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ABSTRACT 
A theoretical analysis  of the  effects of inversions  on  recombination  and  gene flux between arrange- 

ments  caused by gene  conversion  and  crossing over was carried  out. Two different  mathematical  models 
of recombination were  used:  the  Poisson  model  (without interference)  and  the  Counting model  (with 
interference) . The  main  results  are  as follows. ( 1 ) Recombination  and  gene flux are highly site-depen- 
dent both  inside  and  outside  the  inverted  regions. ( 2 )  Crossing  over  overwhelms  gene  conversion as a 
cause of gene flux in  large  inversions,  while  conversion  becomes  relatively significant in  short  inversions 
and  in  regions  around the breakpoints. ( 3 )  Under the Counting  model  the  recombination  rate  between 
two markers  depends  strongly on the position of the  markers  along  the  inverted  segment.  Two  equally 
spaced  markers  in the central  part of the inverted  segment have less recombination than if they are in 
a more  extreme  position. (4) Inversions affect recombination  rates  in  the  uninverted  regions  of  the 
chromosome.  Recombination  increases  in  the  distal  segment  and  decreases in the  proximal  segment. 
These results provide  an  explanation  for a number of observations  reported  in  the literature. Because 
inversions  are  ubiquitous  in  the  evolutionary  history of many  Drosophila  species,  the  effects of inversions 
on  recombination  are  expected to influence DNA variation  patterns. 

A considerable  effort has been devoted during  the 
last decade  to describe and  interpret patterns of 

DNA variation in the  genus Drosophila ( KREITMAN and 
WAYNE 1994). Perhaps the main conclusion drawn 
from  these studies is that  recombination affects levels 
of polymorphism, explaining about one-quarter of  vari- 
ance  among genes  in  nucleotide diversity (BERRY et al. 
1991; BEGUN and AQUADRO 1991, 1992; AGUADE and 
LANGLEY 1994; MORIYAMA and POWELL 1996). Genes 
located  in regions of the  genome with low levels  of 
recombination have low  levels  of polymorphism, due 
either to hitchhiking with favorable mutations ( KAPLAN 
et al. 1989; AQUADRO and BEGUN 1993; AQUADRO et al. 
1994)  or  to  deleterious  background  selection 
(CHARLESWORTH et al. 1993; CHARLESWORTH 1994; 
HUDSON 1994; HUDSON and -LAN 1995). About 
three  quarters of  all Drosophila species, including D. 
melanogaster, are polymorphic for  paracentric inversions 
(SPEFUICH and PFRIEM 1986; KRIMBAS and POWELL 
1992), which reduce  recombination in the  hetero- 
karyotypes and move genes from one chromosomal re- 
gion to another in the homokaryotypes ( STURTEVANT 
and BEADLE 1936). Thus, inversions are  an  important 
factor  to be considered when interpreting  patterns of 
DNA variation both within and between species. 

Inversions reduce  recombination within the inverted 
region of heterokaryotypic females for two reasons: ( 1 ) 
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chiasmata are partially inhibited by the inversion loop 
(ROBERTS 1976; COYNE et al. 1991, 1993)  and  further, 
( 2 )  when crossovers do take place, they most often give 
rise to unbalanced meiotic products ( STURTEVANT and 
BEADLE 1936; ROBERTS 1976).  The recombination re- 
duction, however, is not complete because viable re- 
combinant gametes may arise by double crossing over 
( STURTEVANT and BEADLE 1936; SPURWAY and PHILIP 
1952; NOVITSKI and BRAVER 1954; LEVINE 1956)  and by 
gene conversion ( CHOVNICK 1973) . The relative impor- 
tance of double crossing over and  gene conversion as 
causes of recombination in inversion heterozygotes is 
unclear. Typically crossing over overwhelms gene con- 
version as a  recombination  force,  but this might not 
hold  in inversion heterokaryotypes if the  rate of gene 
conversion were much  higher  than  that of double cross- 
ing over. That  gene conversion can be the  important 
recombination  source  in this case is suggested by the 
thorough  experimental analysis of recombination  at  the 
rosy locus of D. melanogaster ( CHOVNICK  1973) and by 
recent  population DNA variability  surveys of the rp49 
locus of D. subobscura ( ROZAS and AGUADE 1993, 1994) 
and  the amylase gene  region of D. pseudoobscura (Po- 
PADIC and ANDERSON 1995) . 

Inversions also affect recombination in the  nonin- 
verted segments of the heterokaryotypic chromosome. 
Outside  the inverted region,  recombination rates are 
usually  very  low near  the  breakpoints and increase grad- 
ually  as one moves away from them. In some cases, 
recombination may be even increased, relative to the 
homokaryotypes, in regions of the chromosome  far 
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away from the inversion ( GRELL 1962; LUCCHESI and 
SUZUKI 1968). An asymmetrical reduction of recombi- 
nation has often  been observed between the proximal 
and distal regions of inversion heterokaryotypes. Some- 
times the  reduction is higher in the distal segment (e .g . ,  
ROBERTS 1962), whereas in  others  the  reduction is 
stronger in the proximal segment (CARSON 1953 and 
references therein). These observations have  always 
been  interpreted  in terms of the effect of chromosome 
inversions on chromosome  pairing and chiasma forma- 
tion ( ROBERTS 1976) . However,  they might be caused, 
at least in part, by the  simultaneous  occurrence of  cross- 
overs in the inverted and proximal regions of the  chro- 
mosome that  produce  unbalanced gametes (PTASHNE 
1960; ROBERTS 1976). This possibility has never been 
explored  in  the  literature. 

So far, no detailed  theoretical analysis  of the effect 
of inversions upon  recombination inside and outside 
the inverted region has been  carried  out. This paper 
aims to help fill  this vacuum. When  dealing with inver- 
sion heterokaryotypes, a useful distinction may be made 
between recombination and flux. Recombination im- 
plies at least two markers or sites and refers to the 
generation of gametes with  allelic combinations  not 
present in the  parental chromosomes. Flux is defined 
as the probability of a site being  transferred from one 
chromosome  arrangement to another  during meiosis 
in heterokaryotypic females. Thus, flux can be consid- 
ered a special case  of recombination:  that taking place 
between a specific marker or site and  the inversion itself 
(the  other  marker). 

Using two different mathematical models of recombi- 
nation  (with and without  interference) we derive the 
expected rates of recombination and gene flux caused 
by crossing over and conversion inside and outside  the 
inverted segment of heterokaryotypes. Specifically, the 
objectives  of our analysis are as  follows: (1 ) to assess 
the relative importance of the two recombination fac- 
tors, ( 2 )  to describe the  pattern of recombination and 
flux site by site along  the  chromosome, (3) to compare 
the rates of recombination and flux between homo- 
and heterokaryotypes, and (4) to compare  the two re- 
combination models as potential  explanations  of  the 
available recombination  data. 

These two models of recombination are  the Poisson 
model ( HALDANE 1919)  and  the  Counting  model ( FOSS 
et al. 1993).  The former  model  ignores  the well estab- 
lished fact of chiasma interference ( MATHER 1938; see 
JSARLIN and LIBERMAN 1994 for  a  recent  review). In 
inversion heterokaryotypes, interference is expected to 
be especially relevant because single crossovers do  not 
generate  recombinant gametes and  double crossing 
over becomes the  important event. To ascertain the 
effect of interference, we have used the  Counting 
model. Among all the models of interference so far 
proposed, this is the model providing the best fit to 
the vast amount of recombination  data  gathered from 

Drosophila and Neurospora (Foss et al. 1993; MCPEEK 
and SPEED 1995; ZHAO et al. 1995). Thus,  although 
some of its predictions  concerning  gene conversion are 
not fulfilled in Saccharomyces, it still is the best choice 
for Drosophila species (Foss and STAHL. 1995). 

MODELS AND PARAMETER VALUES 

In  a meiotic tetrad,  potential or intermediate recom- 
bination events ( C events, see Table 1 for  a list  of  sym- 
bols) can be resolved either as conversions with  associ- 
ated crossover ( C ,  events) or as conversions without 
associated crossover ( C, events) ( MORTIMER and FOC~EL 
1974; FOSS et al. 1993; FOSS and STAHL 1995). Let m be 
the average number of G’s for each C,. If A is the 
average number of C events in  a  chromosomal  region, 
the average number of C,’s will be A/ ( m  + 1 ) .  In our 
analysis, C events are always assumed to be indepen- 
dently (Poisson)  distributed  along  the  chromosome 
and  the specific distributions of G’s and GI’s determine 
the  particular  recombination model. We consider  a het- 
erokaryotype for two arrangements  that differ by a sin- 
gle paracentric inversion. The presence of the inversion 
delimits three segments in  the involved chromosomal 
arm, proximal ( P )  , inverted ( I )  and distal ( D )  ; each 
with its own X (Figure 1 ) . Also, any two markers A and 
B inside a given region divide it into  three  different 
segments whose lengths are a,  ( p  - a )  and ( 1 - p )  , 
where a and p are  the  genetic distances of the two 
markers from one of the inversion breakpoints (the 
nearest  breakpoint when dealing with uninverted re- 
gions) relative to the  length of that  region, 0 5 a 5 p 
5 1 (Figure 1 ) . A and mare assumed to be independent 
of the  presence of chromosomal inversions and, thus, 
for any  given region, they are  equal  in  homo- and het- 
erokaryotypes. Also, we assume that  there is no  chroma- 
tide interference. 

Poisson model: This model ( HALDANE 1919 ) as- 
sumes that  recombination  intermediates ( C events) re- 
solve randomly either as C, events, with probability 1 / 
( m  + 1) , or as C, events, with probability m/ ( rn + 
1 ) . Accordingly, both crossovers and gene conversion 
events follow a Poisson distribution with parameters X /  
( m  + 1) and X, respectively. 

Counting model: This model ( FOSS et al. 1993) con- 
ceives  crossing-over interference as the  outcome  of  a 
“machine”  that  counts as  follows. If a  random C re- 
solves  as a C,, then  the  next m C’s must resolve  as C,, 
events.  After the m G,’s, the  next C must resolve  as a 
C , ,  and so on.  Thus,  the  machine  generates  a rigid 
sequence of C, and G, events along  the  chromosome: 

- C, ( G) ,C, ( G) mC,- e .  To make the whole pro- 
cess stationary, the m + 1 possible C, ( GI),,, patterns 
( i . e . ,  - * C,, C , , C , *  - C&, * * * , C,,C;,. - - C , )  must 
be considered equally probable.  Therefore,  interfer- 
ence results from the rigidity of the  sequence  that 
makes it dependent  on  the genetic distance rather  than 
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TABLE 1 

Meaning of symbols 
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Symbol Meaning 

Potential recombination event 
Crossover event (a conversion event is  always associated with it) 
Conversion event  without associated crossover 
Number of C;’s relative to  the  number of C,’s. In  the  interference  model,  number of C;,’s 

Number of C events in the inverted ( k )  and proximal (n) segments of a  tetrad 
Average number of C events in a given chromosome  or region 
A in the inverted,  proximal and distal regions, respectively 
Proportion of balanced and  recombinant gametes produced by heterokaryotypic tetrads with i 

C,’s in the inverted and j C,’s in the proximal segments 
Probability of viable gametes produced by an heterokaryotypic female 
Probability of a number, i, of C, events inside the inverted  region 
Probability of a number, j ,  of C, events in  the proximal  region 
Genetic distances from markers A and B, relative to  that of the  chromosome region  in which 

between two consecutive C,’s 

they lay, to (1) an arbitrary breakpoint when inside the inverted  region or (2) to  the nearest 
breakpoint when outside the inverted  region 

Recombination between (Y and P caused by crossing over inside or outside the inverted  region 
Recombination between a and /3 caused by conversion 
Gene flux caused by crossing over per site and  per  generation inside and outside the inverted 

Gene flux caused by conversion per site and  per  generation 
Total gene flux per site and  per  generation 
Number of G’s between the proximal  (distal) inversion breakpoint  and  the nearest C, event to 

region 

the distal (proximal) direction of the  breakpoint 
m, A,) Average relative length of a double crossing-over tract given rn and A, 

L,, Lp, L,, Length of the inverted,  proximal and distal chromosome regions  (in bp) 
Average length of a conversion tract (in  bp) 

the physical distance. Note also that chiasma interfer- 
ence affects only crossing over ( C, events)  but not  gene 
conversion, which remains  unchanged.  That is, the 
probability of conversion points is Poisson distributed 
with parameter A. 

Parameter values: Although the formulae we derive 
in this paper  are  general, we  will illustrate and discuss 
them using data from Drosophila because most of the 
evidence on inversions and recombination comes from 
this genus. For D. melanogaster, HILLIKER and CHOVNICK 
( 1981 ) and HILLIKER et al. ( 1991 ) have estimated m 
4 (i.e., four C, events are  expected for each C, event) 
at  the rosy locus. Furthermore, using classical recombi- 
nation  data for many Drosophila loci, Foss et al. ( 1993) 

and MCPEEK and SPEED ( 1995) have found  that a 
Counting  model with m = 4 allows for  the best fit to 
the observations. The average length of a gene conver- 
sion tract has been estimated to be 352 bp in the rosy 
locus of D. melunoguster ( HILLIKER et al. 1994)  and 122 
bp in the rp49 locus of D. subobscura ( BETRAN et al. 
1996).  The  former estimate is based in many more  data 
and will be used here. 

The D. melanogastergenome has an estimated size  of 
165 Mb,  two-thirds of which ( - 120 Mb)  are  euchro- 
matic (MERRIAM et al. 1991; HARTL and LOZOVSKAYA 
1994). However, other species have larger  genome 
sizes. For instance,  the  genome of D. vim’lis is -313 
Mb long, with  150 Mb  of euchromatin (HARTI. and 

FIGURE 1 .  “Regions un- 
der study. Every one has its 
own A (average  number of 
C events). A and B are 
two markers and a and ,8 
are  their genetic distances 
from  the breakpoints (rela- 
tive to that of the  region). 

Proximal Region (b) Inverted Region (A,) Distal Region (A,,) 
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LOZOVSKAYA 1995). A typical D. melanogaster chromo- 
somal element  (excluding  the  dot  chromosome) has 
between 24 and 30  Mb.  An average inversion captures 
one-third of a  chromosomal  element if the two 
breakpoints arise independently ( FEDERER et al. 1967). 
Therefore, we  may consider  the  length of a typical para- 
centric inversion as between 8 and 10 Mb. 

The genetic  length of the five chromosomal elements 
of B. melanogaster (excluding again the  dot  chromo- 
some) ranges from 47 to 73 cM, the average length 
being 56 cM ( LINDSLEY and ZIMM 1992), but  chromo- 
somes can be up to twice  as long  in  other Drosophila 
species. For example, D. vim’lis Xchromosome measures 
171 cM ( GUBENKO and EVGEN’EV 1984). This means 
that -1.1 -3.4 G’s are expected  per meiosis and  per 
chromosomal  element. Given that  the average inversion 
captures one  third of the  chromosome,  a reasonable 
range of  values for the average number of C;’s in  the 
inverted region ( A /  ( m  + 1)  ) is between 0.4 and 1.1. 
Accordingly, if m = 4 (see above) , the  corresponding 
number of C’s within the inversion ( A , )  will be between 
two and six. 

RESULTS 

Probabilities of unbalanced  and  recombinant ga- 
metes in heterokaryotypes: Let P, be the probability of 
i crossovers in the inverted segment; PPI, the probability 
of j crossovers in the proximal zone; and Po, the  proba- 
bility  of i and j crossovers in the inverted and proximal 
segments, respectively. We neglect  the small probabili- 
ties  of more  than two crossovers in any  of the two re- 
gions, therefore i ,  j = 0, 1 or 2. Under  the Poisson 
model, P,l can be easily derived using the Poisson distri- 
bution as  follows: 

Under  the  Counting  model, however, the rigidity of 
the - C, ( G); - - sequence makes Ppj dependent 
on  the  number of crossovers in the inverted segment. 
The expression for P2, under this model is derived in 

Single crossovers  within the inversion loop  produce 
acentric  fragments  that  are lost and dicentric  chromo- 
somes that form a  bridge  at  anaphase 1. Because of the 
ordered oogenesis in Drosophila females, unbalanced 
chromosomes are always set into  the polar bodies and 
no inviable zygotes are  produced  (STURTEVANT  and 
BEADLE 1936; CARSON 1946).  On the  other  hand, dou- 
ble crossovers  within the inversion loop  produce I /  
4 of unbalanced gametes because four-strand double 
crossovers (probability 1 / 4 )  yield 100% unbalanced 
gametes (STURTEVANT and BEADLE 1936; ROBERTS 

APPENDIX A .  
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FIGURE P.-Four  examples of Anafase I1 configurations 
produced by a sample of four  different  combinations of cross- 
overs  involving  the proximal and  inverted  segment. Anafase 
I1 bridges in cases a, b and d will produce a fraction of unbal- 
anced  gametes ( 1 and 1, respectively). 

1976). As shown in Figure 2a, unbalanced gametes are 
also generated in proportion 1 / 4 when two crossovers, 
one within the inversion loop  and  another in the proxi- 
mal region, take place simultaneously (PTASHNE 1960; 
ROBERTS 1976).  Other combinations of crossovers in 
the inverted and proximal segments of an heterokaryo- 
type for  a  paracentric inversion also produce unbal- 
anced gametes in variable proportion  (Figure 2, b-d; 
Table 2 ) .  Let pL1 be the  proportion of balanced gametes 
when there  are i G’s in  the inverted segment  and j 
(A’s in  the proximal segment  (Table 2 ) .  The average 
proportion of balanced gametes when there  are i C,’s 
in the inverted zone ( p i )  is given, for  the Poisson 
model, by the following expression: 

Combining  the probabilities of zero, one  or two cross- 
overs in  the inverted and proximal regions, PI,, with 
their  correspondent ps’s, we obtain the following pro- 
portion of  viable gametes: 
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TABLE 2 

Expected  gametes  produced by meioses with different numbers of crossovers in a Drosophila  female 
heterokaryotypic  for a paracentric  inversion 

Crossovers 

Inverted Proximal  Unbalanced 
segment segment Parental Recombinant  Total (P,) gametes 

Balanced  gametes 

1 0 1 0 1 0 
1 3/4 0 3/4 1 /4 
2 7/8 0 7/8 1/8 

2 0 3/8 3/8 3/4 1/4 
1 5/16 5/16 5/8 3/8 
2 11/32 11/32 11/16 5/16 

Parental and  recombinant  are  referred to the inverted segment. 

E L  x:=, PqPq 
x;=, x:=, Pg . P ,  = ( 3 )  

As shown by expression ( 3 )  , natural selection is ex- 
pected to act against inversions due to the semisterility 
of heterokaryotypes, the maximum selection coefficient 
against the heterokaryotype being s = 1 - P,,. The selec- 
tion expected against paracentric inversions is mild but 
increases with both  the  genetic  length of the inversion 
and  the  length of the proximal region, i.e., its distance 
to the  centromere  (Figure 3 )  . 

Recombination and flux inside the inverted region 
caused by double crossing over: Poisson model: Given 
two independent crossovers in  the inverted region of a 
given gamete,  the probability that  the two markers A 
and B  recombine, i.e., the probability that one of the 
two C,’s lies inside the A-B region and  the  other  one 
outside it, is 

where a and /? are  the  genetic distances of the two 
markers from one of the inversion breakpoints relative 
to  the length of the inversion (Figure 1 ) . Therefore, 
the recombination probability of the two markers is 
derived multiplying expression ( 4 )  by P2, p 2  and 
and dividing by the probability of  viable gametes, P,: 

It follows from ( 5 )  that,  for  a fixed distance between 
A and B, &.x ( a ,  p )  is constant and does not  depend 
on  the position of the two markers. 

The flux caused by double crossing over for any site 
B in the inverted region, QCx ( p ) , is a particular case 
of recombination and can be readily derived from ( 5 )  
making a = 0. Figure 4 shows a graphical representa- 
tion of ( p ) as a  function of p for realistic values  of 

parameter X I .  Flux reaches its maximum at  the  center 
of the inversion and decreases, following a  parabola, as 
we move away from the center; it is null  at  the 
breakpoints. 

Counting model: Given k C events and two C, events 
inside the inverted region,  the probability of recombi- 
nation between A and B, RCx(a, P )  , is obtained by 
adding up the probabilities of all  possible combinations 
of C,’s and G’s that allow for  a single C, to be inside 
the A-B segment. The result (APPENDIX B, expressions 
A7 and  A8) is not simple because the rigidity  of the 
- - - C, ( G ) ;  - * sequence must be taken into  account. 

While the Poisson model predicts constant recombi- 
nation values along the  entire inverted segment,  the 
Counting  model predicts that  recombination rates will 
depend strongly on XI and  on  the position of the mark- 
ers  along the inverted segment  (Figure 5a) . The reason 
for this is that  double crossover tracts are  longer under 
the  Counting  model  (see APPENDIX C, for mathematical 
proof). Long  double crossover tracts make two markers 
very difficult to separate when both of them lie in a 
central position and, thus,  their  recombination  rate can 
be smaller than when they are in more  extreme loca- 
tions. 

The rate of flux for each site B, ( p )  , can be 
derived, as above, replacing a = 0 in expression (A8). 
When @Cx ( p )  is compared with the  function previously 
obtained  for  the Poisson model, it proves to  be  more 
sensitive to changes in XI (Figure 4 ) .  The Counting 
model predicts greater flux than  the Poisson model 
for XI > 4 (approximately)  and smaller flux than  the 
Poisson model  for AI < 4. The explanation of this fact 
is again related to the  higher average length of double 
crossover tracts under  the Counting  model (APPENDIX 

c). When an inversion is short, it is  very difficult for 
two C,’s to be inside it because ( m + 2)  C’s must also 
be  present, so that flux is  always small in short inver- 
sions. On the contrary, in long inversions the rigidity 
of the model increases both  the probability of two G’s 
in the inversion and  the  length of the  transferred  tract. 
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C o ~ ~ t i n g M o d c l  ”” Poisson Modcl 

0 2 4 6 8 1, 
‘ 0  20 40 60 80’ cM 

FIGURE 3.-Maximum  selection  coefficients  caused by the 
production of unbalanced gametes in paracentric  inversions 
of different  genetics  lengths ( hp = 0, 2 and 4 from  the  lower 
to the higher line). - - -, Poisson  model; - , Counting  model, 
interference  pattern m = 4. 

CountingMode.1 - - - Poisson Model 

0 0 . 2  0 .4  0 . 6  0.8 1 

Relative  Position (p) 
FIGURE 4.-Exact flux probabilities  due to double crossing 

over for any  position p inside the inverted  region. - - -, Poisson 
model; - , Counting model,  interference pattern m = 4. (h,, 
= 5 ) .  

Flux and  recombination  inside  the  inverted  region 
caused by gene  conversion: Poisson model: Given a  con- 
version event, the  longer its tract  length,  the larger its 
recombination effect. Let LCT and L1 be the  expected 
length in bp of a conversion tract and of the inverted 
segment, respectively.  Assuming unbiased conversion 
and  no postmeiotic segregation, every C event in a tet- 
rad  generates 1 / 4 “converted” gametes (see DISCUS 

SION) and  an approximate expression for the flux per 
nucleotide  per  generation caused by gene conversion 
(ac )  is 

Because LT < L,, the  edge effect of inversions is negli- 
gible, and expression ( 6 )  is  valid for virtually  every site 
within the inversion. If two sites are  farther away than 
the average conversion tract  length, simultaneous con- 
version of the two sites can be neglected because of  its 
extremely low probability. Then,  the conversion-caused 
recombination between any two sites is the  addition of 
the conversion probabilities of the two sites. That is, ( 6 )  
must be multiplied by 2 to obtain  the  recombination 
probability, &. 

Counting model: Interference affects gene conversion 
rates because the unbalanced gametes produced by 
crossing over do  not contain  a  random  number of C 
events. The average number of C events that  occur in 
the  balanced gametes (effective average number of C 
events), is 

1 

pa 
ATK = - [ Convo + plConvl + psConvs], ( 7 )  

where Conv, is the average number of C events given i 
G’s inside the inversion, 

7n e- h I, ‘X1 ( m +  1)  - k 
Cony, = - 

k !  m +  1 k ,  
k=O 

When comparing XI and Xf“ along  a realistic range of 
XI values ( 2 < X, < 8)  , the  order of magnitude of the 
predicted QC never changes, so that,  for  our  purposes, 
( 6 )  is approximate  enough. 

Total flux inside  the  inverted  region  and  equivalence 
points: Poisson model: A single parameter, @Tc,t:,l ( p )  , 
jointly describing the total flux caused by gene conver- 
sion and  double crossing over can be defined for every 
position in the inverted region  adding up ( p )  and 

Note that while the flux caused by conversion events 
depends  both  on  the physical and  on  the genetic length 
of the inversion, the flux caused by double crossing 
over depends exclusively on  the genetic length of the 
inverted region. The p values at which conversion 
equals crossing over as a cause of flux (equivalence 
points, PC<,) can be obtained by solving the  equation 

( p )  = for p. There  are two Peq values. Let us 
focus on  the  one closest  to the proximal breakpoint. 
Higher pCs values  imply an increasing relative impor- 
tance of conversion over crossing over as a cause of gene 
flux inside the inverted region. In general, crossing over 
is the  dominant force in the  central  region, while con- 
version becomes important  near  the  breakpoints (Fig- 
ure 6a) .  Figure 6b shows Peq for several  values of XI. 
Only for very  tiny inversions (X, < 0.1, which means < 
1 cM when m = 4 )  would gene conversion be the main 
cause of flux along  the  entire inverted segment. 



Recombination  and  Gene Flux in Inversion  Systems 70 1 

Hdemkayotypes in the Counting Model - - - - HomoknryotypesintheCouotingModel 

0 * 025 

0.02 

0.015 ' 

0.01. 

0.005 ' 

0 0.2 0.4 0 .6  0 . 8  

0.042 

E 
0 

*= 0.039 

a 
3 0.038 

8 0.037 
PC 0 0 . 2  0.4 0 . 6  0 .6  

c) 0.045 . 1 1- 
"""""""_ ""_. 

0.0441 

'04"i\ 0.042 

0.039 I 
0.038l 

0 0.2 0.1 0.6 0 .8  

Relative  position of marker A (a) 
FIGURE 5.-Recombination  probabilities (&.x ( a ,  p )  ) be- 

tween two markers, A and B, at  fixed  distances  from each 
other  and at different  distances  from  the  inversion 
breakpoints, which are referred to  as  distances  of A to  the 
left  breakpoint.  Counting  model ( m  = 4, XI = 4, hp = 4, AD 
= 4 ) .  - - -, Counting  model,  homokaryotypes. - , Counting 
model,  heterokaryotypes. ( a )  Inverted  segment [ ( p  - a )  = 
0.1, 0.2, 0.5, 0.81. ( h )  Proximal  segment [ ( p  - a )  = 0.11. 
( c )  Distal  segment [ (0 - a )  = 0.11. 

Counting model: In this case, developing an analytical 
expression for  the equivalence points (pes)  is hardly 
possible. However, by means of a  numerical  approach 
it is possible to find values  of Pes for given  values of the 
parameters  (Figure 6b) . When comparing these values 
with those obtained  for  the Poisson model,  a major 
change has taken place in  the  relationship between 
gene conversion and crossing over. In  the  Counting 
model,  the  range of  values  of XI for which gene conver- 

0 02 0.4 06  0.8 I 
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Y 
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FIGURE 6.-Equivalence  points. ( a )  Counting  model ( m = 
4, X, = 1, &:= = 352 bp, Ll = 3 Mh, hp = 4)  . The  double 
crossing-over  caused flux (parabolic  line ) and  the  gene  con- 
version-caused flux (straight line) equal each other  at pes = 
0.17. ( h )  Prq positions under  different XI,, values ( &:T = 352 
hp, Ll = 8 Mh, hp = 4). ---, Poisson  model; -, Counting 
model ( m  = 4 ) .  

sion is important as a cause of flux increases by more 
than  an order of magnitude  (approximately, XI < 1.5 
in the  Counting  model us. XI < 0.1 in the Poisson 
model).  On the  other  hand, in  long inversions, when 
double crossing over is the  dominant force, the  Count- 
ing  model predicts smaller values  of Pes than  the Pois- 
son model,  that is, the  Counting  model proves again to 
be  more sensitive to changes  in XI values. 

Recombination  and flux outside  the  inverted  region 
caused by crossing  over: Poisson model: The recombi- 
nation  frequency between any two markers A and B 
in the distal region  (Figure 1 ) is easily obtained by 
multiplying the Poisson probability of one  or more C, 
events between the two markers by the  proportion 
of recombinant gametes when one  or  more C, events 
take place in  a  tetrad. 

where X,/ ( m + 1 ) is the average number of C, events 
in the distal segment under study, and a and p are  the 
genetic distances, relative to that of the  noninverted 
segment,  from markers A and B, respectively, to the 
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FIGURE 7.-Reduction  of  recombination  in  heterokaryo- 
types (relative to that of homokaryotypes)  between  two  mark- 
ers A and B in the  proximal  segment at different distances 
from  each other [ ( p  - a )  = 0.1, 0.3, 0.5, 0.7, 0.91, under 
different values of Ap ( A l  = 4 )  and under the Poisson model. 

nearest  breakpoint.  This expression holds also for ho- 
mokaryotypes, because it is only dependent  on  the dis- 
tance between the two markers. The flux caused by 
crossing over, ( P  ) , is the Poisson probability of one 
or  more C, events along P and can be derived from 
( 9 )  making a = 0. 

The situation is more complex in the proximal seg- 
ment because some combinations of  crossovers in the 
proximal and inverted segments increase the  produc- 
tion of unbalanced gametes (Table 2 ) . Neglecting the 
probability of more  than two C&'s either  in  the inverted 
or the proximal region,  the  recombination between A 
and B in  the proximal region can be  approximated by 

The increased proportion of unbalanced gametes 
produces  a  considerable  decrease of recombination 
rates in the proximal zone. (Figure 7 ) . 

Counting model: The recombination between two 
markers A and B at distances a and ,8 from an arbitrary 
reference  point when no inversion is present,  that is, 
in any region of an homokaryotype, is given by the 
probability of one  or  more C, events between the two 
markers multiplied by 1/2, the  number of recombinant 
gametes (Figure 5 ,  b and c )  : 

overs inside the inverted region are correlated with 
those outside it. Given that some special crossovers in 
the inverted and proximal regions produce  unbalanced 
gametes, their  corresponding  recombination events in 
the distal segment will also be included in unbalanced 
gametes. Taking this relationship  into  account,  the re- 
combination between two markers outside the inverted 
region, ( a ,  P )  , is derived in APPENDIX D for  both 
the distal and proximal regions (expressions A13 and 
A16).  Again, an expression for  gene flux outside the 
inverted region under  the Counting  model, (0) , 
can be derived making a = 0 in those expressions. 

Figure 5, ( b and c ) shows a comparison of the recom- 
bination probability outside the inverted region of ho- 
mo- and heterokaryotypes. The Counting  model pre- 
dicts that in the distal region recombination rates will 
be, most of the time, higher in heterokaryotypes than 
in homokaryotypes (Figure 5c) .  On the  other  hand, 
in the proximal segment  recombination rates are, as 
average, smaller in heterokaryotypes (although  not as 
small  as under  the Poisson model, Figure 7 ) .  In other 
words, inversions induce  a polarity in recombination 
rates by reducing  them in the proximal segment and, 
under  the Counting  model, increasing them in the dis- 
tal segment. 

Flux and  recombination  outside  the  inverted  region 
caused by gene  conversion: Poisson and  Counting mod- 
els: Let LNln be the  length of a  noninverted region mea- 
sured in bp. Using the same arguments as above, we 
get an approximate expression for  the flux caused by 
gene conversion under the Poisson model: 

where ANIn is the average number of C events in any 
noninverted  segment. Again, an approximate expres- 
sion for  the conversion-caused recombination, &;, can 
be obtained multiplying by 2. For the same reasons 
as above, (12) also approximates  gene conversion in 
the  Counting model. 
Total flux outside  the  inverted  region and equiva- 

lence points: Poisson model: The total flux, @'Teal ( P )  , 
caused by gene conversion and by crossing over can 
also be defined here  adding up  and @[;. It is 
also  possible to find  the equivalence points ( Prq) that, 
of course, are different in the proximal and distal re- 
gions (expressions not  shown). However, a  general 
conclusion can be drawn: outside  the inverted region 
Peq is  always  very small (of  the  order of because 

x 1 - x  
e - A ( p p a ) ( A ( / 3  - a ) ) '  ( m  + 1) - j  crossing over is  always the  dominant force. 

( j = o  j !  ( m  + 1) Counting model: A  numerical  approach is also needed 
at this point  to calculate some Peq values. The higher 
recombination rates predicted by the  Counting  model 

where j is the  number of C events between A and B. in regions close to the inversion make Prq values  only 
In heterokaryotypes the  situation is more complicated slightly smaller when compared with those predicted 
because the  Counting  model predicts that  the cross- for  the Poisson model. 

( 
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FIGURE 8.-Predictions of recombination rates in inversion 

In ( 3R) P18 of D. mlanogasta between two markers A and B at 
a fixed distance (0 - a ) and at different distances from the 
inversion breakpoints. Inversion is  17.9 cM ( A ,  = 1.79, when 
m = 4; Ap = 0)  and 15,560 kb long. Locus rosy lies  in the 
central region and the maximum possible distance, relative 
to that of the inversion, between two mutant markers inside 
rosy is (CHOVNICK 1973), so ( p  - a )  = -, Re- 
combination caused by double crossing-over, ( a ,  p )  , un- 
der the  counting model ( m = 4). - - -, &, ( a ,  p )  under the 
Poisson model. --- , Recombination caused by conversion, 
&, under both models. Under the Counting model, the rates 
of recombination caused by gene conversion are an  order of 
magnitude higher  than those caused by double crossing over. 

DISCUSSION 

Recombination  inside  the  inverted  region: Under 
the Poisson model, recombination between two mark- 
ers inside the inverted region of heterokaryotypes de- 
pends only on the distance between these markers. In 
contrast, under  the Counting  model,  the position of 
markers becomes a key factor. Because  of the  greater 
average length of double crossover tracts when interfer- 
ence is present (whatever the model used to study inter- 
ference), two markers in the  center of an inversion 
will recombine less than if they  were  in a  more lateral 
position within the inversion (Figure  5 ) . This is consis- 
tent with CHOVNICK'S ( 1973)  finding of a very  low per- 
centage of crossovers between two markers in the rosy 
locus of D. mlunogaster, which  lies in the  center of the 
17.9-cM long inversion Zn ( 3R) PI,+ Using markers in- 
side rosy, at  a maximum distance of -lo-' cM from 
each other, C, and C, events were distinguished and 
scored. Chovnick's results show a clear predominance 
of gene conversion as a cause of recombination between 
close markers in the inverted region of heterokaryo- 
types. As shown  in Figure 8, those results are  not ex- 
plainable under the Poisson model unless a  strong inhi- 
bition of crossing over is postulated. The Counting 
model, on the other  hand, accounts for Chovnick's data 
because it predicts that  the rate of recombination 
caused by gene conversion is one  order of magnitude 
higher  than  that caused by double crossing over. 

Gene flux inside  the  inverted  region: Three  general 
results arise from our study. ( 1 ) Flux caused by crossing 

over is null at  the breakpoints. ( 2) The central region 
of inversions presents, in general,  higher flux rates be- 
cause of the flux caused by double crossing over, which 
dominates  there. Conversion only becomes important 
in regions close to  the breakpoints. The  length of these 
regions of conversion dominance is inversely propor- 
tional to  the genetic length of the inversion. (3)  In 
very short inversions, where conversion becomes the 
main recombination force, flux rates will be more 
evenly distributed along  the inverted segment. Long 
inversions, on the contrary, will present  huge  flux differ- 
ences between the  central region and  the regions close 
to the breakpoints (Figure 4 ) .  These results agree with 
the  pattern of gene flux found in different regions of 
inversion Zn(3L)Payne of D. melanogaster (WESLEY and 
EANES 1994; HAssoN and W E S  1996). 

All three results are common to the two models of 
recombination used. Yet, the two models show marked 
differences in their flux predictions (Figure 4 ) ,  which, 
again, make the  Counting model more compatible with 
observations. Under  the Poisson model, only in very 
short inversions ( X I  < 0.1; i.e., inversions shorter  than 
1 cM ) will conversion be of some importance as a cause 
of gene flux. On the  other  hand,  under  the Counting 
model the  range of h, values for which conversion is 
the  dominant force all  over the inverted region is -15 
times larger, and  the interval of conversion dominance 
around  the breakpoints embraces a  longer segment. 
This makes interference an important factor to explain 
the DNA variability  observed  in rp49 ( ROZAS and 
AGUADE 1994) and Amy ( POPADIC a n d h ~ E R s o ~  1995; 
POPADIC et al. 1995) in which conversion has been 
found to be the only  cause of flux between arrange- 
ments in regions close to inversion breakpoints. For 
instance, gene rp49 lies in chromosome 0 of D. subob- 
scura, very close to one of the breakpoints of inversion 
03. A sample of 34 sequences of this gene was obtained 
by ROZAS and AGUADE (1994), 17 from arrangement 
OST and 17 from 03+4. Using their  data, BET- et al. 
( 1997) estimated that whereas 19 conversion tracts had 
been  interchanged between the two arrangements in 
the sample during  the last 2.78 X lo7 generations, no 
trace was found of flux caused by double crossing over. 

The above  discussion  clearly illustrates two conclu- 
sions. The first one is that  gene conversion and crossing 
over  have different roles when considering either re- 
combination or gene flux. In  general, crossing over is 
expected to be  the  dominant force but conversion will 
overcome it in two cases: ( 1) as a cause of gene  flux 
between arrangements  around  breakpoints, as found 
by ROZAS and AGUALH? (1994) ; and ( 2 )  with interfer- 
ence, as a cause of recombination between  closely 
linked markers in the inverted region of heterokaryo- 
types,  as found by CHOVNICK ( 1973).  The last tendency 
will be  stronger when dealing with markers lying in the 
middle of the inverted region, because double cross- 
overs cannot easily separate them. 
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The second conclusion is that  interference explains 
better  the empirical data.  Under  the Poisson model, 
claims to an almost complete  inhibition of crossing Over 
in inversion heterokaryotypes have to be made to ex- 
plain data such as those of CHOVNICK (1973)  or ROZAS 
and AGUADE ( 1994). Furthermore, to make these stud- 
ies consistent with some other  data sets in  which non- 
negligible rates of double crossing over  have been de- 
tected inside inverted regions (see KRIMBAS and 
POWELL 1992 for  a  review), this postulated inhibition 
must change from one inversion to the  other.  Under 
the  Counting  model, such claims are  not necessary. 
In this case, double crossing over is unlikely in short 
inversions (XI < 2, that is <20 cM) , so that  the ex- 
pected flux rate caused by double crossing over is much 
smaller under  the Counting  model  than under  the Pois- 
son model.  In  addition,  long inversions (approxi- 
mately, AI > 4, that is >40  cM) will have higher  flux 
rates under  the Counting  model  than under the Pois- 
son model because double crossovers are highly proba- 
ble in  long inversions. Therefore,  the  Counting  model 
fits the observations reported in the  literature  better, 
because it allows for  both conversion domination in 
short inversions or in intervals close to the  breakpoints 
and high double crossing over rates in  long inversions. 
In  general, these conclusions apply not only to  the 
Counting  model  but to any model of interference be- 
cause they depend  on  the fact that positive interference 
always induces  a  greater distance between neighboring 
crossovers. 

Recombination and gene flux outside the  inverted 
region: As expected, under  both models recombina- 
tion in  the  noninverted regions of heterokaryotypes is 
dominated everywhere by crossing over, and  gene flux 
is lower for sites located at  shorter distance from the 
breakpoints. Also, under  both models, there is a  strong 
reduction of recombination between any two markers 
in  the proximal zone (Figures 5b and 7 ) .  This reduc- 
tion, which extends even to markers that  are segregat- 
ing  independently of the inversions, is caused by the 
production of unbalanced gametes by given combina- 
tions of  crossovers in  the proximal and inverted seg- 
ments. On  the contrary, crossovers in the distal segment 
have no effect on fertility. Thus, inversions create  a 
polarity in  the  chromosome  arm where they occur, 
which can account  at least for  part of the  reduction of 
recombination in the proximal zone described in  the 
literature (CARSON 1953 and  the references therein). 
However, there  are still differences between the Count- 
ing  and  the Poisson models. Because under  the Count- 
ing  model  recombination events inside the inverted re- 
gion are  related with events outside it, inversions have 
an unexpected and remarkable effect on recombina- 
tion rates: they can increase them  in regions close to the 
breakpoints of heterokaryotypes, mainly in  the distal 
region (Figure 5c) .  This result, which adds  a further 
recombination-redistributing effect of inversions, may 

also be useful to explain the  increment  in recombina- 
tion rates outside the inversion found by several authors 
(GRELL 1962; the  references in LUCCHESI and SUZUKI 
1968 and KRIMBAS and POWELL 1992). 

Assumptions and consequences of our models: Two 
main assumptions underlie  both models. First, we have 
assumed that  the  presence of inversions does not alter 
the  number of recombination events, C’s, G’s and G’s, 
that  occur in a given region. This assumption is neces- 
sary  if one wishes to study, as we do  here, the effects 
of recombination per se. However,  several authors have 
shown the existence of crossing over inhibition in the 
breakpoints and in areas nearby ( NOVITSKI and BRAVER 
1954; RUIZ and ALBEROLA 1983; COYNE et al. 1991; 
COWE et al. 1993.  See  also KRIMBAS and POWELL 1992 
for  a  review). This inhibition seems to have a  “mechan- 
ical” basis because it decreases as the distance from  the 
breakpoint increases. In any case, the  inhibition affects 
both G’s and G’s ( CHOVNICK et al. 1971; HILLIKER and 
CHOVNICK 1981). Therefore, it will not  alter qualita- 
tively our conclusions regarding  the relative importance 
of crossing over and conversion as sources of recombi- 
nation. 

Our second assumption is that  gene conversion 
events come exclusively from complete  chromatid con- 
versions, ie., that every heteroduplex is repaired, so 
that  there is no postmeiotic segregation. Although post- 
meiotic segregation has been described in D. melanogas- 
terin some special cases (as in repair-defective mutants, 
see CARPENTER 1982; LESLIE and WATT 1986), its effect 
on conversion rates seems to be too complex (LAMB 
and  HELMI  1982)  and small (LESLIE  and WATT 1984, 
1986) to be worth including  in our models. 

The presence of inversions enforces  a  dramatic modi- 
fication of recombination rates along  the whole chro- 
mosome. As we have shown, inversions do  more than 
reduce  recombination: they redistribute it in several 
ways, generating complex patterns of recombination 
and  gene flux along  the  chromosome. Our equations 
provide a site by site description of those patterns  that 
is crucial to study both  the dynamics of gametic disequi- 
libria (ISHII  and CHARLESWORTH 1977; NAVARRO et al. 
1996)  and  the  patterns of molecular variability in inver- 
sion systems ( KREITMAN and WAYNE 1994; SCHAEFFER 
1994).  The two-locus disequilibrium between two loci 
linked to polymorphic inversions can be  partitioned 
into two types  of components: within and between chro- 
mosome arrangements. The within components de- 
pend  on  the gametic disequilibrium within each chro- 
mosome arrangement.  The between components 
depend  on  the locus-inversion disequilibria. For neutral 
variation, the  rate of  decay of the locus-inversion  dis- 
equilibria depends only on gene flux. Therefore, we 
expect these disequilibria to be stronger and nucleotide 
divergence between arrangements to be higher  in low 
flux regions (see Figure 4 ) .  Other issues concerning 
molecular variability, such as the  extent to which nucle- 
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otide polymorphism is affected by inversions, or how 
the  presence of different  gene  arrangements affect 
hitchhiking and background selection, are beyond the 
scope of this paper.  Our results are  a first step  for fur- 
ther dynamical studies aimed  at answering such specific 
questions  about  nucleotide variability within a  chromo- 
somal context. 
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APPENDIX A 

Probabilities of i C:s in  the  inverted  segment  and 
j c s  in the  proximal  segment  under  the counting 
model: Der iva t ion  of PC: The  rigidity  of  the - - C, ( C ; , ) , n .  * sequence implies that  there  are m, 
and only m, 6 ’ s  between  any two consecutive Q’s. So 
at least ( m + 2 )  C events inside the inverted region are 
required for a  double crossover to take place. Let k be 
the  number of C events inside the inversion, then k 2 

6 is needed when m = 4. In  addition,  the X, values that 
we are considering (see Parameter values) allow  us to 
ignore, in general, cases  in  which there  are  more  than 
2 ( m + 1 ) C’s (that is, cases  in  which k > 10 when m 
= 4 )  , because of their very small probability. Therefore, 
the range of k values to consider is m + 2 5 k 5 2 ( m  

+ 1 ) , For this range,  the probability of 2 G’s when 
there  are kc’s in the inverted region is 

and the probability of a  number k of C events inside 
the inverted region of a given tetrad is the Poisson 
probability of k events  with parameter XI: 

P ( k C ’ s )  = __ 
e- ‘1 x: 

k !  

Therefore, 

P2 = P( k c ’ s )  P(  2G’s In1 k C’s) 

Analogous reasoning allows us to obtain Po and PI 
under the  counting model (Table A1 ) . 

Dmmztion sf Pp,: Under  the  counting  model, the ri- 
gidity of the a m - C, ( C , )  ,G m . sequence makes Pp, 
dependent  on the  number of C, events inside the inver- 
sion. That is, the events inside the inverted region in- 
fluence the events outside it as  follows: 

1. The  number, qp, of C;,’s between the proximal 
inversion breakpoint and the nearest C, event in 
the distal direction define m + 1 possible different 
patterns inside the inverted region (0 5 ql. 5 m )  . 

2. Different numbers of C, events inside the inverted 
region ( i) imply different probabilities of 9. The 
probability of 4p and i G’s in the inverted region 
is 

m+ 1 + q,, 

P ( 9  n 1 ~ ; ’ s I n )  = x -- 
k=,/pf  I k !  m + l  

e-’lh: 1 

3. Different values of 4p imply different probabilities 
of zero, one  and two C;’s in the proximal zone 
( Pp, values ) : 

where n is the  number of C events  in the proximal 
segment. 
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Combining (A4)  and (A5) we can easily obtain Pzl: there  are (f-’) possible ways in  which r C’s from 
a  group of k - s C’s can be  grouped. 

P,j = P( iG’s In fl jG’s Prox) 
m Adding up the probabilities of the events that will 

= [ P (  4p fl iC,’s In) P(jC,’s Proxl QP) 3 .  (A6) cause recombination, as described in 1-3, we obtain 

tween markers A and B given k C’s and two ck’s in the 
inverted region of a given gamete. 

,p=O an expression for  the probability of recombination be- 

APPENDIX B 

Recombination  inside  the  inverted  region  under the 
counting  model: Two markers A and B inside the in- 
verted region divide it into  three  different segments, A, = %  *=o = 
A-B, and B, whose lengths are a,  ( p  - a )  and ( 1 - 
p ) .  To know the probability that A and B recombine ql,-s+ I +  rn 

we must follow three steps. ( ( k ; s ) ( p - . , J ( l  -p )k - ”?  

k - ( , n + 2 )  

r=r lp - s+ l  )) 
1. Given k C’s and two G’s inside the inverted region, 

the  number, 9, of G’s between the proximal in- 
version breakpoint and the nearest distal C, event 
can take k - ( m + 2)  + 1 different values [ 0 I 
QP 5 k - ( m + 2 ) ] . These values are equally proba- 
ble because of the stationarity of the model. 

2 .  For  every  value  of + the  number, s, of C’s in 

+ ”‘:”’( (1).\ 
A=*+ 1 r = ( m + l ) - ( , - q > - l )  = N k :  

k- I 

x ( p  - a ) T (  1 - p ) k - ’ - r  (‘47) 

segment.A must be -0 5 s 5 gp + 1 + m. This 
range of values  allows for zero or  one C, events in 
segment A.  If the  range was larger, recombination 
would be impossible because the two G’s would 
be in segment A. 

Every s value  has a probability of ( a ) ’ and  there  are 
( f )  possible ways in  which s C’s from a  group of k C’s 
can be  grouped. Of course, s C’s in segment  A imply 
( k  - s) C’s in the  remainder of the inverted region. 

3. The possible number of C events in segment A- 
B, r ,  will have different ranges depending  on  the 
presence or absence of a C, event in segment A. 
If .s 5 9, there is no C, in  A, so that one of the 
two G’s must be in segment A-B and the other 
one in segment B for recombination to take place. 
In this  case ( q p  - s + 1 I TI 4p - 5 + 1 + m ) .  
If s > gp, there is a C, event in segment A, so that 
the  other C, must be in segment A-B. In this case 
( m  + 1 - s + 4p + 1 5 r 5  k - s ) .  Every rvalue 
has a probability of ( p  - a ) r (  1 - p)k-r-’ and 

Multiplying  this expression by the probabilities of k 
C’s and two C,’s and by the probability of  viable gametes 
with two G’s ( p2) and dividing by the proportion of 
viable gametes, we derive the recombination rate of  any 
two markers in a given position of the inverted region: 

~ ~ ( a ,  0) = e x ~ ( k  c ’ ~ ) P ( z G ’ s  Inlk ~ ’ s )  
2 m + 2  

pr’ k=m+2 

x & , ( ( a , p ) l k C ’ ~  n 2G’sIn) .  (A8) 

APPENDIX C 

The average  crossover  tract  length in the  counting 
model: Let us consider the average length of the  dou- 
ble  crossover tract, relative to that of the inversion. 
When there  are k randomly distributed C’s in the in- 
verted region, it is divided into k + 1 intervals  whose 
average length, always relative to  that of the inversion, 
will be 1 / ( k  + 1 ) . There  are always m C’s between two 
consecutive G’s, thus there  are always m + 1 intervals 

TABLE AI 

Probabilities of zero, one and two C, events in the inverted region 

Probability of i C,’s Poisson  model  Counting  model 
A, 

e1 e m+l 
” x- % e-%: (m + 1 )  - k 

k=O k! r n ,  + 1 

Pm+2 e-’Af k - (m + 1 )  

k=m+2 k !  m + 1 x-- 



708 A. Navarro et al. 

between two C&’s and  the mean length of a  double 
crossover tract ( ECxY) given m and k is 

The average length of a  double crossing-over tract is 
calculated by weighting the lengths obtained in (A9) 
by the Poisson probability of k C’s inside the inverted 
region and by the probability of two C,’s when there 
are k C’s. For  every  value  of XI and m, this length is 

This lengths are larger under the  counting model than 
under  the noninterference  model, in  which the average 
double crossover tract is the  length of the inversion 
[we get this value from formula (A9 ) by making m = 
0 and k = 21. 

APPENDIX D 

Recombination  outside  the  inverted  region  under  the 
counting model: Just as in APPENDIX B ,  two markers A 
and B in  any noninverted region divide it into three 
different segments, A,  A-B and B,  whose lengths are a ,  
( P  - a ) and ( 1 - 0) . A reasoning completely analogous 
to that of APPENDIX B allows us to obtain expressions for 
the recombination in the proximal and distal segments. 

Proximal segment: Different values of 4p  imply different 
recombination rates  between two markers A  and  B in 
the proximal region because  they  imply different proba- 
bilities  of one  or two G’s in that zone. Let us first concen- 
trate in the case  of 1 crossover  in the proximal zone. 

When there is a single G event in the proximal zone 
it must lie in the A-B segment  for recombination to  be 
possible. Also, n,  the  number of C’s in the proximal 
segment, must be m + 1 - 4p  5 n 5 2m + 1 - 9. For 
every 4 p  value, there must be s C’s in segment A (0  5 
s 5 m - 9). Again,  every s value  has a probability of 
( a )  ’ and  there  are ( y )  possible ways in which s C’s 
from a  group of n C’s can be  grouped. Of course, s C’s 
in segment  A imply ( n  - s) C’s in the  remainder of 
the proximal region. Finally, the  number of C events 
in segment A-B, rmust be m + 1 - 9 - s 5 T 5 n - 
s. Every r value  has a probability of ( p - a )  ( 1 - 
P )  ’“-‘ and  there  are ( y ” )  possible ways in which r C’S 
from a  group of n - s C’s can be grouped. These consid- 
erations lead us to 

x ( p  - a ) ‘ ( l  - p)“ - ” ‘  ))I. ( A l l ?  

When there  are two G’s in the proximal segment, 
the  number, n, of C’s in the proximal zone given qr. 
must lie in the range 2m + 2 - 9 s n 5 3m + 2 - 4 ~ .  

Also, the  number, s, of C’s in segment A must be 0 I 
s 5 2m + 1 - QP. This range of  values  allows for zero 
or  one C, events  in segment A. The possible number 
of C events  in segment A-B, 7, will have different ranges 
depending  on  the presence of absence of a event in 
segment A. If s 5 m - 9, there is no C, in A, so that 
at least one of the two G’s must be in segment A-B for 
recombination to take place. In this  case r must be m 
+ l - g p - s s r s n - s . I f s > r n - q p , t h e r e i s a C ;  
in segment  A, so that  the  other C, must  be in segment 
A-B for recombination to be possible. In this  case rmust 
be 2m + 2 - s - 9 5 r 5 n - s. Adding up all these 
probabilities, we obtain 

~ ( 2 ~ 7 s  ~ r o x  n ~ ( : , ( a ,  P )  1 s t . )  

x ( p  - a ) ’ ( l  - p ) n - ” r  ))}I 1 ( A 1 2 )  

which  allows  us to derive 
m 2 

[ P ( @  n i G’s In) 
,p=O i=O 

Distal segment: In this  case we can define 9) as the 
number of 6 ’ s  between the distal inversion breakpoint 
and  the nearest C, event in the proximal direction.  Just 
as above, different values of 9, imply different recombi- 
nation rates between two markers, A and B, in the distal 
region. In  addition, in this case we can establish a rela- 
tionship between 4~ and 9 that will allow us to calculate 
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the average viability  given qp, k ,  m, and i, the  number 
of G’s in the inverted segment. 

q p = k + ( m - @ )  when i = 0 

4p = k -  (q,, + 1 )  when i =  1 

q ~ = k - ( m + 2 + q , , )  when i = 2  

From these expressions we can readily obtain the 
joint probabilities of  any  given 4p and i values and of 
balanced gametes. 

P( QD fl OG’s In rl Balan) 

P( QD n 1G’s In f l  Balan) 

P ( Q D  fl 2G’s In fl Balan) 

For  every  value  of QD, the probability of recombina- 
tion between two markers in the distal region is as fol- 
lows: 

where AD is the average number of C’s in the distal 
segment;q={(l+Int[(n+q,,)/(m+l)])(m+l) 
- ( n + QD ) ) ; Int [ x ]  is the greatest integer less than or 
equal to x; and (Y and  are  the distances from the 
markers to the nearest breakpoint ( 0  < a < < 1 )  
relative to the  length of the distal segment. 

Finally, combining (A14) and (A15) ,  we can easily 
obtain a  formula for the recombination rate between 
two markers in the distal region: 

x:=O x;,=. 
[ P( QD fl iG’s In fl Balan ) 


