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ABSTRACT

A stable polymorphic equilibrium may be established at a selectively-
neutral gene locus which controls the extent of recombination between two
other selected loci. The condition for the existence of the stable polymorphism
is analogous to heterozygous advantage. The heterozygote at the modifying
locus should produce a recombination fraction allowing the greatest linkage
disequilibrium. In the models treated this has the effect of producing the
highest mean fitness, The relationship of these findings to general problems of
coadaptation is discussed.

IN a recent paper one of us (FELDMAN 1972) made an analysis of a model,

originally due to Nex (1967, 1969), for the control of linkage between two gene
loci by a third locus. Briefly, suppose A/a and B/b are two linked loci at which
selection occurs. The modifying locus M/m is such that with genotypes MM.
Mm and mm the recombination fractions between A/a and B/b are ry, r» and r,
respectively. Suppose further that the recombination fraction between M/m and
A/a is r for each genotype at the M/m locus and that this locus is selectively
neutral. That is, the viability of a given A/a-B/b genotype is the same for each
genotype at the M /m locus.

In the analysis made by Feroman (1972) the selection schemes chosen for
A/a and B/b were those for which the two-locus equilibrium theory is known,
namely the additive, multiplicative and symmetric viability models. It was sup-
posed that a small frequency of ‘m’ arose at a stable (in the two-locus sense)
equilibrium of the MAB, MAb, MaB, Mab system and the conditions for ‘m’ to
increase, namely for the initial equilibrium to be unstable in the three-locus
sense, were determined.

It was shown that provided MAB, MAb, MaB and Mab are in linkage dis-
equilibrium at the initial equilibrium, then ‘m’ will increase if and only if 7, < ry,
so that linkage between A/a and B/b will then be tightened. On the other hand,
if the initial state was one of linkage equilibrium the leading stability eigenvalue
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was unity and no advance of the ‘m’ gene was possible. It was pointed out, with
reference to the former case, that selection may occur at a locus at which the
genotypes are equally fit. That is, a selectively neutral gene may be selected by
virtue of its effect on the other loci rather than on viability or fertility. It was
also pointed out that in the special cases examined the mean fitness was a decreas-
ing function of the recombination fraction in the initial state of disequilibrium.

It has since been shown by Karvin and McGrecor (1972) that when mating
is random, what determines the fate of selectively neutral modifiers is the mean
fitness of the population. For a modifying gene to increase from its initially low
frequency, it must reduce a parameter of which the equilibrium mean fitness is a
decreasing function. This result of KarLin and McGrEGoOR encompasses a much
wider class of models than just linkage modification.

When heterozygote advantage at the modified loci is sufficiently strong FErD-
MAN and BarLrau (1972) have also shown that, as with random mating, a selec-
tively neutral recombination reducer is favored in the case of pure selfing. When
the modifiers are not assumed to be neutral in the models described above the
results are not usually as clear-cut. Examples include the classical case of evolu-
tion of dominance (FErpman and Karrin [19717) and segregation distortion
(ProuT, Buncaarp and Bryvant [1971]; Tuomson and Ferpmaw [1974]).

Clearly the model of linkage modification by a selectively neutral modifier, as
described in the first paragraph above, is in a sense symmetric in the alleles M
and m at the modifying locus. Thus if mAB, mAb, maB and mab are the original
chromosomes which are in linkage disequilibrium when the new allele M arises,
M will increase if r, < r; just as, in the corresponding situation, M increased,
when it was rare, if r, < r,. Clearly, if r, < r, and r, < r;, and the stable equilibria
for the two-locus system A/a — B/b are at linkage disequilibrium, then all the
boundary equilibria of the full three-locus system M/m — A/a — B/b are un-
stable. In this paper we confine ourselves to two of the examples treated by
Feroman (1972), namely the LewonTin-Kosima (1960) and the WricHT
(1952) version of the symmetric viability model (see Karrin and Feroman
[1970] for details on this model).

The consequences of the analyses are, we believe, very interesting for evolu-
tionary theory. The natural inference to draw is that a stable interior polymorph-
ism exists. We describe two classes of such polymorphisms in the case where
ry =r; (so that the alleles M and m are indeed symmetric) and outline the con-
ditions under which they are stable. We would like to characterize these equilibria
as being caused by a recombination balance. In general perhaps the term “modi-
fier balance” might be more appropriate. These isolated polymorphisms are stable
in spite of the neutrality of the M /m locus.

2. Recursion System

Let r be the recombination fraction between the modifier locus M/m and the
modified loci A/a-B/b with the order M/m-A/a-B/b. The genotypes MM, Mm,
and mm are responsible for the A/a-B/b recombination fractions r,, r, and rs,
respectively, in the models we shall consider. The chromosomes MAB, MAD,
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MaB, Mab, mAB, mAb, maB and mab have frequencies x;, %5, . . . , 5 respec-
tively, and the selection matrix is in general ||w;;|| with w;; the relative viability
of the genotype having chromosomes 7 and j. Since the modifier locus is neutral
this 8 X 8 matrix consists of four identical 4 X 4 blocks. The recursion system
relating 7/, in the next generation to x4, is then given by (1) below.

D7y = 21wy, + T[XoXslWas T3 XsWasT T oXslWss— W11 X1 Xr—W1sT1 Xs—W16T1 X6 |
+ 71 [ X125 —w1aT1 74 ] (1)
+ ro[ X sWes T2 X0 W — 12515 X1 X616 |
+rry [21016111'6_2w251'215+x31'6w3s+lesw18“‘x4xsw45_wz7x2177]
where
W= 12 S Wixixg
and :

w; — 2. Wwiixj etc.
i

The product rr, arises because we assume that there is no interference. The
corresponding transformations for the other frequencies are given in FELDMAN
(1972). »

Throughout this paper we shall consider only the case where the selective
regime at the A/a-B/b loci is that of symmetric viabilities, as discussed by LEwonN-
TiN and KosmmMa (1960), BoomEer and FersensTeEIN (1967) and KarLin and
FeLpman (1970), namely

AB Ab aB ab

AB 1—s 1—8  1—y 1
Ab 1-8  1—a 1 1—y
aB 1—y 1 1=« 1-R (2)
ab 1 1—y 1—RB 1—-8

Under the hypothesis of selective neutrality at the M/m locus, (2) is the matrix
in each of the four 4 X 4 blocks of the full three-locus fitness matrix. The two
cases of (2) we shall consider here are the LEwonTIN-KoJ1MA model « = § and
the WricaT model 2(8+y) = a + 8. For both of these models the stable equilibria
of the two-locus system we consider are symmetric, i.e., at the equilibria AB and
ab have the same frequencies, as do Ab and aB. The complete stability conditions
for these may be found in KarrLin and FELpman (1970).

In terms of the three-locus model these equilibria are on the boundaries of the
frequency simplex. Thus when « = § the two-locus theory produces the sym-
metric equilibria, with [ =2(8+y—8),

8 8
a=a=ta=Vi-T a=a=na=V1-25, e

B= R =2 =4, = Y, (3b)

when only M is present, with #; = %, = 2; = £; =0, and
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===V 1 o) t== %<1+\/1—8’3 . (30)

=R =t=5=1 , (3d)
when only m is present, with £ =%, = %, = £, = 0.
In the WricaT model ! = 2(8+y) — («+8) = 0 the corresponding equilibria
are, withk = 8—a > 0,

F=F= %—I————%\/ 1+
when only M is present, w1th =2 =%;, =13 =0, and

I—=Zs = %.‘f“—- %-\/1_1_167'3, Te =%, = 1/2_‘525 (4‘b)

when only m is present, Wlth =2 =2,=2,=0.

167’21

~

” Xo — 1‘3 1/2 - x1 (4‘3)

Basically, the stability condition* for (3)a is that the quantities under the
square roots be positive, i.e. r; < (I/8).If r, > (1/8), (3)bisstableand r; > (I/8)
makes (3)d stable. For the equilibria (4)a and (4)b the condition for stability
is that r, and r; be smaller than a certain constant, expressible in terms of the
selection coefficients and given by KarrLin and Feroman (1970). These facts do
not give the whole story; with strong single-locus underdominance, for example,
(3)a and (3)c may not be stable in the whole interval while in both models
unsymmetric equilibria may exist. We shall not consider these here as they are
unstable.

3. Recombination Balance: Interior Three-Locus Equilibria

The result of FELoman (1972) for the cases of the previous section are that
when either of (3)a or (4)a is stable in the two-locus sense it is unstable in the
three-locus sense provided r, < r,. Similarly when either of (3)c or (4)b is stable
in the two-locus sense it is unstable in the three-locus sense provided r, < ra.
Insofar as (3)b and (3)d are concerned, in the seven-dimensional frequency
simplex there is a curve of equilibria joining these two points and parameterized
by pu, the frequency of M. It appears that when (3)a and (3)c are unstable (in
the three-locus sense) there is convergence to this curve, the precise point depend-
ing on the starting conditions. Throughout the rest of this paper we assume that
71 = r; and that, when « = 8§, r; < (I/8) so that (3)a and (3)c are stable as two-
locus equilibria in the LEwonTiN-KoJsima case. In the WrieaT model, when
[=0, (4)a and (4)b are assumed stable as two-locus equilibria. Finally, con-
sidered as three-locus equilibria, we assume that all of these are unstable, i.e.
rp < r;. We are now interested in the behavior of the system (1) as a bona fide
three-locus system,

Consider first the case, « = 8. Since MM and mm produce the same recombi-
nation fraction r, between A/a and B/b it might be expected that the population
would move towards a stable equilibrium at which the frequencies of chromo-
somes MAB, MAb, MaB and Mab are, respectively, equal to mAB, mAb, maB
and mab; i.e., x; = x5, > = Xs, Tz = I1, T+ = Zs. Indeed it is quickly seen that two

* Stability iu this paper means local stability.
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such equilibria exist and, as expected, are of the form (3)a but with recombina-

. .t
tion fractio: —1~2—2— , namely,

fi=g=a=z=1 =1V 1—8( ’1;”2 Y

i‘zzi\‘a:’\s:f7:1/81%\/1—8( rl;rz )/l (8)

Similarly in the WricaT case /= 2(8+y) — (a+8) =0 the same reasoning
produces the equilibrium, with £ = 8§ — « > 0.

Voooe(Eln)

£2:£6:£3:£7:%_i1. (6)

With ¢« =8 and r, =r; > (1/8), equilibria (3)b and (3)d are stable in the
two-locus sense. From (1) with (2) it is easy to seen that these two boundary
equilibria are joined by the curve of equilibria specified by

L= === 1 +

x1:%{[:1'2:1'3:1'4; 1'5:’;—1”:1'6:1'7:1'8 (7)
where py = 1 — py, is the frequency of M.

This approach is of limited usefulness and in order to discover whether these
are the only equilibria we make use of the transformation used by FELDMAN,
FrangrIN and TaOoMson (1973) for the study of the three-locus symmetric
viability model. We change the coordinates from x; to u; where

Uy =2+ X F st 2 — 25— T — X7 — X

U =2, T 2o T X5+ 26— X3 — Xy — X7 — Ts

Us =1+ X3+ X5+ X — Zo— Xy — X5 — s

Us =2yt xat 26 Fxr — 20— 23— 25 — X5 (8)
Us =X, F X0t 2r X5 — X — 2o — X5 — Ze

Us =TT Xz T e+ Xs — 20— 2y — X5 Xz
W=ttt s —2— 23— s — X7 .

From (7) we can write the z’s as functions of «’s as follows:

=0 +twtu -+ttt ustutu)/8
=1 Fwu tu—us— v, +us—us—u;)/8
Te= (1 +twu—wtus—u,—us + us— ;) /8
za= (1t wy —u,—us s —us —us +u;) /8 (9
= (1 —uytu+ s~y — s —ug+ 1) /8
o= (1 —wy‘u,—us s — s+ us—u;) /8
T =(l—wy — et Ut U T U — w — 1) /8
Ts=(1—w—u,—us—u,+us+us+u)/8 .

i
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(This transformation is seen to be an extension of that used by Karrin and
FeLpman [1970] for their study of the two-locus symmetric viability model.)
It is easy to see that the three-locus viability model given by four blocks identi-
cal to (2) is a particular case of the symmetric viability three-locus model. In
the present case, however, an additional recombination parameter is involved.
Even so, it is natural to ask whether there are symmetric equilibria in the present
setup, i.e. equilibria with £, = %y, £ = %;, £3 = %5, £, = Z5. These are the type of
equilibria to which the study of Feroman, FrankrLiN and Taomson (1973) is
devoted. In terms of the u’s these are of the form i, = i, = s = &2, = 0. It will
be seen that the search for such symmetric equilibria in the linkage modification
context produces a great deal of useful information about the equilibrium
behavior of the model.
< i — B+y—3

3A. LewonTtiN-Kosima System o =3; ry 3 4

Rewrite the recursion system in terms of the u variables. To obtain the sym-
metric solutions set the variables uy, u,, us and u, equal to zero. We are left with
three simultaneous cubics in wu;, us and u; as follows

_ 8 B _ v Y I ry
(a) w*U5_u5[1“——4‘——Z—'—4‘-'—r(1_—2—)] +u6u'7[‘—8—'_‘—2‘:|
8§ B v B
* fd R A [ — " — . —
(b) w*us us[l r ) ) (r-+r,—2rr,) (1 2)] +
—2
u5u7|: B(r+r2 rrz)]
(©) whur=w]1—2— ’“;’2]+u5u6(“;’2) (10)
5 B v l . . - . e
Wherew*=1—~—z-~?+§u27 is written for o with u, = uw, = u; = u, = 0.
Clearly one solution of (10) is &; = it, = &1, == 0, or
1“:1=:22=:?:3=£4:i'5=92 =i =1 =1, (11)

which lies on the curve (7). There cannot exist solutions of the form #; # 0;
s = 0; = 0 unless, from (10)a, » == 0. Similarly, unless r; + r, — 2rr, = 0 there
are no solutions with &; % 0 and #@i; = #2; = 0. From (10)c, however, there are
solutions of the form #&; = #@i; = 0; &; # 0, and these are given by

u; = = V1 —8(ri+r.)/2) /1 (12)

which from (9) are seen to be the points (5) obtained previously.

It is obvious that unless special relations hold among the parameters in (10)
no solutions with exactly two of us, w, 17 non-zero are possible. It remains to
determine those solutions, if any, with all three variables non-zero. To this end
make the further transformation

& = usu7/u5 , &= u5u7/u6 , &= usus/u'r . (13)
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Then, since u2 = £,¢,, from (10)a we have

—r(1—y/2) + &L[1/8 —ry/2]

&= I5./8 (14)
and from (10)c we have
£ = /8 — (ritry) /2 — l£:8,/8
S (re—ry) /2
_ Y8 — (rtr) /2 +r(1—y/2) — &[1/8 — ry/2]
= (15)
(r2—r1)/2
Finally, using (14) in (10)b we obtain the quadratic equation in &,
L(l/8 —ry/2)&/8 +
& {1 (rtr2rm) (1—B/2) — r(1=4/2)1/8 = [1/8 — ry/2]
(16)

(r+r2+2rr2)‘8

-+ 2"2 2
(/8 — Si’z—”)ﬁ] )

1} + -y [ 18—

For fixed r, > 0, this quadratic is seen to have real roots in an interval of r
values including r = 0. Now given any real root of (16) we determme éz and &
from (14~) and (15) and then #;, iis, &, from the fact that = 5253, 0= élég and
= Sléz Therefore the valid roots must have gl, éz and 53 all with the same sign.
VVe now discuss the case r = 0 since from this case we learn quite a bit about
the case where r is small and positive.

Special Case r = 0.
Clearly, when r =0, from (10)a there is a continuum of equilibria with
us = u; = 0, u; 7 0. They are of the form

T =2 = X7 = 25 = Vg (1+us)
Ty == 26 = Xy = x5 = Vg (1—us) 17)

with —1 < y; < 1. In addition to this curve, the curve (7) and the points (12)
there are boundary equilibria given by

A 82 A A
LE=1— Zr , =1, &=1. (18)
or
L ==Y =% ;= %(1_‘_\/1_&1_ (19)a
L=, =1 =4;,=0
and
ErL

Es =g =Yoo — B, =1 — £ = %(1+\/1— (19)b

L= =3 =2,=0.
Points (19)a and (19)b are to be expected since when r = 0, the M/m and A/a
loci are superimposed, and in effect we have a two-locus situation. Thus we might
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write A* for MA and a* for ma in which case (19)a represents the usual LEwon-
TIN-KoJima equilibria for the two-locus model having chromosomes A*B, A*b,
a*B and a*b. Similar considerations apply to (19)b.

‘We shall have more to say about (19)a and (19)b in Section 4, but at this stage
we point out that when r is positive and sufficiently small these boundary equi-
libria move into the interior of the simplex producing four non-trivial poly-
morphic equilibria.

For very small r it can be seen that (16) has one root, £, very close to zero, but
positive, and the other, £*, substantially positive. Now under our hypothesis

1
re <rjand /8 > ratrs . Therefore, for r small enough, from (15) the value of
£, corresponding to £ is negative. This is inadmissable since all &'s must have the
same sign. Thus there may exist a maximum of four additional equilibria with
G570, @, 70, i1; 7 0 when r is small, and this maximum is attained. (It is
interesting to compare this with the three-locus symmetric viability model where
eight such equilibria exist.)

It is possible to present a more detailed analysis of the existence conditions
for the equilibria from the roots of (16) in terms of (10)a, (10)b and (10)c or
(14) and (15), as well as all of the parameters. An analysis of this type is pre-
sented elsewhere by Feroman, Frangrin and Tromson (1973) for the fifteen
symmetric equilibria of the three-locus symmetric viability model, so we do not
present such detailed arguments here. Some elementary facts are worth noting,
however. The first is that the condition for stability of the central points (5) is
(see section 4)

ID*[4r—Arrytro—r] + r(rtr—2rr) [ (1—y/2) (1—8/2)—48vD?] > 0 (20)

where D? =1/16 [1 — 4(ry+r.) /11. Now if (r+r,—2rr,)B8/2>1/8 > ry/2 or if
ry/2 > 1/8 > (r+ry—2rr;)8/2, then from (16), (14) and (15), it is quickly seen
that no roots of (16) can be valid. On the other hand if /8 > ry/2 and /8 >
(r+r,—2rr;) B/2 and (20) is violated, there are two positive roots of (16), the
larger of which éf is valid from (14) and (15) and the smaller one invalid.*
The larger root produces four valid symmetric equilibria which exist when the
central points (5) are unstable, namely when r is small. For values of r slightly
larger than that allowing stability of (5) there are no valid symmetric equilibria
except (5), and when ry/2 and (r+r,—2rr,) 8/2 are both greater than I/8, neither
of the resulting negative roots of (16) is valid. To summarize, for the modifier
tightly linked to the modified loci, four symmetric equilibria and the central
points (5) coexist, with the latter unstable. These four extra symmetric points
cease to exist as r increases and (5) become stable.

3B. WricuT's Model 2(B8+y) —a+38, k=8 —a>0.

We have already remarked that (4)a and (4)b are the equilibria in this case
corresponding to the boundaries where M and m, respectively, are fixed. With
r1 > r, these are unstable in the three-locus sense. In addition there is the interior

* A valid é*, is one for which the corresponding z-values are between zero and 1.
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equilibrium (6). In the same way as before we proceed to seek the symmetric
equilibria. Using (9) we rewrite (1) and set u; = u, = u; = u, = 0 to obtain
the symmetric equilibria. We obtain

~ +s B+ k
(2) wu = us[1— wﬁzzm r(1—y/2)] = ttes 7 — 2 [uetussus]
~ +5
() wuo=ult — S BT 00 (1-/2)] —
Usits (rtra=2rm)B k- [ustust:]
2 8
~ at8  ritr k k ry—r,
(c) wu,=u7[1—T~ 12 2]——8—u2——8—+u5us( 12 2) (21)
with
Z’;:l_a-l's Bty hu .

8 4 4

Note that these are no longer cubics and have a somewhat different structure
from that in the LEwonTiN-KoJsima case. From (21)c there is no solution with
its = its = i1; = 0. Also there are no solutions with #; % 0 and &1, =i, =0 or
with 2, ¥ 0 and us; = u, = 0. From (21)c, however, there is a solution with
G; 7 0 and #@; = s = 0. In fact, there are two such solutions but the admissable
oneis

;= 4{ﬂ;—2—>ﬁ} — VIF16[(rtra) 2T7R < 0 (22)

which is precisely the same as (6). Finally we look for solutions of the form
G5 70, G167 0, @; # 0. Some elementary algebra on (21)a and (21)b, respec-
tively, produces the relations

us _ k/8-+ryu./2

U /8 (1=/2) 2%
and
us _ hur/8 — (rtry—2rry) (1—-6/2) (24)
U k/8 + (rtry—2rr)u./2
Combining these we have the quadratic in u,
L7 (rtr—2rr)yB  k? kE(2rtr;—2rr, k?
| R ][RR | 2
(25)

r{rtr.—2rr;) (1——5—)( 1——21) =0.

For r small the roots are clearly real and the negative one is admissible while the
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positive is mot. Substituting the admissible root, &, into (21)c we obtain an
equation of the form

g(fh)
us(ri—rs) /2 (26)

—2
k(18 i) + (7'1;'"2 ) ;. Substituting back into (23), say, we find

Ug —

with g(&;) =

g (i) [k/s + ﬁgy ]
2= (27)

Cor) B ()]

It is not difficult to show that g(i;) is negative near r = 0, so that this is a valid
expression for #2. For the admissible #; value we therefore have two additional
symmetric equilibria in a range of r values including r = 0.

Remark 1: In the same way as for the LewonTiN-Kosima model when r = 0, the
admissible roots are on the boundaries and are functions of r, only. When r, = 0
as well these boundary equilibria have the form

(@) 2, =% =1, (b) Za=t:=1h, (C) Z=2s=1h, (d) T =H%=1. (28)

Remark 2: For both models 3A and 3B it is conceivable that additional unsym-
metric equilibria exist (apart from those already mentioned in the analysis of
3A). We have not analyzed these here.

4. Stability of the Interior Polymorphisms

Feroman (1972) showed that if r; = r; equilibria (3)a, (3)c, (4)a, and (4)b
are unstable in the three-locus sense if and only if r, < r,. We assume, of course,
that these exist and are stable in the two-locus sense on their respective boun-
daries. In the LEwonTiN-Kosima case this also entails that (3)b and (3)d are
unstable in the two-locus sense and we assume that, in this case, the curve (7) is
unstable. It remains to establish the stability properties of the equilibria (5) and
(16) for the LewonNTiN-KoJima case and (6) and (25) for the WricaT model.
We discuss mainly the former since the arguments are the same for the latter.

Stability is taken locally by linearizing (1) in the neighborhood of the appro-
priate equilibrium and evaluating the eigenvalues of the resulting matrix. First
consider the more central equilibria (5) for the LEwonTiN-KoJsima case, (6) for
the WricHT model. The 7 X 7 local stability determinant breaks into a quartic
and a cubic. The eigenvalues from the latter are simply those for the stability,

in the two-locus symmetric viability sense, of these equilibria but with r* =
UL

(ritr:) /2 as recombination fraction. Since
in both models will be less than unity.

The remaining quartic breaks into two quadratics, one of which has both roots
less than unity if and only if r, < r,. The remaining quadratic produces an inter-
esting finding. In the LEwonTin-KoJima case the larger eigenvalue is less than

<ry, all three eigenvalues
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unity and hence the equilibrium is stable if inequality (20) holds. In the WricrT
model the corresponding condition is, with k=8 —a > 0,

]i:D I: ﬁ“h/ . 4‘[:’"}'(7'1'i‘7'2)lj

——— [4r—4rrytro—r.] +rlr+r:—2rr.] 5 i ] >0 (29)

where

Clearly when r = 0 these conditions reduce to the condition r, > r;. Hence when
r==0 then (5) and (6) are unstable for their respective models. Further, when

=0 it is easy to show that the condition r, > r, ensures that the boundary
equilibria (19)a and (19)b are stable in the LewonTin-Kosima case and simi-
larly in the WBIGHT model. It is clearly necessary for the instability of (5) and

(6) that r < ———

(since the last terms in (20) and (29) are positive).

4(1-r.)

The other symmetric equilibria (16) and (25) are more complicated to analyze
but we believe the main properties have been uncovered. We report only the
LewonTiN-Kosima case here although the WricHT case can be done in a similar
way. The stability determinant factors into a cubic and two quadratics. The cubic
has not been shown to have real roots although for r small it does, since when
r =0 it factors producing the stability conditions [ > 0, r, < I/8, r; > rs, all of
which were assumed anyway. In fact, if the cubic has real roots they are all less
than unity in absolute value if and only if the derivative of the quadratic (16)
evaluated at the equilibrium is positive. This is certainly the case for the larger
positive root of (16) in its range of validity, namely when (5) are unstable.

One of the remaining two quadratics can be shown to produce real eigenvalues
less than unity in modulus if 7, > r,. The other quadratic produces the stability
condition

. (B | &b B(pHy—8) (,8+y 5)®
3 16 + 4 [ 2

bé— (B—8) (y—8) | > 0. (30)

This condition is completely analogous to, and when r = 0, is identical to con-
dition (4.2) of Karrin and FEroman (1970) for the non-existence of the “gap”
of instability originally discovered by Ewens (1968). As was the case in that
study, overdominance at each of the A/a and B/b loci is sufficient to ensure the
truth of (30). In summary, when /8 > r; > r,, and there is overdominance at
the separate modified loci, the symmetric equilibria resulting from (16) are
stable for r small. These equilibria are each characterized by high frequencies of
the two complementary pairs of chromosomes. When r is larger, the central

symmetric points with effective recombination fraction ® are stable.

DISCUSSION

The existence of the stable interior polymorphism in the models treated here
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confirms predictions based on the instability of the boundary equilibria pre-
viously proved by FELoman (1972). The instability of the boundary equilibria
does not depend on the degree of linkage of the modifier to the modified loci, but,
as has been shown here, the polymorphism attained does. When the modifier is
tightly linked to the modified genes, the polymorphisms are characterized by two
pairs of complementary chromosomes in high frequencies, with the others in low
frequencies. This might have been predicted from the standard two-locus theory
of Karuin and Feroman (1970), for when r is zero the model essentially is a
two-locus symmetric viability model. When r is large a more evenly distributed
polymorphism results.

Polymorphisms for genes which affect the fitness of other genes have been
studied in connection with epistatic two-locus theory, evolution of dominance
and a number of other situations. The linkage modifiers we have discussed have
no effect on the fitness of their carriers—they are selectively neutral-—yet through
their effect on the linkage disequilibrium at the modified loci they are effectively
selected. We propose to call this type of selection secondary selection, as opposed
to primary selection which occurs for genes affecting the fitness of their carriers.
Secondary selection might just as well be called induced selection, as the changes
in frequency of the genes at the modifier locus are induced by the selection going
on at the primary loci. This stands in contrast to the situation of evolution of
dominance in which the selection is imposed by the modifier locus on the modified
locus. As discussed by Karuin and McGrecor (1974) this really makes it
impossible to distinguish the primary from the secondary locus in the evolution
of dominance situation. In the cases discussed in this paper the recombination
fraction is lower with a heterozygous modifier than with either homozygote. We
could describe this as induced or secondary overdominance.

It is not necessary that secondary overdominance always involves a parametric
reduction by the modifier heterozygote compared to the modifying homozygotes.
It occurs in the models we have examined but we conjecture that this is because
the basic two-locus polymorphisms are such that stable linkage disequilibrium
exists only for tight linkage between the selected loci. Now, except for the unsym-
metric equilibria of KarLin and Feroman (1970), there are no examples in the
literature of stable linkage disequilibrium for relatively loose linkage. If such an
equilibrium came from some asymmetric selection model it is conceivable that
“overdominance” would have the opposite meaning to the above. Thus looser
linkage in the heterozygote than homozygotes at the modifier locus might produce
the polymorphism. An example of this is discussed by THoMsoN and FELbMAN
(1974) in connection with a model of segregation distortion due to ProuT, Bun-
6aarD and BryanT (1973). The meaning of the term “overdominance” in this
context will depend on the selection regime, degree of recombination and type of
equilibrium considered at the modified loci.

In the case of evolution of dominance the order of magnitude of selection is the
mutation rate at the beginning and the square root of the mutation rate at the
conclusion (unless the latter is algebraic). On the other hand, with secondary
selection the order of magnitude of the selection depends on the magnitude of the
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parametric changes caused by the modifier locus. These are probably character-
istic of the parameter. Thus one might expect smaller changes in mutation modi-
fication than, say, in migration or recombination modification. (The first two
have been studied by BaLkau and FeLoman [1973] and by Kariinv and
McGrecor [1973].)

One interesting corollary of the arguments presented in this paper pertains to
speculations on the origin of inversion polymorphisms, such as the discussions
by Harpane (1957) and Doszmansky (1970, p. 145). HarpanNg’s condition
for the existence of such polymorphisms was that “heterozygosis at any locus
concerned in the genetical polymorphism should have a greater effect in raising
fitness when the other loci concerned are heterozygous than when they are
homozygous.” In terms of the two-locus LewonTin-Kosima model, for example,
this would seem to mean that the difference in fitness between AaBb and AABb
should be greater than the difference in fitness between AaBB and AABB. When
a =3, B =1y, HALDANE’s condition merely entails that 28 > §, or in the termi-
nology above I > 0.

Now [ > 0 is the condition that the original equilibria with D # 0 exist. We
have shown here that when these equilibria are stable a recombination balance
can be set up if the recombination between heterozygotes (measured by r,) is
less frequent than between homozygotes (measured by r,). This balance is, we
believe, completely analogous to the polymorphism between inversion and stand-
ard chromosome forms. In other words HALDANE's argument is not complete.
Indeed, it is conceivable under his condition that an equilibrium with D =0 be
stable (for loose linkage) in which case linkage modification would not proceed.

The completion of these arguments of HALDANE is a quantitative expression of
the qualitative arguments expressed by LewonTin (1967) and discussed by
Doszransky (1970, p. 145) that the relevant dimension in the dynamics of
change of inversion frequency is the extent of disequilibrium, not necessarily the
extent of heterosis.

In the study of Karrin and McGrecor (1973) of the models discussed here,
and of a number of others, it has been shown that the properties of the mean
fitness at equilibrium in fact determine the fate of modifying genes. The recombi-
nation examples studied by FeLoman (1972) had the property that 8127/8r >0
at the stable equilibria where modification occurred. Thus, although the modifier
did not alter the fitness of its carrier, for it to increase, it had to increase the mean
fitness of the population. In this sense, then, we may even conceive of a gene
which decreased the fitness of its carriers but still increased by virtue of secondary
selection, i.e. its effect on population fitness. This would seem to provide an
example of the “altruistic” gene discussed by Harpane (1966). Although his
discussion was mainly in terms of “social” animals, secondary selection may
provide a more basic framework in which to view this idea.

The above-mentioned new modifying principle enunciated by KarriN and
McGrecor (1974) has been shown by them to apply to many more models than
the original linkage modification cases. In these cases, any mutation which
decreases the fitness of its carrier but which sufficiently increases the mean
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equilibrium fitness of the population we presume will increase, and such a
mutant gene could well be called “‘altruistic.” We are currently investigating
the details of this phenomenon.

The authors are grateful to Proressors S. Karrin and J. McGrecor for a number of stimu-
lating discussions, and for permission to see their unpublished manuscript.
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