four genes. For genes involving two popu-
lations a prime is used, two primes for three popula-
tions, and three primes for four populations. Tilde ()
is used for descent measures involving two loci.
These descent measures are functions of effective
population size N, mutation rate u, recombination
rate 7 for two loci, generation time ¢ and also initial
descent measures which depend on the founder pop-
ulation. The initial values of primed descent measures
are equal to the initial values of their unprimed coun-

terparts within populations. At equilibrium with mu-
tation, except that 8]_ = 63_and 8]_ = 0, 6, _, all other
primed descent measures are zero.

One-locus analysis: We first analyze the variance
of genetic variance within populations for a locus by
assuming that the genetic variance is averaged over
many samples from the same population. In so doing
we analyze only the population component of variance,
Vary(o2), of the genetic variance which takes into ac-
count genetic drift and mutation that occurred during
the period of separation of replicate populations, ig-
noring the sampling variance of the genetic variance
due to finite sampling of individuals within replicate
populations which we will discuss later.

From Equation 3 the genetic variance among indi-

T34
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TABLE 2

Gene frequency functions associated with #,ZZ

4

M Ox
K7, % pib 1= 3 pipy
Kk z pip? Sin; P10
%Z.:‘Zvﬁ 2 Zia*j 515'1;11;/
1.2, % ptp ot - Tpih

The components of expectations with K7 are given by replac-
ing ~ by ” in all of the above expectations.

viduals for a locus 7 in a replicate population is defined
as

02, = [ T pix? - 2 pix? Ej ﬁiﬁjx.-xj]

= QZ) — Zy — Zs) = 97

where f; is the expected frequency of allele A; in
gametes at reproduction in a replicate population. To
analyze the variance of this variance, we let the genetic
variance of another distinct replicate population be
defined as

5 p# f""%‘]

= 9Z) — Zy — 73] = 2Z.

02, = 2[2 pix? — ZF

Then the population component of variance of o7 is
Vary(62,) = 62,7 — 62, 62,) = 4 F2° — F77).

Next we expand the expectation ¥ = 2% to
include the expectation % over replicate populations,
and ¥ with respect to the x’s, assuming that allelic
effects and frequencies are independent. First, in tak-
ing expectation with respect to the x’s, we note that
%x,xjx,.x, = ﬁs’xxlxjxk = Zxlx; = 0 and Gx} = p,,
%x,xj = ¢f for i # j # k # [. Thus, the nonzero
expectatlons with respect to the x’s in K77 are

KIT = KhZ + Eioly + KisZy — 2¥7.7,

and the associated gene frequency functions are listed
in Table 2.

Now we take the expectation, %, over replicate
populations using identity by descent measures. In
deriving & ¥ 7 we note that & ¥ p7 is the expected
probability that two randomly chosen genes in a pop-
ulation are the same gene. They could be the same
either because they are identical by descent (with
probability 6;) or they are not identical by descent
(with probability 1 — 8,) but are identical in state (with
probability ¥; p? which is g2 = ¥ v#/u” if the initial
population is at equilibrium). This gives

C. Cockerham

By similar arguments, we can show that

B bbi=01+(1~6})gs

BEBDi=71+200 —vi)g2+ 61 —vi)ge

+(1—6,—207+2v{)gs
%Zﬁ?ﬁ?=5§+4(7f-5é)42

+ 2(85 — 03)q2 + (61 — 65)q2

+2(8; — 2y} — 8] + 265)gs
+4(0] ~ 2y} — 54+ 205)gs
+(1—20,—46] +8v| +8]

%%ﬁ?ﬁ =(81 — 82)(1 — g2)

+2(0, — 21 — 8] +283)

~(g2—gs)+ (1 — 26, — 461 + 8|

+8] + 285 — 685)(g3— qa)
# E'ﬁiﬁiﬁjﬁf = (85— 82)(1 ~ g2)
i

+2(07 — 21 — 85+ 265)(g2 — ¢3)

+(1 =26, — 40] + 8] + 8} + 265 — 655)

- (g3—q4)

where ¢, = 3 (vi/u) = Y; pi.. It is noted that these
results depend on the initial gene frequencies pio's
satisfying the condition & 3 p& ' (pio — pi,) = 0 or
r =1, 2, 3 and 4. This condition is satisfied when
(i) the initial population is at equilibrium, or is fixed
for allele A; with probability p;, (Zipio = pi,); (ii) the
mutation rate is equal among alleles (p;, = 1/K); or
(ii1) the number of alleles is infinite (K — %), in which
case gz = ¢s = ¢4 = 0 also. When the condition is not
satisfied, the gene frequency functions become more
complex. We avoid dlscussmg these situations here.
The nonzero expectations in K72 are

K1 = LI+ KLY+ KLY — 280D,

Note that this amounts to replacing ~ by * in all of
the expectations involving ZZ including the #’s, e.g.
B Y pibib;p; becomes & Y. pipF, and replacing
the between population descent measures 81 and 83 by
the within population descent measure ds, and also 61,
v1, 82 by 81, 71, 8, respectively.
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Putting the analysis together,
Vary(62,) = 4{(6, — 2v1 + &, — 0] + 2v{ — 8%)

« [(1 — 5g2 + 8¢s — 4q4)us

— (1 — 9¢2 + 8¢5 — 12¢3 + 12¢4)0?]
— (38 — 28, — 8] + 285 — 263)

- [(g2 — 2¢s + gaus

— (1 — 9¢2 + 8¢qs — 1293 + 12¢4)a?]}.

It is initially zero. At equilibrium (8], = 6%, and all
other primed descent measures are zero)

Varb(&wgy) = 4{(01m - 271,., + 6105)

- [(1 = 5¢2 + 8¢5 — 4q4)us
— (1 — 9¢2 + 8¢5 — 1293 + 12¢4)0?]
— (862, — 281, — 61)[(g2 — 2¢5 + qa)ua
— (1 — 9g2 + 8¢5 — 1293 + 12¢4)0?]}.
For the infinite allele mutation model
Vary(02,)
=4{(0, — 27, + 61 =01 +2y{ — 82)(ua—30%)  (6)
+(20, — 4y, + 382 — 20 + 4] — 6] — 28)a}}
and at equilibrium
Vary(os,) = 4{(01. = 271, + 8, ) (ks — 303 )
+ (201, = 471, + 385, — 67 )d?}.

Identity disequilibrium: When we consider several
loci, we sum up the above variance over loci. In
addition, the variance component also contains joint
product terms involving two loci, aside from the var-
iance of linkage disequilibrium discussed below. This
part of the variation as we will show is due to identity
disequilibrium.

For a pair of loci r and s the non-zero expectations
with respect to the x’s in Var,(¢2,) contain

4 ;; A1 = p)gu(1 — gu)oi ol
-4 22 p(l - p)gil — qk)ﬂx Ux:

(8)

where p and ¢ denote allelic frequencies for loci r and
s respectively. By taking the expectation % we note
that

% 22 Bigi = &1 + (61, — 1)ga, + (6, — 1)gs,
+ (1 =6, — 6, + b1)g2,ge,
% 2; Bigi =61 + (0, - 5f)q2, + (0, — &),

+ (1 =6, = 6y, + di)g2g2,.

This gives (8) the value
406 — 811 — g2 X1 — ga)okot,

since %3 Y ﬁiqh =B ik ﬁiQk =1and % 3.2 ﬁ?q“k
= & T3k pigr = 01, + (1 — 6, )ge,. For a founder
population at identity equilibrium, 61 = 6,6, how-
ever.

% = 5, — 6, b, is one of the components (COCKER-
HAM 1984) of the total identity dlsequlllbrlum n =
6, — 6,6, (WEIR and COCKERHAM 1969) which is the
difference between double identity and the product
of the probabilities for single identities. Other com-
ponents are n, = 2(y; — 61) and 9, = 6, - 29, + 3
with #5 + 1. + 7, = 5. Consequently, when summing
over all pairs of loci (indexed by r and s) for an infinite
allele mutation model, we have

Vary(oZ,) =4 T{(61 — 2y + 6, — 07 + 2v{ — 6%)
- (ua—03) + (389 — 26, — 61 9
+ 265 —284)ai} + 4 T Y np02 02,
r¥s

Linkage disequilibrium: Because our populations
are finite with effective size N, the genetic variance
within populations also contains covariances between
loci due to linkage disequilibrium. For a pair of loci r
and s in a population this covariance is, from (4)

021, =4 ZZ (B* + P, — 2p:qn)xix.

This contains two types of linkage disequilibrium,
distinguished according to whether the two genes,
within an individual, are gametic or not

D* = P* — $.4, for gametic genes

D%y = P'i — figi for nongametic genes.
These are covariances representing differences be-
tween the joint frequencies and the products of single
frequencies. For monoecious mating populations,

D%y = 0. By expectation #{o2, ) = 0 and the variance
is

Ao ) -

= 16%(22((15‘1‘.)2 - ij‘.ﬁf'f)x?xf).

Expressed in terms of identity by descent measures
and summed over all pairs of loci

Vary(dy:) = 8 22(01 - 29, + & — 6] + 29] — &)

Vary(62.,) =

S CAM A

(1= g2 )(1 ~ g2)a o,
which can also be expressed as

Vary(o2,) = 8 %Z(Wd = a1 — g2 X(1 — g2)0202 (10)
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if we let 7) = 6, — 2%, + 8. As pointed out by
COCKERHAM (1984), the variance of linkage disequi-
librium is actually a component of the identity
disequilibrium.

The total population component of variance for the
genetic variance within populations is then

Vary(e2) = Vary(o2; + 02.) = Vary(2,) + Vary(62,).

Sampling variance: We also consider the effect of
sampling on the variance of the genetic variance
within populations. For samples from different popu-
lations, the variance of genetic variances among sam-
ples contains an additional source of variation due to
sampling. The genetic variance among individuals in
a sample from a replicate population with size n is
defined as

=4 SY Pixt + I35 Fs + 5

n = r i<y (11)

+ 2 IESTB + Pigxas — (2 BF ﬁ,-x,.)ﬁ}

s ik r i

where n/(n — 1) is the usual correction factor for bias,
and P’s (and p’s) represent actual frequencies. This
can be decomposed into components representing
the sampling of gene frequencies and the effects of
sample departures from Hardy-Weinberg and linkage
equilibrium
0L = Gop + gunw + Gur

with

‘JlZ_ﬁix?—Eﬁ?x?—ZLZﬁiﬁjxixj}
r 1 1 ¥ J
n s s oA
=——9 W7, ~Z,9—Z,3} (12)
n—1 7
&in=;ﬁ—l2 Z{Zﬁix?—Zﬁ?xf

+ Z<Z P}:x;‘xj' - Z;éz ﬁiﬁjxix]}

nf 22542~ L+ L= L) (13)
o2 {ZE(P"‘ +P'k)xxk
s ik
-2 z;ﬁiqhxixk} (14)

rs6 227:7} .
s

In this setting the sample heterozygotes are repre-
sented only once in the summation and the gene

frequencies are calculated as

pi=Pi +% 3P (15)
<j
Throughout the rest of the paper, a sum such as that
in this equation is meant to include every possible
heterozygote for allele A;, but to include it only once.
The coefficients

Di = Pi — p? and D} = Pi: — 24,
are the Hardy-Weinberg disequilibrium coefficients
which measure sample departures from Hardy-
Wemberg genotypic frequencies. Since separate di-
gemc frequencies P* and P*, cannot be observed, it
is always convenient to define the sum of sampling

gametic and nongametic linkage disequilibria as a
composite measure

Bu=D* + D% = P* + Py — 2pds
with
P* + Py
=2P%+ X Ph+ ¥ Pi+A T T (Ph+PL). (16)

i<j k<1 i<j k<l
Note that the expected value of g3, is zero, but that
of ¢2aw is not. With sampling the expectation ¥ =
% %, %, contains three level expectations: % with
respect to the x’s, %, with respect to the sampling
within populations and % over all replicate popula-
tions. If we utilize £p = f;, &P = $? and %P,

2p.p;, we can show that

agy_ 2n—1 g2

BT R

& K62 =2 2(1 -3 ﬁ?>a;f,.

%%(&Z;Hw) =

Thus the lack of sample Hardy-Weinberg equilibrium
is to reduce the variance on the average slightly. As
an average over replicate populations 2 ¥, $(o%) =
2 Y1 = 8)(1 — go)a.

The sampling component of variance is defined as
Var,(62) = KK Bo2)? — AR RACA (17)
= B F(LU5u) — (50)°)

which is the difference between the variance of un-
related samples and the covanance of rephcate sam-
ples within populations, where 43 and & are used to
denote for two distinct samples within a population,
since %%%( aw) = ¥ %(02)? for an unbiased esti-
mate of ¢2. Let &> be defined similarly as 32 above but

with all * being replaced by . Since we decompose
2 into components and also in our decomposition the
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components 72, and 055w are correlated, the sampling

component of variance of the variance comprises

Var,(62) = Var(62,) + 2 Cov.(62,, 62uw)

+ Var,(d2,w) + Var,(62;)
with
4n 72

n—1) { SAZE+IL+7%
~221Z2=ZnZn~Lsle
—ZsZ,3+222,)
+ %E Lo+ 2oL~ 2201y

Var,(62,) =

- Zrlzsl - 2r2Z:2 + 2271252)}

Varw( & E,Hw)

- JLW(Z

+7%~ 2272274 - 22,3275
~Z,iZvs— 2,979
—Zy5Z,5—ZysZys+ 22,924
+27,57,5)

+ é; RZZos+ Lol o= 22,97 4

- Zr4Zs4 - ZrQZsQ + 22r2254)}

2 COVw (&;Z/gy 6’3Hw)

8n
=17 {Z Bl

+2%+2%-7,7.

—Z2192,4— 2,37,

—ZnZs— 2oy

=223+ ZnZo+ 2,024+ 2,52 .5)
+ ZZ BZnZu+ 2ol — 202,

- Zr2Z54 - Zrl 54

- 272252 + 271252 + 272254)}

Var,(¢%)=

( 1)2 ZZ‘%ZESG-'-‘}ZVW

- 4er62rs7 - ZTJGZTJG
- 42rs7zrs7 + 427s62r:7)-

These involve a series of complex sampling gene
and genotype frequency functions. These func-
tions are listed in Table 3 and analyzed in detail in

TABLE 3

Sampling gene and genotypic frequency functions associated
with %, #,(0262

e, o}, or o%,62
Koz, X [;-'ﬁ- Zin /;iij
Bl Tipipt Siw; PIB}
BTy 2 Tixj l;'PAjl;il;j
;%ZAMZM ¥ ﬁfﬁﬁ:ﬁ Yinj ]A’:jﬁfﬁ
Kt Ti<j 131'[31'
KZnZ, T pip? Tiws pib}
#ZnZes 3. P Sin; P}
-%272274 Zx l;nzi): ZH‘j ﬁfﬁ}
K7l 2 Yi<; I;iﬁjﬁjli
EZnZa S Tk pids
Kol DYDYW
KT abn 3 Sy PPy
202 3 S pidi
EF i 3 Sh P
E"(:(ZArz ~s4 2 zh ZP E
B2l T Sk (B* + Pu)P* + P
2l T Sk pibirdn
i T Sk (P + P

The components of expectations with # %(55) are given by
replacing " by ” in all of the above expectations.

APPENDIX C. The results for the infinite allele muta-
tion model are

2
Var,(62,) = e 4_" i {z (1 = a)X(1 — ;)
= 2a(1 — a)(2 = 3a)(0 — 2v1 + 6))ua,
+ TBa(l — &)¥(1 — 1)
= 2a(l = a)(2 — 3a)
- (1 — 36, + 2y, — 38, + 3dy))0t
+ %2(2012(1 — a)(f = 1)
+ 2a(l — a)(2 ~ 3a)(§1 — 51))0,‘5,03}
Val‘w(&ZHw)
_ o v s23 4 8a
Tl—ay Y T 00 o0

'{Z((Gl =2y1+61)us,

+(1 =36, + 2y, — 35, +382)0?)

+ 306, — 2%, +6))0? a,}

r#s
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PO -2 -
2 Covu(dg, Ginw) = a- a)Var,,,(af,g)
Vary(d) = —2 5519401 = 2a)(1 — 6
w(UwL (n _ 1)2 L 21 Cl)( 1,

= 01, + ) — 8aX(1 — 2a)(f, ~ 1)

— 2a(1 = 2a)1 — 6a)f, — 2%, + 51)}63,0;1
and
Var,(62) = 4 ¥ a1 — 0)(ua, + 30)

+2UTTal =6, =0, + f1)ola?

_ 2a(1 — 6a)

9912
1 -2« #o)

where o = 1/2n. To the order of 1/n, these are
approximately

Var,(d;,)
2 4
= S(1—560,+8y, —48,) (s, — 30%) (18)
+22(1 —301+871 662)02: +222’7a0x,0'x}
9 4 4
Varw(awHw)=;{2(01 = 2v1+81) (e, — 30%)
' (19)
+2(1 4y, +382)0% + ZZ 74075 a,:}
2 COVH,(&,%g,(}Z,Hw) =~ () (20)

R 8
Var,(d5,) =; XA =6 )(1—0,)+n.+ m,}crfroi 21)
s

and
. 2
Var,(os) = " (A - 38, + 4y, — 28))

- (pa, — 302) + 2(2 — 36, + 47,
— 38))0) (22)
+2 Y32 ~ 20, — 26, + 6,

s

+ 4y, — 361)0-,“0,‘3}>

What is analyzed here is the component of variance
of the variance among samples within populations.
The total variance of 53 contains both the components
of variance among populations and among samples
within populations

Var(62) = Var,(62) + Vary(d3).

The advantage of partitioning the variance of variance
into components is that variances of averages can be
easily accommodated. For example, the average ge-
netic variance for £ equal sized samples from the same
replicate population is 62 = Y%, &2 /k. The variance
among a,’s from different replicate populations is

Varw(a,,,)

Var(a? P

+ Vary(a2).

Numerical Analysis

Founder populations: We consider three founder
populations in numerical analysis: an infinite equilib-
rium population, a random finite equilibrium popu-
lation, and a random fixed population, i.e., fixed for
genes in proportion to their equilibrium frequencies.
For an infinite equilibrium founder population all
descent measures are zero initially, and all primed
descent measures among populations will remain zero
except 8] = 8 and 8] = 0, 6, . For a finite equilibrium
founder population, the initial values of the descent
measures are the equilibrium values of the descent
measures within the populations with size No. If the
subpopulations in subsequent generations are of the
same size as the finite equilibrium founder population
(i.e., N = Ny) the descent measures within populations
will not change. Otherwise every descent measure will
change. For a random fixed founder population all
descent measures are initially one.

Linkage structure: Linkage affects descent meas-
ures involving two loci. For numerical analysis we
assume that loci are randomly distributed in the ge-
nome with no interference within chromosomes. In
this case the relation between recombination rate ¢
and map distance d is ¢ = (1 — ¢7?%)/2 for loci in the
same chromosome. The recombination rate is 0.5 for
loci in different chromosomes. In analysis we first
sample locations for the m loci for a given number of
chromosomes and map lengths and then calculate
the pairwise recombination rates among m loci
accordingly.

Without mutation: Let us first consider the dynam-
ics of the variance of the genetic variances ignoring
recurrent mutation. This discussion is of relevance to
small populations in a relatively short time such as
control populations in many experiments. Here we
assume the allelic effects x’s to be normally distributed
so that us = 30% and let ¢ = 1. Figure 1 depicts the
relative magnitudes of Var,(63;), Vary(¢2.), Var.(oag),
Var,(62uw) and Var,(d2;) for two linkage structures
with numbers of chromosomes M = 3 and 10 and
each chromosome having map length L = 1 Morgan.
The values in the figure depend very much on the
number of loci m and sample size n. As m increases
the relative weight of joint loci terms increases and as
n increases the sampling variance decreases. We use
m = 100 and n = 100 as representative values. Com-
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Generation (t)

FIGURE 1.—The transient behaviors of the five components of
variance of genetic variance within populations without mutation
for two linkage structures: the solid lines for the number of chro-
mosome M = 10 and the dashed lines for M = 3 with the length of
each chromosome L = 1 Morgan. The founder population is at
equilibrium with Ny = 1000 and » = 107*. Other parameters are
N=20,n=100,m=100and ¢ = 1.

pared with the other components, Var,(¢3,) and
Var,(62uw) are one or two orders smaller and
Var(62uw) > Var,(62,). Only Var,(d2,) increases sig-
nificantly as linkage increases. This is because in other
components the variances are dominated by terms
other than identity disequilibrium coefficients. The
identity disequilibrium coefficients 7., 7, and ns have
been examined in detail by TACHIDA and COCKERHAM
(1989). Depending on the population size and recom-
bination rate, they are generally small in magnitude,
start from initial value zeros (if there is no initial
identity disequilibrium), quickly increase to their max-
imum values and then decrease. 7, is of order 1/N;
whereas 7, and 7, are of order 1/N2. As time goes on,
the identity disequilibrium coefficients decrease and
the whole variance of the genetic variance within
populations is dominated by Vary(o%,). Var,(oZ;) is
dominated by the coefficient (1 — 6, )(1 — 6,) rather
than », and #,. So it can have an appreciable effect for
n as large as 100 and is relatively independent of
linkage structure. Since initially most of the variation
is due to sampling rather than differentiation of pop-
ulations, Var,(s2,) can play a significant role in the
first several generations.

Having made these qualitative discussions we now
approximate the variance of the variance in terms of
the variance. In APPENDIX B, we approximate the
variance of linkage disequilibrium. For a pair of loci
the dynamics of 5, can be approximated as

Q=+

T = onag = 1L T (LT K = 61 = 6,

ignoring recurrent mutation and letting ny, = 0, where

¢ is the recombination rate. Thus in the absence of

linkage,
. 2 1Y
Varb(a‘f,l_), o gv(l - (Z) )o':,‘.

Since the sampling variance is dominated by
Var,(62.) and Var,(2,) is dominated by the term with
(1 = 81,)1 = 8,), the sampling variance can be approx-
imated as

2
A2y a2 4
Var,(o3): na.,,‘.
This is in agreement with Equation 4 of WEIR and
HiLL (1980). Var,(s2,) depends on the distribution of

allelic effects. For the normal distribution of allelic
effects, it can be roughly approximated as

o 24
Var,(62,), = ?m(l - 6y)

-2~

Thus, the coefficient of variation of the genetic vari-
ance within populations can be approximated as

. vVar(a2),

CV((J’.,,),=0_—2
6 1\ 2 1)) 2
“Vamizasl-a) Pl -())+

(23)

in the absence of linkage or with a large number of
chromosomes. As af,, decreases in the rate of (1 — 1/
2NY, CV(62), increases in the rate of (1 — 1/2N)™/?
after a few generations. It takes about

t> —ln(l + -5'"%%%/111(1 - 2%,)

generations for Var,(oZ,). to become larger than
Vary(o2L), which is about 23 generations for the pa-
rameters of Figure 1, ignoring linkage. When N > m,
the condition is ¢ > 10m(1 — 6,,)/9 generations. Figure
2 plots the dynamic behaviors of ¢2, Var(s2) and
CV(a%) for M = 10 chromosomes, along with the
approximation (23) for free recombination. The ap-
proximation is reasonably good.

With mutation: With recurrent mutation the dy-
namics of variance of genetic variance within popula-
tions is a complex process. It depends very much on
founder populations, linkage structures and equilib-
rium values. When founder populations contain large
genetic variances the variance of the genetic variance
can first increase to its maximum value and then
decrease to the equilibrium value. On the other hand,
when founder populations contain relatively small or
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FIGURE 2.—The transient behaviors of the mean, variance and
coefficient of variation of genetic variance within populations with-
out mutation for M = 10. Other parameters are the same as Fig-
ure 1. The dashed line is the approximation of Equation 23 for
free recombination.

no genetic variances the dynamics is a monotone
process with the variance of the genetic variance in-
creasing from its initial value to the equilibrium Ini-
tially most of variation is due to the sampling variance,
Var,(02,), [Var.(62,) and Var,(624w) are always negli-
gible] and the rapid build-up of the variance of linkage
disequilibrium Var,(a2;). However, gradually in about
30 generations (for the parameters of Figure 3) the
variance becomes dominated by the component of
genic variance Vary(o3,). Figure 3 plots the transient
behavior of the mean, variance and coefficient of
variation of the genetic variance within populations
for three founder populations.

At equilibrium the variance of the genetic variance
within populations is essentially a function of the
parameter ¢ = 4Nu. If we ignore the identity disequi-
librium coefficients 7, at equilibrium, from (7)

Vary(a2p)e = 4 2(201 — 47, + 3082, — 63 )0t

for a normal distribution of x. Approximately, the
one-locus descent measures at equilibrium are

1
L
_ 2
YT A+ )2 + 9)
b, = 6+¢ .
T+ )2+ 83 + ¢)

Thus
Vary(02g)»

. 1 ¢ .
= 4"“”ia T TR T ¢>i :
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]
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FIGURE 3.—The transient behaviors of the mean, variance and
coefficient of variation of genetic variance within populations with
mutation for three founder populations: the solid lines for the
random fixed populations; the dashed lines for the finite equilib-
rium population with Ny = 1000; and the dotted lines for the
infinite equilibrium population. N = 1000, n = 100, m = 100, M =
10,u=10"and ol = 1.

Taking also the variance of linkage disequilibrium
and the sampling variance into account

erie\/ Lotz 123

(2+¢)(3+¢) SN n
- 1 2.2
- 4Num 3N n

for ¢ small in the absence of linkage, which agrees
with the principal terms of the approximation of
Ly~cH and HiLL (1986) for two alleles under a differ-
ent mutation model (they did not analyze the sampling
variance). Figure 4 depicts the equilibrium values of
o2, Var,(62,) and CV(aZ,) against ¢ for m = 100. For ¢
both very small and very large Vary(oZ,) is a small
value. The maximum equilibrium value of Var,(o%,)
lies between ¢ = 1 and 2. When ¢ is large, however,
the variance of linkage disequilibrium and the sam-
pling variance will be important at equilibrium.

VARIANCE OF GENETIC VARIANCE
BETWEEN POPULATIONS

Unlike the genetic variance within populations, for
which there is a real component of variance among
populations, the genetic variance between populations
is a parameter and variances arise only among sample
estimates analogous to, but more complicated than,
the sampling variance of the genetic variance within
populations. Suppose that observations are taken on
S replicate populations which provides an estimate of
the genetic variance between populations. That is,
however, just a single realization of the genetic vari-
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ance between populations. If, for conceptual reason-
ing, we execute such an experiment many times in a
way to keep everything identical except sampling,
there will still be some variation among different
estimates of the genetic variance between populations
from different experiments. Clearly this sampling var-
iance of the genetic variance between populations
depends on the number of replicate populations of
each experiment. If, for example, § is very large,
approaching infinity, there will be no variance of the
genetic variance between populations.

For § replicate populations, the genetic variance
between populations is given by

H=cts { (22215.x.>2——<222215.x.>2} 24)

yri

which is the difference between the covariance of
individuals within populations and that of individuals
in distinct replicate populations, where the summation
of y (and z below) is over § replicate populations. (For
simplicity we have let the sample size » of each repli-
cate population be very large in the above equation.
Unless they are very small, finite sample sizes only
trivially contribute to the variance of a}.) Like the
genetic variance within populations, this can also be
decomposed into components corresponding to gene
frequency differences between covariances of individ-
uals within and between populations for within and

between loct
gi=

with

Ohg= ( T pix} +%}Zﬁiﬁjxixj)

T SS— 1)EZZ<2H"" + EEﬁﬁ]x.x,) (25)

4 e .
= §§§(272 + Zra) S(S a;;( 2 + er>
oh== zg#zzgﬁ,qu.xk
S(S EEEEZE Digrixi (26)
= _‘,Z?E Zo= S(s DIEEL L

where p; and p; denote gene frequencies from two
distinct replicate populations.
The sampling variance of o3 is defined as

Var(a3)= Ha})’ — Ra3o}) (27)

where o} and 4} are used to denote between popula-
tion genetic variances from two distinct samples.
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FIGURE 4.—The mean, variance and coefficient of variation of
genic variance within populations at equilibrium are plotted against
the parameter 4Nu for m = 100.

Let o}, and 3. be defined as in (25) and (26) but
with all * and ~ being replaced by ~ and . Then we
have

o 1 6 © 2 ] v o 2 ° v
Val’(ﬂbg) = -S— & E(Z e—ZolotZ;s— ZrSZrS
- 42.722'7'2 + 4Z°r2z‘r2 - 4Z°732vr3 + 4Z°rSZr5)
+ EZ(Z.r2Z°x2 - Z°12Zs2 - 4Z°r22vs2 + 42r2Zs2
95

2 ov, oV .. ov, oY ..
+ Q{E(Z 22 -7 r2zr2 + Z?s - ZTSZrS)

+ 22(Zr22v:2 - 2Vr22‘.s2)}

4 S— ov o .- ov o
( 2) {Z(Z r2Zr2 Zr2zr2 + ZrSZrS

- 2‘;32‘73) + 22(2‘;22‘:2 - 2'722"2)}}
Var(o‘;,,_) =c -g 22{(2 7 rs7er7 4Z°"7Z‘”7

+ 4er7lrs7) + (Z rs7 rs7Z‘ﬂ7)

4<s 2)

(Z rJ7Zr.r7 rs72‘rs7)}'

This involves some addltlonal gene frequency func-
tions listed in Table 4. Taking the expectation with
respect to replicate populations

BY P = 84 + (v + 3y + 38 — Toi)ge
+ 300, + 01 — v1 — 3yi — 205 + 461)gs
+ (1 — 36, — 36] + 2y, + 6v]
+ 38, — 684)q4
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TABLE 4

Gene frequency functions associated with Var,(s3)

Ma, o} or ool
KZ X pip? Sin; bibsbits
K7 Siw pip} + Tin; pibibibs
KinZy i plip Sin; Bibibs
622 2 Siw; pipit)
sz.rzzrz i IL"ILP: 2:#1 ,bfp,[b
»%27:127:1 2 Zt¢j ﬁiﬁi/;Jﬁj
-%ZzZ2 Z: P.f [5:',1)‘- 2-#1’ /;iﬁ-f;jﬁj
KZZn Sin; pibibiy + Tin; bLb;
;14;"2',22}2 ¥ [;.'I;diil;i inj 1;4;'[’1151
%Zﬂzﬁﬁ 2 21#1 Pﬂil;iﬁjp‘i
%2222 Ei Ek I;-I;";"‘i‘
%27222 Ei 21- P'rz‘}‘*‘i*
%272252 i 2 ixzqqu
%2222 Zi Pﬂ-ﬁi‘;"‘i"
3‘0’;22212 2: 2 l;rl;'i‘;*‘i*
(i ZB YD f;féf + 1% Y Y [;if;i(ihéh
»%Z.r.ﬂirﬂ X X I;'z ‘;"é’l
%Z.MZM Zi 2 iiﬁiékék
KFk Vol Su piaugs + Vo Bi i Bibidads
%.Zvy.\vzm Zi 2 l;iﬁ"q“q'*

£ ; pipi = 82
+ (271 + 297 + 8 + 208 — 78%)qe
+ (6, + 501 — 6vi — 6v{ — 207
— 464 + 128%)gs + (1 — 8, — 58]
+ 4yl + 4yl + 87 + 285 — 68%)q,
BT phbbi =84 + (4v1 + 387 — T6¥)qe
— 81 + 25¢)gs
— 687)94

+ 661 — 27
+ (1 — 667 + 8v7 + 387

# § Pibp; = (35 — 0a)(1 — g2) + (61 + 01

] — v1 — 31 — 265 + 484) (g2 — ¢s)

+ (1 — 36, — 36] + 2y, + 6v] + 36}
— 6583)(¢3 — q4)

% Ej Bibip; = (87 — 82)(1 — go2) + (61 + 01 — 2vi
— 2y{ — 287 + 48%)(g2 — ¢3)
+(1 =0, — 500 + 4y] + 4y] + &7
+ 265 — 687)(q3 — qs)

B 3 pbbify = (85 — 05)1 — q2) + 2001 — i
7§

— 47 = 85 + 203)(q2 — g3)
+ (1 =0, —50] + 4y + 4y! + &)
+ 285 — 635)g3 — q4)
%;‘.ﬁiﬁ.—l)jﬁ; = (81" — 83" X1 — g2) +2(01 — 2v7
] — 81" +20")(q2— gs) + (1 — 661 + 847
+357 — 635 )(q3—qa).
4 I3 Pl = 85 + (61, — 85)gs, + (81, — Bi)ge,
+ (1 = 6, — 8], + §5)ga,g0,
B LT b = 85 + (61, — 85)gs, + (61, — d3)ge,
+(1 =64, — 6] — 6], +85)ga.q0,
= 2§ Biuge = 65 + (01, — 85)qs, + (01, — 85)qs,
+ (1 = 6, = 0], + 88)g2.92,
kA Z}% Bbidran = 81 + (01, — 61)g2, + (01, — 81)gs,
+ (1 — 81, — 81, + 87)g2.92,
& 2; bbinds = 61 + (01, — 57)g, + (61, — 81)ge,
+ (1 — 8, — 8], + 80")gag0.

With these we have
°2 16 ’ ’ ” ”
Var(abg)= S 2 (61 - 52 - 464 + 862 - 452 )
2 (85— 205 +58')
S -1 2 2 2
. <(1 —7gs,+12¢s,— 644

+ (w4, — 303) — 6(g2, — 445, + 3q3,)63,>

+ 2((352 — 8] — 285 — 1205+ 867
n 2 4 4 ”
— 405 + 35'1'))(((12, ~2¢s,+ g4 )(us, — 303,

+(1—4gs,+ 3q§,)61>

r#s
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51_ +6w
702 )>
(1 =g )(1 —¢2)o% 0%,
02 32 'Y £ YA
Var(au_)=*—22 (61—62_463
S s
| R
+687 +26"5— 45'”)+S_—1(5;+5§ (29)

— 287 — 285+ 25’”))(1 —g2)(1—g2)02a2.

At equilibrium, (31, = L, 8, =201, =6,_6,_andall
other primed descent measures are zero)

16
Var(afg) = "S—Z{alm((l - 7q2r + 12q3, - 6q4,)
“(us, — 307) — 6(q2, — 4gs, + 343,)03,)
5-3
+<352w - S_—l—

'(M - 30x) + (1 - 4q3 + 3q2)0'x>}

01)((']2 = 2gs, + q4)

Var(m,;‘) '3_ 22 01 Glsw(l - qz2, )(1 — g2, )(fx Gx

Although these functions are complex, they can be
simplified. First we note what when the number of
loci m is large the variance of genetic variance between
populauons is effectively dominated by Var(i;). This
is largely due to the difference between 4 and 6. For
equilibrium founder populations the two-locus iden-
tity disequilibrium measures b1, — 01,01, 71, — 01,01,
and 0, — 6,0, are very small (§ERANT 1974) and
effectively we can approximate 6,, = ¥,, = 6,, =
0:,,61,,. With this condition, we can see from APPEN-
DIX A that 51 01 01 Lo 'YQL"— 53, 52 01 01 o and
=5, =8 =47 = 8 = 61" = 01 01, Thus the_]omt
loci term of Var(a;,g) is a function of M, = o1, — 610,
and is small in magnitude and effectively Var(as,) is of
order m whereas Var(sj.) is of order m2 Conse-
quently, the whole variance of genetic variance be-
tween populations can be approximated as

Var(c3), = Var(oi.)

32
= =7 220, — 01,)0, — 0)
r#s

(1 = g2 )(1 = ga)oios.

Since o}, = #03) = 4 (0, — 0{)(1 = gs)02, the
coefficient of variation of genetic variance between

................................ 7 0.58
10000 |- -

0.54

1000
0.562

0.50

Variances

0.48

Coefficient of Variation

\/[Var(?:’rbz)]/ai

L 1 1 - 0.48
0 1000 2000 3000 4000 5000

Generation (t)

FIGURE 5.—The transient behaviors of the mean, variance and
coefficient of variation of genetic variance between populations
with mutation for three founder populations: the solid lines for the
random fixed population; the dashed lines for the finite equilibrium
population with Ny = 1000; and the dotted lines for the infinite
equilibrium population. § = 10. Other parameters are the same as
Figure 3.

populations can be approximated as

CV(E) = 'Var("")‘ \ [ 60

when the number of loci is large. This suggests that
the sampling variance of o} is approximately x*-distrib-
uted as LANDE (1977) and LyncH (1988b) have as-
sumed. This is however realized essentially by Central
Limit Theorem for a very large number of loci. When
the number of loci is finite the sampling distribution
of 63 is not exactly x? even though we assume that x;’s
are independent and identical normal variables. This
is because gene frequencies are variables, not constant
(t.e., .2 pip: # X2 pif: although they are equal by
expectation) so that the population means with indef-
initely large samples, (2 3,3 §ix;)’s, are not symmet-
rically normally distributed (see Rao 1973, pp. 182-
197). When m is small (30) tends to underestimate the
coefficient of variation and the coefficient of variation
will depend on the distribution of allelic effects and
also the number of alleles for mutation at each locus.
Figure 5 plots the mean, variance and coefficient of
variation of genetic variance between populations for
three founder populations for a normal distribution
of allelic effects and the infinite allele mutation model
with m = 100. When populations start from a random
fixed founder population, the coefficient of variation
is significantly larger than that approximated by (30)
even for loci as large as 100. This would suggest that
if we perform population divergence experiments for
populations starting from a near fixed founder popu-
lation and use genetic variance between populations
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to estimate genetic parameters such as the rate of
input of genetic variance from mutation (LYNCH
1988a), it would tend to underestimate the sampling
variance of the estimate if the approximation (30) is
used. However, it seems that unless m is very small
the approximation (30) is sufficiently accurate for
prediction for populations starting from a heteroge-
neous founder population.

DISCUSSION

Previous analyses of the variance of genetic vari-
ances within and between populations concerned
mostly the establishment of simple and useful approx-
imations. This is the first systematic treatment of the
subject. Our results confirm some of previous approx-
imations, point out assumptions of simplified approx-
imations, and also reveal some problem of previous
analyses.

There are many differences between our analysis
and those by AVERY and HILL (1977) and BULMER
(1980) on the variance of genetic variance within
populations without mutation. Both AVERY and HILL
(1977) and BULMER (1980) treated only two alleles
and assume that allelic effects are fixed. We analyze a
general multiple allele model and assume random
allelic effects so that the results depend on the distri-
bution of allelic effects. This contributes to the differ-
ence between our and their results. We use identity
by descent measures in deriving the results. The ad-
vantage of that is that the exact solutions can be
readily obtained and the results apply to any number
of alleles and to any generation.

AVERY and HiLL (1977) and BuLMEr (1980) did
not distinguish between sample and population size.
They derived results by analyzing transition equations
for moments of the disequilibria rather than using
transition arguments just for descent measures and
translating these to observable quantities such as link-
age disequilibrium only in the sampling generation.
Also unlike BULMER (1976), BULMER (1980) included
only the gametic linkage disequilibrium in the de-
finition of the genetic variance due to linkage dis-
equilibrium and grouped the non-gametic linkage
disequilibrium into the Hardy-Weinberg disequili-
brium component. Thus he obtained the approxima-
tion of (5/3N)o> for the variance of the genetic vari-
ance due to linkage disequilibrium in the absence of
linkage (which should be (2/3N + 1/n)s4 in our no-
tation, including half of the sampling variance), and
(1/N)ds (should be (1/n)a}) for the variance of the
genetic variance due to “Hardy-Weinberg disequili-
brium.” Whereas the variance of genetic variance due
to linkage disequilibrium depends critically on linkage
structure, the sampling variance, predominantly due
to sampling linkage disequilibrium, is largely inde-
pendent of linkage structure.

Hardy-Weinberg disequilibrium exists only in sam-
ples. The lack of sample Hardy-Weinberg equilibrium
is to reduce the genetic variance on the average
slightly. The squared coefficient of variation of the
genetic variance due to sampling Hardy-Weinberg
disequilibrium is small and of order 1/Nn.

Initially the variance of genetic variance within
populations is mostly due to linkage disequilibrium
and sampling. Linkage disequilibrium is however a
transient phenomenon. In the long-run the variance
of the genetic variance is likely to be dominated by
the differentiation of populations on gene frequencies
since at equilibrium the squared coefficient of varia-
tion is 1/(4Num) + 2/3N + 2/n (LYNCH and HiLL
1986; this study) where the first term is due to genic
variance, the second due to linkage disequilibrium
and the third due to sampling. Thus, unless the total
mutation rate for the character mu is larger than
3/[8(1 + 3N/n)], the variance of genic variance will
be an important component in the variance of genetic
variance within populations in the long-run. Approx-
imately it takes about ¢t > 10m(1 — 6,,)/9 generations
for Var,(6%,) to become a dominant factor for orga-
nisms with a large number of chromosomes and N >
m. When N is of order m or smaller, the time needed
is shorter. (1 — 6, ) is the heterozygosity in the founder
population. If m is of order hundreds, m(1 — 6, is
likely to be of order tens. This time scale may be too
long for many short-term experiments. But there have
been some long-term experiments which lasted for
about 70 to 80 generations. In this time span the
variance of genetic variance within populations can
be dominated by the component due to genic vari-
ance. This feature of the dynamics of the variance
of variance has been overlooked in the previous
discussions.

The variance of genetic variances depends on the
distribution of allelic effects however. This is true
especially for the component of variance of genetic
variance within populations due to genic variance. In
the numerical analysis we used the normal distribution
of allelic effects. If the distribution is leptokurtic the
variance will be larger than that under the normal
distribution; on the other hand if the distribution is
platykurtic it will be smaller. It has been widely be-
lieved that the distribution of allelic effects is probably
not normal, but highly leptokurtic (e.g., ROBERTSON
1967). By using P element mutagenesis on Drosophila
melanogaster, T. F. C. MACKAY, R. LYMAN and M.
JacksoN (unpublished data) showed that the distribu-
tions of effects of P element inserts on abdominal and
sternopleural bristle numbers are highly leptokurtic.
If that is true in general, the relative importance of
the component due to genic variance in the variance
of genetic variance within populations will be greatly
enhanced as the shape of the distribution affects only
the terms within loci, not between loci.
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The expected sampling variance of genetic variance
between populations is approximately twice the ex-
pected variance squared divided by the sample size
minus one when the number of loci is large, as ex-
pected if the means of populations are normally dis-
tributed (LANDE 1977; LyNcH 1988b). This is, how-
ever, a consequence of Central Limit Theorem that
as the number of loci increases the distribution of sum
of gene effects approaches normal, irrespective of
underlying distributions of individual allelic effects
and frequencies.

We have analyzed only additive effects of genes. An
extension of the analysis to dominance is not a trivial
matter. The complete description of genetic variances
within and between populations with dominance for
a general multiple allele model adds four additional
components (COCKERHAM 1984; TAcHIDA and COCK-
ERHAM 1990). These components involve identity
measures of up to four genes. An analysis of the
variance of genetic variances with dominance would
then involve numerous variances and covariances of
different components and require identity measures
of up to eight genes within and between populations.
This analysis is currently being undertaken and will
be presented elsewhere.

The current analysis is also only for genetic vari-
ances. Variance of phenotypic variances within and
between populations will include environmental ef-
fects. This will then depend on the distribution of
environmental effects, whether there is genotype-
environment correlation and interaction, and
whether there are common environmental effects
between populations. For a very simple model in
which the environmental effects are independently
and normally distributed and there are no genotype-
environment correlation and interaction and no com-
mon environmental effects, the expected variance of
the phenotypic variance within populations will in-
clude twice the squared environmental variance and
the variance of the between-population component is
only trivially affected.

The analysis of variance of genetic variances within
and between populations is central to many questions
of quantitative genetics. It has important bearings on
designing experiments and interpreting experimental
results (HiLL 1980; LYnNcH 1988b); testing the neutral
model of phenotypic evolution (LANDE 1977); and
estimating genetic parameters, such as the rate of
input of new genetic variance by mutation, using
genetic variances within and between populations
(LyncH 1988a).

We thank HIDENORI TACHIDA, ANDY CLARK and MICHAEL
LyNcH for useful comments on the manuscript. This investigation

was supported in part by Research Grant GM 11546 from the
National Institute of General Medical Sciences.

LITERATURE CITED

AVERY, P. J., 1978 The effect of finite population size on models
of linked overdominant loci. Genet. Res. 31: 239-254.

AVERY, P. J.,and W. G. HiLL, 1977 Variability in genetic param-
eters among small populations. Genet. Res. 29: 193-213.

BULMER, M. G., 1976 The effect of selection on genetic variabil-
ity: a simulation study. Genet. Res. 28: 101-117.

BULMER, M. G., 1980 The Mathematical Theory of Quantitative
Genetics. Oxford University Press, Oxford, U.K.

CHAKRABORTY, R., and M. Ng1, 1982 Genetic differentiation of
quantitative characters between populations or species. I. Mu-
tation and random genetic drift. Genet. Res. 39: 303-314.

COCKERHAM, C. C., 1984 Covariances of relatives for quantitative
characters with drift, pp. 195-208 in Human Population Ge-
netics: The Pittsburgh Symposium, edited by A. CHAKRAVARTI.
Van Nostrand Reinhold, New York.

CockerRHAM, C. C., and H. TACHIDA, 1987 Evolution and main-
tenance of quantitative genetic variation by mutations. Proc.
Natl. Acad. Sci. USA 84: 6205-6209.

CockerHAM, C. C., and B. S. WEIR, 1983 Variance of actual
inbreeding. Theor. Popul. Biol. 23: 85-109.

Hiir, W. G. 1980 Design of quantitative genetic selection exper-
iments, pp. 1-13 in Selection Experiments in Laboratory and
Domestic Animals, edited by A. ROBERTSON. Common. Agric.
Bur., Slough, England.

LANDE, R., 1977 Statistical tests for natural selection on quanti-
tative characters. Evolution 31: 442-444.

LyNcH, M., 1988a The rate of polygenic mutation. Genet. Res.
51: 137-148.

LyncH, M., 1988b  Design and analysis of experiments on random
drift and inbreeding depression. Genetics 120: 791-807.
LYNcH, M., and W. G. HILL, 1986 Phenotypic evolution by neu-

tral mutation. Evolution 40: 915-935.

Rao, C. R, 1973  Linear Statistical Inference and Its Applications,
Ed. 2. John Wiley & Sons, New York.

ROBERTSON, A., 1967 The nature of quantitative variation, pp.
265-280 in Heritage from Mendel, edited by R. A. BRINK and
E. D. STYLES. University Wisconsin Press, Wisconsin.

SERANT, D., 1974 Linkage and inbreeding coefficients in a finite
random mating population. Theor. Popul. Biol. 6: 251-263.

TAcHIDA, H., and C. C. CocKERHAM, 1989 Effects of identity
disequilibrium and linkage on quantitative variation in finite
populations. Genet. Res. 53: 63-70.

TacHIDA, H., and C. C. CockERHAM, 1990 Evolution of neutral
quantitative characters with gene interaction and mutation, pp.
233-249 in Population Biology of Genes and Molecules, edited by
M. TAKAHATA and |. F. Crow. Baifukan, Tokyo.

WEIR, B. S., P. J. AVERY, and W. G. HILL, 1980 Effect of mating
structure on variation in inbreeding. Theor. Popul. Biol. 18:
396-429.

WEIR, B. S, and C. C. COCKERHAM, 1969  Group inbreeding with
two linked loci. Genetics 63: 711-742,

WEIR, B. S, and W. G. HiLw, 1980 Effect of mating structure on
variation in linkage disequilibrium. Genetics 95: 477-488.
WEIR, B. §., J. REYNOLDS, and K. G. Dopbs, 1990 The variance

of sample heterozygosity. Theor. Popul. Biol. 37: 235-253.

WRIGHT, 8., 1951 The genetic structure of populations. Ann.
Eugenics 15: 323-354.

WRIGHT, S., 1952 The theoretical variance within and among
subdivisions of a population that is in a steady state. Genetics
37:312-321.

Communicating editor: A. G. CLARK



550 Z.-B. Zeng and C. C. Cockerham

APPENDIX A: IDENTITY MEASURES

One locus

These identity by descent measures are dependent on the

mutation rate, u, the effective population size, N, and the initial

state of the populations. ¢ indexes the generation number.
Within population:

01, = 6, + AJAG 71, = i, + AsA] + A)h;
61‘ = 61:., + A4Atl + A“)\‘? + As)\é,
62‘ = 62,, + A7A’| + As)\lz + Aq)\tg

where
p=1-ug=1/2N, 8 = Ii[l (1 -8, h=p"B(i=1,2,3),
=
and
81, = p*8/(1 = M); v1. = p°B[8 + 36101 )/(1 = Ao}
81, = p*B[B* + 78B8:10:, + 6B2v1.)/(1 — As);
8o, = p*B[8 + 2(1 = 898, + 48271, )/(1 = As);
Av=0,,— 04 = 386141 /(M — o)y As =1, — 1. — Az
Aq=p*B[78B1A1 + 6B24A5]/(A1 — As);
As = 6p*BBoAs/(Aa = Na); Ag = 81, — 81, — Ay — As;
Ay = 2p*B[(1 — BHA; + 2B242]/(A1 — As);
Ag = 4p*BB2As/(Ag — A3); Ag = 82y — 8o, — A7 — As.
Between two populations:
01, = Bioi; ¥1,= Bow} + Bywh;
81,= 0%, + Ba\i + Bswh; 85, = Bew| + Byw} + Byuwh;
83, = Bew! + Bywh + Bows;
84, = Biow'| + Byywh + Bawh;
85, = Byaw) + Brywh + Byswh
where
w; = p’, we = p°B1, w3 = P83, ws = p*Ba,
and
By =0, B: = p’BB1/(w0) = w2); Bs = 71, = By;
By = 20*661A1/(\; — ws); Bs = by, — 03, — Bg;
Bs = p*B[BB1 + 28.B:2)/(w1 — ws); By = 20" B81Bs /(w2 — ws);
By = 6, — Bs — By; By = 6o, — B¢ — By;
Bio = p*B[8B:1 + 3B1Bs)/(w) — wa); Bi1r = 3p"BB1Bs/(we — wa);
By =81, — Bio — Bii; Bis = p*B[B1 + 26:1B2)/ (1 — wa);
B, = 2p*88,Bs/(wz — w4); Bis = 83, — B1s — Ba.
Among three populations:
¥y, = Cih; 81, = Cowl + Cavh; 85, = Cari + Copi;
8% = Covi + Corh
where

v, = p*, ve = p*B,

and
Ci = v1,; C2 = p*BB,/(w1 — va); Cs = 83, — Cy;
Cs = p*BC1/(11 — vg); Cs = 81, — Ca; Cg = &y — Ca.
Among four populations:
51 = bap™; 6F = b1,p™.

Two loci

Two locus descent measures #,, ¥, and 51 are discussed and
approximated in APPENDIX B. Others are given here, which
depend on the recombination rate, ¢, between a pair of loci ¢
and j.

§1,= E\ ¢ — 2Bt + *Eaph;
Yi=E} + (B~ 0)E2¢s + cSE35;
¥5,= Eqwl, + Esdb + Ecdy;
§1,= 0,81, + EvNy + Ezih; + g\
83=E\ ¢\ + 28E05 — B°Esth;
84, = Esw'; + Estph + Eodl;
F1=E106} + En18%; 61, = Ero¢' + E120%;
83 = Eqwli + E1sdh;
817 =81,0%
where
&1 = pipl, ¢ = pipi(1 — B), &s = pipf(1 — B —¢),
ds = p2p}(1 = B — c)(1 — 2B), ¢s = pipi(1 — B — ¢)?,
and
E\ = (8%, + 2c8%,, + c28:)/(c + B)%
Ey = —(86,, + (c = B)A1, — ¢br)/(c + B
Ey==(61, — 291, + 81,)/(c + B)*;
Ey = pip}B0,,/ (@i — d2);
Es = [(81 — BoY¥1, + (1 — 28)3,,)/[81 — Bz + (1 = 26)] — Eq;
Es = o(1 = 28)(%1, — 81)/[81 = B2 + e(1 = 2B)];
Eqi = p}oiB(1 — 8)01,, — 01,/ [Mi(1 — Ay);
Enyg = 81y = Eny — Egji = 01,01..;
Eo = —(8: — B2)¥1, = 81,)/[B1 — Bz + (1 = 2B));
Evo = (%1, + B1,)/(B + ) Eni = c(¥1, = 51,)/(B + c);
Evs==B(F1, = 81,)/(B + ¢); Eva = 81, ~ Ea.

APPENDIX B

An Approximation of variance of linkage disequilibrium:
Here we approximate the variance of linkage disequilibrium
74 = 6, — 2%, + 6,. For monoecious mating population, the
transition equations of identity disequilibrium measures

m = 51 - alolf N2 =7 = 91,01], N = 8 — 01,01,

are (SERANT 1974)
Q= P?PJQ[AQ: + Bt]
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where
m 1
Q= n [ B =(1 =601~ 60,)8(1 = ¢ +c*~B)| 0
N3 0

(1= 2 -8+ 28 2¢(1 — )1 — 28)
A=|B1—c—B+28) (1—280(1~c— B+ 4Bc)
26%1 - B) 48(1 — B)Y(1 — 2B)

SERANT found that the eigenvalues of matrix A are
er = (1 — 26) + 0(6%),
eo=1—¢—B5 — 2) + 0B,
es = (1 — ) — B(3 — 4¢) + O(BY).

This suggests that for large N we can approximate the
eigenvalues as ¢, = (1 — 28), eo = (1 — 28)(1 — ¢), and e3 =
(1 = 28)(1 — ¢)* or equivalently the matrix A as

(1 -0 21 —c) c?
A=( - 28 0 (-0 ¢
0 0 1

for a simple solution. With this we obtain the approximation
N4, = P6Na,

(1 —-cf+?

Taa = (1 = 6101 = 0u) = 91 = 6,1 ~ 6,

where ¢s = p?p}(1 — 26)(1 — ¢)®. This result agrees with the
approximations of SERANT (1974), AVERY (1978) and WEIR and
HiLL (1980) at equilibrium. Ignoring recurrent mutation and
assuming 74, = 0, this can be further approximated as

LU= e g
M= N2 = 0 [1 = (1~ 1 —8,X1 —6,).

The accuracy of the approximation depends very much on N
and ¢. When N = 20, the approximation is very good for
¢ = 0.5 all time and is generally satisfactory for ¢ up to one or
two N generations. As ¢ decreases, the approximation breaks
down more quickly.

APPENDIX C

Analysis of sampling effects: With sampling the expectation
of variance of genetic variance within populations contains three
level expectations: ¥ with respect to the x’s, %, with respect
to the sampling within populations and % over all replicate
populations. After taking the expectation %, we take the ex-
pectation %, on the sampling gene and genotypic frequencies.
This is done based on the assumption of multinomial sampling
of individuals from a replicate population. For example

E(PY = Py, KPL) = P, £p) = h
and
Var,(Pi) = PK1 — Pi)/n,
Var(Pi) = Pi(1 — Bi)/n, Varp) = p(1 — $)/2n

since linear combinations of multinomial variables are still mul-
tinomial. For functions like Pi$2, however, we need to use the
definition (15) to analyze the expectation of

2
ﬁ::(ﬁ:: + % Yy 13;‘-:)

i<j

(1 - 28)
ol — 26)1 — 38)
(1 =81 —28)1 — 38)

based on multinomial theory. For functions involving gene
frequencies from two loci, we need to use

po=Ph+ 3 P
A<d

+ 3T P+ % 2(13}: + 2(131-:7 + 13}.;‘) + 3T A;T)
{,msth i<j r<l fyiord
go=Ph+ 3 Py

i<f

+ 33 P+ ):(13:37 + z(ﬁ;‘% + ﬁ}i) +33 13}-‘:‘)

Jonsti k<t i<f Jonoki
and

Bi =P+ 3 P+ 33 P
k<l Lomk

After taking the expectation %, we then take the expectation
% over all replicate populations and express the results in terms
of identity by descent measures for the infinite allele mutation
model. We utilize the fact that the populations are expected to
be at the Hardy-Weinberg and linkage equilibria by the as-
sumption, although samples from the populations are not. Thus,
for example, in taking the expectation of Z,2Z,., we perform
the following analysis

Fldo= BE LT Prx?Y pix?
i 7
= %%{Zﬁ;ﬁfm + Zzﬁiﬁfa:}
i is

2
- %%{zﬁ:ﬁ:(ﬁ:: ALAM

i<j

2
+zzﬁ::(ﬁ;ﬁ: +Ya zf){:) a:}
<k

i)

= %%{(21":&” +IT PP+ i ST PP

i<j i<j

+%zzzﬁﬁﬁﬂm

i< ik k]

+(22ﬁ:3:1351:2+ ST PLPLPL + T Y PiPy2

i) ihf <k ij <k

+% XX I"S:f’{'.ﬁ%:)a:}

inkf jock,jo<t, Lk

LIFTNE-N S | N O i-
= b{g(ﬁﬂﬁ 2n(1 n)P,.(P..+/2i§jPJ_)
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+( 1 —%)(1 —%)15:1:(15:3: +%§ﬁ}:>2)ﬂ4
+§;,E< ln (1 —%)15:1:15;1:

+2ln(1 —%)15:1:(1"51: + 1/"’,5 ﬁaz>+ (1 —i)

(1-3)1»-( l/zzm)g)}

L
+(1 —%)(1—% ﬁ?)m

+z#]z( ( i)ﬁ?ﬁ%%(l—%)ﬁ?ﬁj
o1 -5)(1 -2 ﬁ?ﬁf)vi}
O

R PR A A P

Here we list the expectations of all the gene and genotype
frequency functions required for analysis of sampling variance

of genetic variance within populations.

One locus:

KETpI=(1-h+a
%%;pﬁ:=(1 —2a)y,+2ab:;
KRTP!=(1-a)(1-2a)y:+3a(l —a)f +a%
%%;ﬁ:ﬁ:?=(1—2a)a.+2ao.;
%%;ﬁ?ﬁ:: =(1—2a)(1 —3a)d; +5a(1 — 2a)y) +4a26;;
KATHI=(1-0a)1-2a)(1 -3,

+6a(1—a)1—2a)y,+7a%(1 —a)f; +a
%%Z_ﬁiﬁ;=(1-a)(1‘al);
BET P} =(1-2a)6: —1);

ivkf
%%Zﬁ-ﬁf#l—a)(l—2a)(01—71)+a(1-a)(1—01);
y%zP'PJ =(1—2a)(82—8);
y%zP'Q—m—ana?—a )+2a(1—6,);

%%z_pfpg».—(l-?axl —3a)(3,— 1)+ a(l — 200, —7);

KL PP} =(1 - 201 ~3a)E:—b)
’ +2a(1 —2a)(8, —v1) +a*(1~61);

KL T 1P} =(1-a)(1 ~2a)(1 ~3a)o2 = b)

+20(1 —a)(1 = 2a)(61 —71) + o*(1 = a)(1 ~81);

%%,Zﬁézﬁ:i:a,;
%%);ﬁﬁ21=71;
%%;ﬁiﬁi=ol§
%%;ﬁ?ﬁ::a —a)d +avi;
%%;ﬁ.ﬁ?=(l—a)ﬁn+a0l;
%%;ﬁ?ﬁh(l —a)25;+2a(l —a)yy; +a®0;;
BLTi=(1-a)1-20)01+3a(l—a)n, +a%;;

BET PP =8,—5,; BEY PP =2(5,—0));
i<f

i

%%Zﬁiﬁf:ﬂx—’h;

L]

BEIpF=1-0:;
ivtf

BET PP =(1—a)(Be—81)+ (B —71);

i

%%Zﬁ"ﬁfﬁ}: =(1=a)(d2—5);
HHA gﬁiﬁ;ﬁiﬁF(l —a)¥(82—0y);
¥y
KK, E_ﬁsﬁf:@ — )61 —71)+ (1 —8y);

BE T I =(1— )’ (32— 01)+2a(1 )b = 71)

+a’(1-0));
HETPibPi=(1—a)1—2a)(8:—51)
L)
+a(l —a)(0|—-‘y]).
Two Loci:

BE 22‘: piél« =1

KK, E%‘, pPL=0:
HBAEILbgi=(1 - o)y + o5
KK zﬁ: ;"‘.3:13:2 = (1 — 2a); + 2afy;
£, 2*2 PP = (1 = 2a)(1 — 3a)5,
H + 4a(l — 20)9: + 2a%6, + aby;

KL TY (P + Puy

= (1 — 2a)b, + 2(1 — 2a)¥, + 6, + 4ab, + 20;

BE, z; (P* + Piopde = (1 — 2a)1 — 3a)d,

+ (1 — 46)% + of, + 4a(1 — a)f; + 2a%

%%Z§ﬁ?‘i?=(1 —a)(1 —2a)(1—3a)é,
+4a(1—a)(1-2a)7,

+20%(1 —a)d; + 20(1 — o)ty + a2
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BREITpG=1; %%;gﬁ,ﬁ:k#]; LE ) B* + Pipgs = (1 — &), + 71 + aby;
%%;;M%(l —a)f +a; B ):; bbdir = (1 — )%, + 2a(1 — @)y, + a%b;;
BRILPP =i RE TE PGl = (1 = @) + 2a(l — o)y + o
%%;){,ﬁ?ﬁ:k#l—a)gﬁaol; 7L E,:Ek: Piasge = (1 — a)1 = 22, + 2a(1 — @)1 + ab
BE TTE* + PoyP* + Py =8, + 2y + 0y; where « = 1/2n, and n is the sample size in a replicate popula-
ik tion.



