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QO N

A simple model for the evolution of closer linkage between two linked loci was
outlined by R. A. Fisuer in 1930. Though unaccompanied by any theoreti-

cal analysis Fisaer’s brief discussion was the basis for most of the subsequent
analysis of the interaction between selection and linkage. The first attempt at a
specific analysis of the two locus case was by WricaT (1952) using a simple sym-
metric viability model. Kimura (1956) analyzed a model which showed how
natural selection could give rise to closer linkage between two loci. LewoNTIN
and Kosrma (1960) later derived equilibrium frequencies and stability conditions
for some further special two locus cases which illustrated the importance of the
interaction between linkage and viability interactions. The interaction between
selection and linkage in evolution was extensively reviewed by BoomEer and Par-
sonNs (1962). Their analysis of the two locus case placed special emphasis on the
effects of linkage on the conditions for the increase of newly arisen gene com-
plexes. Many papers have appeared since this review which extend these earlier
results in various directions. In particular there has been some emphasis on more
1 This investigation was supported (in part) by a Public Health Service Research Career Program award (to Walter

Bodmer, GM 35002-01) and a research grant (GM 10452) from the Public Health Service.
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penetrating numerical investigations of the two locus case (Kosima 1965; LEwon-
TIN 1964 a,b,c; Parsons 1963 a,b; Jain and Arrarp 1965; SineH and LEWoNTIN
1966) and on evaluating the effects of inbreeding on the interaction between se-
lection and linkage (JaiNn and Arrarp 1966). The main aim of this paper is to
provide the theoretical background for some of the results given by BopMmER (in
BoomERr and Parsons 1962) and to extend and amplify the treatment of the two
locus case with random mating. No specific attempt will be made to review all of
the more recent literature though we have endeavored to include most of the
relevant papers in the list of references.

After reviewing the derivation of the general equations we obtain a necessary
condition on the viabilities for the existence of a “linkage equilibrium” and show
that this is satisfied by simple multiplicative and additive models. We determine
next the nature of the equilibria given by a general symmetrical model and then
examine the conditions for the increase of newly produced gametic combinations.
Finally we shall make some attempt to synthesize the overall properties of the
two locus, random mating equations.

1. The General Model

In a random mating diploid population with discrete generations, the fitness of
any genotype will be proportional to the probability of its survival to maturity
multiplied by its fertility. Boomer (1965) has shown that if the fertility of a
mating is the product of the fertility values of the parents, Hardy-Weinberg pro-
portions will obtain in the offspring provided that the fertility values of the sexes
are the same. These conditions are assumed to hold in all the following deriva-
tions. In addition, we ignore random fluctuations in gene frequencies, even when
these are small, and assume that population sizes are infinite.

Let the frequencies of chromosomes AB, Ab, aB and ab be given by i, 1>, s
and z, and let w;; be the fitness of a zygote consisting of chromosome types i and j.
The derived scheme of genotype fitnesses and frequencies is shown in Table 1 in
two forms. Table 1a lists them according to the gametic contributions from the
parents while Table 1b lists them according to their states at the two loci. Boomer
and Parsons (1962), and others, showed that the equations for change in the z;
are given by

(1a) =[x wy — r(Wis Ty Ty — Wy X2 33) | /D
(lb) x'2:[.Z'gll)z+T(W14111'4_w23»f2f3)]/u_)
(1C) X, = [Isw3+r(wl4xlx4“wzsfzxs)]/u_}
(1d) 2= [y ws — r(Wis X1 Ty — Wos T xs)]/u_)
where r is the recombination fraction between the loci A and B,
4

(2) w; = X Tj Wij, fori=1,2,3,4

iZ1
and

D=r,w trw, +rswst+xow,

4 4
=3 2T xj Wij.
=1 j=1
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TABLE 1

Fitnesses and frequencies of genotypes

(a)
AB Ab aB ab
AB Wy Wya Wiy Wiy
%y Iy X, I, T Ty %y
Ab Wys Wso Was Way
Z, T, Z, T, Zy X, z, X,
aB Wiy Wys Wsy Wiy
T xy Ty Xy Ty Xy T3 Xy
ab Wy, Wyy Wiy Wyy
Ty Zy Ty Zy Ty X3 Ty Ty
(b)
BB Bb bb
A4 Wy, Wis Wis
2 2
z2, 2z, x, 7%,
Aa Wys W4 Wy Way
2r, x4 2x, 1,21, 7, 2, 2,
aa Wi, Wy Wyy
2, 2z, x, x%,

The frequencies of the gametes AB, Ab, aB and ab are Zy, Ty, T, and z, respectively. wy is the fitness of the genotype
formed by the combination of the ith with the jth gamete. Assuming random mating, this has a frequency 2z, T, L]
and 22, i—j.

i

These equations are similar to those derived by LewonTin and Kosima (1960)
but allow for a difference between the fitnesses of coupling and repulsion double-
heterozygotes. Note that the numbering of the gamete types differs from that in
BopMEer and Parsows (1962).

We shall make use of the parameter D = x, 2, — x. x;, which is a measure of
gametic interaction. The gamete frequencies can be expressed as functions of p, =
x; + 2, the frequency of A, p, = x, - x,, the frequency of B, and D, the gametic
interaction as follows:

1= M’ P2+D
r.=p (1=p.) —D
(3) x:= (1—py) p.— D

z,= (1—p)) (1—p.) +D
D thus measures the difference between the frequency of the gamete AB and the
frequency which would be obtained if alleles A and B were randomly associated
in the population, and similarly for other gametic types. D has often been re-
ferred to as the “linkage disequilibrium” parameter, and more recently as the
“gametic phase unbalance” (Jainv and ALLARD 1966).

2. The Condition for the Ezistence of a Nontrivial Equilibrium withD = 0

When D = 0, the gamete frequencies can be expressed as the products of the
appropriate gene frequencies, so that the two loci are effectively independent. It
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is a classical result due to JEnNINGs (1917) that, in the absence of selection, the
gamete frequencies approach this state at a rate 1 — r. However in the presence
of selection, even when r = 14, this is no longer true as was pointed out by
WricaT (1952) for a special set of symmetric viabilities. |D| has a maximum
value of 14, when either 7, =x, =0 and z, =z; = % or ;= z, = 14 and z, =
x; = 0, representing the maximum possible disturbances from independence be-
tween the loci. Boomer and Parsons (1962) outlined the derivation of a general
condition that must be satisfied by the selective values in order for a nontrivial
equilibrium with D = 0 to exist (see also Moran 1964 and LEwoNTIN 1964a,b).
Assume for simplicity that wy, = ws, so that equations (1) take the form
(4) u_;x’i::ciwi—erD, fori:1,4
wr,=x,w; trwy,D, fori=2,3
Then a nontrivial equilibrium with D = 0 will only exist if w; = i for all i. These
equations together with D = 0 and x, + z, + x; + z, = 1 impose a single condi-
tion on the viabilities which, using equations (3), is given by eliminating p, p.
and @ from the following four equations.
(5) P1 Pe (wn—wiz_wie"!_wi«;) + Pa (wiz—wn) + P2 (wisgwi4) — W= Wi,
for 1=1,2,3,4
Applying Cramer’s rule for the solution of a set of simultaneous linear equations
and expressing the fact that p, p, = py X p. the condition can be written in the
form

Wy Wiy Wiptwy, wi—wy, wy—w, —I! Wyy—Wyy Wp—wy, —1 —wy
(6) |Wopr—toy g TWyy Wyp—Wy, Wyy—wy, —1 Wog=Wyy Wyg—Wy, —1 —wyy
Wy —Way—Way Wy, Wyy—Wy, Wyy—Wy, —I Woy—Wyy Way—Wy, —1 —wy,
Wy =Wy Wy, We—Wyy Wiy, —1 Wyo—W,y Wy, —1 —wy,

Wy Wy Wyt Wy, Wi—wyy —1 —wy| lwy—w—wy g twy, wp—w,, —1 —wyy
Woy—Woy—Wyy Wy Wyy—Wyy —1 —Wyy| Wy —Wyy—Wog Wy, Wyy—ty, —1 —wy,
— Wy Wyt Wyy—wy, —1 Wy | Wy Wy Wy T Wy, Wap—Wy, —1 —wy,
Wy Wy Wyt Wy Wyy—Wyy —1 Wy | (W Wy Wy T Wy Wy—Wyy —1 —Wy,

There is no obvious general parametrization for the selective values which en-
compasses this single condition although there are two interesting special cases,
the “additive” and the “multiplicative” models for which it is satisfied.

3. The Additive Viability Model

When w;; — wi, — wi; + w;, = 0 for all i equation (6) is clearly satisfied. In
this case the fitnesses can be expressed in the form given in Table 2 assuming
the coupling and repulsion heterozygote fitnesses are equal, i.e., w1 = ws,. It can
then easily be shown that

= (a2 — a))/(2a: — a. — a3) and  p, = (by — bs)/(2b, — by — b3)
corresponding to the relevant solutions for the two loci considered separately, is a
unique solution. Thus equations (4) give, at equilibrium when z’; = x;, and
dividing each by z; and taking the second and third from the first and fourth
equations
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TABLE 2

Fitness scheme for the additive model

BB Bb bb
AA wy =a, +b; wy,=a,+b, wy, =a; + by
Aa w;=a,+ b, wy, (Zwy,) =a, + b, Wy = a, + by
aa Wy, =ay,+ by wy,=a;+b, wy =a;+ by
1 1 1 1
(7) w—wr—wstw, = rw,, D\—+ —+——4+"_) =0,
T Xy X3 Xy

when the viabilities are additive. Since 1/z, + 1/, + 1/x5 + 1/z,, r and w,, are
intrinsically positive we must have D = 0. Given D = 0 it is easy to determine
the stated equilibrium as the unique internal solution of equations (5) and so of
the general equations (1) for this additive model (see also Moran 1967). The
solution is, of course, valid only if @, > ai, @; and b, > by, bs. It will be shown later
that in this case there exists no stable point on the boundaries of the gamete
simplex, so that this solution is almost always stable when it exists. Only for very
special combinations of the viabilities can one construct models giving no unique
stable equilibrium.

4. Multiplicative Viability Model

The fitness scheme for the multiplicative model is illustrated in Table 3. It can
easily be shown by substitution into equations (5) that

P1= (az’—ag)/(gaz—al“—ag) P2 = (BZ_B.?)/(QWBZ—_ﬁl—,Bs)

is a solution which satisfies the condition D = 0 (see also Moran 1967). As for
the additive case, this corresponds to the equilibria obtained separately for each
of the two loci. It will, however, be shown below that in this case other internal
equilibria can exist which may be stable when the equilibrium with D =0 is
not stable. The condition for stability depends on the recombination fraction r.

5. A General Necessary Condition for the Stability of
a Nontrivial Equilibrium withD =0

A necessary condition for the stability of a nontrivial equilibrium with D = 0
can be obtained by examining the behavior of equations (4) in the neighborhood
of D = 0. Substituting from equations (3) into equations (2) we obtain

TABLE 3

Fitness scheme for the multiplicative model

BB Bb bb
AA wyy = ay By wy, = ay By Wy, = a; B
Aa Wi =a, B Wiy =0y By = Wy, Wy, = ay B3

aa Wy = oy By wy, = a3 B, Wy, = ag B,
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(8) wi = wi (ppot+D) + wi[p(1—p2) — D] +wis[ (1—py) p, — D]
+wi[(1—=p,) (1—p2) + D]
or
wi“—‘wi*—{-Dei, i:1,2,3,4‘
where
wi* = Wiy py pp + Wiz pr(1=p2) T wis(1—=p1) p: T wi(1—p,) (1—p2)
is the marginal fitness of the ith gamete when D = 0 and &; = wi,—wi,—wistwiy,
is a measure of the additive viability interaction, which is zero for all { in the
additive model. Thus
4
9) w= 121 w; i = (w*+Dey) (p1pt+D) + (wo*+Des) (p(1—p.)—D)
+ (ws*+De;) ((1—py) po—D)+ (w*+Dey) ((1—py) (1—p.)+D)
=* +2De + D?(e1—es—e57Fe,)
where
D* = w* pips T wy* pi(1—=p2) +ws* (1—p)p. +w,*(1—py) (1—p2)
in the mean fitness when D = 0 and
e = 81P1P2+82P1(1—P2) +83(1_P1)P2+84(1"_p1) (1—p2) =wy—wr—wstw,
Note that for the additive model, when ¢; = 0 for all i, 0 = 0* for all values of
P1, p: and D, From equation (4) we have
(10) @D =% (x,/x) — x'x5)
= (wyx,—rwn.D) (wery—rwi D) — (wezotrw D) (wsxs+ruy D)
= WD Ty — WallsTaXs — Ty, 0 D.
Substituting into this equation from equation (8) we obtain
(11) @D =p:(1—py) p2(1—p,) (W *ws*—w-*w;*)
+ D[ p.(1—p1) po(1—p2) (e * e, * —esw,* —ews™*)
+ [p(1=p2) + p2(1—p) ] (w*ws*—w*w,™)
+ wirw - rwy, 0]
+ D p(1—p1) po(1—p,) (er184—e0es) + w*w,* — w*ws*
+ o et + [p(1=p2) + po(1—p1) ] [eaws™
+ eswn*—eaw *—eaw * ] ]
+ D (pr(1—=p2) F p2(1—=p1)) (e2e5—e1es) T e1es + er,*
+ et — eaws* — 3w
+ Dt (e184—50¢3).
Kimura (1965) has indicated by an analysis of an equation analogous to equa-
tion (11) together with some numerical simulations that when r is near 0.5 or
fitness interactions are small, a state near D =0 js rapidly approached and
Fisuer’s fundamental theorem holds to a good degree of approximation.

At a nontrivial equilibrium with D = 0, from equations (4) and (8) wn* =
w* = w.* = w,* = . Thus if D is perturbed from an equilibrium with D =0
keeping p, and p, constant at their equilibrium values, it will change in the fol-
lowing generation to a value given by
(12) @* D’ = D[pi(1—py) p2(1—p.) D (e1—e2—e51e,) + 0° — rwn, 0] + 0(D?)
where D, p, and p, take their equilibrium values. A necessary condition for the
equilibrium to be stable is, therefore, that |D’| < |D|. When the coefficient of D
on the right hand side of equation (12) is positive, we have
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w* > pi(1=ps) p:(1—p2) D (e1—es—e3Fey) + WP —rw 0
which gives
(13) r > pi(1=py) po(1—p2) (er—e2—estes) /wis .
If, on the other hand,
P1(1_P1) P2(1_P2) w(514€2_83‘+84> + o' —rwuw <0
then
r> [(pi(1=p.) p2(1—p2) (ex—er—estes) + W]/ was
> P ( 1_P1) Pz(i_Pz) (31“82_€3+84)/w14
since @ and w;, are intrinsically positive. The condition |D’/D| < 1 now takes
the form
02> rwn, 0 — w0 — pr{(1—p1) po(1—p,) wW(e1—er—estey)
which reduces to
r< P1(1—P1) p2(1_p‘2) (81_82“83"{‘84) +9 w )
W14 Wiy
The equilibrium with D = 0 can, therefore, only be stable if r lies between the
values
(13a)
p:(1=p1) pa(1—p») (e1—e2—eates) and pr(1=p)p:(1—p.) (e1—er—ea¢4) +2il-)—.
Wis Wy Wiy
Since @ /w,, will, for most reasonable sets of fitness values, not deviate markedly
from 1, condition (13) will generally predominate. So long as &;—e,—este, > 0,
there will always exist a lower limit on r below which the linkage equilibrium
cannot be stable. For the additive model, &,—¢,—¢,+¢, = 0 and condition (13) is
always satisfied.
It can easily be shown that for the multiplicative model
wwt —w.run* =0
for all values of p; and p. so that, from equation (11), D =0 is an eigenvector
for linear perturbations of D, p,, and p, from their equilibrium values. Thus
(13a) gives the condition for D to increase from D =0 in all directions, that
is for all values of p; and p.. Since the stabilities of the gene frequencies to per-
turbations from their equilibrium values when D =0 are guaranteed by the
heterotic nature of the fitness scheme, required for this equilibrium to exist, the
eigenvalues for the eigenvectors orthogonal to D = 0 must both be less than unity,
so that condition (13a) now becomes a necessary and sufficient condition for
stability of the equilibrium with D = 0. The fitnesses given in Table 3 can be
written, without loss of generality, in the form e, = 8: = 1, &y = 1—s1, as = 1— £,
B1 = 1—s,, B; = 1—t, so that the equilibrium is at
p1 =t /s:Ht P2 = to/sy1 .

We then have
&1 = W1 T W12 — Wiz + Wiy = 011B1 _OILBZ — azf31 + 052,82
=(1—s;) (1—s5) —1+s,—1 +5,+1=s5.
and similarly for ., e; and &, so that
€1 €2 — £3 T £y = (s1+28) (so+22)
and condition (13) takes the form
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(14) r> (sls—lktlz1 ) ( s:ftz) )

Now s:2,/(s1+2,) and s.2,/(s,+t.) are the “marginal” segregation loads at loci
A and B respectively. Thus, two multiplicative overdominant loci cannot be at a
stable nontrivial equilibrium with D = 0 if the recombination fraction between
them is less than the product of their segregational loads.

LewonNTIN’s (1964b) second five-locus model involves multiplicative determi-
nation of fitnesses. It is interesting to note that, although he finds that the equi-
librium involving D = 0 becomes unstable at about r = 0.065, the above formula
(14) predicts that it should become unstable at » = 0.0625. This shows that with
more than two loci segregating, higher-order gene interactions play some part,
although perhaps only a small one, in further increasing the minimum value of
r necessary for the stability of an equilibrium with D = 0.

6. A General Symmetrical Viability Model

6.1 Derivation of the equilibrium solutions. It has not, so far, been possible to
obtain general explicit solutions for the equilibria given by the equations (1). A
number of authors (Wricat 1952; Kimura (1956; LewontiN and Kosima
1960; BopmER and Parsons 1962) have however considered simplified symmetric
viability models which can be completely solved. A symmetrical fitness scheme
which includes essentially all of these models is given in Table 4. When o = § it
corresponds to LEwonTin and Kosima’s (1960) model, when 8 = y it corresponds
to Bopmer and ParsoN’s (1962) model (of which WricHT’s (1952) is a special
case) and when 8 =—s+z, a = st¢, = 0 and y = ¢ it corresponds to KimUra’s
(1956) model.

For this model equation (1) takes the form

(15a) W'z = 2, — 81,2 — Br1Ty — y1: 23 — rD
(15b) Wo'r) = 13 — Br1x; — a2 — yZo2e — 1D
(15¢) Wy = T3~ yT1x5 — aXs® — Bxsxs T rD
(15d) Wr, = Xy — Yoy — Brsx, — 822 —rD
where

D =1—8(x:12+22) — a(x>tx,2) — 2B (Xazytx:172) — 2y (1t 222,) .
At equilibrium when z;* = x;, subtracting (15a) from (15d) and (15b) from
(15c) gives

(16) u_)(xl_.r4) — XXy 8 <112—142) - B(Illg—“1”3:€4) - y(1113_12x4)

W(Z—%3) = To—23 — a(T2—x%) — B(X1x—2:%) T 7 (0125 2224)

TABLE. 4

Fitness scheme for general symmetrical viability model

BB Bb bb
AA w;; =1—8§ w,, =1—8 Wy, =1—a
Aa w,=1—y wy, =1=w,, wy, = 1—Y

aa Wy, =1—a w,, =1—8 w,, =1-—8
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so that z, = x,, 1, = z, clearly gives an equilibrium solution of equations (15). It
can be shown that when 8§ =y > 0 and «,8 > 0 no other equilibrium can exist in
which x; * z, and z, 7 x,. However, equilibria with z, =z, and x, # z; (or vice
versa) do exisi for certain special values of the fitnesses. When «, 3, y, 8 are not
all positive, equilibria in which z, # z, and x, # z; also, sometimes, exist. Details
of these analyses will be published elsewhere (Bobmer, M. FELpmaNn and S.
KarriN, in preparation). It seems likely, however, that in general equilibria in
which either z, # z, or z, 7 z, are of little biological significance since their
existence depends on special relationships holding between the viabilities.

When x, = z, and 2. = z; we have

ntr=ntra=%=p=1-p
and
ot =2tz = Y% = p, = (1—p,).

Substituting x, = ¥4 + D = z, and z. = ¥, — D = z; in equation (15a) gives the
following cubic equation for the value of D at equilibrium,
(17) 64 1D} —16mD?* —4(l—8r)D+m=20
where [ =2(8+y) — (at8) and m = (8—e). This equation is equivalent to
equation (7) of BopMmER and Parsons (1962), since 8 and y only occur in the
form B + vy so that setting 8 = y results in no loss of generality for the model as
far as the equilibrium solutions with x, = z, and z, = x; are concerned. A number
of special cases of equation (17) are easily solved and will be considered next.

When r =0, so that the system is equivalent to a four allele model, equation
(17) reduces to
(18) (16 D*—1) (4D—m) =0
giving D =+ Y, — Y4and m/4d.
The first two solutions correspond respectively to the equilibria z. = z; = 0 and
x, =z, = 0, when either gametes aB and ab or AB and Ab are absent from the
population.

If m =0 or 8§ = a, which is the case considered by LewonNTiN and Kosima
(1960), equation (17) reduces to
(19) D(64 (D* —4(1—8r)) =0
giving D=0 (le, z, =z, =23, =z, = 1) or D=+ 14,(1—(8r/1))*. The solu-
tions other than D = 0 are only valid if |D| < 14 thatis,if /> 0. D =0is only
a root of equation (17) if m = 0, which in this case is therefore a necessary condi-
tion for the existence of ‘‘linkage equilibrium.”

The case considered by WricHT (1952) corresponds to I = 0, when equation
(17) reduces to
(20) 16 mD?*—32rD —m=20
giving solutions

r 16 r2+m2\% r r2 \
D= (M) = u (10 )

When r/m is small, we have D = =14+ r/m + 0(r2/m?). On the other hand,
when r/m is large (m/r small) D == (1/32) (m/r) -+ 0(m?/r?).

Following Bopmer and Parsows (1962), useful approximate solutions to
equatton (17) can also be obtained when r is small and ! * 0, m 7 0. Differenti-




246 W. F. BODMER AND J. FELSENSTEIN

ating equation (17) implicitly with respect to r gives
dD dD dD

1921D2d —32m Dd—~4‘(l—8)——+32D 0

or
(21) dD/dr =8D/(l — 8r + 8mD — 48ID?).

Using Taylor’s theorem in the neighborhood of the three solutions of equations
(18), namely, substituting r = 0 and D = Y, —14 and m/4l into equation (21)
gives the following approximate solutions, to 0(7?),

(22) D=4%—7—; o=, =1 — m#1
m —m
(22b) D=—1,+ 11=x4=L, m# —I
m+I
@) D=T4 M =1t 2’"

4 P—m? 12
Note that solution (22a) is only valid when [—m > Oor B + vy > 8 and (22b) is
only valid if /4-m > 0 or 8+ y > a. The first and second solutions correspond to
equilibria in which either gametes AB and ab or Ab and &B are in the majority,
and represent extreme cases of linkage “disequilibrium”. The conditions for their
existence correspond to the type of optimum model proposed by MaTaer (1941
and later), as discussed by Bopmer and Parson (1962). The third solution
corresponds, in general, to an equilibrium near z; = z, = x; = x, = 14, or near
D =0, provided m/! is small. Numerical examples of solutions of equation (17)
have been given by Wricat (1952), Kimura (1956), LEwonTiN and Kosima
(1960), BooMEeRr and Parsons (1962), Parsons (1963a), and Jain and ALLARD
(1966).
6.2. Conditions for the stability of the equilibria. In order to investigate the
stability of an equilibrium given by 7, =z, =2, r,=x:, =% —zx (le, D=
— Y4 + z), we examine the behavior of equations (15) in the neighborhood of the
equilibrium. Substituting into these equations
o=+ X, =% —1—X,, =Y —2—X;, z,=x+ X,

where X; + X, = X, + X,, and ignoring quadratic terms in X, X,, X; and X,
gives the following set of linear equations relating X’; to X, 1 = 1,2,3,4:
(230)  @X" = Xi[1— 28z — (Yo —2) (B +v) + 282 + 22(% — 2) (B +7)]

+X,[Bxr—r/2—22(Vo —x)a—222(B+ v)]

+ X [yxr —r/2—22(Yo — z)a—222(B+ v) ]

+X,[282* + 22 (Y —x) (B T v)]
(23b) DX, =Xa[B(Yo—x) —28x(Yo — 1) —2(% —2)* (B+v)]

+X.[1— (B + )z —2a (Vo —x) —r/2 + 2a(Vp — x)*

+22(Y% —2) (B+y) ]

FX[—r/2+2(Ve —x)%a+ 22(Yo—x) (B+ y)]

TX [y(Yo—x) —282(Yo —2) —2(% —2)* (B+v)]
(23¢) DXy =Xi[y(Yo —x) —28x(Yp —2) —2(Y% —2)* (B + v)]

FXo[—r/2+2(Y% —x)*a+22(Y —2) (B +v)]

+X,[1— (B +v)r—2a(Yo —x) —7/2 + 2a(lp —x)*

+2z(% —x) (B+y)]
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+X.[8(Y% —2) —22(Ye —x)8 —2(% —2)* (B+ )]
(23d) w.X', = X,[282% + 22 (Yo —x) (B+ v)]
+X,[yx — (r/2) —22(Y% —2)a—22°(B + v)]
+X, [ — (r/2) —22(Y — 2)a—22°(B + )]
+X,[1—28x— (Yo —2) (B +y) +282° +22(Yp — 1) (B+ )]
where B, =1 — 2822 — 2a(1p — x)2—4(B + v) z(¥% — z) is the value of iU at
equilibrium.
Adding and subtracting equations (23a) and (23d), and (23b) and (23c) gives
(24a) W (X + X)) =(X:+X,)(1 —28zx— (Y —x)(B+v) 1 48z*
tax (Yo —2) (B ) H (Xt X)) ((BHy) z—r—dx(Yo —x)a—42*(B+ 7))
(24b) D (X" + X)) = (Xi + X)) ((B+v) (Ve —2) —4x(Yo —x)8
— 4 —x)* (B+ 7))
+ (X +X) (1 — (B+y)x—2a(Vo —x) + 4a(Vo—2x)?
taz(Ye —2)(B+7))
(24c)  We(X —X'y) = (Xi—X)(1—28x— (Yo —2) (Bt 7))
+ (X~ X5)(B—v)x
(24d)  We(X, —X%) = (Xi—X) (Yo —x) (B—7)
+ (Xo —Xo) (1 —2a(Y —2) —2(B+ 7))
It is easily seen that equations (24a) and (24b) are equivalent since X; + X, =
X;+ X, The system of linear equations (23) can thus be transformed into
equations (24¢) and (24d), involving only X, — X, and X, — X, and the follow-
ing equationin Z=X, +X,=X;, + X,,
(25) W Z=Z(1 —r+2x(122)[—% (B +v)).
The equilibrium will, therefore, be stable provided |Z’/Z| <1 and the charac-
teristic roots of the pair of linear equations (24c) and (24d) both have modulus
less than unity. When the coefficient of Z on the right hand side of (25) is posi-
tive, the condition for Z gives
(26) We>1—r+2x(1—2x)l— 1% (B+ ) or
r>1+2x(1—2x) — % (B +7vy) — w..
When, on the other hand,
1—r +22(1—2x)l— 14 (B +v) <0,
the condition |Z’/Z| < 1 gives
We>r—1—2x(1—=22)I+ Y% (B+v),
since D, is positive. These two conditions combine to give
(26a) 1+2x(12x)l— % (B+vy) <r<t1+2x(1-2x)] — 1% (B +v) + ..
Since, in general, i, will not be much less than one, and 8, y < 1, the upper limit
on rin (26a) is of little significance and thus condition (26) generally predomi-
nates. Substituting for D, into condition (26) gives
(27) r > — (I+m) /4 4 (3] -+ m)x —6ix*
where I and m are defined as before. Thus, since equations (24c) and (24d) do
not involve the recombination fraction r, (27) is, essentially, the only condition
which relates the value of  to the stability of the equilibrium, but it is by itself
only a necessary and not a sufficient condition for stability of the equilibrium.
This condition is equivalent to equation (8) of Boomer and Parsons (1962). The
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characteristic equation for equations (24c) and (24d) reduces after some manipu-
lation, to
(28) ANiD2 —AMD[2 —28x —2a(Yo —2) — W% (B+y)] + 1+ 42 (Y% —x)By

F 48ax (Yo —x) — 282 —2a(Yo —2) — Y5 (B+ )

+2(8+y) (82° +a(Y-—2)*) =0,
which can be used to check the stability of an equilibrium in conjunction with
condition (27). Equation (28) has, in general, no simple rational solution. When,
however, « =8 and x = 14 (D =0), corresponding to one of the equilibria dis-
cussed by LEwonTtin and Kosima (1960), it has the solutions

(1/we) (1 — (B+a)/2) and (1/we) (1—(y+a)/2)

yielding the two stability conditions

a>y—B and a>pB—y,since B, y, a <1,
which are equivalent to
(29) a>0 and a>l,3—-y[.
Substituting ¢ = § and x = ¥ into condition (27) gives r > I/8, which together
with (29) gives the complete sufficient condition for stability of this equilibrium
(LewonTiN and Kosima 1960). It is interesting to note that » < [/8 is the con-
dition for the existence of the other two solutions of equation (19).

The multiplicative model given in Table 3 reduces to a special case of the sym-
metrical model with m=8—a«=0 when aa=8,=1 and a; = a; = 1—s,,
B1 = Bs = 1—s,. The conditions for the stability of the equilibrium with D = 0,
namely (29) together with r > [/8, reduce to
(30) r> Y18, (I—=s)(1—s;) <1 and s+ s, — 515> |8y
so that it is clear that, for the multiplicative viability model, if r is sufficiently
small, stable nontrivial equilibria with D = 0 cannot exist, and so stable equilibria
with D # 0 will usually exist. As pointed above, this is not true for the additive
fitness model given in Table 2.

When r is small, substituting the approximate solutions (22a) and (22b) into
condition (27) gives, to 0(r?),

r < (I—m)?/8l and r < (lI+m)?/81
respectively, as necessary conditions for the stability of these equiilbria. When
r = 0 and x = 0, equation (28) has solutions
l—a 1—(B+v)/2
T )

both of which are less than one, if 8 + y > « > 0, which is the condition for the
existence of the equilibrium given equation (22b). Thus provided r is small
enough, stable equilibria in the neighborhood of z =0 and x = 1/2 will always
exist solongas 8+ vy > e«and B8 + y > §, respectively.

7. Conditions for the Increase of a New Allele Linked to a Polymorphic Locus

We assume that, initially, gametes @B and ab are maintained polymorphic by
an advantage of the heterozygote aB/ab over both homozygotes aB/aB and ab/ab,
and examine the fate of gametes AB and Ab following their introduction into the
population at low frequencies. We shall obtain the conditions for the increase in
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frequency of gametes AB and ab by approximating to the general equations (1)
in the neighborhood of the equilibrium given by z, = x, = 0. The equilibrium
frequencies u and v of gametes aB and ab in the absence of AB and ab are given by
u=1—v= (Ws—wu) /(LW — Ws; — Was)

where w,, > w,, and w;; for the equilibrium to be stable before the introduction
of A.

Following BooMmer (BopMEeRr and Parsons 1962), we substitute

T3 =u—d,, T, =v—d,, (xr+12=d;+ dy)

into equations (1) and, assuming ., 2., d,, d, are small, ignore quadratic terms
in x,, etc. to obtain the following linear equations relating z"; etc. to x4, etc.

(31a) wx’'y = [ * — rwur] + rarwssu
(31b) wr's = 1rw 0 T 2 (W — ruw,s)
(31c) wd's = 21 [uwyy + 20w4, — rows | + o[ uwss + 20Wwss + rutv.s]

+ di[ (1 — 2u) (uws; + vwsy) + wwss]

+ dy[uws, — 2u uws, + vwig] ]
(31d) wd', = 1, [2uwn; + vwsy, + rows,] + 22[2uiwes + vway — ruwss]

+ dy[vwss — 20 uwys + vwsy]] + dovwas

(1 —2u) (uwys + vwsy) |
where

W= Uwss + 2unws, + Vwa

is the mean fitness before the introduction of the new gametes and

wt = iy + v, we® = Uy T VW
are the initial marginal fitnesses of the new gametes AB and Ab respectively.

Since equations (31a) and (31b) do not involve d; and d, the characteristic

equation for equations (31) breaks down into two quadratics, the first correspond-
ing to equations (3la) and (31b) and the second corresponding to the terms
involving only d, and d, in equations (31c) and (31d). This latter quadratic is
given by the determinental equation

| Quv(wss — Way) + vwsy — WA Qv (Wsy — Wyy) — UV,
(32) | =0

D 2u (Wys — Was) — VW Quv (Wag — Wwss) + L5, — WA |
and has roots

M =0 and Ay = (s — 2uvfws — Wy —wa ) /W .
If we write
s=1—wss/wyy and t=1—wy,/ws,,
following the usual notation for a two-allele balanced polymorphism, the second
root becomes

1 —2uw(s+1t) 1—(2st/s+1) st

Az = 1—(st/st+1¢) 1—(st/s+1) —1_s+t~—st'

Thus A, < 1 provided s, t > 0 or w,, > wys, wy,, which is the condition for the
stability of the polymorphism in B and ab in the absence of AB and Ab.
The remaining quadratic obtained from equations (31a) and 31b) is given by
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w]_* i rwl4U_A, rZU23u

TV we* — rw.su — Aw

which reduces to

(33) wzl\z - ALU'[wl* + uJ2* - r(UZU23 + le4)] + w1*w2*
— r[ulI)23w‘1* + Uw14ZU2*] =0.

The discriminant of this quadratic (“5? — 4ac”) is given by
w?wn* + we* — r(uwss + vwi) 12 — 4w [w  w.* — r{uwssw ™ + vwaw,*) ]
= [wn* — wn* + r(uw,; — vwy,) |2 + 472 uvw,swy, > 0,
since all quantities involved are intrinsically positive, so that the roots of equation
(33) are always real. The condition for the increase of the new gametes is, there-
fore, that at least one of the two roots of this equation have modulus greater than
unity. It is easily shown that for a quadratic equation given in the form A* +
A\ + B =0, this condition is 1 + B —|A| < 0if |4] < 2, or |4| > 2. Since
r<i1< (wl* + W2*)/(UZU23 + UW14)
application of this condition to equation (33) gives
(34a) wi* + w.* — r(uw,s + vwy) > 2w
or
(34b)  (w—un*) (w—w,*) + rlvw (w—w,*) — uwqs (w*—w)] <0
if
wyt +wy* —r(uw,s + vws,) <2w.
When w,* = w,* = w*, say, equation (33) has roots w*/w and
(w* — r(uw.s + vww)) /w,
so that the dominant latent root is then always greater than one if w* > w, which
is therefore the condition for increase of the new gametes.

If w > w,* and w,*, neither of conditions (34a) or (34b) can be satisfied, and
the new gametes can never increase. If, on the other hand w < w,*, w,* either
(34a) is satisfied or

r> (un* +we* — 2w) /(s + vwi).

Now
w*—wtw —w (w* —w) (w* —w)
UWss T Dy, uw,; (w* — w) + vwy (wn* —w)
. uw.s (un* — w)? + vwy (wn* —w)? >0
(1wss + vwny) (W (wn* — w) + v (we* —w)) ?

so that

r> (w* + w.* —2w) /(uwss + vwyy)
implies

(w* —w) (w.* —w)
(uwss (un* —w) + vw (w.* —w)

r>

which is condition (34b). Thus w < w»*, w,* implies condition (34), and the
new gametes always increase. Adding equations (31a) and (31b) gives

w(z’y + 2'2) =2 wy* + 1 we*,
from which it is easily seen that p, = z; + z., the gene frequency of A4, always
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increases if w < w,*, w,* and always decreases if w > w,*, w,*, verifying the
above conditions. When w,* > w > w,*, the new gametes always increase if
vw (W—w-*) < uwe;(w,*—w), for then the left hand side of the first inequality
of (34b) is always negative. If, however, vy, (W—w,*) > ww.,(w,*—w), the
new gametes only increase if

(w—w,*) (w* —w)
Vs (W — we*) — uw,s (w* —w)

A similar set of conditions holds when w,* > w > w,*. A summary of the condi-
tions for increase of the new gametes for all values of w,* and w,* is given in
Table 5.

There are two cases (IIc2 and ITI¢2) in which the new gametes will increase
only if the recombination fraction, r, is less than a critical value,

|
| (w—we™) vwi,— (Wi —w) U,

I (w—w,*) (w* —w) {
|

It is interesting to note, as pointed out by Boomer and Parsons (1962), that for
the symmetrical model considered by LEwonTtin and Kosima (1960) in which
all homozygotes have the same fitness, w,* = w,* so that recombination is never
critical for the increase of new gametes. Special cases illustrating these conditions
will be discussed in a later section. It was also pointed out by Boomer and
Parsons (1962) that, in some cases, when there is a difference between the

TABLE 5

Increase of a gene linked to a polymorphism

u= (Wy,—wy,)/(Qwy—w,;—w,,)
v=1—u
w*, =uw,, +ovw,,
W*y = uw,, + vw,,
w=uwy, + vw,, = uw,, + vw,, = viw,, + uow,, 4+ v2w,,
(w—w*,) (w* —w)

rC:

(w—w*,)vw,, — (W* | —w)uw,,
A increases if and only if

. w*, —w*, wr, =w*, > w
I1. wr, > wr,
a. w' >w',>w always
b, w2 w* >w*, never
c. wrSw2zuw*,
1. (w—w*)vw,, < (W* —w)uw,, always
2. (w—w*y)vw,, > (w*,—w*)uw,, r<r,
II1. w*, > w*,
a. wr,>w* >w always
b. w 2w, >w* never
c. wh>w2>w
1. (w—w* Duw,, < (w*,—w)vw,, always

2. (w—w*))uw,, > (w*,—w)vw,, r<r,
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viability of coupling and repulsion heterozygotes, that is a “position effect,” new
gametes may only increase in frequency if the recombination fraction between
the loci involved is less than some critical value.

The root of equation (33) which has the largest modulus is of some interest
since it determines the initial rate of increase of the new gametes, and so, approxi-
mately, their ultimate probability of survival when random fluctuations of gene
frequencies are taken into account (see Boomer 1960). When r = 0, equation
(33) has the roots w,*/w and w.*/w, so that the increase conditions are w;*,
w:* > w corresponding to the conditions for the increase of new alleles at a locus
which is already polymorphic for two alleles (see Bobmer and Parsons 1960;
Harpane 1957). When r/(w,* — w,*) is small and, without loss of generality
w;* > w,*, the dominant root of equation (33) takes the approximate form

M= (o /w) — (row,/w) +0(r?)

as given by Boomer and Parsons (1962), and the increase condition is, approx-

imately,
(35) r< (w*—w)/vw.

Note that A, increases as the recombination fraction r decreases. When w;; =1
for all 7 and j, equation (33) has roots A =1 and 1 —r, as expected from the
classical results for two linked loci without selection (JENNING 1917; HALDANE
1926).

8. Conditions for the Simultaneous Increase of New Alleles
at Each of Two Linked Loci

Consider now a population in which the genotype ab/ab predominates and
gametes Ab, aB and AB are all present at low frequencies. We are interested in
the conditions under which the increase of the new gametes is dependent on close
linkage between the two loci. Let x, =1 —d, where d = z; + z, + z; and z,,
X2, X3, and so d, are all small. BoomEr (BopMmER and Parsons 1962), obtained
the necessary conditions for this situation by assuming z,, z., x3, were all of the
same order of magnitude and considering the linear equations in these variables,
obtained by ignoring quadratic terms, in equations (1). This approach however
ignores the fact that, initially, x,, being the frequency of the gamete AB which
contains both new alleles, may be of order z; z;, being produced by recombination
in the rare double heterozygote Ab/aB. Thus if z, = 0 initially, ¥y = (rw.sz.zs)/
. Equation (la) may be written in the form

(45) (1 — 1) = 2, [Wy — 0 — riaZs] + FlssXsTs

from which it follows that a sufficient condition for z’; > 2, for all values of
Ty, and z; is r < (w; — ) /(w1,x,) or, since

(w, —w) /wy, < (W — W) /wnazs (x. £ 1)
(46) r < (w,— W) /w, .

Now when x;, z, and x; are small,
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w; = wi, +0(x;)

so that 0 = w4, + 0(x;) and, to this order of approximation, condition (46) takes
the form
(47) < (W — Was) /W14

Thus, so long as all the z; are small compared with (w, — w.,) /wy,, z; will
always increase provided condition (47) is satisfied. If we assume x, = 0(x.x3)
and ignore quadratic terms in z, and z,, and hence in d, equations (1b) and (1c)
take the form :

(48a) 2 = (Wae/Wii) T,

(48b) s’ = (Wss/Wis) s

Thus z, and z; increase, separately, if and only if w., > w., and wss > w,,. This
follows intuitively from the fact that when gametes Ab and aB are rare, recombi-
nant products from the double heterozygote Ab/aB can be ignored and the gam-
etes can be treated as if they were simply new alleles at the two respective loci.
So long as x, and x, are small, and 7; = 0 (z, x3), when w., < wy4, Wy < wy, and
r < (Why—Was) /g 1t follows from equations (47) and (48) that z. and x, de-
crease geometrically while x;, increases. A state must therefore be reached at
which z,, 2, and z; are all of the same order of magnitude. At this point, the linear
approximation considered by Boomer and Parsons (1962) becomes valid and
takes the form

(49a) WX = w(1—r)x,
(49b) Wiy = rwy, Xy T Wasy
(49C) w44x3, = TW14X1 + W Xy

From this it follows that the further increase in r, and the subsequent increase in
z, and z; still depend on condition (47). Thus, as indicated by Bopmer and Par-
sonNs (1962), when the single heterozygotes (Ab/ab and aB/ab) are less fit than
the prevailing homozygote (ab/ab), but the coupling double heterozygote (AB/
ab) is fitter than this homozygote, the genes A and B will ultimately increase in
frequency if and only if the recombination fraction satisfies condition (47).

TABLE 6

Increase of two new linked genes, A and B

A increases if B increases if

Wy Way, Wyy > Wy, always always
Wy Wy > Wy > Wy always r<r>
Wy Wy > Wy 2 Wy, rr.* always
Wiy > Wy 2 Wy, Wy, r<r, r<r,
Wy Way > Wy 2 Wy, always always
Woy > Wy 2 Wiy, Wyy always never

Wy, > Wy 2 Wy, Wy, never always
Wy, 2 Wiy, Way, Wy, never never

re= (W, —w,)/wy,

* These conditions only apply if the frequency of gamete AB(z,) is of the same order of magnitude as those of Ab
and eB (z, and z,).



9254 W. F. BODMER AND J. FELSENSTEIN

When either w., > w,, or w;, > w,, and we start with x; = 0(x.xs), it is no
longer clear under what circumstances linkage may affect the increase of the new
gametes. This problem was discussed by Boomer and Parsons (1962) using a
numerical example. It is clear that whenever z, is large enough to be of the same
order of magnitude as z, and x;, the conditions derived from equations (49) apply.
Then if, for example, w,, > wy, but w;y, < wy,, B will only increase in frequency
if condition (47) is satisfied. When, however, z, is too small initially, locus A
may become polymorphic without locus B. The problem then reduces to that of
the conditions for increase of a new gene linked to a polymorphic locus, which
has been discussed above. These various conditions for increase are summarized
in Table 6.

9. A General Condition for Stable Linkage Disequilibrium Whenr is
Sufficiently Small

When r =0 and z, = z; = 0, gametes AB and ab can be maintained in the

balanced polymorphism given by
r=u= 1—v=1—2,= (Wi W) [2W1—W1,—W4s)

provided ws, > w,, and w;y;. Now assume that r is small so that gametes Ab and
aB occur with frequencies x, and z, which are of the same order of magnitude as
r. Writing r, = u—d, and z, = v—d,, where d, and d, are also 0(r), we have
w; = uwy; + vwy; + 0(r) and io = w + 0(r) where w = v?wy; + 2uvw,, + V*wy,
= uw; + vwyy = uw,, + vw,, is the mean fitness of the population when r = x, =
x; = 0. Using these approximations, equations (1b) and (1c) take the form
(50a) wr, = x.w,* + rwyuw + 0(r?)
(50b) wry = xwy* + rwyuw + 0(r?)
where w.* = uw,, + vw,, and w;* = ww,; + vws, are the marginal fitnesses of
gametes Ab and aB when first introduced into the population. At equilibrium
when z,’= z,, 1/ = x; we have

(51) .= T U rw U
5 = ————

— 1+ 0(r?) and 2y =——p 1+ 0(r?)
2 w_w3

which are valid equilibria provided w > w,* and w,* respectively. This corre-
sponds to the equilibrium (22a) given by the symmetrical viability model when r
is small. Writing equation (50a) in the form
w(zy—1.) = 2 (w.*—w) + rwuw + 0(r?)

it is clear that when w,* > w, x, always increases for sufficiently small r and
similarly for z; when w;* > w. Thus when w,*, ws* > w no stable equilibrium
can exist with both z, and z, of 0(r), so that w > w,*, w,* is a necessary condi-
tion for the stability as well as the existence of the equilibrium given by equa-
tion (51). An exactly analogous equilibrium exists in the neighborhood of z, =
r, =0 and

W2z — Wss

Xy = 1 — X3 =
2w23 T Wiz T Wss

when r 1s sufficiently small.
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Ficure 1.—Tetrahedral representation of gamete frequencies.
A point inside the tetrahedron represents a population whose re-
spective gamete frequencies are the perpendicular distances from
the four faces of the tetrahedron.

10. Sufficient Conditions for the Existence of a Two-Locus Polymorphism

The gametic frequencies of a population in which two loci are each segregating
for two alleles can be represented as a point in an equilateral tetrahedron such
that the distances from the four faces of the tetrahedron are proportional to the
frequencies of the four gamete types AB, Ab,, aB, and ab. The sum of the four
distances will equal the altitude of the tetrahedron, no matter where the point is
placed (Figure 1).

A population fixed for one of the four gamete types will lie at one of the four
vertices, while a population which has lost one allele at one of the loci will lie on
one of the four edges AB-aB, AB-Ab, Ab-ab or ab-aB. We wish to find conditions
such that the population can ever remain at a vertex, an edge, or a face, so that
it must ultimately come to rest in the interior of the tetrahedron, where both loci
are segregating. If we assume r > 0, then the system cannot have an equilibrium
point on either of the edges AB-ab or aB-Ab, for recombination will continually
produce the missing gamete types. Likewise there cannot be an equilibrium on
any of the faces of the tetrahedron, since a population located on a face lacks only
one gamete type. Recombination will produce this missing gamete, forcing the
population into the interior of the tetrahedron. This leaves four edges and the
four vertices. Each of the vertices is automatically an equilibrium point if there
1s no mutation, since at each of these points only one gamete type exists and this
situation admits of no change by selection or genetic drift. We can determine
whether the equilibria at the four vertices are stable by using the conditions de-
rived above (Table 6) for the simultaneous increase of two new alleles at each of
two loci. If the missing alleles can increase in frequency when iniroduced at low
frequency at either or both loci, the equilibrium cannot be stable. If introduced
alleles always disappear (in an infinite population) then the equilibrium is stable.

If an equilibrium point exists on one of the four edges (AB-ab, aB-ab, AB-aB,
and Ab-ab), it will be a selectively balanced polymorphism at one of the two loci
maintained by overdominance. For such an equilibrium we can use the conditions
given in Table 5 to determine whether the missing allele at the fixed locus will
increase if introduced at a low frequency, and hence whether the equilibrium is
stable. The stability of the equilibria near the remaining two edges AB-ab and
Ab-aB can also be investigated using the conditions derived in the previous sec-
tion for sufficiently small values of r.
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Thus, given any set of fitnesses and the value of r (# 0), we can determine
whether any equilibrium point located on an edge or at a vertex is stable. If all
such points are unstable, then if there is a stable equilibrium point at which all
four gamete types exist and hence both loci are segregating, it must be somewhere
in the interior of the tetrahedron.

We shall first apply this type of analysis in turn to the additive, multiplicative
and general symmetric viability models given in Tables 2, 3 and 4 and then we
shall discuss in detail an illustrative numerical example. ‘

Consider first the additive model given in Table 2. It was shown above that a
unique internal solution with D = 0 exists provided the pairs of differences a. —
a1, @y — a; and b, — b,, b, — b; have the same sign. If these differences all have
positive signs, then all four vertices are unstable equilibrium points, and vice
versa if all are negative. All four vertices are also unstable if only two of the dif-
ferences are negative. Now consider the application of the conditions given in
Table 5 to this model. We have

wun* = a, + ub, + vb,, wy* = a, + ub, + vb,

w =a; +ulub, + vbh,) + v(ub, + vb;)
where

u=1—v=1_(b,— by)/(2b,— b, — by)
Therefore w,* — w = w,* —w =a, — a, and so the equilibrium on the edge
aB-ab is stable if a, < a; and unstable if a, > a;. Similarly the equilibria on the
edges AB-aB, Ab-Ab, and Ab-ab are unstable if b, > b,, @, > a, and b, > b, re-
spectively. Thus, in summary

1. If a. — a1, @z — @3, b, — by, b, — b, are all positive, the only stable equilibrium
is the internal point at which D = 0.

i If, for example, @, — a1, @, — as, b, — b, are all positive but b. — b, is nega-
tive then the only stable equilibria are the vertices aB and ab.

ii. If @, — @, @ — a; are positive and b, — by, b, — b, are negative, then both
edges Ab-aB and Ab-ab have stable equilibrium but no vertices or internal points
are stable.

iv. If, for example, @, — a, and b, — b, are positive, while a. — a, and b. — b,
are negative, then only the vertex ab is stable.

v. If, for example, a, — a, 1s positive and a, — @, b. — by, b, — b, are all nega-
tive then the only stable equilibrium are the vertices aB and ab.

Lastly

vi. If all of a. — a4, etc. are negative all four vertices are stable and no other
stable equilibrium points exist.

Clearly, where there is more than one stable equilibrium, which one is reached
will depend on the initial configuration of the population. For the additive model,
which is undoubtedly the simplest to analyze, linkage has no effect on the equi-
librium configurations though it may affect the rate of approach to the various
equilibria.

In the multiplicative model shown in Table 3, we can without loss of generality
write @y = 1—sy, e =1, as =1 —t5; S =1 —s,, B =1, B, = 1 — t,, to give the
parametrization shown in Table 7. The internal equilibrium point is then given by
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TABLE 7

An alternative fitness scheme for the multiplicative model

BB Bb bb
AA (1—s;) (1—s,) (1—s,) (1—s) (1—1,)
Aa (1—s,) 1 (1—1,)
aa (1—t,) (1—s,) (1—2,) (1—1,) (1—1,)
pr=t./(s1 Tt), P2 =t./ (s2Hts)

and D =0, and is valid only if s, and #,, and s, and #, have the same signs. From
the analysis of the symmetric model and from the analysis of equilibria near the
edges AB-ab and Ab-aB (equations (51)), it follows that, in general, there exist
two further internal equilibria for which D # 0. Equation (14) gives a necessary
condition for an equilibrium with D # 0 to be stable. Consider now the conditions
for the stability of the equilibrium on the edge aB-ab, which only exists if s.,
t. > 0. We have
u=1—v=t,/(s,+t,)

w* =wn* =1 —s,t,/(s:F2s) and w= (1—t;) (1 — 5ot/ (52711,)).
Thus, from Table 5, the equilibrium is stable if £, < 0 so that w,* = w,* < w,
and is unstable if #, > 0 so that w,* = w,* > w, the stability being independent of
the value of 7. The conditions for the stability of the edges AB-Ab, Ab-ab, AB-aB
are, therefore, s, <0, £, < 0 and s, < 0, respectively. If at least three of s,, ¢, 52,
t. are positive then all vertices are unstable. If two of these quantities are positive,
then either three or four vertices are unstable depending on which two are posi-
tive, while if only one is positive, just two vertices are unstable. All vertices are
stable only when all of s,, #,, s, and 7, are negative. In summary

1. If all of s, #,, s, ¢, are positive, the equilibrium with D = 0 is the only stable

equilibrium if
() (o)

but if r is less than this critical value one or more internal points with D # 0 will
be stable.

1. If, for example, only #, < 0 then the only marginal equilibrium which is
stable is that on the edge Ab-ab. The equilibrium with D = 0 does not exist, but
one or two internal equilibria may exist which are stable for sufficiently small r.

iii. If, for example, s, and ¢, are positive but s, and ¢, are negative, then the
equilibria on the edges AB-aB and Ab-ab are stable but none of the vertices are
stable. The equilibrium with D == 0 is presumably unstable.

iv. If, for example, s, and ¢, are positive but s, and ¢, are negative, then only
the vertex aB is stable on the margin, and the equilibrium D = 0 does not exist.

v. If only one of s,, etc 1s positive, say s, and the others are negative then two
of the vertices (AB and Ab) are stable, but no other marginals points are stable.

Lastly

vi. If all of s, etc. are negative, then, presumably, the only stable points are the
four vertices.
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It is not clear without further analysis whether or not in cases (ii), (iii), (iv)
and (v) stable internal equilibrium points with D 7 0 may exist for sufficiently
small 7.

We next consider the application of the conditions for stability of the marginal
equilibria to the general symmetrical model given in Table 4. The vertices AB
and ab will be unstable if either y or 8 < § or if when 8, y > & the recombination
fraction r < §. Similar stability conditions apply for the vertices Ab and ab but
with « replacing 8. The equilibrium on the edge aB-ab occurs at u=1—v =
(8 —B)/(a+ 8 —28) and exists and is stable, in the absence of gametes AB, Ab
if and only if « and & > 8. When this equilibrium exists we have, following

4 v(—8) «_1_ y(@—B)
Wt = T g wr =l o
_, (a—B) (8—8)
and w=1 ——a+8—2ﬂ_

Thus w,* — w and w,* — w are both positive if « > g+ y and § > 8 + y respec-
tively, in which case the equilibrium is unstable for all r, while if «, § <8+
it is stable for all ». When, however, say, a > 8 + vy > 8, the value of r may
determine the stability of the equilibrium following the conditions (2¢) and
(3¢) given in Table 5. By symmetry, these same conditions apply to the edges
AB-Ab, Ab-ab and AB-aB. The equilibria near the edges AB-aB and Ab-aB cor-
respond, as indicated above, to the equilibria 22a and 22b for small r. These only
exist if 8+ v > 8 and B+ y > « respectively. It is clearly not feasible to enum-
erate all the possible equilibrium configurations. One or two examples are, how-
ever, worth discussing. Thus suppose, for example, that 8, y > § > 0 while « >
B + v so that if < 8, all the vertices are unstable. Then, provided r is sufficiently
small, a stable internal equilibrium with D # 0 will exist in the neighborhood of
the edge AB-ab. In this case the value of r is critical for the determination of the
overall equilibrium configuration. If 8 + y < 8§ and «, and B, y > 0, no vertices or
edges are stable and the equilibrium near D = 0 is the only one which is stable.

We shall now use the set of fitnesses in Table 8 as the basis for a more complete
numerical illustration of the application of these conditions for the stability of the
marginal equilibria. We first examine the stability of the four vertices of the
tetrahedron. For AB, the set of fitnesses to be tested is wy, = .70, W,y = wss = .9
and w,, = 1.0 corresponding to the upper left hand corner of Table 8. Note that,
for comparison with the formulation of the section on the simultaneous increase

TABLE 8

Fitness scheme for illustrative numerical example

BB Bb bb
AA .70 .90 .80
Aa .90 1.00 40

aa .80 40 .90
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of two new alleles at two linked loci, it is necessary to renumber the gametes so
that the double homozygote fitness is w4, and the single homozygote fitnesses are
w., and wy,, while the double heterozygote fitness is wy,. Since wy,, wsy, and
w;y > Wy, @ and b always increase so that the equilibrium at the vertex AB is un-
stable for all values of r.

For the Ab equilibrium, wy, = 1.0, ws, = 4, w,y = .9, and wy = .8. So wi,
Wys > Wys > Wyy and B will always increase. Therefore the equilibrium is un-
stable. Since we seek only conditions under which at least one of the fixed alleles
increases when both are introduced at low frequency, the condition on r is ir-
relevant to our argument. The aB equilibrium also is always unstable, since the
fitnesses are symmetrical when A is exchanged for @ and simultaneously B is ex-
changed for 5.

The ab equilibrium has w,, = 1.0, w,, = wy, = 4, and wy, = .9. Then w,, >
Wys 2 W, Wy and so from condition (47), alleles A and B increase only when
r<(1.00—.90)/1.00=.10. If r=0.1, the equilibrium is neutral, and if
r > 0.1, it is stable. The foregoing arguments tell us that we are so far assured
of an interior stable equilibrium only when r < 0.1. Examining the possibilities
of a stable equilibrium with one locus segregating, we see that if a is fixed and
locus B segregates, the relevant fitnesses are ws;, = .8, wy, = 4, and w,, = .9.
This set of fitnesses shows underdominance so that a stable equlhbrlum could not
exist on the edge aB-ab. Likewise, by symmetry, no stable equilibrium is possible
with b fixed and locus A segregating. If A is fixed and locus B segregates we have,
renumbering gamete types,

Wy = .7, wyy = .9, w, = .8,
wy;; =9, Wi, = w2 = 1.00, ws, = .8.
The equilibrium frequency at locus B when A is fixed is
u—= (wu - w44)/(2w34 T W3z w44) =.333
v=1—u=.666
At this point
*

w* = mwy T vwy, = 966

W = Uy, + Wy, = .600

w* = uw,, + vws,, = .833

Referring to Table 5, we find that w* > w* and w* > w = w?* so that we must
calculate (w—w?)vw;, and (w*—w)uwy,. These are

(w—w})vw,, = 1565 and (w*—w)uw,; = .044
since (w—w?)vwy, > (W—w)uw,; allele a will increase whenever

(.233) (.133)
(.155)—(0.44)
Since the equilibrium in which B is fixed and locus A segregates is symmetrical
with this equilibrium, the same condition holds in that case. We have already
seen that when, the population is fixed for genotype aabb, that equilibrium is
unstable only when r < .1. So, when r < .1, all equilibria at which one locus is
fixed or both loci are fixed are unstable. Any population started close to the

r< = .280.
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boundary of the tetrahedron will then be pushed by selection into the interior,
where there must be a stable equilibrium with both loci segregating.

A computer program has been written to check the validity of the above calcu-
lations. Using equations (1), the program produces successive generations in a
hypothetical infinite population. The fitnesses of Table 8 were used, and r varied
from .05 to .5 in steps of .05. In one set of runs allele B was started at a frequency
of .33 and allele « at a frequency of .01, all of the a alleles being in ab gametes in
one set of runs and in aB gametes in another. This corresponds fairly closely to a
situation in which locus B would be segregating at frequencies maintained by
selection, with a small proportion of ab or aB gametes being introduced into the
population. The results confirmed the above calculations. When r was .05, .1, .15,
.2 or .25, allele @ ultimately increased in the population, although if it was intro-
duced as ab gametes it would temporarily decrease to start with. When r was .3,
.35, 4, 45, or .5, allele a ultimately decreased, although if it was introduced by
aB gametes it would temporarily increase to start with. This demonstrates that
the above approximations can hold if the initial frequency of the rare allele is as
high as .01, the approximations thus being reasonably robust.

The other set of runs started with alleles 4 and B at initial frequencies of .01.
In half of the runs all of the A and B alleles were initially in AB gametes while
in the other half they were initially in Ab and aB gametes. Again the runs showed
that the above calculations are valid. When r was .05, both alleles increased.
When r was .15 or greater, both decreased. When r was .1, both alleles would
have been expected to remain at their initial frequencies or decrease, since the
theoretical condition for increase is < .1. In the computer runs, A and B re-
mained almost unchanged after some initial change. In one case (4 and B
initially in coupling) there was a slow increase of A and B. This is interpreted as
due to second-order effects, since the frequency of A and B was not infinitely
small but was .01, so that some genotypes ignored in the above calculations, such
as AB/AB, actually existed in the population at low frequencies and affected the
rate of change of A and B. The computer was also used to solve for stable equi-
libria of the gamete frequencies. Stable equilibria were found at all values of r.
This raises the point that the conditions given above for the existence of stable
equilibria with both loci segregating are sufficient conditions, but not recessary
conditions. For example, when r = .5, there was a stable equilibrium at z; =
4762, x,,= z; = .2251, and z, = .0736.

It is interesting to note that any set of fitnesses in which the double heterozy-
gotes are more fit than the corresponding single heterozygotes, and the single
heterozygotes are more fit than the corresponding double homozygotes will al-
ways have a stable interior equilibrium. Reference to Table 5 will show that we
always have w?, w¥ > w and also wi4, Wy, wss > w,, so that introduced alleles

always increase if » > 0.
DISCUSSION

. The essence of our analysis of the two locus model with linkage and selection
is to identify conditions under which linkage causes a significant departure from
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the gametic changes and equilibria which are expected in the absence of selection,
when D = 0. There are two major aspects of this analysis. On the one hand we
have attempted to derive conditions for the existence of stable equilibria for which
D is appreciably different from 0 and on the other hand we have identified con-
ditions under which close linkage plays a critical role in the increase of new
gametic combinations. The validity of the results of the analysis of any model is,
of course, bounded by the assumptions built into the model. While more complex
two locus models may certainly give results differing quantitatively from those
presented here, they will not alter the qualitative conclusion that plausible situ-
ations do exist for which linkage can profoundly affect the selection and ultimate
equilibrium of new gametic combinations.

In all our discussion of stability we have assumed that an equilibrium is effec-
tively unstable provided at least one of the eigenvalues for linear perturbation
about the equilibrium has modulus greater than unity. Mathematically this is
not strictly correct, since, in general, this only ensures movement away from the
equilibrium in certain directions, depending on the eigenvector corresponding to
the maximum eigenvalue. Instability in all directions is only assured if all eigen-
values have modulus greater than unity. In reality, however, random fluctuation
in gametic frequencies always occur, and are bound, sooner or later, to bring the
gamete frequencies into a region of instability, even when there is only one
eigenvalue with modulus greater than unity. When this happens, the gamete
frequencies will nearly always move away from the equilibrium by a definite
positive amount and so the equilibrium is, for practical purposes, unstable (for
further discussion see Boomer, FeLoman and KarLiN (in preparation).

The analyses presented here have been deterministic, having ignored in par-
ticular random fluctuations due to very low gene frequencies and due to finite
population size. As already pointed out, the initial rate of selection of the new
gamete provides, following Fisuer (1930), at least an approximate measure of
the ultimate chance of survival of a single new occurrence. A general stochastic
treatment of the two locus model, even in its simplest form, is clearly very diffi-
cult, though some useful results have been obtained by Kosima and Scuarer
(1964), Larter (1966), KarLiN, McGrecor and Boomer (1967), and HiLr and
RosErTson (1966).

It is perhaps of some interest to conjecture qualitatively, the likely effect of
drift due to small finite population sizes. For each stable equilibrium point there
will be a region of the tetrahedron within which selection will tend to move a
population toward the equilibrium. Consider a case in which there is a stable
equilibrium in the interior of the tetrahedron and also a stable equilibrium at an
edge or vertex. Normally, random genetic drift will result in the population
wandering about in the region of the interior equilibrium. Occasionally, however,
the population will be carried into the region corresponding to the equilibrium on
the boundary of the tetrahedron. Selection will then tend to pull the population
to the edge or vertex, resulting in fixation at one or both loci. If the missing allele
or alleles are subsequently produced by mutation or introduced by immigration,
this will result in displacement of the population from the edge or vertex by a
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small amount. The population will still be within the “region of attraction” of the
boundary equilibrium, so that if it moves to the interior equilibrium, it will be as
a result of random genetic drift opposing the selection pressure.

On the other hand, if all of the boundary equilibria are unstable (so that there
must exist a stable interior equilibrium), the population will become fixed at one
or both loci less readily, since selection pressure will tend to return the population
to the interior equilibrium. When a fixed population becomes unfixed as a result
of mutation or immigration, the population will have been moved off the boundary
into the region in which selection tends to pull the population toward the interior
equilibrium. If the population then becomes fixed again, it will be in spite of the
selection, whereas in the previous case selection promoted fixation. Thus if the
boundary equilibria are unstable the population will spend more of its time in
the interior of the tetrahedron than it otherwise would. The condition that no
marginal point be a stable equilibrium is therefore, in a sense necessary for the
long-term maintenance of a two-locus polymorphism in a finite population.

The extension of the two locus analysis to more loci is especially important.
LewonTtin (1964b) has obtained very interesting results by computer simulation,
showing how the Interaction of linkage and selection can maintain relatively
large blocks of genes together on a chromosome, provided each pair of adjacent
genes satisfies the conditions for linkage disequilibrium predicted by the two
locus models.

The evidence for evolutionary molding of the organization of genes on chromo-
somes was extensively reviewed by Boomer and Parsons (1962) and will not be
further discussed here. It is of course our hope, that the results presented here
provide some indication of the type of selection needed to effect evolutionary
modification of the positioning of genes on the chromosomes. It seems worth
emphasizing that, at least in higher organisms, an interval on the chromosome
corresponding to a recombination fraction of one or a few percent may contain
many, perhaps even hundreds, of cistrons. Qur results and those of others, suggest
that recombination fractions of this order of magnitude may often cause very
significant departures from random association of genes on the chromosomes,
though larger recombination fractions are less likely to have appreciable quali-
tative effects. Thus, clusters of genes which are relatively close together may often
be maintained in their relative positions by the interaction between selection and
linkage. Genes which are genetically far apart, are, however, much less likely to
be maintained in their given relative positions by such selective interactions. In
other words, the effect of the interaction between linkage and selection is one
that is expected to be concentrated in short regions of the genome and does not
necessarily extend over large portions of any particular chromosome.

We are very grateful to Proressor S. Karrin and Marc Ferpman for their many helpful
comments on the manuscript.

SUMMARY

The mathematical analysis of the deterministic two locus random mating
model with linkage and selection is reviewed and extended following mainly the
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previous analyses by WricHT (1952), Kimura (1956), LEwonNTiN and KoJsima
(1960) and Boomer (BopmERr and Parsons 1962)— —1. The general equations
(1) for the model are first derived.— —2. A condition on the fitnesses for the exist-
ence of a non-trivial equilibrium with D = 0 is next derived (equation (6)).~— —
3. An “additive” fitness model leads to a unique internal equilibrium with D =0,
which is the unique stable equilibrium if both loci are heterotic.— —4. A “multi-
plicative” model also gives an equilibrium with D = 0, which, however, in general
is stable only if r exceeds a simple function of the selection coefficients. When r
is less than its critical value, stable equilibria with D # 0 may exist.— —5. A
general necessary condition (13) for the stability of a nontrivial equilibrium with
D =0 is derived. The application of the condition to the additive and multipli-
cative (14) models is discussed.— —6. A general symmetrical viability model,
which includes essentially all those previously considered, is analyzed in detail
for equilibria and their stability. As for the multiplicative model, equilibria with
D appreciably different from zero may exist provided r is less than a certain
critical value.— —7, 8. Conditions are derived for the increase of a gene linked
to a stable polymorphism (Table 5) and for the simultaneous increase of two new
alleles at each of two linked loci (Table 6).— —9. A general condition is derived
for the existence of a stable linkage disequilibrium whenever r is sufficiently
small.— —10. The overall pattern of equilibria given by these models as a func-
tion of fitnesses and the recombination fraction is reviewed with reference to the
representation of the gamete frequencies of a population as a point in a regular
tetrahedron. A sufficient condition for the existence of a stable internal equi-
librium point is that no marginal point (either on an edge or a vertex) is a stable
equilibrium point. The conditions for the increase of new gametic combinations
provide the criteria for the stability of the marginal points of the tetrahedron.
The additive, multiplicative and symmetric viability models as well as a special
numerical example are used to illustrate these general principals.— —It is
emphasized in the discussion that the reason for an interest in the detailed analy-
sis of the interaction between linkage and selection, is in order to obtain some
indication of the type of selection which is needed to effect the evolutionary
molding of the organization of genes on the chromosomes.
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