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ABSTRACT

An earlier paper showed that the homozygosity (of a population or sample)
was a good statistic for testing departures from selective neutrality in the direc-
tion of heterozygote advantage or disadvantage. It is here shown that homo-
zygosity is also influenced by the presence of deleterious alleles and by other
departures from neutrality, but at a lower order of magnitude of effect if the
selection coefficients are of the same small order of magnitude. Tables are
provided for the significance points and moments of the homozygosity, under
the null hypothesis of neutrality.

Section 1.

IN a previous paper, WaTTeRsoN (1977), I showed that the homozygosity of a

population, or of a sample, is a good statistic for testing the neutral hypothesis
for alleles at a locus against the alternative of heterozygote advantage or dis-
advantage. M. N1 (personal communication) suggested that the homozygosity
would be considerably influenced by the presence of (additive) deleterious alleles,
if such were present. It is a purpose of this paper to investigate the magnitude of
the latter effect. We shall also consider the effect of other selection schemes.
Finally, we shall tabulate some critical points in the distribution of homozygosity,
for use in determining the significance of the departure of a sample’s homozy-
gosity from expectation under the neutral alleles hypothesis.

Ner and his colleagues have used the sample heterozygosity to estimate the
mutation parameter, and then they have compared the observed variance of
sample heterozygosities across different species with the theoretically predicted
variance, assuming neutrality. See, for instance, Fuerst, CHAKRABORTY and NEI
(1977). The conclusions of the present paper are as follows: for detecting selec-
tive differences between heterozygotes and homozygotes, or detecting the presence
of deleterious alleles, the sample homozygosity (or heterozygosity) is a preferable
statistic to use directly, rather than its variance. If both the heterozygote
advantage (or disadvantage) on the one hand, and the additive effect of dele-
terious alleles on the other, are small, the homozygosity is more influenced by
the former departure from neutrality than by the latter. The same comment
applies to other population and sample characteristics.
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We note below that for testing departures from neutrality other than heterosis
or additive deleterious alleles, it may be useful to consider sample statistics other
than the homozygosity.

The present study does not give as much detail on various series expansions as
do the papers by WarrersoN (1977), concerning heterosis, or L1 (1977) con-
cerning deleterious alleles.

Section 2. Population models with selection.

2.1 The K-allele population: We start by assuming that there are K alleles
possible at a particular locus, and subsequently consider the limiting case with
infinitely many alleles (K—%). Suppose that an individual of genotype A:4;
has fitness 1 + s;;. The mean fitness of the population with allele frequencies

Z1,%2, . . . g 1s defined by W=1+ 2 2 $ijxixj, assuming random mating.

We suppose that each gene, of Whatever allelic type, has a mutation rate u per
generation, and the chance of a gene of type 4; mutating to one of type 4; in
particular is 1/ (K—1) for each j # i. The selection and mutation effects will be
assumed to be small. In fact, we rescale the parameters according to

O'ijZQNeSU, 5:4‘Neu/(K—1> and ® =4N.u . (21)
where NV, is the effective population size, and we hold ¢, ¢ and © fixed as N> .
The stationary distribution for a diffusion model having these parameters is a
special case of one which has been postulated by Wricur (1949, p. 383) and
verified by Kimura (1956). It has the density

K K
¢(xl,x2, X)) = C;: exp (izjzl GijTix;) (ilz—[lxi)e—l (2.2)

over the domain

K-1

0< X132y ¢ o « 9 XK1 <1 N E x; <1 9 (2.3)
and in which zx =1—z,—2.— ... —Zxs. The normahzmg constant is
Ce=J...f exp ( ijll 03iTix;) (I;Iri)‘“ldxz coodrgs (2.4)

the integral being over the region (2.3).

Suppose for the moment that the mutation parameter e is known, but we desire
to test for the presence of some selective effects against the null hypothesis of
complete neutrality, ¢;; = 0 for all ,j. Suppose also that it is not known which
observed allele frequency corresponds to which selective effect (e.g., if some
alleles are potentially deleterious, we do not know which alleles they are in our
sample). The observed allele frequencies may be arranged as descending order
statistics:

K
Ty ZZa) Z oo 2 X(x)» with %x(;) =1,

but it is not known how to assign selection coefficients to them. The likelihood
of this data is
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fe(Zaren - Zw-n) = 2 (26 )T -« 5T, 1)
the summation being over all possible permutations

i: (i19i29 LR 7iK)
of the sequence (1,2,3,...,K).
It is easy to check, by expanding out the exponential term in (2.2) in powers
of 230;;1;2; and summing over the permutations i, that

fe(Z@rZs - - Zwn) = C2K! {1 + S,F + S,(1—F)
+ 1 Sy (1—6F - 3F* + 8G — 6H)
+ 14 8, (F—F? — 2G + 2H)
+ Y S5 (F2—H) -+ Y Se(G—H) + Vs S:H

+0 ()} (Hzw)* (2.5)

where S, and S, are O(¢), the order of any of the o;;:

K
$:= 3, 0u/K, Si= 33 00/ [K(E-D],

S; through 8; are O (¢?):
§:= 3225 0 o/ [K(K—1) (K—2) (K—3)],
all different
8§, =2 2% (o3 o + 2045 0ix) /[K(K—1) (K—2)] ,
all different

Ss = iz (oii0j; T 20:52) /[K(K—1) ],
Ss= 4'1_2?&2]} aijoi;/[K(K—1)],
S; =§ o'nz/K )
and where
K K K
F REICK G=3zu? H=2zw*"

A similar expansion in (2.4) leads to the series for Cg:

co- G v ofi
P GRIBENS e RN,
%S Eﬁ:ﬁﬁfﬁ?ﬁ; (Ke+1) TS Ei:;)(zzfﬁg)j&);n
ThS: E}tigg£&i¥;T(28+1) +t0 (N} (2.6)

Putting (2.5) and (2.6) together, it may be deduced that

fe(Z@sT@ys - v o o Xx-1)
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_ T(Ke) et+1
ey U S so(F—7)

T (S1(e+1) +8:(K—1)e)?/ (Ke+1)2

155, (1= 67+ 372 + 86 — 671 — EDE=D) (K=8)e* )

(Ke13) (Ket2) (Ke 1)

+158 (F—r—2c+om— (( 115113) )(5{21)2()8(1;{251 ) )

+ 358 (-1 — Eﬁ;:;)(zzr;) (Ke-1) )

T R

v (n- DG )

+ 0wy () -

It s clear that if the selective parameters o;; are all small, the first-order selec-
tion term in the likelihood (2.7) most influences the ratio of the likelihood under
selection, (2.7), to the likelihood under no selection. The statistic ¥, the homozy-
gosity, is powerful to detect departures of S, — S, from 0, using the usual likeli-
hood-ratio method of test. In fact, multiplying both sides of (2.7) by F and
integrating over all possible x¢1),2(2), . . . ,Z(x-1) values leads to the equation for
the expected homozygosity:

E(F) = E(F|neutrality) + (S, — S,) Var(F|neutrality) + O (¢?), (2.8)
where the moments on the right are known (see, e.g., STEwART 1976),

E(F|neutrality) = (e +1)/(Ke + 1) ,
and
Var (F|neutrality) = 2(K—1) (e+1)e/[ (Ke+3) (Ke+2) (Ket+1)2] .

We therefore conclude that F is a statistic helpful in detecting differences
between the average fitness of homozygotes as measured by S, and the average
fitness of heterozygotes as measured by S,. It was advocated for exactly this
purpose in WATTERSON (1977), in the special case when all homozygotes had the
same fitness, and all heterozygotes had the same fitness, different from that of
homozygotes. Considerably more detail was obtained for that situation.

It can be seen from (2.7) that if the difference S; — S is not the major selective
effect, then the higher order statistics G and H may be useful, as well as F, to
detect departures from neutrality.

In at least one other special case, the deleterious alleles case, F remains pre-
eminent as test statistic. Suppose that L alleles A;,A4,, . . . ,4;, are fully fit, whereas
the alleles Az 41, . . . ,Ax are deleterious. We assume additivity in the sense that
two deleterious alleles are twice as disadvantageous as one:
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;=01 ij<L,
oij=—e¢ if iISL<j, (2.9)
and
0ij =20 if LL1ij,

where ¢ is a measure of disadvantage carried by a single deleterious allele. We
may substitute these values into the formulas for S, to S;, or what is perhaps
easier, rework the problem from scratch, to obtain the likelihood

fe(xa»xe, -« T x-1))

I‘(Ks) K{1+2 L(K L) ( s+1

(T(e))x K(K 1) Ket+1
Notice that in this situation, because S; = S, due to there being no dominance,
we find that the leading selection term is of order O(¢?) rather than O(¢). This
may be contrasted with (2.5) in general, and in particular with the special case
discussed by Warterson (1977) when all heterozygotes had the same advantage
over all homozygotes, so that

0'“:0, 0ij — 0 for all Z#] . (211)
Then we find that §; = 0 and S, = o, so that

)+O(a3)}( n xH) . (2.10)

fe(xay,Xz), -« X))

— I (K__a__) _ et \ LA
_(F(s))KK!M a(F +1)+o(a)}(ig1x(i)). (2.12)

The major difference between models having small heterozygote advantage, as
in (2.12), and slightly deleterious alleles, as in (2.10), is the replacement of o
L(K—L)
K(K—1)
(2.8), for instance, that the homozygosity will be much more influenced by
heterozygote advantage (or disadvantage) than by deleterious alleles. And the
same conclusion would apply to any other statistic which treats allele frequencies
symmetrically (i.e., depends only on their order statistics).

The distribution of F has been studied by Stewart (1976) in the case K =3,
assuming the mutation parameter ¢ is known and that no selective differences

in the former by —2¢2 in the latter. If ¢ < 1 in both cases, we see from

operate. By conditioning on the observed value of H Z(i), WATTERSON and

Perrow (1978) have found the distribution of F under t the null hypothesis of no
selection, free of the nuisance parameter &, again in the case K = 3.

2.2 The infinitely many alleles model: Letting K — © and ¢ = 0 in such a way
that © anthhe oi; remain fixed, we find for instance that (2.8) remains true with

S =K1__1;I§ %a“/K, S, =Kl:i)m 1%50,',-/[1((](——1) ], and with
E(F|neutrality) =1/(® + 1)
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and

Var (F|neutrality) = 20/[ (0+3) (6+2) (6+1)2] .

We shall, from now on, concentrate our attention on the neutral alleles case, the
simple heterozygote advantage (or disadvantage) case (2.11), and the simple
deleterious alleles case (2.9). In the latter case, suppose that the proportion of
deleterious alleles converges to « as K>, that is

Then the correspondence between the alternative hypothesis models is that «
(for heterosis) is replaced in formulas by —2¢%a(1—e) in the deleterious case,
at least in the leading selection term. Some examples will now be given.

In Watrterson [1977, (3.1.11)], it was found that heterosis in the infinitely
many alleles model led to a frequency spectrum in the population described by

®(z) = 0xr(1—x)9 {1+oex[2—(2+0) 2] /(1+0)+0(s?)} for 0 <z <1,
which may now be transcribed for the deleterious alleles model to read
@ (x) =0 (1—2)91{1—2¢%(1—a) x[2— (2+0®)x]/(1+0) + O(c*) },

for 0<z<1.
Thus the possibility of deleterious alleles tends to decrease the number of alleles
having frequencies z below 2/(2+®), and to increase those having frequencies x
above 2/(2+®), compared with the neutral model. One might have expected
deleterious alleles to boost the number of low-frequency alleles.
The expected number of alleles, K, say, whose frequencies are above some
small threshold value ¢, was given in Warrersonw [1977, (3.2.1)] as

EK,) = L 027 (1—2)0-dx + ¢ 0/(1+0)2 -+ 0 (o?)

for the heterosis model. For deleterious alleles, we obtain instead

E(K,) = L 021 (1—2)8dzx — 20% (1—a) 0/ (148) + O(e*) .

Deleterious alleles tend to decrease the number of alleles of frequency above g,
compared with a neutral allele model.

Section 3. Sample statistics.

‘We now discuss the effect of deleterious alleles on the composition of a sample
of n genes, chosen at random from the population (2.10), or from the corre-
sponding infinitely many alleles population.

A sample may contain a random number of alleles; we denote the number
by £, and the numbers of genes of those various alleles by n,,n,, . . . ;7. Indeed,
as it is the ‘“‘unlabeled”, or the “configuration” aspects of the sample which are
of interest, we shall assume the allele numbers are arranged in decreasing order:
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n1>n2>...>nk>0 .
The sample homozygosity (calculated from observed allele frequencies rather
than from observed homozygote frequencies) is
k
F:__zl nf/nz ,
and we shall denote by a; the number of alleles that have j copies in the sample,
so that F:]_El ajj?/n?, k =j§1 a;, and n‘=—‘]_§1 Jai
The probability of observing such a sample in the heterosis case was given by
Warterson [1977, (4.1.4)] as

nl

Pr(k;ny,m,, . .. 0) = ﬁ [T'(Ke) /T (n+Ke)]

®1.:0

[KY/(K—R)IT*(2) LT, (D(nite) /)1 (1+eAx+O (%)) (3.1)
where

Ag = [(14e)/(1+Ke)] — [m2F+n(2e+1)+Ke(e+1)]/(n+Ke) (nt+1+Ke) .
In view of the remarks made in the previous section, (3.1) remains valid for the
L(K—L) . s
m, al’ldO(cr ) byO(cr ).
Thus F is clearly the appropriate statistic for testing for small departures from
neutrality in any of the cases of heterozygote advantage, heterozygote disad-
vantage, or deleterious alleles.

In the infinitely many alleles version, (3.1) reduces to

deleterious alleles model if we replace ¢ by —242

n!
Pr(k;m,n,, ... m) =

~ [r(0)/T(nte)]

‘01!012! PR (Xn!n]_nz e 17

0"{1+cA+0(¢?)} , (3.2)

where
A=n[1/(140)—nf/(n+6)]/(nt+14+6) .

The deleterious alleles version of (3.2) is obtained by replacing o by ~2¢%¢(1—a),
and O(e?) by O(¢®). Again, F is clearly a suitable test statistic for detecting
departures from neutrality in either case. We tabulate F’s distribution in Section
4, conditional on a given value of £ (which removes dependence on the nuisance
parameter ®, assuming the neutral hypothesis is true).

Among the results obtained in WarTersoN (1977) that may be adapted to the
deleterious alleles case, we quote the following two. Other results may be simi-
larly adapted.

From (3.2), it may be shown [cf. WarTERSON 1977, (4.2.9)] that
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E(k) =0 £ (0+i) + con(n—1)/(1+0)*(n+6) (n+1+0)
+ 0(e?) ,

which in the deleterious alleles context is replaced by

E(R) =03 (0+)" = 20a(1—a)on(n—1)/(10)* (n+0) (n+1+0)
B +0(s?) .

Hence we may conclude that the presence of slightly deleterious alleles tends to
reduce the number of different alleles observed in a sample, compared with the
neutral case.

For the testing of neutrality using F conditional on a given £, WATTERSON
[1977, (4.2.6) ] found that the sample likelihood under heterozygote advantage is

_ n! _
Pr(nhnm PPN 7nklk) — a1!a2! . an!nﬂlz L. nlen(k)l {1 UC+O(O'2)} (3.3)
— n? 1 A1
where C=re T ¥ T w (1 7{) G®1

where S,® is a Stirling number of the first kind, and where
k
—1—+ (1——1—) G(k) = —1—+ (1‘-L) = S,M/S,®
n n n n’ =1

is the expected value of F under neutrality, E(F|k,c = 0). The corresponding
likelihood for deleterious alleles is, as usual, obtained by replacing o by —2¢%
(1 — &), and O(e?) by O(e?), in (3.3). We see in either case that the likelihood
ratio test, comparing the likelihood with selection with the likelihood when ¢ = 0,
is most influenced by the quantity C, or equivalently, by the departure of ¥
from its null hypothesis mean.

Under heterozygote advantage, the expected value of F is, from (3.3),

E(F|k) = E(F|k,0=0) — on*Var(F|k,0=0)/(n+0) (n+1+0)
+0(e?) ,
which reads in the deleterious alleles context:
E(F|k) = E(F|k,0=0)
+ 2¢%a(1—a)n*Var (F|k,6=0) /(n+0) (nt+1+0) + 0(s*) ,

showing that deleterious alleles tend to increase the value of ¥, conditional on &.
The moments of F, conditional on £ and on o =0, were given explicitly in
WarrersoN (1977) in terms of complicated functions of Stirling numbers of the
first kind. See also Tables 2 and 3 below.
Section 4. Significance points for the F statistic.

Suppose that a sample of 2 genes contains £ different alleles. The null hypothe-
sis (neutral allele) distribution of the sample order statistics may be obtained
from (3.2) as
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nlek

Pr(k;ngn,, ... ) = = '
(4R 22 IR s PR ¥ ¢ Y £ P ¢ }

T(0) /T (n+0)

and, conditional on £ being given, from (3.3) as

Pr(mm, . .. ) = — [ls.o] . @
ala! L el oL L Ty

Ewens (1972) was the first to obtain these distributions and to observe that (4.1)
is free of the nuisance parameter @, the scaled mutation rate. The sample homo-
zygosity, F, conditional on given values of £ and n, has a distribution that may
be computed from (4.1) using much computer time or, more quickly, by simu-
lation. Following Ewens (1972), KBy (1975), and SteEwarTt (appendix to
Fuerst, CHARRABORTY and NEr 1977), it is easy to generate samples having
(4.1) as distribution, and hence to obtain the distribution, moments, etc. of
sample statistics by simulation. In Figure 1, we show the frequency polygons of
the distributions of ¥ for £ =2, 5 and 10 combined with n =50 and »n = 500,
obtained by simulation using 1000 samples each.

In Table 1, we give a more extensive tabulation of significance points for the
F distribution, conservative in the sense that for 19, 2.5%, 5%, 109% and 50%,
no more than those proportions were observed at or below the tabulated F value;
for the 90%, 95%, 97.5% and 99% points, no fewer than those proportions were

TABLE 1

Conservative % points for neutral iﬁ', by simulation ifk > 2

E n Frin 1 2.5 5 10 50 90 95 97.5 9 Fo..

2 50 0.5000 0.5000 0.5000 0.5032 0.5200 0.7880 — — — —  0.9608
100 0.5000 0.5000 0.5008 0.5050 0.5288 0.8528 — — — —  0.9802
200 0.5000 0.5002 0.5018 0.5098 0.5392 0.8961 — — — — 0.99005
500 0.5000 0.5004 0.5032 0.5135 0.5525 0.9344 — - — —  0.996008

3 50 033 034 035 037 041 062 089 — — — 09224
100 033 034 037 040 044 067 096 096 — —  0.9606
200 033 034 037 040 046 068 095 098 — — 098015
500 033 036 039 044 048 076 098 099 099 —  0.992024

5 50 020 023 025 02 028 041 066 0.69 078 082 0848
100 020 024 026 028 030 044 073 080 084 089 0.922
200 020 025 028 030 032 049 08¢ 085 090 092 0.9605
500 020 026 030 033 035 053 087 092 095 097 098408

7 50 014 018 018 020 02t 029 046 054 057 064 07768
100 014 019 020 022 024 034 057 0.66 072 081 08842
200 014 020 022 023 025 033 065 074 079 083 094105
500 014 o021 023 025 028 043 073 081 08 091 0976168

10 50 010 013 013 014 015 021 030 036 041 048 0676
100 010 014 015 016 017 025 040 045 050 054 03829
200 010 015 016 018 0.9 028 049 055 062 068 0.91225
500 010 047 018 020 022 033 056 0.66 072 081 0.96436

— denotes significance level not possible.
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¥icure 1.—Frequency polygons for the distribution of F.

observed below the tabulated ¥ value. Again, the table is based on 1000 samples
for each £, n combination except that the £ =2 cases are by analytic compu-
tation, not simulation. We have also listed the lowest possible, and highest
possible, # value. ¥ is minimum in samples in which all alleles are equally
represented (and then F = k) ; of course this may not be possible exactly if n
is not divisible by £. The maximum F value is achieved when £—1 alleles have
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TABLE 2

A
Mean of F; exdct (simulation)

k 50 100 200 500
2 0.7812 0.8088 0.8306 0.8530
(0.7786) (0.8095) (0.8264) (0.8495)
3 0.6302 0.6714 0.7048 0.7401
(0.6402) (0.6804) (0.6924) (0.7379)
5 0.4388 0.4895 0.5392 0.5789
(0.4396) (0.4813) (05275) (0.5771)
7 0.3253 0.3764 0.4207 0.4704
(0.3211) (0.3788) (0.4295) (0.4746)
10 0.2242 02714 0.3134 0.3620
(0.2227) (0.2708) (0.3156) (0.3660)

relative frequency 1/n each, and one allele has relative frequency 1—((k—1)/n.
Then F = (k~1)n?+ (1—(k—1)/n)> For some (k,n) combinations, even the
most extreme F values are not statistically significant, because even under the
null hypothesis they were found to occur in frequencies in excess of the desired
significance level.

In Tables 2 and 3 we exhibit the means and variances of £ under the neutrality
hypothesis; the exact values were obtained by computing (4.3.7) and (4.3.9) in
WarTterson (1977); the simulation values are based on 1000 samples in each
case. Except possibly for the k=7, n =50 and £ = 10, n = 100 variances, the
simulation results agree very closely with the theoretical values.

TABLE 3

A . .
Variance of ¥; exact (simulation)

k 50 100 200 500
2 0.0265 0.0278 0.0281 0.0275
(0.0261) (0.0284) (0.0287) (0.0270)
3 0.0283 0.0325 0.0350 0.0366
(0.0293) (0.0334) (0.0350) (0.0368)
5 0.0189 0.0254 0.0306 0.0356
(0.0182) (0.0244) (0.0289) (0.0342)
7 0.0110 0.0169 0.0224 0.0286
(0.0096) (0.0175) (0.0220) (0.0282)
10 0.0048 0.0089 0.0133 0.0190

(0.0047) (0.0080) (0.0131) (0.0196)
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Some numerical examples were quoted in WarTerson (1977) for Drosophila
samples and we repeat them here. In Table 4 we show the sample sizes, n, the
numbers of alleles, %, the homozygosities, F, the tail-probabilities of getting a
more extreme F value, P (calculated exactly in WarTerson 1977), the normal
approximations to those tail probabilities, Pyorm, and the simulation tail proba-
bilities, Psi (based on the actual %, n values, each simulation consisting of
1000 replicates). The simulation probabilities are consistent with those obtained
by interpolating in Table 1.

The virtue of using simulated distributions is in respect of computer time. The
simulated one-sided significance levels in Table 4 are in good agreement with
the true values, where known, and indicate possible departures from neutrality
in three of the four species. For the simulans sample, however, we had not pre-
viously obtained even the exact tail probability due to computer time limitations,
whereas it may be simulated in approximately half a minute on a B6700, using
1000 samples.

We might interpret the data in Table 4 as perhaps indicating the presence of
heterozygote advantage in simulans, and the presence of heterozygote disad-
vantage or of deleterious alleles in the willistoni and equinozalis samples. How-
ever, as is usual in this work, there may be other reasons for samples to deviate
from the neutral distribution, such as nonstationarity of the population compo-
sition, indistinguishability of different alleles, etc.

I thank Mgrs. M. Wu for help with computing, and Professor M. Nzt for pointing out the
possibility of deleterious alleles influencing homozygosity.
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