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Kinetics of Ligand Binding to Receptor Immobilized in a Polymer Matrix,
as Detected with an Evanescent Wave Biosensor. 1. A Computer
Simulation of the Influence of Mass Transport

Peter Schuck
Section of Physical Biochemistry, Laboratory of Biochemical Pharmacology, National Institute of Diabetes, Digestive and Kidney
Diseases, National Institutes of Health, Bethesda, Maryland 20892 USA

ABSTRACT The influence of mass transport on ligand binding to receptor immobilized in a polymer matrix, as detected with
an evanescent wave biosensor, was investigated. A one-dimensional computer model for the mass transport of ligand
between the bulk solution and the polymer gel and within the gel was employed, and the influence of the diffusion coefficient,
the partition coefficient, the thickness of the matrix, and the distribution of immobilized receptor were studied for a variety of
conditions. Under conditions that may apply to many published experimental studies, diffusion within the matrix was found
to decrease the overall ligand transport significantly. For relatively slow reactions, small spatial gradients of free and bound
ligand in the gel are found, whereas for relatively rapid reactions strong inhomogeneities of ligand within the gel occur before
establishment of equilibrium. Several types of deviations from ideal pseudo-first-order binding progress curves are described
that resemble those of published experimental data. Extremely transport limited reactions can in some cases be fitted with
apparently ideal binding progress curves, although with apparent reaction rates that are much lower than the true reaction
rates. Nevertheless, the ratio of the apparent rate constants can be semiquantitatively consistent with the true equilibrium
constant. Apparently "cooperative" binding can result from high chemical on rates at high receptor saturation. Dissociation
in the presence of transport limitation was found to be well described empirically by a single or a double exponential, with both
apparent rate constants considerably lower than the intrinsic chemical rate constant. Transport limitations in the gel can

introduce many generally unknown factors into the binding progress curve. The simulations suggest that unexpected
deviations from ideal binding progress curves may be due to highly transport influenced binding kinetics. The use of a thinner
polymer matrix could significantly increase the range of detectable rate constants.

INTRODUCTION

During the last several years, evanescent wave biosensors
have become increasingly popular for determining the af-
finity and kinetics of interactions of biological macromole-
cules. The optical biosensors that measure refractive index
changes caused by bound macromolecules permit one to
monitor the time dependence of the binding of label-free
macromolecules to receptors immobilized on a surface.
They are used to study binding in a number of different
fields, e.g., antigen-antibody interactions, protein-protein
interactions, protein-DNA interactions, and virus research
(see, e.g., the reviews of Fisher and Fivash, 1994, and
Malmborg and Borrebaeck, 1995, and the references cited
therein).
The operation of these biosensors is based on the optical

properties of thin films with high refractive index deposited
on a glass surface. Light coming from the glass is totally
internally reflected, and at a certain angle of incidence the
excitation of resonance in the film produces intensity and
phase changes in the reflected beam. For the measurement
one exploits the fact that the resonance characteristic is very
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sensitive to changes of the refractive index in the evanescent
field, which extends, exponentially decaying, into the vol-
ume above the sensor surface. For a more detailed descrip-
tion of the physics see Cush et al. (1993) and Raether
(1977). Two types are currently commercially available, a
surface plasmon resonance biosensor (BIACORE and BI-
ALITE; Pharmacia Biosensor AB, Uppsala, Sweden) (Lofas
et al., 1991) and a waveguide (or resonant mirror) biosensor
(IASYS; Fisons Applied Sensor Technology, Cambridge,
England) (Buckle et al., 1993; Cush et al., 1993).

In most of the published experiments the receptor is
covalently coupled to a flexible hydrogel matrix, which is
attached via a linker layer to the sensor surface (Lofis and
Johnsson, 1990). This hydrogel matrix is composed of car-
boxymethylated dextran chains and has a thickness of 100-
200 nm (Johnsson et al., 1995). The advantages of using the
dextran matrix are prevention of proteins from coming into
contact with the metal surface, minimizing nonspecific ad-
sorption, providing better accessibility of immobilized re-
ceptors to the substrate, and increased sensitivity due to
higher amounts of immobilized receptors (Liedberg et al.,
1993; Lofas and Johnsson, 1990). However, the possible
disadvantages of such a matrix have not been considered
heretofore.
One observation common to many (O'Shannessy, 1994)

or even most (Karlsson et al., 1994; Fisher et al., 1994) of
the applications is that the observed binding and dissocia-
tion kinetics apparently do not follow a simple ideal pseudo-
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first-order binding progress curve (as described in the Ap-
pendix). Among other deviations, most of the published
data show multiphasic association or dissociation phases. In
addition, apparent cooperative binding (Fisher et al., 1994)
and dependence on the choice of which binding partner is
immobilized (Morton et al., 1994; Malmborg et al., 1992)
have been described and remained mostly unexplained.
Compared with other methods, lower rate constants (Ito and
Kurosawa, 1993; Chaiken et al., 1992) and different equi-
librium constants (up to 4 orders of magnitude; Guichard et
al., 1994) have been reported. In the present study the
diffusion/reaction process within the gel matrix is investi-
gated as a source of some of these reported phenomena.

It is well known that reaction rate constants of biomol-
ecules can be very high. In antibody reactions, chemical on
rates up to 108 M-ls-l have been observed (Foote and
Milstein, 1991; Felder et al., 1993). Accordingly, the influ-
ence of diffusion on the kinetics of protein surface binding
in biological systems and biosensors is very important and
has drawn much theoretical attention (e.g., Goldstein and
Dembo, 1995; Balgi et al., 1995; Zwanzig and Szabo, 1991;
Hsieh and Thompson, 1994). For the surface plasmon res-
onance biosensor, ligand transport in the laminar flow of the
bulk phase toward the sensor surface and its effects on the
measured kinetics have been investigated by Glaser (1993).
Additionally, Karlsson et al. (1994) described the transition
from reaction-limited to transport-limited binding, assum-
ing steady-state conditions. However, common to all studies
concerning the surface plasmon resonance biosensor is the
assumption that ligands bind to an idealized planar array of
sites, i.e., an array that is two-dimensional on the molecular
scale. Consequently, the transport processes are dependent
on the buffer flow rate, which in turn was thought to provide
an experimental tool for the important problem of diagnos-
ing transport limitation (Fagerstam et al., 1992; Glaser,
1993; Malmborg et al., 1992; Chaiken et al., 1992; Kelley,
1994).

In the present work a rather different and considerably
more realistic model of the binding process is presented and
explored. The array of binding sites within the polymer
matrix is treated as three-dimensional rather than two-di-
mensional on the molecular scale. In particular, we explore
the transport of ligand within the finite volume where the
receptor is immobilized. Although this volume has a thick-
ness of only 100-200 nm, the presence of immobilized
receptor and high reaction rates can significantly hamper the
transport process (Crank, 1975). The present model is also
novel in incorporating exponentially decaying detection
sensitivity of the evanescent wave (Kooyman et al., 1988;
Stenberg et al., 1991; Liedberg et al., 1993). The sensitivity
has a decay length comparable to the thickness of the gel
matrix (Liedberg et al., 1993), and the measured signal is
therefore sensitive to inhomogeneities of the bound ligand
within the matrix.
To study the distribution of free and bound ligand in the

gel matrix as a function of time and to calculate the corre-
sponding biosensor signal, computer simulations were per-

formed. The computational effort of the simulation was
minimized by reducing the diffusion/reaction model to one
dimension perpendicular to the sensor- surface (Fig. 1). This
is believed to exhibit all characteristic effects of the finite
thickness of the receptor layer, and it enabled the variation
of many experimental parameters. In this way, the influence
of the size of the gel, the receptor distribution, the partition
coefficient of the ligand into the gel, the diffusion coeffi-
cient, and the decay length of the evanescent wave were
investigated for a number of different equilibrium constants,
chemical rate constants, bulk ligand concentrations, and
levels of receptor immobilization. To account for the trans-
port of the ligand into the gel, the ligand flux from the bulk
into the gel matrix was approximated by assuming a con-
stant transport coefficient, which was derived from steady-
state conditions of the external mass transport in the laminar
flow. It is assumed for simplicity that the optical properties
of the sensor are constant, and that the properties of the gel
are homogeneous and independent of the amount of bound
macromolecules.

In the Discussion, we will attempt to demonstrate that the
calculated effects of mass transport of ligand within the gel
are significant in real experiments. Perhaps the most impor-
tant aspect is the inverse problem: How can biosensor data
be properly analyzed, and what qualitative conclusions can
we draw from mass-transport-influenced kinetics? Using
the results obtained here, these issues are addressed in a
subsequent communication (Schuck, manuscript submitted
for publication).

THE SIMULATION MODEL

In the model, it was assumed that the concentrations of
receptor and free and bound ligand are constant in planes
parallel to the sensor surface and vary only along the axis
perpendicular to the sensor surface. With a given linear
density of immobilized receptor r(z), the time course of the
distributions of free ligand f(z, t) and bound ligand b(z, t)
can be described by a one-dimensional diffusion/reaction
equation, where the reaction is assumed to be reversible and
of pseudo-first-order:

af a2f ab
At

= )a-Z2 at

ab
-t = k+,yf(r - b) - k-b,

(la)

(lb)

where D denotes the diffusion coefficient, y the activity
coefficient of the ligand inside the gel, and k+, k_ the
chemical on rate and off rate constants, respectively)
(Crank, 1975). The gel extends from the sensor surface at z
= 0, which represents an impermeable wall, to the bulk
solution at z = G, where material transport into and out of
the gel takes place. Receptor can be present within the gel
and on its surface; initially no ligand is present. Hence the
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FIGURE 1 (Upper graphics) Schematic view of dextran
chains with bound receptor and ligand flow. (Middle plot)
Example for an assumed model receptor distribution r(z)
with a gel thickness of 100 nm and the calculated distribu-
tions of bound ligand b(z, t). (Lower plot) Relative sensitiv-
ity distribution with or = 95 nm.
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following set of boundary and initial conditions has to be
satisfied:

f(Z,t = 0) 0 (2a)

'f
dz(Z = °, t) = O(2b)

af ab
at(z = G, t) = ki(fo- yf(G, t)) - -y(G, t), (2c)

where f is the concentration of the bulk solution and kin is
a rate constant for material exchange between the gel and
the bulk phase.
The numerical procedure to solve Eqs. 1 and 2 by dis-

cretization of the gel into layers (usually 50) of equal
thickness Az is described in the Appendix. To compare the
result of the simulations with that of a two-compartment
model (distinguishing only ligand inside and outside the gel
matrix), only one layer with thickness G, obeying Eqs. lb,
2a, and 2c (with y = 1), was used.

The measured signal R(t) of the evanescent wave biosen-
sor is assumed to be proportional to the mass of ligand
present in the gel, but the sensitivity is decaying exponen-

tially:

rG 00

R(t) = j(f(z, t) + b(z, t))aoe-z'Odz + ffoaoe`a'dz. (3)

For the calculations, a value of 95 nm (Liedberg et al.,
1993) for the decay length o- was used, and the proportion-
ality constant ao was adjusted to give the same signal as in
the ideal case of uniform receptor and sensitivity distribu-
tion. The constant small additive contribution of the bulk
ligand to the signal was neglected. Because the BIACORE
(the first commercially available instrument) was used to
produce most of the published data, the present paper is
adapted to the terminology of this literature. In the follow-
ing, the signal as a function of time is called a "sensor-
gram," and it will be expressed in the resonance units (RU).

)0.

L
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The transformation 1 RU = 1 pg bound protein/mm2 (Sten-
berg et al., 1991; Karlsson et al., 1994) was used, which
leads to 1 mg/ml = 100 RU for a gel of thickness 100 nm.
To estimate the influence of the receptor distribution in

the gel, three different models were used: r(z) was either
constant within the gel, alternatively zero at the bottom of
the gel (at z = 0), and linearly increasing toward the
gel/bulk interface (at z = G), or zero at z = G and linearly
increasing toward z = 0. In the simulations, the receptor
concentration will be expressed in units of its ligand-bind-
ing capacity. This will avoid complications due to different
signal contributions of receptor and ligand caused by dif-
ferences in their molar mass.

Because most of the parameters in Eqs. 1 and 2 are not
known with accuracy and are dependent on a particular
ligand, the influence of each parameter on the calculated
sensorgram was analyzed in a series of simulations. The
following estimates for their orders of magnitude were used:

a) The thickness of the gel, G, was assumed to be 100 nm
(Lofas and Johnsson, 1990) unless otherwise specified.

b) The transport rate kin was calculated through a trans-
port coefficient LbUlk. The ligand flux, j, from the bulk into
the first layer of the gel can be described by j = LbUIk(f(G)
- fo). This flux increases the concentration of free ligand in
the first layer by j AAt/Az. Therefore, the rate constant kin is
given by kin = LbUlk/AZ. In the BIACORE, the sensor is
coupled to the bulk phase with a microfluidic cartridge.
Correspondingly, LbUIk was assumed to be identical to the
mass transport coefficient from the bulk to the boundary of
a steady-state flow cell (Sjolander and Urbaniczky, 1991).
This leads to

1 /Dbulk2V\ 1/3
k =

9Dukv (4)in Az h2bl/(4

where DbUlk denotes the diffusion coefficient of the ligand in
the bulk, v the flow rate, h the height, b the width of the flow
cell, and I the length of the active surface. This transport rate
includes one major aspect of the flow outside the gel par-
allel to the sensor surface and the resulting ligand transport
into the simulations. Obviously, it is dependent on the flow
rate (in case of a stirred volume, it is dependent on the stirrer
speed). In the simulations, unless otherwise specified a
figure of Lbulk = 5 - 10-6 m/s was used (which resembles
the value calculated assuming a bulk diffusion coefficient of
5 * 10-I m2/s and a flow rate of 5 pl/min under the
geometry of the flow-cell given in Karlsson et al., 1994).

c) Assuming a random-fiber model for the dextran and a
spherical rigid ligand, the partition coefficient of the ligand
into the gel can be calculated according to

K = e-A h (5)

where h denotes the chain length per unit volume and A the
mean area of the projection of the ligand (Giddings et al.,
1968). The dextran density is approximately 25 mg/ml
(Karlsson et al., 1994). With a length increment of 5 A per
dextrose unit and assuming homogeneous spherical ligands

with partial specific volume of 0.73 mug, Eq. 5 gives K =
exp{-6.38 * 10-4 M2/3}, that is, 0.25 for proteins of molar
mass 100,000 or 0.15 for proteins (e.g., antibodies) with
molar mass 160,000. The activity coefficient can be approx-
imated by the reciprocal of K. It should be noted that the
partition coefficient is exponentially dependent on the size
of the ligand.

d) Many studies were performed on diffusion of tracer
molecules in water:polymer mixtures. Theoretical consider-
ations and experimental data lead to scaling laws of the
form

D = Do-" (6)

where Do denotes the bulk diffusion coefficient and c the
polymer concentration, with constants a and v (Gorti and
Ware, 1985; Phillies, 1985; Langevin and Rondelez, 1978).
To estimate the diffusion coefficient in the gel, the dextran
matrix with immobilized and at least partially liganded
receptor should be taken into account. At an immobilization
level of 1000 RU (- 10 mg/ml) and assuming a comparable
molar mass of ligand and receptor, a typical value for the
matrix density is 40-50 mg/ml (although this value is often
largely exceeded in the literature). Comparisons with ex-
perimental data and constants given for different tracer
particles and polymer solutions (Gorti and Ware, 1985;
Phillies, 1985; Langevin and Rondelez, 1978) support that
the diffusion coefficient inside the gel is diminished roughly
by a factor of 10-20. Therefore, a value of 10- 12 m2/s for
the diffusion coefficient in the dextran matrix was used.
However, because this estimate is uncertain, it was varied in
different simulations and the influence of this parameter
will be described below. It should be noted that the values
of the constants a and v in Eq. 6 given in the literature differ
considerably for different systems, depending on the size of
the ligand and on its electrostatic interaction with the poly-
mer, i.e., on the buffer composition (Gorti and Ware, 1985).
This is of particular interest because the carboxylated dex-
tran has a net negative charge, with which many proteins
possibly interact, resulting in lower diffusion coefficients.
Some experimental evidence in the biosensor literature for
protein/dextran interaction can be found in (Zahn et al.,
1994; Takano et al., 1994; Cooper et al., 1994).

RESULTS

Distribution of free and bound ligand in the gel
during the association phase
In general, at low chemical on rate and off rate constants k+
and k_, the ideal binding progress curve (as described in the
Appendix) was observed. With the parameter values given
above, in the absence of any receptor, the ligand was equil-
ibrated in the gel in less than 0.1 s. In the presence of
immobilized receptor, this process is slower. The governing
factor for this retardation is k+r, the product of chemical on
rate and concentration of immobilized receptor, since k+rAz
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describes the reaction flux density in each layer in the initial
phase of binding. To make the distinction of the different
transport-related phenomena and a comparison with litera-
ture values easier, in the following the regimes of k+r will
be additionally expressed in terms of a corresponding chem-
ical on rate k* for 2500 RU total ligand binding capacity of
the receptor and a ligand molar mass of 50,000. Clearly, for
different cases these values must be adjusted according to

Mw 2500 RU
k k*.*

+ + 50,000 Binding capacity'

It was found that the influence of binding on the transport
within the gel can be neglected, if k+r ' 100 RU(mg/
ml)- 's- l (k* ' 2 103 M- IS- 1). In this case the free ligand
in the matrix is equilibrated in less than 1 s with vanishing
concentration gradient of the bound ligand. For all faster
reactions nonuniform concentration distributions of both
free and bound ligand were observed, which persist for the
entire time course of the binding until equilibrium is
reached. However, for only moderately transport limited
reactions, the gradient of bound material does not change
significantly during most of the binding phase (Fig. 2). In
this range of reaction rates, the two-compartment model
produces approximately the same results.
A totally different behavior off(z, t) and b(z, t) is found

in highly transport limited cases k+r .-105 RU(mg/ml)- 1

s-l (k* 2 2 * 106 M-s-1) at a final receptor saturation
exceeding 90%. The bound ligand propagates into the gel in
the form of an inward moving front of saturation (Fig. 3 B).
It extends from receptors with almost the final plateau
equilibrium binding level at the gel/bulk interface, to the
inner portions of the gel, where still almost no ligand is
bound. The inflection point of the front is moving with time
and indicates the region of the gel where the local binding
reaction is the fastest. The width of the front of this "trav-
eling saturation binding" is mainly dependent on the degree
of final receptor saturation and the product k+r. It can reach
a few nanometers or less for very high k+r. In the limit of
infinitely fast and irreversible reactions, for which an ana-

lytical description of the binding is given in the Appendix,
it degenerates to a rectangular shape (Eq. A13). The posi-
tion of the saturation boundary in exclusively transport
limited cases (Eq. A12) coincides within a few nanometers
with the inflection points in Fig. 3 B.

The sensorgram: effect of the exponentially
decaying sensitivity

To illustrate the relationship between the measured sensor-

gram and the distributions b(z, t), the gel was divided into
three regions of equal size. The time course of binding b(z,
t) was calculated, and by Eq. 3 the contribution of each
region to the signal R(t) = R1(t) + R2(t) + R3(t) was

determined.
For slow reactions, where the transport influence is neg-

ligible, all regions in the gel contribute in a similar way to

0.010
A

0.008

7ff 0.006

E
e 0.004

0.002

0

B

8

EE6

E

74
0

2

0

0 20 40 60 80 100

z [nm]

FIGURE 2 Calculated distributions of (A) free ligand f(z, t) and (B)
bound ligand b(z, t) in the association phase of a moderately transport
limited reaction in time intervals of 5 s. Simulation parameters: chemical
on rate k+ = 1O(ml/mg)-'s-1; off rate k = 10-3 S-1; bulk ligand
concentration fo = 0.01 mg/ml; concentration of homogeneous immobi-
lized receptor r = 1000 RU; partition coefficient K = 1; diffusion coef-
ficient D = 10- 12 m2/s; transport coefficient Lbulk = 5 - 10-6 m/s;
thickness of the gel G = 100 nm.

the signal. In this ideal case, RI(t), R2(t), and R3(t) are

proportional. The contribution of the region at z = G is
lowest, reflecting the decaying sensitivity in the gel. How-
ever, with increasing binding rates they exhibit differences
in the shape. Fig. 4 A shows the slight loss of proportionality
between the signals of the regions for the binding phase
shown in Fig. 2. However, a two-compartment model as an

approximation is suitable. At still higher binding rates and
high saturation, qualitative differences occur (Fig. 4 B): The
region near the bulk, RI(t), reaches its plateau value rela-
tively rapidly, whereas the regions more distant from the
bulk and closer to the solid surface experience a time delay
in their binding curves. In addition, the latter signal, R3(t), is
the strongest, and consequently the derivative dR3/dt is
highest. Therefore, the sensorgram exhibits an increasing
slope.

This phenomenon can also be found in the pure trans-
port-determined model (see Appendix). The sensorgram
is dependent on the velocity of the moving boundary and
the decay constant of the sensitivity (dR/dt = dR/dB -

dB/dt, where B(t) denotes the position of the boundary).

I I I I I I I I

I I I I I I a I a
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FIGURE 3 Calculated distributions of (A) free ligand f(z, t) and (B)
bound ligand b(z, t) in the association phase of a highly transport limited
reaction in time intervals of 3 s. Simulation parameters: chemical on rate
k+ = 103(ml/mg)- .s-, off rate k_ = 0.1 s-', all other parameters are the
same as in Fig. 2. The vertical lines indicate the z-position of the boundary
B(t) for an irreversible exclusively transport controlled model (Eq. A12) for
the same time intervals.

These two factors change their relative magnitudes with
time. First, the decrease in the boundary velocity (dB/dt
a 1/(G - B)) compensates for the increase of sensitivity
(dR/dB °' e(G-B)/of). Then, the exponential governs the
sensorgram, producing the increasing slope. It can be
shown analytically that this effect is more pronounced
with increasing ratio GM-. It is obvious that dR/dB is
sensitive to the details of the optical setup and that dB/dt
will be determined by the receptor distribution. There-
fore, these factors will influence the sensorgram (see Fig.
5). The resemblance of the simulated sensorgram in Fig.
4 B to that of an exclusively transport-controlled binding
(open square) shows that, for the parameter values used
in the simulation of Fig. 3, a moving rectangular bound-
ary as described in the Appendix is a reasonable model.
A two-compartment model is not sufficient.

Dependence of the sensorgram on chemical on
and off rates

Simulations were performed with different chemical on
rates, keeping the equilibrium constants Kd = k_/k+ con-
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FIGURE 4 Effect of inhomogeneities in the ligand distribution and in
the sensitivity distribution on the signal. The signal ( ) is decomposed
in the contributions of the part of the gel 0 < z . 33 nm (-- -), 33 nm
< z ' 66 nm (- * -), and 66 nm <zz 100 nm (- -). For comparison,
the ideal binding progress curve (.) and the infinite fast irreversible
binding model (Fl) are shown. Stars (*) indicate the signal at the time
intervals of Figs. 2 and 3, respectively. Sensitivity decay constant of is 95
nm. Simulated sensorgram with parameters as in Figs. 2 A and 3 B,
respectively.

stant in each set. The simulated sensorgrams can be divided
into two groups, depending on the final receptor saturation.
In the following, typical results are described.

Fig. 6 shows the calculated sensorgrams at high final
receptor saturation (99%) (Kd = 10-4 mg/ml, c. = 0.01
mg/ml, r = 1000 RU). In Fig. 6 B the signal is plotted
versus a normalized time, which is scaled for each curve by
the on rate. Without transport limitations, in this plot all
curves would be expected to coincide with the ideal binding
progress curve (circles). In Fig. 6 A the time scale is
unchanged. Beginning with k+r 2 100 RU(mg/ml) 1s'1
(k; 2 2 103 M-1S- ) increasing deviations from the
idealized binding process can be observed. Above 105 RU
(mg/ml)Ys'- (k+ 2 2 * 106 M 1s-1) no substantial de-
crease in the time to reach the plateau value of the sensor-
gram can be achieved. Instead, a deformation into a sigmoi-
dal-shaped sensorgram takes place that is a consequence of
the moving binding front discussed above (Fig. 3). All on
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FIGURE 5 Sensitivity of the simulated sensorgram to several parameters
unrelated to chemical reaction rate. Unless indicated otherwise r = 1000
RU (uniform), k+ = 100 (mI/mg)- s-', k_ = 0.05 s-',fo = 0.01 mg/ml,
K = 0.3, D = 10-12 m2/s, Lbulk = 5 * 10-6 m/s, G = 100 nm, and a, = 95
nm. (A) Influence of the receptor distribution at constant total binding
capacity of 1000 RU: uniform ( ), linearly increasing (--- ), and
decreasing (.) toward bulk. The sensorgram calculated in a two-compart-
ment model ([1) (with L adjusted to achieve a unchanged transport rate
(Eq. A20)) corresponds best to a receptor distribution r(z) = R0S(z - z*)
at a point z* within the gel. (B) Variation of the partition coefficient K =

I (- * -), K = 0.5 ( ), K = 0.3( ),and K = 0.2 (---). (C) Effect of
a reduction of the transport parameters: LbUIk = 2.5 * 10-6 m/s ( ); 4bU1k
= 1.5 * 10-6 m/s (- * -); D = 5 * 1i-03 m2/s ( ), and effect of different
decay length a' = 60 nm with D = 5 * 10-13 m2/s (---).

rates k+r 2 107 RU(mg/ml)-'s- (k4 2 107 M-1s-1)
produce the same sigmoidal sensorgram. The two-compart-
ment model is appropriate only up to k+r RU(mg/

ml)Ys-' (k4 2 m 105 M-1s'1).
At low final receptor saturation only small concentra-

tion gradients in b(z, t) and no increasing slope of the
sensorgram was observed. A two-compartment model
describes the qualitative aspects well. Deviations from
the ideal sensorgram were found to begin at k+r ' 100
RU(mg/ml)Y s'- (k 2 103 M sV'), and the limit
in which the sensorgram is independent of the on rate was
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FIGURE 6 Influence of mass transport at high receptor saturation. (A)
Simulated sensorgrams of the association phase for Kd = Io-' mg/ml, fo
= 0.01 mg/ml, r = 1000 RU, K = 0.3, D = 10-12 m2/s, LbUIk = 5* 10-6
m/s, G = 100 nm, oa = 95 nm. Chemical on rates k+: 0.1 ( ), 1 (---),
10 (.), 100 (- * -), 1000 (-X-), and 10,000 (ml/mg)-'fs-' (-+-).
Infinitely fast irreversible binding model (L1). (B) Same sensorgrams
plotted signal versus time * k+ with ideal binding progress curve (0).

at approximately 105 RU(mg/ml)-ls-l (k4 2 *106
M1s1) (Fig. 7).

Effects of ligand and receptor concentration

In a pseudo-first-order reaction a decrease in the concent-
ration of ligand results in a slower binding process. But
because the diffusional fluxes decrease by the same amount,
no changes in the diffusion influence can be observed. The
calculated sensorgrams are identical to those of a binding
with higher chemical off rate, measured on a slower time
scale. This relationship between sensorgrams is based on the
structure of Eq. 1 and was verified in the simulations.
Therefore, the form of the plots in Figs. 6 and 7 remain
unchanged for lower ligand concentrations, if the time scale
is appropriately normalized. The symmetries of the contri-
butions of reaction and diffusion to the total time course of
the sensorgram indicated in Eq. 1 imply that the occurrence
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(0).

of inhomogeneities is in principle not restrici
intervals after the injection of the ligand.

Experimentally, the decrease of the ligan
in the bulk does not seem to have an advant.
mass transport influences apparently rem

(Glaser, 1993; Karlsson et al., 1994). On ti

lower ligand concentration may permit tl
binding in a better time resolution. But hig
centrations (and higher saturations) have ti

producing deviations from apparent ideal s

can signal diffusion-limited cases.

A different situation occurs with the r(

amount of immobilized receptor. This lea(
binding flux and therefore to a faster transpc

Again, the sensorgrams of reduced receptoi
are closely related to those shown in Figs 6
equivalent to sensorgrams of processes witi

lower chemical on rate at higher ligand concentration, mea-

sured with lower sensitivity. Therefore, the diffusional in-
fluences are reduced. As pointed out before (Glaser, 1993;
Karlsson et al., 1994), this technique permits extension of
the dynamical range of the instrument, unfortunately limited
by the signal-to-noise ratio of the instrument.

Calculations were performed with three different models
of receptor distribution in the gel (see above). If the immo-
bilized receptor is distributed nonuniformly in the gel, the
change in the signal compared to a uniform distribution is
dependent on the final average receptor saturation and the
reaction rate. For a low saturation the influence of the

15 20 receptor distribution is negligible. In contrast, at high aver-

age receptor saturation it begins to influence the sensorgram

significantly at k+r .-104 RU(mg/ml)-ls-1 (k+ 2 - 105
M-s1) (Fig. 5). To estimate the potential influence of the
receptor distribution on the moving front of saturation B(t)
in exclusively transport determined cases, Eq. AIO was

integrated with the linear decreasing or increasing receptor
model. The time required to saturate the receptors is altered
by ±35% (faster binding with more receptor near the bulk).
If the receptor is linearly increasing from the gel/bulk in-
terface to the sensor surface, the effect on the sensorgram is
similar to those of reduced partition or diffusion coefficient.

Influence of transport coefficient, diffusion
coefficient, and partition coefficient

60 80 Both the diffusion coefficient inside the gel and the trans-
port coefficient into the gel govern the onset of mass trans-
port-influenced binding. With the parameter values used in

ptorsaturation. (A) the simulations, their effects are approximately of equal

Kd=
Lbui -5m /6m magnitude. This is true independently of the receptor satu-

, k+: 0.1 ( ), I ration at equilibrium.
o00 (ml/mg)-'s-' In simulations with varying transport coefficients from
(B) Same sensor- bulk to gel, the onset of deviations from ideality is found at

ling progress curve slightly higher k+r if the transport coefficient is increased

(corresponding to the use of a higher flow rate in the
experiment). At high reaction rates, the shape of the sen-

sorgrams was nearly independent of the transport coeffi-
ted to short time cients, which modulate primarily their time scale (see Fig.

5). In addition, the limit of chemical on rates for which the
Ld concentration sensorgram is exclusively transport limited was not

age, because the changed. Generally, the influence of the transport from bulk
iain unchanged to gel is decreasing with decreasing diffusion and partition
ie other hand, a coefficient (then the transport within the matrix becomes the
he detection of limiting factor).
,her ligand con- Because the diffusion coefficient determines the distribu-
he advantage of tion of ligand in the gel, it also determines the regimes of
ensorgrams and kinetic rate constants for which the described effects of

inhomogeneity can be observed. A lower diffusion coeffi-
eduction of the cient produces the same relative deviations from an ideal
ds to a reduced sensorgram as proportionally higher reaction rate constants

)rt of the ligand. (and simultaneously with a higher transport coefficient from
r concentrations the bulk to the gel). With lower diffusion coefficients,
and 7. They are traveling saturation binding may be observed at lower final
h proportionally receptor saturation and lower reaction rates.
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In the simulations, a change of the partition coefficient
produced the same results as changes in the diffusion coef-
ficient. With a partition coefficient lower than unity, the
gradients in f(z, t) (Figs. 2 A and 3 A) become smaller and
the transport slower. As a consequence the influence of
diffusion within the gel on the sensorgram increases. It takes
a longer overall time to reach equilibrium, and b(z, t)
exhibits a more pronounced traveling saturation binding.

Although in general, diffusion within the gel and trans-
port from bulk to gel both determine the overall transport
rate, the two effects differ initially. In cases where Eq. AIO
is a good approximation, initially only LbUlk determines the
sensorgram. This changes when the boundary is at a posi-
tion z*, where (G - z*)/DK is comparable to l/Lbulk. This
effect produces an initial shoulder, i.e., a higher initial slope,
which is soon followed by a phase of lower, approximately
constant slope (Fig. 8). As can be seen in Fig. 8 the initial
shoulder can introduce an error in the estimation of the
baseline after the buffer change (with possible refractive
index change), which amounts in this case to 5-10% of the
equilibrium plateau level.

Dissociation phase

During the dissociation phase, nearly vanishing concentra-
tion gradients of bound ligand were observed under all
conditions. No process similar to the traveling saturation
boundary in the association phase was found. Inspection of
Eq. lb shows that the cause of nonideality during the
dissociation is a nonzero free ligand concentration in the
gel. This produces rebinding to the receptor, also known as

the retention effect (Silhavy et al., 1975). Therefore, the
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(Lower plot) Same sensorgrams plotted signal versus time * k_ and ideal

binding progress curve (0).

_1/3O .._- deviations again are dependent on k+r. Fig. 9 shows the
/ OOo _ - increasing deviations from ideality caused by transport lim-

negitation with higher on rates. In Fig. 9 B the time is scaled by
the off rate and the curves again should be identical for

/ 130000 . -- negligible transport influence. It is evident that the limits for
_3/ O-_ the onset of deviation as well as for the total independence
/, 9 from reaction rates are the same as in the association phase.

Because the concentration gradients of free ligand in the

0 20 40 60 80 100 gel are very small when receptor is initially at equilibrium
with free ligand, a two-compartment model might be con-

time [sec] sidered as a reasonable model for the dissociation phase. On

Charactenistic initial shoulder produced by low diffusion
the other hand, as evident from the dissociation phase of the

L. Sensorgram with different ligand concentrations: fo = 0.01 simulated sensorgrams plotted in Fig. 5, the receptor distri-
-), 0.005 mg/ml (----), and 0.0025 mg/ml ( ) with K = 0.3, bution in the gel, the decay length of the sensitivity, the
3 m2/s (a factor of 10 lower than other simulations), LbUIk = 5 * diffusion coefficient, and the partition coefficient all have
k+ = 103 (mg/ml)-'-s-, k_ = 0.1 s-1, c = 95 nm, r = 1000 serious effects on the signal during the dissociation phase.

rgram with equal overall transport coefficient (in the steady-state
Eq. A20), but with high diffusion coefficient (10 m2/s) and

lingly lower bulk/gel transport coefficient (Lb.Uk = 5.4 * 10 7 when the dissociation phase starts from an incomplete as-
sociation phase that is characterized by traveling saturation
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binding (at high on rates and high saturation). If the inter-
ruption of the association phase is made at approximately
two-thirds of the plateau signal, the traveling shoulder is
relatively close to the sensor surface. The change from
association to dissociation starts two processes. First, it
causes the regions of the gel near the gel/bulk interface to
release some of the ligand. Second, near the inner sensor
surface diffusive rearrangement and equilibration of the
shoulder take place. This rearrangement near the sensor
surface transports part of the ligand to positions with higher
sensitivity in the gel. Altogether, because the boundary was
stopped in the steep part of the exponential sensitivity
decay, the signal increase in that region can match the
ligand loss near the more insensitive gel/bulk interface, and
a slight initial increase in the signal can occur (Fig. 10). This
increase is very small and could be difficult to detect ex-
perimentally because of noise and baseline drifts, but there
are hints in the literature that such an effect exists (e.g.,
Gershon and Khilko, 1995).

Effects of the gel thickness

When the gel size is varied at constant total amount of
immobilized receptor, the contribution of the diffusion
within the gel to the overall transport is directly modulated.
The increase of the gel thickness has approximately the
same effect on the sensorgrams as a proportional lowering
of both the diffusion coefficient and the sensitivity decay
length. Therefore, with a smaller gel, fewer inhomogene-
ities occur in the gel, and traveling saturation binding can be
found only at higher reaction rates. Furthermore, increasing
the flow rate in the bulk is more effective in reducing the
transport influence. In contrast to the results for a 100-nm-

600

500

400

300
Ccm
0) 200
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0

thick gel, a gel of 10 nm thickness was found to be nearly
insensitive to the receptor distribution (using the diffusion
and partition coefficient outlined above). Conversely, at the
higher thickness all deviations from ideal binding progress
curves related to the diffusion in the gel matrix (e.g., the
initial shoulders, apparent cooperative binding profile) are
more pronounced, as evident in Fig. 11. These differences in
the sensorgrams due to different size of the gel matrix are
increasing with lower diffusion and partition coefficient of
the ligand.
The residual transport influence in the sensorgram calcu-

lated for a 10-nm gel in Fig. 11 can be further reduced by an
increased diffusion and partition coefficient, corresponding
to a smaller dextran density. However, the limiting factor
under these conditions is the external transport from the
bulk flow to the bulk/gel interface.
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FIGURE 10 Effect of incomplete association on the dissociation profile.
( ) Calculated sensorgram with 1000 RU receptor, interrupted associ-
ation after -2/3 saturation. Included are the signal contributions of the gel
regions 0 < z ' 33 nm (0), 33 < z ' 66 nm (L]), and z > 66 nm (V). For
comparison: sensorgram after nearly complete saturation of 565 RU (.).
Other parameters are the same in both sensorgrams: K = 0.3, D = 10-12
m2/s, LbUIk = 5* 10-6 m/s, k+ = 104 (mg/ml)-1's-1, k_ = 1 s-, oy = 95
nm,fo = 0.01 mg/ml.
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FIGURE 11 Effect of the thickness of the gel matrix on the sensor-
gram (with unchanged total amount of receptor). Parameters: k+ = 10
(mg/ml) ' s-' (upper plot); k+ = 1000 (mg/ml) 's ' (lower plot); Kd
= lo-4 mg/ml;f0 = 0.01 mg/ml; r = 1000 RU; K = 0.3; D = 10- 2
m2/s; L = 5 - 10-6 m/s; G = 10 nm (L]); G = 100 nm (0); G = 220
nm (*). Sensorgram with high external flow (LbU,k = 5 - 10-5 m/s) G
= 10 nm (- --), G = 100 nm ( ), and the ideal binding progress curve
( ~) are included.
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Fitting the sensorgrams with exponentials

Most of the simulated sensorgrams can be empirically fitted
by an ideal binding progress curve, as it is described in the
Appendix, neglecting mass transport (Fig. 12). However, in
many cases the apparent rate constants kaPP and kaPP deviate
substantially from the true reaction rate constants k+ and
k_(Fig. 13), even though the deviation of the best-fit model
from the simulated data was <1%, i.e., within experimental
uncertainty.

In the association phase, when k+r . 104 RU(mg/
ml)-ls-l (k* 2 * 105 M- 1s ') at high final saturation,
significant deviations from the ideal exponential satura-
tion were observed. These sensorgrams generally could
not be fitted by single or multiple exponentials (with
physically meaningful coefficients) because they contain
a linear initial binding phase. However, a different be-
havior is found if the receptor distribution is confined
mainly to the surface of the gel with a low receptor
concentration within the gel. In this case a low diffusion
and partition coefficient of the ligand leads to double
exponential association phases for k+r 2 103 RU(mg/
ml) -ls (k+ - 2 * 104 M-'s-1). The faster binding
phase corresponds to the binding at the gel surface, the
slower corresponds to the binding to the receptor within
the gel, which is subject to retardation due to the addi-
tional transport. Both apparent rate constants are still
significantly lower than the true reaction rate.

In the dissociation phase, for k+r 2 104 RU(mg/ml)-1
s1' (k+ ' 2 * 105M-'s-1) double exponential decay was
found (Fig. 12). The fast decay component was more pro-
nounced (higher relative amplitude) with higher reaction
rates, although the apparent fast off rate was at high on rates
generally still significantly lower than the true off rate. This
is especially true if a part of the initial data is discarded, as
is necessary in a real experiment because of artifacts of the
buffer change. The fit could typically be improved by a
baseline offset (deviations of <0.5%). When the dissocia-
tion kinetics was entirely transport limited, and the dissoci-
ation phase was observed until the decay proceeded to 5%
of the plateau value, a third exponential could lead to a fit
with an extremely high accuracy (data not shown).

For the cases where a compartment model is reason-
able, estimates for the reduction of the apparent binding
rates can be derived on the basis of steady-state approx-
imations, as shown for example by DeLisi (1980) and
Glaser (1993). In the Appendix, steady-state conditions
for the consecutive transport in the bulk, transport within
the gel, and reversible binding reaction are described.
The following assumptions are used: 1) The transport
distance of the ligand within the gel is G/2; 2) At the
surface the concentration of the ligand is reduced by the
factor K (partition coefficient); and 3) the chemical on
rate is enhanced by the factor y = K-1 (activity coeffi-
cient). This leads to the ratio of apparent chemical reac-
tion rates to the true rates

kPP k ppk+ b_

k+ k_
1

I + k+(r - b)G
2DK + GLbUIk

2DK4ulk

(7)

A combined effective transport rate can be expressed as

2DK4uIk
= G(2DK + GLbulk) (8)

Fig. 13 shows the apparent rate constants as a function of
the true rates for the sensorgrams in Figs. 6, 7, and 9 that
could be fitted with single exponentials. It is evident that for
these cases, Eq. 7 (Fig. 13, solid line, where b = r/2 is
assumed) gives a reasonable estimate for the effect of trans-
port limitation. In turn, for the interpretation of experimen-
tal data, the appearance of deviations from apparently
mono-exponential binding (e.g., double exponential disso-
ciation), could indicate-if the origin is transport limita-
tion-that basically only transport rates were measured,
with differences from the measured to the true rate constant
of possibly a factor of 10 or more. This shows that it is
essential to use experimental techniques to rule out mass
transport as the origin of these effects. Methods to extract
information about the reaction rates in transport-influenced
sensorgrams are discussed by Schuck (manuscript submit-
ted for publication).

According to the simulations, in the case of low receptor
saturation no deviation from the form of an ideal exponen-
tial binding progress curve will be detected, even for very
high reaction rates (k+(r - b)/k1>> 1). In this limit of very
high reaction rates, the measured kePP and ka'PP become
independent of the reaction rates:

k'-Jim = r-b

ktK (9)
m = dr-bb

These rate constants kaPPiim and k1aPPi_ represent the fastest
apparent rates that can be measured. The association phase
contains only information about the transport, whereas the
dissociation phase also depends upon the equilibrium con-
stant. With Eq. 8, and the diffusion coefficient, partition
coefficient, gel thickness, and the external transport coeffi-
cient as given above (assuming half receptor saturation),
typical values are

Ligand molar mass
Binding capacity! RU

Ligand molar mass (10)
-,lim 5*103*Kd* Binding capacity /RUMs

These numbers are in good agreement, for example, with
apparent association rate constants in the range of 105_106
M- s- 1 for antibodies at a binding capacity of a few
thousand RU reported previously (Borrebaeck et al., 1992;
Karlsson et al., 1991), or with an apparent association rate
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FIGURE 12 (Upper plot) Calculated dissociation sensorgram (LO) for k+
= 500 (mg/ml) -'s- ', k = 0.1 s-',fo = 0.0 Img/ml, K = 0.3, D = 10-12
m2/s, L = 5 * 10-6 mIs, r 1000 RU, and double exponential fit to the
sensorgram ( ) with k, = 0.041 s-' (142 RU), k2 = 0.003 s-' (543
RU), and a baseline offset of 285 RU. The inset shows residuals for
mono-exponential fit (-- -) and double exponential fit (-). (Lower plot)
Calculated association sensorgram (O) for k+ = 104 (mg/nil)- ' s- ', k_ =

103/s,0= 0.01 mg/ml, K = 0.3, D = 10-'2 m2/s, L = 5 - 10-6 m/s, r =

1000 RU, and mono-exponential fit (kon,, fi = 0.351 s- 1, baseline offset
-1.1 RU), assuming apparently ideal binding progress curve ( ). The
inset shows residuals.

constant of 4820 M- s- for a ligand with a molar mass of
45,000 at a binding capacity of >30,000 RU in the study of
Ramsdale and co-workers (1993). (Unfortunately, no infor-
mation about the fraction of receptor incapable of binding is
available in this study.) However, it must be emphasized
that because of uncertainties in our estimates of the diffu-
sion and the partition coefficients, these estimates in Eq. 10
might be wrong (especially for ligands with very high or

low molar mass) by an order of magnitude. Mass transport
was found to affect the measured rate constants at reaction
rates that are a factor 10-100 lower than those in Eq. 10.

It should be noted that mass transport influences associ-
ation and dissociation rates by approximately the same

factor. Therefore, the quotient k_/k+ is more robust. If the
influence of mass transport is only moderate, the ratio of

1

D
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2 3 4 5 6

log (k+ x r)

FIGURE 13 Ratio of fitted apparent binding rate kapp to ideal binding
rate in the absence of transport influence (ktrue = kf* fo + k_ for
association phase, kt,e = k_ for dissociation phase) versus log k+r (in
units of RU - s (mg/ml) -'). Only sensorgrams that could be fitted by
single exponentials (simulated under the conditions of Figs. 6, 7, and 9)
were considered. Fits to association sensorgrams with Kd = 10-4 mg/ml
(+) and Kd = 0.1 mg/ml (V), and to dissociation sensorgrams with Kd =
10-4 mg/ml (O) (two values for k+ = 10 (mg/ml)-'-s-1 are with and
without baseline offset as a free parameter in the fit) and Kd = 0.1 mg/ml
(A). Theoretical curve ( ) according to Eq. 7.

kapP/kapp can be expected to give approximately correct
equilibrium constants Kd, consistent with the value derived
from the ligand concentration dependence of the plateau
values of the sensorgram. However, for higher transport
influence the apparent equilibrium constant will depend
considerably on the applied analysis method (cf. Schuck,
manuscript submitted for publication).

DISCUSSION

The simulations indicate that diffusion within the gel matrix
is at least as important for the measured kinetics as the
transport of ligand from the bulk to the gel/bulk interface. In
some cases of low diffusion and partition coefficient (high
molar mass of ligand and high receptor concentration) it can
even be the limiting factor of the binding rate.

Differing estimates of the importance of diffusion within
the dextran matrix (cf. Karlsson et al., 1994; Glaser, 1993;
Fisher et al., 1994) arise mainly from the fact that the
hindrance of diffusion by binding has not been taken into
account. In the literature of surface plasmon resonance
biosensors, hindered transport was considered only for the
interpretation of dissociation data, when rebinding of ligand
occurred. Considering the finite volume of the dextran ma-
trix, where the receptor is either homogeneously distributed
or occurs in decreasing concentrations toward the gel/bulk
interface (Stenberg et al., 1991), it appears that this rebind-
ing should occur mainly within the gel (during the transport
toward the gel/bulk interface) rather than during the trans-
port in the bulk phase. But because the retardation of the
effective mobility by binding does not depend in principle
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on the direction of the transport, diffusion within the matrix
also plays an important role in the association phase. Con-
ceptually, the rebinding effect and hindered diffusion in a
medium with immobilized receptor are identical.
The mobility of the ligand in the gel matrix is changed

because of three different effects that can be described in a
mechanical picture. First, large ligand molecules will not be
able to enter the gel in the same concentration as in the bulk
because of an increased activity coefficient. Because the
activity of the ligand is independent of position at equilib-
rium, this effect does not influence the binding equilibrium,
but it influences the material transport inside the gel. Sec-
ond, in general the presence of polymer chains reduces the
diffusion coefficients of tracer particles. Third, and most
important, the transport fluxes in the gel are reduced by the
amount of binding fluxes to the immobilized receptor, lead-
ing to considerably smaller effective diffusion rates. An
estimate for the order of magnitude of this effect is the
factor (1 + rk+/k)- 1, because this number is equal to the
average time per second in which the ligand is not frozen in
its position due to binding to the immobilized receptor (with
[bound]/[free] = ttapped/tfree, and assuming that the binding
is rapid compared to the transport). With high receptor
concentrations on the order of 10 mg/ml (and more) and
dissociation constants in the nanomolar range, effective
diffusion can be reduced by more than three orders of
magnitude.

Comparison of the simulations with
experimental data

Typical effects of mass transport within the matrix can be
found in details of the published biosensor data. The most
important experimental support for the existence of an in-
ward-traveling front of receptor saturation is an increasing
slope in the association phase, because this phenomenon
cannot be explained on the basis of transport-influenced
binding with homogeneous ligand and receptor distribution
inside the gel (except with cooperative binding models; see
below). Data with increasing slopes in the association phase
under transport influenced conditions are reported, for ex-
ample, in the studies of Felder et al. (1993), Fisher et al.
(1994), Karlsson et al. (1991), van der Merwe et al. (1993),
Parsons et al. (1995), Takano et al. (1994, 1995, figure 4),
and Yang et al. (1994). In some cases (e.g., Jonsson et al.,
1993) it is also visible in the sensorgram of the receptor
immobilization step. But although immobilization is an
irreversible process, increasing slopes are not found in every
case. Possible reasons for the absence could be nonuniform
dextran density (de Gennes, 1980) or activation and changes
in the structure and optical behavior of the matrix during the
immobilization (cf. Stenberg et al., 1991).

That the increasing slopes are associated with very high
chemical on rates is supported by the data of Felder et al.
(1993). In this study, the addition of a small peptide to the

ing made possible an analysis of the chemical off rate.
Combined with the equilibrium constant as determined from
the plateau values of a set of binding progress curves,
chemical on rates of up to 4.108 M-1 s-1 were observed.
For on rates in this range (and at the given immobilization
level) the appearance of increasing slopes is consistent with
the present simulations.

Although the phenomenon of increasing slopes in the
association phases remains generally unexplained in the
literature, Fisher et al. (1994) have interpreted their obser-
vations of this phenomenon as indicative of cooperative
binding. In the following these data and the given interpre-
tation will be discussed in some detail.

Fisher and co-workers used a compartment model (dis-
tinguishing the location of the ligand inside and outside the
gel) to account for material transport from the bulk flow into
the gel, which obviously seriously influenced the binding.
To be able to fit the increasing slopes of the association
phase, they included a positive "steric cooperativity" of
neighboring bound ligands in their model. In the attempt to
achieve a global fit of the data with different receptor
concentrations and inspired by inspection of the data, they
took a "surface crowding" effect into account by normaliz-
ing the data with respect to the receptor concentration.
Additionally, a second binding site was introduced with
negative cooperativity, also subject to the surface crowding.
Diffusional transport was considered to be fast: in careful
observation of the data, initial shoulders on the sensorgram
(figure 3 of Fisher et al., 1994) were found and interpreted
as signal during the time that is needed for the formation of
steady-state conditions with respect to the diffusion above
the gel/bulk interface. It was concluded that the signal
reaches "apparent equilibrium with respect to diffusion"
after 8 ± 1 s, neglecting diffusion inside the gel matrix. In
a global fit with an altogether seven unknown rate constants,
they found a relatively slow on rate (- 13 (mg/ml) 1s.1 for
the ligand binding site with positive cooperativity).
The concept of a relatively slow reaction that exhibits

cooperativity could in principle qualitatively describe the
observed phenomenon. However, the consideration of dif-
fusion within the gel matrix permits a more consistent
picture. As shown in the present paper, a traveling satura-
tion boundary (Fig. 3) can produce sensorgrams exhibiting
increasing slopes without cooperative binding (Fig. 4). The
initial shoulders on the signal can be explained in a more
internally consistent way by Eq. A10: after the initial 8 s,
the diffusion within the gel becomes significant and de-
creases the binding rates (Fig. 8) (until it rises again when
the saturation front reaches the more sensitive regions). A
further congruence of the data with predictions from the
moving saturation boundary model is the constancy of the
product Tplat * fo/Splat for all data shown that reach the
plateau (where Tplat denotes the time to reach the plateau
signal Splat, and fo denotes the bulk ligand concentration).
Theoretically, this relation can be found with Eq. All at B
= 0. Furthermore, the dependence of the sensorgram on the
flow rate shown in Fig. 2 of Fisher et al. (1994) could fit in
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the picture. As in the simulations, the transport from bulk to
the gel/bulk interface can change the time scale but not the
shape of the sensorgram (Fig. 5).

This shows that the data presented by Fisher et al. (1994)
can be explained consistently without the necessity of in-
troducing ad hoc cooperativity and surface crowding ef-
fects. In theory, it is possible to resolve ambiguity between
a slow cooperative and a fast binding, if a slight ascent of
the signal in the dissociation phase after incomplete asso-
ciation phase is observed (Fig. 10), because in the dissoci-
ation phase of even a cooperative binding the total number
of ligands inside the gel cannot increase. Unfortunately,
from figure 1 of Fisher et al. (1994) it is not possible to
determine unambiguously whether, for example, the sensor-
gram for 50-nM ligand on the 274-RU surface shows this
slow ascent.

It would be possible in principle to fit the data of Fisher
et al. (1994) with numerical solutions of Eqs. 1 and 2, but
the results would be meaningless. In the interpretation pre-
sented here, these sensorgrams contain essentially no infor-
mation about the binding kinetics at all, but are determined
by other factors, such as details of the receptor distribution
in the gel (Fig. 5). However, it should be pointed out that the
ability to fit the data without invoking cooperative binding
does not disprove the cooperativity suggested by Fisher and
co-workers.

Other examples of a slight increase of the signal during
the dissociation phase, supporting the existence of the sim-
ulated rearrangement of ligand near the sensor surface into
more sensitive regions, may possibly be detected in the data
of Ramsdale et al. (1993), Corti et al. (1994), and Parsons et
al. (1995). Possible baseline drift of about the same mag-
nitude constitutes an intrinsic obstacle to the unambiguous
detection of this small effect. Nevertheless, it could be the
reason for the reproducible small increase in the signal of
unknown cause during the dissociation phase after a binding
that did not reach equilibrium, as reported in Gershon and
Khilko (1995). It is also difficult to detect the diffusion-
induced initial shoulder (Fig. 8), which is in general over-
laid upon a refractive index mismatch at the buffer change
and possibly partially matched by slower initial binding
rates until steady-state conditions of the external transport in
the bulk flow are reached. Nevertheless, this shape is visi-
ble, for example, in Payne et al. (1993) and Takano et al.
(1995).
A different type of deviation from ideal pseudo-first-

order kinetics found in the majority of the published data on
kinetic experiments is biphasic dissociation. In the absence
of other indications of sample heterogeneity, the reason for
this behavior remains unclear in most of the experimental
studies. However, simulated sensorgrams of the dissociation
phase always also followed very closely a sum of one or two
exponentials (Fig. 12), where the amplitude of a second
component is increasing with increasing transport limita-
tion. At first this is surprising, because it is easy to verify
that a sum of two exponentials does not analytically solve

respectively). If one thinks about the true solution of Eq. 1

for the dissociation phase in terms of an unknown sum of
exponentials, it can be expected that it has components over
a broad spectrum of decay times. Although double expo-
nential fits can span an intermediate range, very fast and
very slow components are not represented. But these are
also not observed because of experimental artifacts caused
by the buffer change in the steep part of the decay
(O'Shannessy et al., 1993), the limited sample interval of
the data, and a possible baseline shift caused by refractive
index mismatch of the buffers (O'Shannessy et al., 1993).
From the data analysis point of view, the phenomenon of the
apparent double exponential dissociation is comparable, for
example, to the well-known difficulties in analyzing multi-
modal size distributions in dynamic light scattering (Prov-
encher, 1979) and unraveling multiple species of unknown
molar mass in analytical ultracentrifugation (Haschemeyer
and Bowers, 1970). It reflects the general property of ex-

ponentials that they are highly correlated and that a few
exponentials can fit within a small error to a broad variety
of smoothly decaying functions (Phillips, 1962; Varah,
1985).

In many of the published biosensor data, mass transport
effects could provide a simple explanation for the biphasic
decay. This would be consistent, for example, with the
findings of Panayotou et al. (1993), Richalet-Secordel et al.
(1994), and Felder et al. (1993) that the multiphasic disso-
ciation became mono-exponential by adding a peptide that
blocks the binding site of the ligand in the dissociation
buffer (which prevents "rebinding" and eliminates the de-
pendence of Eq. lb on free ligand by setting r - b = 0).

Although the flow rate in the bulk has in many cases an

influence on the measured apparent chemical off rates (e.g.,
described in detail by Wohlhueter et al., 1994), "rebinding"
is not necessarily a process on the gel/bulk surface. This is
supported, for example, by the data of Malmborg et al.
(1992), who found a flow rate dependence only in the first
few seconds (which is consistent with Eq. A10), and by
Kelley (1994) and Pack et al. (1995), who found multipha-
sic dissociation to be entirely independent of the flow rate.
One implication of the dependence of the sensorgram on

the diffusion coefficient and partition coefficient is a stron-
ger dependence on the ligand size (in Eqs. 5 and 6) than
would be expected from the bulk transport alone (Eq. 4).
Experimental support for this is difficult to find in the
literature, because 1) many of the established analysis meth-
ods are not reliable in analyzing transport-limited data and
can have different degrees of sensitivity to the influence of
diffusion (cf. Schuck, manuscript in preparation), 2) it re-

quires experiments with immobilized receptor of equal
binding capacity, and 3) it requires either pure mass trans-
port limited binding or ligands with equal intrinsic rate
constants. The latter requirement can be fulfilled if the roles
of ligand and receptor are exchanged. With this type of
experiment, Morton and co-workers (1994) found 2.5-fold
lower on rates, when the roles of ligand (28,500 Da) and

Eq. 1 (or a discretized two-compartment version of Eq. 1,
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receptor (45, 100 Da) were reversed, whereas dR/dt-ver-
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sus-R plots showed nonlinearities indicating transport lim-
itation. It is difficult to estimate theoretically the ratio ofDK
of the reaction partners, which determines their respective
diffusion rates within the gel matrix. However, the Stokes-
Einstein equation Do = kT/61rqr and Eq. 5 can be used
(assuming spherical shapes) to compare the products DOK.
Because this does not take into account the size dependence
of the reduction of the diffusion coefficients within the gel
matrix DIDo, the ratio of DOK can be considered as a lower
limit for the ratio of DK. With the given molar masses, on
this basis a 1.5-fold decrease in the on rate could be ex-
plained. But other factors could be involved, as, for exam-
ple, form factors in the diffusion coefficients, differences in
a possible electrostatic interaction with the dextran matrix
(Gorti and Ware, 1985), or possible changes in the intrinsic
rate constants due to the immobilization procedure or steri-
cal hindrance. In this study the failure of the technique of
adding a competing ligand in the dissociation buffer to
prevent rebinding could also be explained by a size effect.
The high molar mass leads to a corresponding lower diffu-
sion and partition coefficient of the competing ligand, as
compared to the small peptides that were successfully used
as competing ligands in other studies.

Size dependence was also suggested by Borrebaeck et al.
(1992) as an explanation for the measurement of 10-fold
higher on rates for Fab fragments as compared to the native
antibody. The high immobilization levels and biphasic dis-
sociation indicate the mass transport-limited conditions,
prerequisite for diffusion coefficients to affect the sensor-
grams. In this case the calculation ofDoK (assuming spher-
ical shapes for both species) would suggest at least a 3.6-
fold increase in the apparent rate constants of Fab relative to
antibody. Consideration of differing form factors for hin-
dered diffusion and partition coefficient of a compact glob-
ular Fab and a large trilobed antibody would be expected to
significantly increase the ratio. A systematic increase of the
apparent chemical on rate of antibody fragments with de-
creasing size was reported by Kelley (1994). The F(ab)'2
fragment showed a 1.5-fold faster on rate than the native
antibody, which would be consistent with a theoretical
factor of at least 1.8 for total transport-limited rates. How-
ever, the off rates showed no consistent trend but varied
within a factor 2, probably because of the ambiguity of the
analysis of the dissociation phase in the presence of trans-
port limitation (cf. Schuck, manuscript submitted for pub-
lication). Additionally, size dependence could be one expla-
nation for lower dissociation rates of a tetrameric
miniantibody (tetravalent, molar mass 130,000), as com-
pared to its dimeric form (divalent, molar mass 65,000), in
the study of Pack et al. (1995). The observation that the flow
rates required for independence of the observed sensor-
grams on the buffer flow were higher for the tetrameric
form (16 gl/min) than for the dimeric form (8 ,uilmin)
supports the contributing role of differing diffusion coeffi-
cients. (Theoretically, with Eq. 4, D llr and r Ml/3, 13
,Al/min would lead to the same bulk transport rate for the

dissociation rates were also dependent on the amount of
immobilized receptor and significantly lower than measured
with NMR on monomeric form, indicating mass transport
limitation.

Another consequence of mass transport within the matrix
is a buffer and charge dependence, because they possibly
alter the interaction of the ligand with the charged dextran
chains. This in turn could lead to modification in the diffu-
sion coefficient (Gorti and Ware, 1985). Buffer effects have
been frequently observed in experiments (Morton et al.,
1994; Poiesi et al., 1993; Tosser et al., 1994; Parsons et al.,
1995). But even if transport influence is indicated, for
example, by unexplained biphasic dissociation (Morton et
al., 1994; Poiesi et al., 1993; Parsons et al., 1995), these
buffer and charge effects on the ligand transport could also
be caused by a variation in the thickness and density of the
dextran matrix, which is pH and ionic strength dependent
(Lofas and Johnsson, 1990) due to osmotic effects. They
could be combined with and be overlaid on the direct effects
of pH and ionic strength on the receptor-ligand interaction.
Charge effects on the diffusion coefficient due to electro-
static interaction with the dextran chains could be the reason

that a highly charged competing peptide in (Takano et al.,
1994) did accelerate but could not completely eliminate the
biphasic dissociation.

Limitations of the simulations

Although the simulation model employed considers some

major properties of the binding measurement within a gel
matrix of immobilized receptor, it is far from being realistic
or even complete. One obvious simplification is the reduc-
tion to one dimension. In computer simulations, Glaser
(1993) has shown that the distribution of ligand in the buffer
flow parallel to the sensor surface can seriously influence
the binding (treated as pure surface binding) and produce
nonlinearities in a dR/dt-versus-R plot. He found deviations
from ideal binding and a phase of increasing slope for high
on rates and high final receptor saturation. As in the present
simulations at low ligand concentrations, even an entirely
mass transport-controlled reaction could not be distin-
guished from exponential binding on the basis of the sen-

sorgrams alone. His calculations are complementary to
those presented here, and it can be assumed that the de-
scribed deviations from ideal binding are superimposed
upon those described in the present paper. The much lower
ligand mobility in the gel makes it very likely that nonuni-
formities (with respect to a plane parallel to the sensor) of
the initial ligand distributions at the surface of the gel would
persist in the form of nonuniform binding profiles in the gel
matrix. In general the effects produced by the transport in
the flow chamber can be avoided by higher flow rates
(Glaser, 1993), whereas the effects of diffusion within the
gel matrix cannot.
The assumption that gel and ligand properties are unaf-

tetramer as 8 ,ul/min for the dimer.) The association and
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dent of position within the gel is an oversimplification.
First, according to Stenberg et al. (1991), the sensitivity
distribution changes with protein inside the gel matrix. The
sensitivity decay toward the gel/bulk surface is higher with
increasing concentration of bound protein, hence amplify-
ing the observed effects. Second, the diffusion coefficient
will be dependent on the local concentration of macromol-
ecules. Third, the gel matrix is not of uniform density (de
Gennes, 1980).

Furthermore, it could be speculated that at immobiliza-
tion levels up to 100 mg/ml and more (based on a 100-nm
thickness of the gel) (Calakos et al., 1994; Malmborg et al.,
1992; Pack et al., 1995; Natsume et al., 1994; Jonsson et al.,
1991; George et al., 1995), binding of large ligands could
affect the structure of the dextran chains, e.g., increasing the
thickness of the gel matrix to avoid crowding of the interior.
The dextran chains are highly flexible and any substantial
rearrangement would be visible in the sensorgram. Such
effects would become important, especially when the recep-
tor is not directly bound to the dextran, but is captured by a
high concentration of immobilized antibodies (e.g., Johne et
al., 1993; Mani et al., 1994). Dynamical properties of the
dextran chains could be dependent on the receptor distribu-
tion. Slow rearrangements would offer one of many possible
explanations for the observation of an apparently very slow
superimposed binding phase or relaxation process (visible,
e.g., in the dR/dt-versus-R plot as an asymptotical rather
than a linear approach to a zero slope) (Morton et al., 1994;
Horenstein et al., 1993; Natsume et al., 1994).

It should be noted that the size of the gel is not precisely
known. Stenberg et al. (1991) calculated its maximum
thickness to be 220 nm, assuming that the ends of the
dextran chains are grafted on the solid surface. Variation of
the thickness within the range 100-200 nm, which is the
range given by Johnsson et al. (1995), has a significant
influence on the ligand transport even at relatively low
reaction rates, as can be seen in Fig. 11. The value of 100
nm used in the simulations therefore is a lower limit and the
importance of diffusion within the dextran matrix could be
much higher. The pH and ionic strength dependence of its
thickness (Lofas and Johnsson, 1990) can represent an ad-
ditional complication.

GENERAL REMARKS

The major conclusion of the present study is that the diffu-
sion of ligand within the dextran gel is at least equally
important for the overall mass transport, as the bulk trans-
port and introduces many generally unknown factors into
the binding progress curve. Transport limitation in the gel
can even be the limiting factor for the binding kinetics and
may be very difficult to detect. Because of the contribution
of ligand transport within the gel, the binding progress curve
is influenced by mass transport at lower chemical rate
constants than previously thought. While with relatively

almost homogeneous, higher reaction rates can result in
high inhomogeneities of the ligand distribution and in a

number of deviations from the ideal binding progress

curves, some of which are difficult to distinguish from
complicated reaction schemes. Although the model used in
the simulation is simplified in many respects and cannot
explain each type of deviation from an ideal sensorgram, it
was shown above that there is much evidence that the types
of deviations from the ideal observed in the simulations are
significant in real experiments.

It has been stated that in the biosensor literature "devia-
tions from linearity are more a rule than an exception"
(Karlsson et al., 1994). The simulated sensorgrams start to
deviate from apparently ideal binding progress curves when
the rate constants are comparable to the transport rates. We
suspect that in most of the cases where unexplained biphasic
dissociation is observed highly transport influenced chem-
ical rates, if not pure transport rates, were measured instead
of true chemical reaction rates. If this is true, many of the
reported rate constants may be wrong, some by as much as

several orders of magnitude. Because unknown factors such
as details of the sensitivity distribution, receptor distribu-
tion, ligand size, ligand-dextran interactions, thickness, and
dynamic processes of the dextran gel dominate the sensor-

gram in the region where deviations from ideal behavior are

found, even comparative qualitative analyses could reflect
differences in transport properties rather than differences in
actual reaction rates.
To reduce mass transport effects it would be advanta-

geous to use a considerably thinner dextran matrix, because
the size of the gel is the single most important variable for
the mass transport within the gel. A lower binding capacity
of a gel with considerable lower dextran concentration and
shorter dextran chains would in most cases satisfy the need
to have low concentrations of immobilized receptor to en-

sure reaction-controlled kinetics. Alternatively, the receptor
could be incorporated in or bound on a supported lipid
bilayer (Plant et al., 1995) or on aminosilanized surfaces
(Watts et al., 1994). This should be combined with an

efficient flow in the bulk phase.
For qualitative and equilibrium binding studies the

high sensitivity that is achieved with the dextran matrix is
certainly an advantage, but as shown here even an un-

ambiguous qualitative comparative interpretation of fast
kinetics can be difficult. With respect to the kinetic
analysis, the attainment of a high binding capacity (Lofas
et al., 1991; Liedberg et al., 1993) aims in the wrong

direction, where a high signal-to-noise ratio is achieved,
but the measurement likely reports something totally
different yet indistinguishable from reaction rates. This is
even more true for the diagnostics and analysis of heter-
ogeneity, charge effects on the binding, and more com-

plicated reaction schemes. Isomerism of antibodies and
equilibria between conformations of different kinetic
properties were suggested to be a widespread phenome-
non (Foote and Milstein, 1994). However, as detected by

slow reactions the ligand distribution within the gel is
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matrix, they can be indistinguishable from or overlaid by
artifacts related to the transport.

APPENDIX

Description of the ideal binding progress curve

Neglecting the mass transport and problems connected with the finite
volume in which the reaction takes place, an ideal reversible binding of free
ligand f to receptor r with pseudo-first-order can be written as

db
dt = k+f(r - b) -k_b, (Al)

where k, and k- denote the chemical on rate and off rate, respectively, and
b denotes the concentration of bound ligand. Assuming that initially no
ligand is bound and that the free ligand concentration is kept constant
during the binding process by infinite fast exchange with a bulk phase,

b(t) =
r

-(1 - e- (k+f + k-)t)
+ k+f

solves the differential equation Eq. Al and describes the concentration of
bound ligand, depending on time during the association phase. For the
dissociation phase the concentration of free ligand is zero and

b(t) = b(to)e-k-(t - to) (A3)

The signal R(t) is assumed to be proportional to the amount of bound ligand
b(t) (Stenberg et al., 1991). The binding progress curves R(t) corresponding
to Eqs. A2 and A3 are referred to as the ideal binding progress curves.

Numerical procedure
To get a numerical solution of the partial differential equation Eq. 1, the gel
was divided into N layers of equal thickness Az, and a modified Crank-
Nicholson method (Crank and Nicholson, 1947) was used. According to
Eq. 1, the change Afof free ligand in each layer during the time increment
At can be divided into the change due to the material transport (Af)diff and
the decrease due to binding Ab.

Af= (Af)diff - Ab. (A4)

To calculate Ab, the existence of an analytical expression for the time
course of binding at constant ligand concentration was exploited:

(Ab)f = (kb - )(-be-(k+f+k )At) (A5)

To take into account that the concentration of free ligand in the layer will
change during the timestep, the expression Eq. A5 was centered in the
ligand concentration during At using the following linearization:

1 aAb
Ab=(Ab)f+- afl

Details of an efficient numeric solution of Eq. A7 for each layer are given
in Press et al. (1992).

The use of Eqs. A5 and A7 instead of a direct discretization of Eq. 1
avoids oscillations of the calculated concentrations of free ligand in the
case of transport-limited binding at high reaction rates. This allows rea-
sonably high step sizes in all cases.

The step size t of the time evolution was adapted to keep the maximum
relative change of free and bound material of all layers in an interval from
2.5% to 10%. This interval, as well as the number of layers N, was changed
in preliminary simulation experiments to verify that it provides conver-
gence of the solutions. The resulting time increments vary from _10-12 s

for fast reaction rates and high initial concentration gradients to -1 s near
the equilibrium.

As a control the calculated distribution b(z, t) was tested to fulfill Eq. 1,
and the total mass in the gel at any time was tested for the equality with the
net fluxes into the gel, summed over all time steps.

Implemented in C++ and running on a 90 MHz PC, the described
procedure completes one simulation in approximately 1-2 min. The pro-
gram with source code is available on request from the author.

Analytical description for exclusively transport
controlled binding
As a model for binding with high reaction rates and high saturation, the
limit of infinite fast and irreversible binding (up to the concentration
bplat(z)) is described. For this reaction, the binding is entirely transport
controlled: The ligand fluxj into the gel causes a layer of receptor at Zb (the
position of the moving boundary), with thickness dz to be saturated to the
level bplat(z) in a time dt = bp1at(z)dz/j. If the equilibrium value bplat(z) is
reached, the transport through this layer is not hampered any more, because
all binding sites are assumed to be saturated. The ligand flux in the gel is
proportional to the gradient, which is linear, hence j = DKfd(G - Zb) iS
valid, where K denotes the partition coefficient andfG the surface concen-
tration directly above the gel. We can then approximate the effect of
retardation by the finite transport coefficient in the bulk, Lbulk- Under
steady-state conditions at the surface,

j = DKfG/(G - Zb) = L4blk(fO - M, (A8)

it is possible to calculate the surface concentration, fG, and we finally get

1
i G-zb +1fo

DK
+

4ulk

(A9)

Hence, the time increment dt needed to fill the layer at Zb iS

(AIO)bplat(Zb) [G- Zb d
fo DK 4bulk_

Integration from Zb = B to Zb = G gives the time needed for the inward
moving boundary to reach the position B,

(A6)

The derivative in Eq. A6 is taken analytically. It contains simple expres-
sions and the same exponential as in Eq. A5 and therefore can be computed
very efficiently. With Eq. A4 and Eq. A6 follows

bpiat [(G B)2 (G B)]t()=fo [2DK bulk]'
(All)

and the position of the boundary at a given time:

Af = 1 (A)diff -(Ab)f}.
2 af

(A7) 1(t) =-2 2fo I
B(t) = G - KD1 Lbl LUk+KDbpI'atul

(A12)
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The time-dependent distribution btransp(z, t) of the binding is

rbplat for B(t)'z'G
btransp(Z, t) = <B(t) (A13)

Inserted in Eq. 3, this gives a simple expression for the signal R(t) of the
exclusively transport controlled irreversible binding.

Compartment model for the consecutive two-
step transport and binding process

If we use a compartment model to distinguish the free ligand in the gel (fG),
in the bulk (fB), and at the gelbulk interface (ff), the transport flux
densities in the gel (iG) and in the bulk (B) are given by

lB= LB(B -ff)
jG= LG(Kfsf fM), (A 14)

where LG and LB denote the transport coefficients and K the partition
coefficient. This takes into account that the concentration gradients within
the gel are reduced by partition coefficients smaller than unity. Under
steady-state conditions at the surface, these fluxes are equal and the surface
concentration can be eliminated:

LGK + LB(KfBfG) (A15)

Approximating the activity of the ligand within the gel by the product of
concentration and the inverse of the partition coefficient, the reversible
binding reaction can be written as

fG
b = k+-(r -b) - k-b. (A16)

Again, under steady-state conditions the reaction flux density jreact = Gb is
equal to the transport flux, leading to an expression for the steady-state
concentration of free ligand in the gel:

LGLB_KfB + k-Gb
L<GK + LB

fG = LG LB (A 17)LGLB k+
+ G-k(r-b)LGK + LB K

Inserting Eq. A17 into A16 leads to

b = LGK + LB[k+fB(r - b) - k_b].
1 + k+(r - b)CLGKLB

LGKLB
(A 1 8)

With the assumption that the transport distance within the gel is G/2, LG
equals 2DIG. Therefore, in the steady-state approximation of this model the
kinetics follows an equation similar to the ideal rate equation (Eq. Al),
with apparent reaction rates k+PP and ka!P related to the true reaction rate
and transport parameters by

kapp kaiP 1

k+ k_ 2DK + GLB
I + k+(r - b)C 2DKLB

(A 19)

This equation is analogous to expressions for effective rate constants in
diffusion-limited binding to planar surfaces (Balgi et al., 1995) and to
spheres (Goldstein and Dembo, 1995). Because a single transport process
generally reduces the apparent rate constants under steady-state conditions

by the factor (1 + k+(r - b)lktr)-, Eq. A19 can be used to calculate an
effective combined transport rate constant:

2DKLB
G(2DK + GLB) (A20)
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