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ABSTRACT

For a dioecious diploid population subdivided into an arbitrary number of subpopulations, we have
derived recurrence equations for the inbreeding coefficient and coancestries between individuals within
and among subpopulations and formulas for effective size and Fstatistics. Stable population size and
structure, discrete generations, autosomal inheritance, and the island migration model are assumed,
and arbitrary distributions of the numbers of male and female progeny per family, different numbers
and variable migration rates of males and females are incorporated in our derivation. Some published
equations for effective size and Fstatistics for a subdivided population are shown to be incorrect because
several incorrect probabilities are used in the derivation. A more general equation for effective size is
obtained by finding eigenvalue solutions to the recurrence equations for inbreeding coefficient and
coancestry in this article, which reduces to the simple and familiar expressions derived by previous
authors for the special case of a single unsubdivided population. Our general expressions for Fstatistics
also reduce to the classical results of WRIGHTs infinite island model and its extensions. It is shown that
population structure is important in determining effective size and Fstatistics and should be recognized

and incorporated into programs for genetic conservation and evolution.

INCE the introduction of the concept of effective
population size by WRIGHT (1931 ) , much work has
been done on the prediction (CABALLERO 1994; and
references therein) and estimation (WAPLES 1989;
NUNNEY and ELAM 1994) of this parameter, which is
central to evolutionary and quantitative genetics be-
cause it measures the rate of genetic drift and inbreed-
ing. Most of the previous inquires on predicting ef-
fective size, however, are concerned with a single un-
subdivided population. There is evidence that many
organisms are arrayed into subpopulations (SELANDER
1970; CHEsSER 1983; ForLTz and HoocrLAND 1983)
maintained by means of intrinsic factors, such as behav-
ioral segregation, or extrinsic factors, such as geo-
graphic distance and habitat fragmentation. Domestic
animal populations are normally subdivided into herds
distributed in different farms with genetic exchanges
(usually sires or semen ) among them. The applications
for animal breeding about effects of migration on in-
breeding in subdivided populations have been dis-
cussed (Roux 1995). Thus in recent years, formulas
for effective size have been developed for subdivided
populations. CHESSER (1991a,b) described the recur-
rence equations for inbreeding coefficient and coances-
try and derived equations for effective size for a subdi-
vided dioecious population, assuming that each female
produces exactly one male and one female progeny.
Subsequently, the model has been extended to inde-
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pendent Poisson distributions of male and female off-
spring per family (CHESSER et al. 1993) and multiple
paternity (SUGG and CHESSER 1994 ) . CHESSER and his
coworkers noted that, their expressions for effective size
and Fstatistics when applied to a single unsubdivided
population, are sometimes in variance with previous
work (WRIGHT 1969; CABALLERO and HiLL 1992). Also,
they did not give eigenvalue solutions for the asymptotic
effective size and thus their expressions presented did
not preserve concordance with the classical models
when the same assumptions are made. In this article,
we extend the previous model to include an arbitrary
distribution of family size as well as different numbers
of male and female individuals, varying numbers of sub-
populations and a variable rate of migration by each
sex. We will derive expressions for asymptotic effective
size, which reduce to the familiar equations for the
special case of a single unsubdivided population as ob-
tained by many authors (HiLL 1979; NAGYLAKI 1995),
by finding the eigenvalue solutions for recurrence equa-
tions for the inbreeding coefficient and coancestry.
More general expressions for Estatistics will also be ob-
tained, which reduce to the classical result of KIMURA
and Crow (1963), ROBERTSON (1965), WRIGHT
(1969), and ProuT (1981 ). We will show that, because
several incorrect probabilities used in the derivation,
CHESSER and coworker’s expressions for effective size
and Fstatistics are different, but also incorrect.

ASSUMPTIONS AND PARAMETER DEFINITIONS

We consider a population subdivided into s subpopu-
lations, each consisting of N,, males and N; females with
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the total subpopulation size being N = N,, + N,. We
assume a stable census population size and structure in
each discrete generation, autosomal inheritance involv-
ing genes which do not affect viability or reproductive
ability so that natural selection is not operating to elimi-
nate them.

As for the monoecious case, we assume the island
model of migration. Each subpopulation receives a pro-
portion of d, males and a proportion of d; unmated
females drawn at random from the whole population.
After migration, each subpopulation reproduces by
panmixia.

The probabilities that two individuals of separate
sexes, taken at random from the same subpopulation
(gny) and different subpopulations (g¢,,,) after migra-
tion, come from the same subpopulation before migra-
tion are

Gry= (1 = dy) (1 — dy)
+ (1~ dy)d/s+ (1 = d)dn/s+ dndy/s
=1— (dn+ dr— dpd)) (1 = 1/s) (1)
and
Gy = (1= d)d/s+ (1 — dp)dn/s + dndy/s
= (dyp + dr— dudy) /s, (2)

respectively. Similar to the monoecious case (WANG
1997), we can derive the probabilities that two individu-
als of the same sex v (v = m or f), taken at random
and without replacement from the same subpopulation
(¢..) and different subpopulations (¢;,) after migration,
come from the same subpopulation before migration

qw=<1—dw><1——M>

N, —1
— _ 2
2N, d,(1 — d,) n d,(Nyd, — 1) (3
S(Nv_l) (Mr_l)(SNvdv—l)
_ 2 —
,_2(-d)  ENd-D
s sN,d, — 1

For relatively large values of N,, they can be simplified
to

G =1~ (2d,— d3) (1 = 1/5), (5)
g = (2d, — d3) /s (6)

approximately. Henceforth we use (5) and (6) instead
of (3) and (4) for large values of N, or for ease of
presentation.

The parameters Fand o as defined in the monoecious
case are also used here. As to the coancestry between
individuals within subpopulations (#), three identity pa-
rameters, 8,,,, 8., and Bfffor the coancestry of two males,
one male and one female, and two females taken at
random from the same subpopulation before migration,
respectively, can be distinguished for a dioecious popula-
tion. Assuming that each female parent produced exactly

one male and one female progeny, CHESSER (1991a,b)
used only two of the three parameters in his model, 8,,,
for coancestry of individuals of the same sex (6, =
;) and 6,, for coancestry between male and female
individuals. If the sex of the progeny produced by each
female parent is assumed to be determined randomly
(each sex produced with a probability of '/,), then 8,
= 6, = 0,, and there is no need to distinguish the
coancestry of the same or separate sexes. CHESSER et al.
(1993) and SuGG and CHESSER (1994) adopted the
simplified model. More generally, however, 8,,,, 0.,
and 6;,should be distinguished; and in natural popula-
tions and especially in breeding populations of domes-
tic animals, the distribution of the numbers of male
and female progeny per parent may be quite different.
Thus we use all the three parameters in our model. The
expected coancestry between two individuals irrespec-
tive of sex, 8, can be found as

NN = 1)y 2NN .
N(N=1) N(N-1)

NN~ 1)
A=)
va-1 o D

Corresponding to our general model, the probabili-
ties that two random progeny within subpopulations
before migration come from the same male or female
parent should also be distinguished according to the
sexes of the progeny. Using a procedure similar to
WANG (1997), we can obtain the probabilities that two
individuals of sex v (p,..,) and separate sexes (P, m/),
taken at random from the same subpopulation before
migration, come from the same parent of sex u

1 N\ . N
o — . uv+——1 s 8
P M—l[(M)” N, ] ®)

and

N, 1
mf = — wmf+ 9
Prnt (NmN,>°’f N, )

where subscripts 4 and v denote sex (u, v = mor f),
o2, denotes the variance of the number of offspring of
sex v from a parent of sex u, and o, ,, represents the
covariance of the numbers of male and female offspring
from a parent of sex u. Equations (8) and (9) are also
derived by NAGYLAKI (1995). The observed variance
and covariance are 52, = 02,N,/ (N, — 1) and Sumf =
O umNu/ (N, — 1), respectively.

CHESSER and coworkers (CHESSER 1991a,b; CHESSER
et al. 1993; SUGG and CHESSER 1994) considered the
variance in the number of females mated to a male
(03) and defined a corresponding parameter ¢ (the
probability that random females within subpopulations
mate with the same male) used in their derivations. By
the inclusion of parameter o%and ¢, their models seem
to be more general than our model herein, in fact this
is not the case. In our model we, in concordance with
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most previous models, use the parameters o2, of,,f,
and 0, s, which include implicitly in themselves the
variance in the number of females mated to a male
(a3).

Since in our model three coancestry between individ-
uals within subpopulations are distinguished according
to the sexes of the individuals (8n, 0., and 8), the
parameters Fys and Fgr can also be distinguished as

F-9 0,,— «
"wy Fllul:vw
1-6, 7" 1-

FIS(uw) = (10)

correspondingly (v, w = m or f). The average values
of Fs and Fr can also be defined as
F-90

Fs=~——, Fy=
"T1-9" Y 1-a

) (11)
where 6 is given by (7).

RECURRENCE EQUATIONS FOR IDENTITIES
BY DESCENT

The inbreeding coefficient, F, of an offspring is equal
to the coancestry of its parents. Since a random pair
of parents comes from the same subpopulation with
probability ¢,,;and from different subpopulations with
probability 1 — ¢,,, before migration, we have

(12)

The coancestry between two offspring of separate
sexes, 8,,, should equal to the identity (by descent)
probability of the two genes, one taken at random from
each of the two offspring. Three cases can be distin-
guished:

E = quemﬁt~1 + (1 - qu)ahl-

1. Both genes descend from male parents with probability
174 In such a case, they come from the same parent
with probability p,, ., and from different male par-
ents with probability 1 — p,, ;. For the latter case,
the parents are from the same subpopulation and
different subpopulations before migration with
probabilities ¢,., and 1 — ¢,..., respectively. Thus, the
two genes are identical by descent with probability
1/4{pm,mf(1 + E—l)/Q + (1 - pm,mf)

X [qmmemrmt~l + (1 - qmm)at-*l]}' (13)

2. One gene comes from a male parent and the other gene
from a female parent with probability '/5 Thus they are
identical by descent with probability

0 0 8g, 0
P 20 Aqns 2Cum
T ="%\ bt 2bn 44 26y
Py 2by  44n 2¢y
0 2 q :nm 4q :,, f 2 q}f
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VQ[qugmj:t—l + (1 = gup) @], (14)

3. Both genes are from female parents with probability
1/ Like the derivation of (13), we can derive the
probability that two genes are identical by descent

Yalprmr (1 + F) /2 + (1 = pruy)
X gy + (1 = gg)aci]).

Collecting Expressions 13-15, we obtain the recur-
rence equation for the coancestry between two random
offspring of separate sexes as

Ot = Yo (Prmy + Prmy) (1 + Fit)
+ /a1 = Primg) GrBrmi1 + oGy Ompir
+ Va1 = promg) @1 + /sL4 = Gum = 2y
= qy— (1 = Gun) Prms = (1 = g} Prmgla. (16)

Similarly we can derive the recurrence equations for
0 imss 810, and @, which are

Omme = /5 (Pmmm + Promwm) (1 + Fry)
+ 741 = pumm) GOt + VaGufOmpir
+ Va1 = prowm) @01 + /2[4 = Gun — 2
= Q= (1 = Guw) Prwm = (1 = ) Promm] @1
010 = Yo (Pmgr + bry) (1 + Fr)
+ (1 = Pryr) GunBmmic1 + VoGO
+ Ve (1 = ) @gbppr + /sl4 = Gum = 20wy

(15)

(17)

= qQy— (1 = Gun) Py — (1 = q) prpl @, (18)
and
o = Ys@nmOmmi1 + I/Qq:nfamﬁt*l + 1/4q}f0/j§t—1
+ Va4 = qrm — 2¢0y — q) iy, (19)

respectively.

Expressions 12 and 16-19 fully describe the transi-
tions of coancestry or gene identities by descent for a
subdivided dioecious population over successive gener-
ations. A matrix form of presentation is

S,=TS., +C, (20)
where
F 0
emmt pmm
St = 9mﬁt » C= 1/8 me ’
O by
o, 0
2 ( Q - pmm + qmmpm,mm + q/fpf,mm)
20Q = pw t Gumbminy + Gybrmy) (21)

2(Q = byt Gunbmyr + Qbryr)
20'
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In matrixes C and T, p,, = Puw T Prow denoting the
probability that a random pair of offspring of sexes v
and w, respectively, come from the same parent, b,, =
G (L= Prmun) s o = G (1 = Prns)» Q=4 = Gm = 2y
= g and Q' =4 — gu, ~ 2¢n; — ¢y, With subscripts
v and w denoting sexes (v, w = mor f).

Generally male and female migration rates have dif-
ferential effects on inbreeding coefficient and coances-
try. Only when N, = N;and the numbers of male and
female offspring per family are in the same and inde-
pendent distributions do male and female migrations
have equal effects. Figure 1 depicts the effects of male
and female migrations on the inbreeding coefficient of
a population subdivided into 20 subpopulations, each
consisting of 5 males and 50 females, with other param-
eters being o2, = Ufnf = Omms = Ormy = 0 and 0}2»,,, =
o7 = 2. Figure 1 shows that the magnitude of effect of
male migration is different from that of female migra-
tion. This is due to the differences in male and female
numbers and in the distributions of progeny per male
and female parent. Similar to the monoecious case,
male or female migration decreases the inbreeding co-
efficients in initial generations and increases the in-
breeding coefficients in later generations. Thus the
smaller the migration rate, the lower the eventual in-
breeding coefficient. For example, in Figure 1 the line
for d,, = 0.1 will cross lines for d,, = 0.2, 0.3, and 0.4
in generations 260, 231, and 214, respectively when d,
= 0, while the line for d; = 0.1 will cross lines for 4,
= 0.2, 0.3, and 0.4 in generations 261, 244, and 239,
respectively, when d,, = 0.

Let us now consider some special cases of the recur-
rence equations and make comparisons with previous
results.

Each female parent contributes exactly one son and
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Inbreeding coefficient
(e o (@] O (e (@] (@)
[t [\ w > (6] o2} ~J

1 5 9 1317 21 25 29 33 37 41

Generations

FIGURE 1.—The inbreeding coefficient over the first 41
generations for a population subdivided into 20 subpopula-
tions, each consisting of 5 males and 50 females, with parame-
OIS O hy = Tof = Opmy = Oy = 0 and 05, = 0% = 2. - \
effect of d, with a constant value of d, (0); ——, effect of d,
with d,, being constant (0).

one daughter to the next generation. Females do not
migrate (d, = 0) and males migrate randomly among
the subpopulations (d,, = 1): The selection scheme
implicitly confines that the numbers of males and fe-
males within subpopulations are equal (N,, = N;= n).
In such a case, we have 0%, = 0, = 0, puww = 0, puns
=1/7, Guy = qny = 1/, gy =1, gy = 0, and ¢, =
Gum = (n— 1)/ (sn — 1) (from the exact Equation 3).
With these stipulations (21) reduces to

0 0
0 1+ x
4
T=1 1 (n-1)(AQ+x
4n 4n
0 X
4

wherex=(n—1)/(sn—~1)andy=1/s. Because of
the special selection scheme, the coancestry between
two males is always equal to the coancestry between
two females (6,, = 85), and thus they are all de-
noted as 8, and the variables in the matrix equa-
tions reduce to four. Equation (22) is also derived
by CHESSER (1991a, Equations 19-21) for the case
of equal numbers of males and females. Although
his equations consider unequal numbers of different
sexes, they are correct only when N,, = N, because
of the restriction of the selection scheme and the

NMie NI NMle ‘<

F 0
0 0
S-: mm,t , C:l ,
! amﬁ, /4 l/n
«, 0
l1—y
3—x—2y
4
n(3—x—2y) —1+x [ (22)
4n
4—x— 2y
4

incorrect definition of the probability (x) that two
males taken at random are from the same subpop-
ulation, x = (N, — 1)/ (sN; — 1) (CHESSER 1991a,
Equation 8), which should be x = (N, — 1) /(sN,
- 1).

The selection scheme is the same as the above
but both males and females are allowed to disperse
with variable migration rates: In such a case, it
can be shown that our transition matrix in (21) re-
duces to
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0 0
4
T=1 1 (n=1)(gum t+ gy)
4n 4n
0 gom + gy
4

which is in variance with the transition matrix derived
by CHESSER (1991b, Equation 5). In the derivation of
his equations, the probabilities that two individuals of
sex v taken at random from the same subpopulation
and from different subpopulations after migration
come from the same subpopulation before migration
are mistakenly used as (CHESSER 1991b, in Equations
A3, A5, A8, and A9)

N,—1
=1-{(1--L—}a, 24
o < st—l) (24)
and
N—-1
! — 5
Qo (—L——SM’I)dU (25)

respectively, while the correct expressions for ¢, and
¢+ should be given by (5) and (6), or more exactly by
(3) and (4) shown in this article. Only when d, equals
zero or one, do (24) and (25) give correct values for
¢ and ¢i,; Otherwise, (24) always overestimates the

0 Gnf
- N _Q gm _
8N,.N; 4 4N,
0 1 - %0

T and C in (26) are different from the corresponding
expressions derived by CHESSER et al. [1993, Equations
12 and 13 where parameters ¢, &, and o? take values
¢ = Ny/[N,(N;— 1)] and k = 05 = 1 + N,/ N;for
the special case ] . In their derivations of the recurrence
equations, the incorrect probabilities (24) and (25)
are used and thus different and also incorrect recur-
rence equations result. And it is meaningless to include
the variances and covariances of family size in their
expressions, because the premise made by them (4,
= 0,.,= 0;;) implicitly means that the numbers of males
and females must be in independent Poisson distribu-
tions. Following the methodology of CHESSER ef al.
(1993), SugG and CHESSER (1994) extended their
equations to include multiple paternity. The equations
derived by them, however, are also incorrect because
(24) and (25) are used.

1469
Gy 1 — gu
ns Q
2 4
Gns Qn— 2+ gunt+ qy s (23)
2 4n
Iy Q
2 4

value of ¢, and (25) underestimates the value of gg,.
With a small number of subpopulations and intermedi-
ate values of migration rates, the errors made by (24)
and (25) are great. For example, with s = 2, 4, = 0.5,
and large N}, the values of ¢/, are 0.25 and 0.375 approx-
imately from (25) and (6), respectively.

The numbers of male and female offspring are in
independent Poisson distributions and males and fe-
males disperse with migration rates d,, and d, respec-
tively: In this case, S5, = N,/ N, and §,,,.,,= 0, and from
(8) and (9) we find that p, ., = pyny = 1/N,. Thus it
is clear that 8,,, = 8, = §,, = 8 and there is no need
to distinguish the coancestry between individuals ac-
cording to their sexes. With these stipulations (21) re-
duces to

0
F,
1 1
s={6). c= |+,
8N,, SZV/
a,
0
1= gu
ir g_l_‘lmm_l"“lff (26)
4N, 4 4N, 4N
Q'

EFFECTIVE SIZE

The matrix equation is exact and is easily pro-
grammed to provide numerical results for inbreeding
coefficient and coancestry. The instantaneous rates of
changes of the five gene identity parameters in S, (AF,
Aa,, Al A8, and Af,,) and 8(AF,) and thus
the six corresponding instantaneous effective sizes
(Nuts Novs, Nea(mm),t, Nea(m/),n Neﬁ(fj).t’ and N,) can also
be predicted using the matrix equation in a way similar
to the monoecious case (WANG 1997). It is found, how-
ever, that the differences among the last four effective
sizes are generally negligible except for the first two or
three generations, thus only Ng, is considered in the
following numerical example.

For a population subdivided into 20 subpopulations,
each consisting of 5 males and 50 females with male
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FIGURE 2.—Changes in the three effective sizes (N, Ng,
and N,y denoted by solid, dotted and dashed lines respec-
tively) over successive generations for a population with pa-
rameters s = 20, N, = 5, N, = 50, d, = 0.8, d;= 0, 83, =
S}f = 1, S‘fnf = l/S},,, = 10, and Sm,mf: Sf‘mf= 0.

and female migration rates being 0.8 and 0, respec-
tively, and §%,, = §% =1, 8%, = 1/8%, = N;/ N, and
S..nr = 0 (following Poisson distribution of family size ),
the changes in the effective sizes over the first 10 gener-
ations are shown in Figure 2. It is clear that, although
the three effective sizes are quite different in initial
generations, they will converge to the same value even-
tually. Results for other populations with different val-
ues of s, N, d,, S2,, and Sumsare similar to those shown.
Although the number of generations required to attain
the asymptotic value of effective size may be different
for various populations, the population must reach the
steady state in the end so long as they are not completely
subdivided (d,, + d; > 0).

Numerical results for the asymptotic effective size can
be obtained using (20). Analytical expressions for the
equilibrium effective size can be derived by finding the
dominant characteristic root of transition matrix T.
The characteristic equation of matrix T may be reduced
to

4\ 0 Gy 0 1-2x
Pom T AN by — AN 0 Com 1
0 G G Gy 2
=0. (27)

Extending (27), we obtain the multinomial equation,
from which the dominant root \ (the largest root lying
between values zero and one) can be obtained and the
value of effective size is calculated as N, = 0.5/ (1 — \)
(WANG 1997) . From (8) and (9), we can see that p, .,
is of order 1/ N,, or 1/ N;. For relatively large subpopu-
lation size (N,, N;® 1), second and higher orders of

Puwe can be omitted and (5) and (6) can be used in
an approximate solution for A. Following a similar pro-
cedure as for the monoecious case (WANG 1997), the
effective size can be obtained as

_ 16s
 Dun + 2P+ by
N 25(A, + Ay)
(d, + df) (4 —-4d, — df) (P + 2[)mf+ pf/)

4

, (28)

where
An=[(1 +9d,+ 5d, — 5d,d;— 2d}) Gum
— (1~ d,) (1 — 2d, + dr)/ 5] pmmm
+ [(1 = dn) (1 = df) (Bgm + g — 4)
—(2+ 2d, + 2d,— d% — d3) /) Pumy
+ (1= d)[2(1 = &) Gun — (1 = dn) gy
— (1= 2d+ d,) /s puy (29)
or
Ap~[1+9d+3d,— (1 + d— 5d,) /5] Prmm
+2[1 — 6d,, — 2d,~ (1 — 4d,) /5| Py
+[1-38d,—d— (1 —3d,)/s)pny (30)

approximately, when d,, and d;are sufficiently small for
squares and products of these quantities to be ignored.
Ascan also be expressed by (29) or (30) only to replace
subscript m with fand fwith m (p,pm = puns because
Oufm = Ounsin Equation 9).

Expression 28 provides exact fits for the values of
effective size obtained via iterations of Equation 20, as
would be expected. For a single unsubdivided popula-
tion (s =1,d, = d;= 1), we get ¢, = ¢y, = 1 (from
Equations 1-4). Substituting these and p,, = P +
Prow into (28) yields

N,
_ 16
Prn + 2 Pmins t Prgr T Prm T 2Ppmy T Pryy

approximately, which was also derived by NAGYLAKI
(1995) for the special case by a different method. When
(8) and (9) are inserted into (31), we are led to HiLL’s
(1979) formula for the variance effective population
size as found by NAGYLAKI (1995) . Thus our expression
for effective size is equal to previous results by many
authors when applied to a single isolated population.

The general expressions for effective size, (28) and
(29), can be simplified considerably for the special case
considered by CHESSER et al. (1993) . Since the numbers
of male and female progeny per family are in Poisson
distributions, we obtain P um = Pumr = Pugy = 1/ Ny
(where u = mor f). Inserting this into (28) and (29)
yields

(31)
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_ 4NN,
N, + N,

s(1 —dn) (1 —2d,+ d;)N;
+s(1-d)(1-2d+d)N,~ N.— N,

Yo (Nu + Np) (dy + df) (4 = d — df)

Equations 28 and 32 give satisfactory predictions of
effective size when both N,, and N, are relatively large.
If, however, either N,, or Nyis very small, they may result
in a little bias because the approximate expressions (5)
and (6) are used. A general equation for N, using exact
expressions (3) and (4) can also be derived from (27),
it is, however, quite complicated and not given here.
For the special case of Poisson distribution of family
size, we can get the equation for N, from transition
matrix T in (26) as

€

(32)

N = ANa N,
* N,+ N

(Gmm + 2qms + qir) (N + Np)

For relatively large values of N,, and N,, inserting (5)
and (6) into (33) we also get (32) approximately, as
expected.

A close inspection of (28) informs us that, for a given
population, the smaller the migration rates (d,, + d; >
0), the larger the effective size. The magnitude of the
effect of migration rates on effective size depends
mainly on the number of subpopulations and is inde-
pendent of the census size of the subpopulation. The
effects of s, d,, and d; on effective size are shown in
Figure 3 for a population with fixed total size (2000),
sex ratio (N;/ N, = b), Poisson distribution of family
size (S5, = S =1, Suy = Spmy = 0, and S%, =
1/S%,=>5), and variable values of s, d,,, and d; (we set
d,, = dr) . Itis clear that the largest value of N, is achieved
with low migration rates and a large number of subpop-
ulations. If either d,, or d;is large or s is small, the
population behaves as a random mating unsubdivided
one and population structure has little effect on effec-
tive size.

Male and female migration rates may have differen-
tial effects on effective size. Depending on the sex ratio
and the variances and covariances of family size, the
relative effect of d,, on effective size may be larger or
smaller than that of d;. When N,, = Nyand the numbers
of male and female offspring per family follow the same
and independent distributions, d,, and dy have equal
effects. The influence of male and female migration
rates on effective size is presented in Figure 4 for a
population subdivided into 20 subpopulations, each of
10 males and 50 females, with independent Poisson
distributions of male and female progeny per family
(8% = N,/ N,, Sy = 0). Figure 4 shows that d,, has a
larger effect on N, than d;in this case.

+ (33)

The expressions for effective size derived above are
valid when migration exists. If the subpopulations are
completely isolated (d,, = d;= 0), Nri, No(mmy.io Neomp oo
Nsp.» and Ng, will converge to the same asymptotic
value, the inbreeding effective size, while N,y, tends to
another equilibrium value, variance effective size. In
such a case, the rate of inbreeding of the total popula-
tion is the same as any one of its subpopulations. The
inbreeding effective size of a subpopulation is also that
of the total population. In this situation the matrixes
(21) are reduced considerably for a = 0, and following
a similar procedure, we can derive the asymptotic in-
breeding effective size, which is expressed by (31) ap-
proximately.

ESTATISTICS

Population subdivision and migration change the f-
statistics considerably. The equations for the instanta-
neous fsstatistics can be obtained from (10-12) and
(16-19),

1 _ quES'T(mj),t—l = Frpa (34)
QMI,t 1- FIT,t—l ’

1 1
2Nfﬂ(vw),t 8 ( 1 - ES'T(uw),tfl )

+ 2qmm(1 - Pm,vw)ES"l‘(mm),t~l + 4quEY'l‘(mj),t-1

+ 2q (1 = prow) Fsrypn.i-1 — Fsrnny —1],  (35)

[pvw(l + E’l'.t—-l)

1
2N,

_ q;anSTZ‘I(mm),t——l + q:anS;(mj),t—l + ‘I;IFS'CL(//),H . (36)

Like the instantaneous effective sizes, the FEstatistics
change over the first few generations. However, in later
generations, the various effective sizes attain the same
asymptotic value while the Fstatistics converge to their
distinctive asymptotic values. The changes in Fstatistics
for the first 10 generations are shown in Figure 5 for a
population with parameters s = 20, N,, = 5, N; = 50,
d,=0.5,d,=0, o2 =2, U?f =1, cr?,,f =10, a?m =0.1,
Ommy = 2, and o,,, = 1. The graphs are generated
by numerical calculations by (20), (10), and (11).
Because of the asymmetrical effects of the two sexes, the
differences among the four fixation indexes, Fyymm).is
Fsremp,o Fsryp o> and Fyr,, are evident in any generation.
Similar to the monoecious case (WANG 1997), Fy )
reaches its equilibrium value in fewer generations than
Fsr () and Fr.

For incomplete subdivision, the instantaneous Esta-
tistics will eventually attain their respective asymptotic
values, Fis(yu), Fsromw), and Fr, while the instantaneous
effective sizes N,;;, Np(u).» and N,y will reach the same
asymptotic value, N,. Thus in equilibrium, (34-36) re-
duce to
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FIGURE 5.—Changes in the nine Fstatistics parameters
(Frs (mms FlS(mf) s FIS([f) s Fiss Fsr(mm) » FST(mj) P FST(ff)’ Fsr, and Fyr)
over successive generations for a population with parameters

5= 20, Np= 5, Ny = 50, dy = 0.5, = 0, 0% = 2,05 = 1,
0o = 10,07, = 0.1, 0= 2, and o = 1.
l p——
_ Gnilsronp = Fir (87)
2N, 1 - Fy
1 1
(po(l + Fy)

2N, 8(1 — Ferew)
+ 2qmm(1 - Pm,vw)FST(mm) + 4:quI"‘S‘T(m/)
+ 2q5 (1 — prww) Fsryp — Fsrew 1, (38)

1 _ GrmmFsT(mm) + q;anST(mf) + q}str(/Q. (39)
2N, 4 2 4

A solution to these equations will give explicitly the
expressions for Frr and Fgr,,y, and by (10) and the
relation (1 — Fr7) = (1 — Fsrguy ) (1 — Fsowy ) » We can
obtain Fis(,.,) - The expressions for Fsr,., however, are
quite complicated and therefore not given here. For
the special case that the numbers of male and female
progeny per family are in independent Poisson distribu-
tions, we have Fsrnm) = Fsrmp = Fsryp = Fsrbecause the
coancestry between individuals within subpopulations is
irrespective of the sexes of the individuals. Thus from
(39) we get

2
Fp=——t (40)
(gomm + 2qms + q5) N,
Inserting (40) into (37) and (10) yields
44 mm + 245 r)— 1
Fp = qf/(q 2q f+qff) (41)

2N, -1

and

4Gy — :nm -2 ;n. —qy— 4
Fs = L[’ q , Qmr — s (42)
2(qmm + 2qu+ q_;'f)l\,e - 4
approximately. For relatively large subpopulation size,

we use (5) and (6) for simplicity and these equations
reduce to

_ 2s
b rpa-a-pn P
_ - o 2
g B0 = d) (= d) + (dy = d)*
(dw + d;) (4 — d,, — df) (2N, — 1)
_ _ _ 2
i 4s(d, + dy— d,d;) — (dn — dy) (45)

T 45— 2(dn + dy) (4 — dp— d)N,’

For a single random mating population (s = d, = d; =
1), (45) simplifies to

1

Fis= —
IS 9N, — 1

(46)

which, for equal numbers of males and females (N,, =
N;= N/2) thus N, ~ N, reduces to the classical result
(KiMura and CrROw 1963; ROBERTSON 1965)

1

Fg= — .
" aN -1

(47)

For the special case that sis large, N, = N;= N/2 and
both d,, and d; are small enough so that second and
higher order terms can be ignored, the effective size is

1—d, —d)
N, = N.,.L_’”__L 48
; 2 (dy + dy) (48)

approximately from (32). Substituting (48) into (43)
we obtain

1
C 9N(d, + d) + 1’

Fyr (49)
which was also derived by PrRouT (1981). If we do not
consider sex and denote migration rate as m = /y(d,,
+ d;), (49) reduces to the classical result of WRIGHT
(1969). Thus our expressions for Fstatistics are gen-
eral, incorporating a finite number of subpopulations,
different numbers of males and females per subpopula-
tion, sex-dependent migration rates, and an arbitrary
distribution of family size.

For a subdivided population with equal numbers of
males and females in each subpopulation and Poisson
distribution of family size, CHESSER et al. (1993, Equa-
tion 51) obtained the estimate of Fg; as

2s
" [3(dn + d;) — 2d,d,IN,’

(50)

Fsr

The equation is clearly in variance with our expression
43, and for the infinite island model it also differs from
the result by WRIGHT (1969) and PrROUT (1981). Ex-
pression 50 gives correct predictions of Fgr only for
complete migration (d,, = d;= 1) or no migration (d,
= dy = 0); otherwise it always overestimates Fgr, the
largest bias being resulted with intermediate values of
migration rates of male and female individuals. This is
because (50) was derived from recurrence equations
that used the incorrect probabilities (24) and (25).
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DISCUSSION

The expressions for gene identity, effective size and
Estatistics derived herein are applicable to subdivided
dioecious populations exhibiting varying degrees of iso-
lation and with different numbers of males and females
in each subpopulation and an arbitrary distribution of
family size. Traditional equations for a single unsubdi-
vided population are shown to be special cases of our
general expressions, and CHESSER and coworker’s
model is extended and also corrected in this study.

It is clear that population structure has an important
effect on inbreeding and genetic drift in both short-
term periods and in the long run. Migration among
the subpopulations alleviates inbreeding for the first
few generations, but it will result in a high final rate of
inbreeding and thus larger inbreeding coefficients in
later generations. These results can be used as a guide
to determine proper values of rates of migration and
subpopulation number and size in genetic conservation
programs.

The effect of population structure on effective size is
determined mainly by migration rates. The smaller the
migration rate, the more generations are required for
the population to attain its steady state in inbreeding
and genetic drift (CHESSER et al. 1993), and the larger
the asymptotic effective size. In instances of complete
migration by one sex or both sexes, the population
behaves as an unsubdivided random mating population
and there is little difference between values of effective
size predicted by traditional and the newly derived
equations. When subpopulations become isolated the
influence of breeding structure takes on greater impor-
tance in the determination of effective size ( CHESSER
et al. 1993). If there is no genetic exchange among
subpopulations (d,, = d; = 0), then inbreeding and
variance effective sizes do not converge to the same
value, and inbreeding coefficient increases and gene
frequency changes with different asymptotic rates.

In our derivations, some simplifying assumptions
are included, such as random mating within subpop-
ulations, constant size and structure of the popula-
tion, nonoverlapping generations and autosomal in-
heritance, and without-selection and mutation. HiLL
(1979) showed that, for a population of constant size
and sex ratio and with a stable age structure distribu-
tion, the effective size is the same as that for a popula-
tion with discrete generations having the same variance
in lifetime progeny numbers and the same numbers of
individuals entering the population in each generation.
Itis unlikely that substantial deviations from the numer-
ical values will result if extensions of the expressions
derived herein are made to include overlapping genera-

tions. Recently the effective size for a sex-linked locus
has been considered by many authors for a single un-
subdivided population (POLLAK 1990; CABALLERO 1994,
1995; NaGYLAKI 1995; WANG 1996). The methodolo-
gies provided here can also be extended to sex-linked
loci. However, the situation becomes more complex
because at least seven probabilities of identity by de-
scent should be considered in the general model.

The author is grateful to two anonymous reviewers for their helpful
comments on an earlier draft of this manuscript.
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