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ABSTRACT An understanding of the viral replication process commonly referred to as "plaque growth" is developed in the context of
a reaction-diffusion model. The interactions among three components: the virus, the healthy host, and the infected host are
represented using rates of viral adsorption and desorption to the cell surface, replication and release by host lysis, and diffusion.
The solution to the full model reveals a maximum in the dependence of the velocity of viral propagation on its equilibrium adsorption
constant, suggesting that conditions can be chosen where viruses which adsorb poorly to their hosts will replicate faster in plaques
than those which adsorb well.

Analytic expressions for the propagation velocity as a function of the kinetic and diffusion parameters are presented for the
limiting cases of equilibrated adsorption, slow adsorption, fast adsorption, and large virus yields. Hindered diffusion at high host
concentrations must be included for quantitative agreement with experimental data.

INTRODUCTION

We are developing experimental systems to better under-
stand the role environmental factors play in the growth
and evolution of viruses. The major challenge is to
continuously provide replicating viruses with receptive
hosts. Traditionally, this problem has been overcome
using serial transfer techniques (1-3): an initial stock of
viruses is mixed with host cells and permitted to repli-
cate; then a small volume is removed and transferred to
a new vessel containing fresh host, the infection is
repeated and the process is continued indefinitely. A
cascaded flow-reactor system based on this principle has
also been developed (4, 5): a continuous culture of the
host organism is pumped through a stirred flow-through
vessel where replicating viruses are diluted. Both meth-
ods are limited in the kind of information they can
provide. The technical difficulty of measuring viral
properties instantaneously combined with variations in
the concentration and metabolic state of the host cells
prevent the direct observation of novel phenotypes as
they arise. During propagation in plaques, however, the
continuous replication, mutation and selection of viruses
may be observed and perhaps even controlled.
A plaque is a region of lysed host cells, visible to the

unaided eye, and formed by the growth of viruses in a
thin layer of agar containing their evenly distributed
receptive host cells. The growth process is initiated when
a free virus particle diffuses to a host cell, adsorbs to its
surface, replicates within, and finally lyses it, releasing a
new generation of infective particles, which then diffuse
to neighboring hosts and repeat the process. The veloc-
ity of viral propagation is easily and precisely deter-

mined by monitoring plaque sizes over several hours or
days. Although assays based on the plaque-forming
ability of viruses have served more than sixty years to
characterize and quantify viruses (6-8), and plaques
containing mixed phenotypes and genotypes have been
observed (9, 10), plaque growth has not yet been widely
recognized as a means for studying evolutionary pro-
cesses.
Our interest in understanding plaque growth was

sparked by the recent observation that during growth,
wild type viruses subjected to a very specific environmen-
tal condition can give rise to mutants which outgrow
their precursors. When wild type bacteriophage T7 was
grown on a bacterial host which provided the T7 RNA
polymerase, mutants lacking this gene but requiring the
host-provided enzyme for growth arose and outgrew the
original wild type (manuscript in preparation). The
emergence of these mutants correlated with bulged
regions along the plaque boundary, regions where the
viral propagation were presumably enhanced. How the
deletion of a gene granted the variants an advantage
over the wild type is not yet known.
Our goal here is to derive an explicit expression for

the macroscopic observable, the rate of plaque growth,
in terms of the microscopic kinetic and diffusion param-
eters and the host concentration. By studying the effects
of agar concentration and host colony spacing on plaque
growth, early investigators suggested that diffusive and
kinetic mechanisms were both important for determin-
ing the rate of plaque growth (6, 11). Later, Koch
developed a model which suggested, using heuristic
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arguments, that the rate of plaque growth should be
approximately constant and dependent on the viral
diffusivity and the lag time for viral replication in the
infected host; he also provided modifications to his
model to account for reversible or irreversible viral
adsorption mechanisms (12). Our approach follows one
developed recently for an in vitro system: the coupled
replication and diffusion of RNA molecules propagating
along a capillary (13). We derive the differential equa-
tions which describe the radial position and time depen-
dence of three components: the viruses, the host and the
infected host during plaque growth. For a constant rate
of growth or constant velocity of radial propagation, we
obtain a traveling-wave solution where the velocity is
governed by the microscopic reaction rates and viral
diffusivity.

Experimental data obtained for the propagation veloc-
ity dependence on the host concentration displayed an

unexpected effect: at high host concentrations the plaques
grew more slowly. While the model exhibits such a

qualitative behavior, no fit to the rapid fall off at high
concentrations could be made. By considering how the
inert volume occupied by the hosts under these condi-
tions could reduce the effective viral diffusivity, the
model could account for this behavior.

a[B]
[= -k1[V] [B] + k-1[I]
at

d[I]

t = k1[V] [B] - k-[I] -k2[I],

(2b)

(2c)

with boundary conditions r(a[V]/ar) = Oat r = O; and [V] = 0, [B] = Bo
and [I] = 0 as r -- oo. For initial conditions corresponding to localized
viral infection, we take for simplicity a small disk radius, Ro, inside
which all bacteria are infected. The term, (1/r)a[V]Iar is significant
only for situations where highly curved or very diffuse plaque bound-
aries occur; we neglect this term for the moment and quantify these
conditions in Appendix 1. The equations are cast in dimensionless
variables by defining V- [V]1BO, B - [B]/BO, I - [I]/BO, i 3 k2t and

=- (k2/D )"2r. We look for a traveling-wave solution satisfying a set of
ordinary differential equations in the coordinate, z - r - ct, which
moves at the dimensionless velocity of the propagating front, c, where
c = c/(k2D)1/2. In addition, we consider the concentrations of each of
the components at the leading edge of the front. As the components
approach their limiting concentrations, the linearized form of Eq. 2
becomes valid, and solutions following an exponential dependence
hold: V=aIexp(- !), B =(1-a2exp(-t)) and T = a3exp

(-t z) where (1 /I) is the dimensionless decay length (or characteristic
width) of the front and a,, a2 and a3 are positive constants. Substitution
into Eq. 2 and rewriting in the matrix notation yields

e2 et K1 0 K-1 + Y \{a,

V KI (3t a2 = O,

where Ki _ kjBo1k2 and K11- k1lIk2. For a nontrivial solution the
determinant of the matrix is set to zero, expanded and simplified:

g(_)0 + Clt2 +C2A + C3 = 0,
METHODS

Theoretical

Front velocity
We model the plaque growth process by considering the interactions
among three species, the free virus particle (V), the host bacteria (B)
and the infected host bacteria (I), which results from the adsorption of
the virus particle to the host. The reactions involved may be summa-
rized as follows:

k, k2
V + B -I -Y*V

k_, (1)

where k, and k-1 are rate constants of adsorption and desorption for
the virus particle to its host, respectively, k2 is the rate constant for
death (or lysis) of the infected host and Y is the yield of new viruses
produced per lysed host. We neglect the adsorption of viruses to
infected host, assume the virus particles diffuse with coefficient D in
the agar medium, and that the hosts are not able to diffuse. Because
the plaques are radially symmetric, we work in polar coordinates and
write down the reaction-diffusion equations for the three concentra-
tions (given in brackets [ ]) as functions of position (r) and time (t):

a[V] a2[V] D ta[V]\

t D 2 + r - k4[V] [B]

+ k_1[I] + Yk2[I] (2a)

(4)
where Cl = [(K-1 + l)Ic -C], C2 = -(Kl + K-1 + 1) and C3 =

K1(Y - 1)/c. Because the concentrations must be positive and real, we
require that the dimensionless velocity, c, satisfies conditions such that
a solution to Eqs. 3 and 4 with i, a,, a2, a3 positive and real exists. From
the reasoning given in Appendix 1, the minimum velocity c is given by
the condition that the discriminant of g(t) equals zero. Given the
radial-step initial conditions of Eq. 2, we expect the solution to
converge to a wave traveling at the minimal velocity, following a
generalization of arguments given for one dimensional one- and
two-component cases (14, 15). After substitution, expansion and
simplification, the critical condition takes the form,

b1X3 + b2X2 + b3X + b4 = 0, (5a)
where X =- 2. The coefficients depend on the kinetic parameters as

follows:

b, = -[(K+ 1)K-1]2 + 2[K(1 - 2Y]) - 1](K-1) - 1

b2= -2{(K+ 1)2(2K+ 1)(K-1)3
- [K2(4 - 9Y) - K(3Y + 5) - 3](K-1)2
+ 2[K(3Y + 1) + 3](K-1) + 11

b3= -(K + 1)2(K-1)4 + 2[K2(9Y - 10)
+ 3K(Y -2) - 2](K_1)3 + [K2(27Y2- 36Y + 8)
+ 6K(2Y - 3) -6](K1)2
+ 2[K(3Y -4) - 2](K1) - 1

b4= 4K(Y - 1)(K-1)(K-1 + 1)3,

(5b)

(Sc)

(Sd)
(5e)

Yn ad s.n V s e

(3)
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where K Ki/K-1 is a dimensionless equilibrium constant for adsorp-
tion. Because b4 is positive here and both b, and b2 are negative, there
exists only one positive root for this expression, which gives the limiting
velocity squared. Analytic expressions for Eq. 5 are cumbersome. We
therefore obtain explicit expressions for the velocity under the limiting
conditions given below.

Equilibrated adsorption
When the viral adsorption and desorption processes are fast relative to
the death rate of the infected host (K-1 large for fixed K), b3X and b4
give a dominant balance, and the velocity, CEQ, is readily obtained:

CEQ = 2 'f(maWKj/ (6a)

where Kma, = kiBmaxlk-i,f - BO/Bmax, and Bma is the maximum value
attainable by Bo. Thus, f * Km., attains its maximum value when f, the
host fraction, is unity. By introducing Bma., we see how the virus's
inherent binding affinity and the host concentration, reflected in Kma,
and f, respectively, separately influence the velocity. This representa-
tion will become particularly useful when we consider the effects of
hindered diffusion and fit experimental data.

Large yield
For the situation where the yield (Y) of new virus particles per infected
host is large, a dominant balance is obtained between the b1X3 and b3X
terms, and the velocity cy, is given by

r3D 11/2
Cy = (3kLfBmaxk2y)1'2 , (6b)

where again, Bmax (and f) have been introduced to show explicitly the
dependence of the velocity on the host concentration. Additional
limiting cases are recorded in Appendix 2.

Hindered diffusion
The diffusion of the virus particles has implicitly been assumed to
occur in a homogeneous medium. In reality, the host bacteria may, in
addition to catalyzing the viral replication, act as a diffusional barrier,
depending on the volume fraction of the medium it occupies. We may
account for this effect by determining the diffusivity of a solute through
a suspension of diffusionally impermeable spheres (16, 17):

Deff 2(1 -f)

D 2+f

where Deff is the effective diffusivity, D is the solute diffusivity in the
continuous phase, and f is the volume fraction occupied by the
impermeable spheres, in our case, the host bacterial microcolonies.
Assuming the volume fraction of the host is proportional to its
concentration, f will equal BOIBmax, as above, where Bmax equals the
bacterial concentration required to completely occupy the diffusional
medium.

Experimental
Established procedures were employed in the preparation, preserva-
tion and concentration determinations of the bacteriophage and the
bacteria (7, 18, 19). The wild-type strain of phage T7 as well as the host
strain BL21 (F- hsdS gal) of Escherichia coli were obtained as

generous gifts from F. W. Studier.
Single-layer plates containing agar, nutrient broth for bacterial

growth and host bacteria were prepared as described elsewhere (20).
The stock nutrient broth (Merck, Nutrient broth DAB 7) is a rich
medium containing on a weight percent basis 25% infusion from meat,
50% peptone from meat, 10% di-sodium hydrogen phosphate and
15% sodium chloride. Concentrations ranged from 4 to 50 grams of
nutrient broth per liter plating mix (agar, broth, host bacteria and virus
particles). T7 plaques were initiated by stabbing the surface of the
gelled agar mix with a needle which had been dipped in a diluted stock
solution of T7 (107 plaque forming units/ml). Similar results were

obtained when plaques were initiated by single virions. Plaque diame-
ters were measured beginning after 12 h incubation at 37°C. Four
measurements were made for each plaque at four hour intervals. The
front velocity was calculated from the slope of the linear regression fit
for the plaque diameter versus time. An average velocity was deter-
mined for at least five and in most cases six growing plaques at each
nutrient broth and initial host concentration.

RESULTS

Velocity dependence on viral
adsorption
In theory, the velocity of viral propagation can depend
on the viral diffusivity (D), the kinetic parameters for
absorption (kl), desorption (k_L), and replication/lysis
(k2), the average yield of active virus particles per
infected host (Y), and the host concentration (Bo orf).
By considering the plaque growth process in the context
of a reaction-diffusion model we may better understand
how each of these parameters contributes to the observ-
able propagation.
The full dependence of the velocity on the system's

parameters, given implicitly in Eq. 5, although cumber-
some, exhibits two important features. First, because
diffusional effects only enter the equations through X
(equal to c 2/Dk2), the velocity always scales with the
square root of the viral diffusivity, D1/2. Second, the
velocity dependence on the viral adsorption has a
maximum, as shown in Fig. 1 a for fixed Y over a range
of K-1. This result can be understood by considering the
large I1 limit.
At fixed K, varying K1 alters the speed with which the

viral adsorption equilibrium is attained. In the limit of
large K-1 an equilibrium between absorbed and unad-
sorbed viruses is reached and the velocity becomes
independent of K-1; Fig. 1 a shows a close approxima-
tion to this limit for the curve log (K_1) equal to four. We
now restrict our attention to the behavior of the velocity
for large K1 over a broad range of K, the dimensionless
equilibrium adsorption constant. If K is small (log (K)
less than zero in Fig. 1 a), then adsorption is slow.
Increasing K has the effect of increasing, K1 or BO; the
resulting faster adsorption produces a higher velocity, as
one might intuitively expect. However, when the viral
adsorption rate is already large, increasing it further
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FIGURE 1 (a) Velocity dependence on parameters K and K-1. The
dependence of the dimensionless velocity c on K1 and K is shown for
the full solution to Eq. 5. K-i, which is proportional to the desorption
rate, is shown in log units from -1 to 4. K is a measure of viral
adsorption, proportional to both the inherent affinity of the virus for its
host as well as the host concentration. At fixed K, increasing K-1
increases the rate of adsorption. The host yield Y is fixed at 100. (b)
Velocity dependence on host fraction. Assuming equilibrated adsorp-
tion, curves are shown for values of the inherent adsorption constant
spanning five orders of magnitude (logKm. from -3 to 2). The velocity
has been normalized with respect to the maximum velocity of the curve
for log Km. = 2, and the host fraction has been defined as the host
concentration, Bo normalized with respect to an unspecified large host
concentration, Bmax.

reduces the velocity by depleting the pool of freely
diffusing viruses needed for propagation.

In practice, the experimentally observed velocity of
propagation may be limited by a specific reaction step, in
which case, Eq. 5 may be reduced to an explicit expres-
sion for the velocity. Such expressions provide not only a

pragmatic bridge to experimental studies, but also help
the experimentalist focus on potentially rate determin-
ing processes. Above, the equilibrated adsorption or

large K1 limit provided a means for understanding the
maximum in the dependence of the velocity on K; an

analytical expression in this limit is derived in Eq. 6a;
here, K has been replaced byf * Kma in order to separate
the effects of host concentration and inherent binding
affinity. The behavior is depicted in Fig. 1 b over the
entire range of host concentrations: for f from zero to
one; the dependence on Kmax is plotted for values
spanning five orders of magnitude, from 10-3 to 102.
Each of the curves in Fig. 1 b is a portion of the curve

obtained for the large K-1 limit shown in Fig. 1 a. The
size of the portion depends on the value of Km.. For
example, the curve for Kma. equal to 0.1 in Fig. 1 b
corresponds to the portion of the curve ranging from K
equal to zero (not shown, but approximated by log (K)
equal to -4) to 0.1. The monotonic dependence of the
velocity on f in Fig. 1 b corresponds to the dependence
on K in Fig. 1 a. This dependence obtains for values of
Km.. up to 1. At larger values the curve passes through a

maximum corresponding to the maximum in Fig. 1 a. In
addition, taking larger Km., values shifts the position of
the maximum toward smaller host fractions in Fig. 1 b or

smallerKvalues in Fig. 1 a.

Analytic expressions for the velocity in the limits of
small and large Km. are readily derived and presented in
Appendix 2. For small Kmax the behavior approaches the
slow adsorption limit, and the velocity increases mono-

tonically with the host fraction, f, as expected. For large
Km., the behavior approaches the fast adsorption limit,
and the velocity decreases monotonically with the host
fraction.

Effect of hindered diffusion
The apparently pedestrian role played by the viral
diffusivity, a D1/2 contribution to the front velocity in all
cases, becomes potentially important when we account
for the finite volume the hosts occupy in the transport
medium. When occupying large volumes they decrease
the space available for viral diffusion; paths for diffusion
become more tortuous, effectively reducing the diffu-
sivity. This effect may be accounted for by assuming that
the maximum host concentration attainable, defined by
Bmax,, corresponds to a host volume which completely fills
the trAnsport medium and thereby prevents diffusion.
The viral diffusivity, D, in Eq. 6 is then replaced by an

effective diffusivity, dependent on the host fraction,f, as

provided in Eq. 7.
From the form of Eq. 7 it is evident that the major

effect of hindered diffusion, when defined with respect
to the host volume fraction, is to force the velocity
through zero at a host fraction of unity. For small host
fractions the velocity behaves as in Fig. 1 b because the
host-occupied volume is negligible. However, as the
fraction increases, hindered diffusion effects come into
play and the velocity, even for small Kma,, goes through a

maximum, as seen in Fig. 2.

Experimental results
A comparison of the theoretical model with experimen-
tal data collected for the growth of bacteriophage T7 at
different host fractions is presented in Fig. 3 a. We have
assumed that the host fraction, f or BOIBm5,, is propor-
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FIGURE 2 Influence of hindered diffusion on the velocity. Assuming
equilibrated adsorption, curves are shown for values of the inherent
adsorption constant spanning five orders of magnitude (log Kma. from
-3 to 2). The velocity has been normalized with respect to the
maximum velocity of the curve for log Kma. = 2, and the host fraction
has been defined as the volume fraction occupied by the host.

tional to the concentration of nutrient broth used in
experiments. This implies that a critical nutrient concen-
tration (- 50 g/l in this work) corresponding to a host
fraction of unity exists; as the host fraction approaches

0.30i&
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FIGURE 3 (a) Two-parameter models fit to experimental data. The
dotted curve represents the behavior of Koch's model accounting for
the effects of reversible adsorption. The filled curve represents the
behavior of the large-yield/hindered diffusion approximation of this
work. The open and closed data symbols refer to initial cell concentra-
tions of 107/ml and 108/ml, respectively. (b) Two- and three-parameter
models fit to experimental data. The dotted curve is the best two-
parameter fit for the large-yield/hindered-diffusion approximation of
this work. The filled curve is the best three-parameter fit for the
equilibrated-adsorption/hindered-diffusion approximation of this work
(for log Km, = 0.11). The open and closed data symbols refer to initial
cell concentrations of 107/ml and 108/ml, respectively.

unity the velocity approaches zero due to the reduced
effective diffusivity of the virus particles. Although the
host bacteria was plated at initial concentrations of
107/ml and 108/ml, these initial differences had no

apparent effect on the front velocities over a range of
host fractions, suggesting that the host fraction (or
nutrient broth concentration) and not the initial concen-
tration of host cells used for plating determinef (or BO),
the host concentration for the model.
Two models, both allowing two adjustable parame-

ters, are shown. The first, depicted by a smooth curve

which reaches a maximum near a host fraction of 0.3,
represents the large-yield approximation with hindered
diffusion. The major features of the experimental results
appear to be captured: a steep rise of the velocity with
the host fraction followed by a gradual descent.
The second theoretical model of Fig. 3 a, depicted by

a monotonically decreasing dotted curve, represents the
behavior of Koch's heuristic model modified to account
for the effects of reversible adsorption (12). Koch
developed his model under the restricted conditions
where the maximum velocities in Fig. 3a were found to
occur; conditions where host fractions are sufficiently
large that freshly replicated viruses can diffuse to neigh-
boring hosts during a lag time (inversely proportional to
k2), yet not so concentrated that they interfere with the
viral diffusion. Hence, his model is unable to capture the
strong dependence of the velocity over the entire range
of the host fraction.

Finally, a comparison of the equlibrated-adsorption
and large-yield models is shown in Fig. 3 b. As expected,
the equlibrated-adsorption model, using its additional
degree of freedom, (Km.), can more closely match the
experimental results. The overestimate of the velocity by
the large-yield model at low host fractions is not unex-

pected. At low host fractions, the virus yields will also be
small, and the assumption that a large yield dominates is
not readily justified. More likely, and also supported by
the better fit of the equilibrated-adsorption model, the
adsorption rate plays an important role at low host
fractions. The small differences between the large-yield
and equilibrated-adsorption models at high host frac-
tions are also revealing. From the curves in Fig. 3 b it is
clear that the effect of hindered diffusion dominates any
assumptions regarding the replication kinetics.

Predicting the front velocity
A lack of information about the virus/host interactions
in agar currently prevents a reliable a priori estimation
of the front velocity. However, the overestimate ob-
tained by using parameters from single-burst shaker
cultures (7, 12) may serve as a useful point of departure.
For a lag time of 13 min (21) one may calculate k2 equal
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to 6/h. Yields (Y) under optimal conditions are -200
active phages per infected host (22). Assuming the
equilibrium adsorption constant for phage Ti holds for
T7, k1/k-l is 3 x 10-8 cm3 (23). For the initial host
concentration, Bo equal to 1.5 x 107/ml and a diffusivity
for T7-shaped particles (using the data for phage P22,
which approximates T7 in shape and size [24]) in 10 g/l
agar of 4 x 10-8 cm2/s (25), we obtain from Eq. 6a, a

front velocity of 4 mm/h, which is 20-fold higher than the
maximum experimentally determined velocity shown in
Fig. 3 a.

A partial explanation for disprepancies between the
predicted and experimentally measured velocities may

be provided by determining the phage yields within a

plaque. The yield from an agar-immobilized microcol-
ony containing 101 to 105 individual host cells is appar-

ently less than the yield from an individual infected cell
under optimal growth conditions. From the maximum
free phage concentration in a growing plaque (1010/ml)
and a microcolony concentration (2.4 x 108/ml) (20)
one obtains an effective yield of only 40 active phages
per microcolony. Several factors may account for the
poor yield: inherently lower yields per cell when immobi-
lized in agar, premature lysis or inhibition of cells due to
the death of adjacent cells, high multiplicities of adsorp-
tion required for host infection, or readsorption of newly
released particles on cell fragments.

Predicting the decay length
The theoretical model suggests that a length scale
associated with the leading edge of the propagating
front, like the front velocity itself, will depend on the
parameters of viral diffusion and replication. This decay
length, A (D/k2)1 2(1/t), is strictly defined only at
positions in the front where concentrations approach
their limiting values, that is, where the linearized forms
of Eq. 2 hold. It is conceivable, however, that a camera

capable of quantifying light intensities with good spacial
resolution could provide experimental data which could
be correlated to decay lengths.

Theoretical expressions for the decay length are

presented under various limiting conditions as shown in
Eq. A10-14 of Appendix 3. In all cases, except for fast
adsorption, the decay length is proportional to (D/c),
the viral diffusivity divided by the front velocity. For a

diffusivity of 4 x 10-8 cm2/s and a typical velocity of 0.22
mm/h, the slow adsorption and large-yield assumptions
both give a decay length of 0.1 mm.

In the equilibrated-adsorption limit the decay length
also depends on Km., the inherent adsorption constant,
as given in Eq. All. Assuming the diffusivity and the
host fraction are known and remain constant, one could
estimate Km. by measuring the velocity and the decay

length in the growing plaque. Similarly, under condi-
tions where the fast adsorption limit holds, the velocity
and decay length constrain k2Y as given in Eq A13.

DISCUSSION

The good agreement between the experimental data and
two theoretical results shown in Fig. 3 b demonstrates
that the model accounts for the peculiar dependence of
the plaque growth rate on the host fraction. At low
fractions the velocity rises monotonically because in-
fected hosts are required to maintain the propagating
front and their rate of infection (viral adsorption) is
concentration dependent. As the host fraction increases,
the velocity begins to level out; the rate of viral replica-
tion is ever less able to compensate for the increased
depletion of freely diffusing particles caused by adsorp-
tion to the hosts. As the host fraction is further in-
creased, the volume occupied by the host, independent
of its adsorption properties, serves increasingly as a
barrier to viral diffusion and the propagation is corre-
spondingly reduced.

It is debatable whether the reduced velocities ob-
served at large host fractions should be solely attributed
to the effects of hindered diffusion. They may be due to
biochemical causes; for example, hosts at high densities
may be less able, metabolically, to support viral replica-
tion. Indeed, the fact that most types of viruses do not
grow continuously when plated on their hosts supports
this notion. Thus, our model ignores host aging, not
because we believe these effects are negligible, but
because the detailed biochemical data required to ade-
quately quantify these effects are to our knowledge not
yet available. From a broader perspective, our model
demonstrates clearly that the reduced velocities at large
host fractions cannot be fully explained by the effects of
free virus depletion under favorable adsorption condi-
tions. The measured velocities in Fig. 3, a and b more
sensitive to the host fraction than the velocities of
Fig. 1, a and b. Our attempt to capture this effect by
modifying the viral adsorption mechanism to allow for
irreversible high-multiplicity adsorption has only effec-
tively changed the scale of the yield factor Y, not the
functional form of the host dependence. Thus, other
effects such as hindered diffusion, reversible high-
multiplicity adsorption or metabolic changes must play a
significant role.
A better understanding of the biological and physico-

chemical factors governing viral propagation will help us
not only to clarify the mechanisms which dominate
under different conditions, but also to reliably predict
the magnitude of the front velocity from independent
experiments. Until then, many questions await answers.
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How does the metabolic state of the cell affect its ability
to adsorb and produce virus particles? How does the
lysis-induced liberation of cytoplasmic fluids containing,
for example, lysozyme, growth inhibitors, or proteases
influence the infection of adjacent hosts? Hosts at the
air/agar interface grow better than those at the agar/
petri dish interface; how does the host gradient normal
to the agar surface influence propagation in the radial
direction?
A better understanding of the propagation process

will also help us reduce the uncertainties which accom-

pany our velocity determinations. We have made mea-

surements after 12 h of growth over a 12 h period. After
the first 12 h, the turbidity of the colony suspension
appears constant, suggesting that the host has or is
approaching a stationary growth state. However, mea-

surements of velocities have revealed 30 percent in-
creases over several days growth (J. Yin, unpublished
observations). Plaque growth may be selecting for mu-

tant viruses which propagate well; selected mutants
should then, in principle, propagate with a constant
velocity when grown under the conditions which lead to
their selection. This remains to be tested.
By observing how perturbations targeted at points in

the viral infection cycle lead to changes in plaque
growth, we can hope to reinforce our theoretical bridge
between the propagation velocity and the microscopic
mechanisms. For example, different lines of polyoma
virus have been found to form plaques varying two- to
three-fold in size (26). The small-plaque variants adsorb
more readily to their host than the large-plaque variants;
moreover, a single amino acid substitution in the major
capsid protein of the virus is correlated to the weak
adsorption/small plaque phenotype (27). If Fig. 2 ap-
plied for polyoma virus and covered the range of
experimentally accessible adsorption constants, we would
predict, assuming plaque size correlated directly with
velocity, that the small-plaque adsorption constant, K,
would be greater than 10-2; at lower values weaker
adsorbing viruses would produce smaller, not larger
plaques. Moreover, if we knew the host fracton was 0.2,
we could use Fig. 2 and our knowledge of plaque size
differences to deduce that the small- and large-plaque
variants had adsorption constants of roughly 102 and 101,
respectively.

This exercise of deducing adsorption constants from
plaque measurements or vice versa illustrates the kinds
of information needed for rigorous comparisons. First,
because plaques do not necessarily begin growing simul-
taneously, velocities of the propagating fronts, when
obtainable, are prefered over sizes of plaques. Second, it
is important to know how the propagation depends on

the host concentration. This requires collecting front
velocities over a range of host fractions (corresponding

in the examples presented here to a range of nutrient
broth concentrations for the agar-immobilized hosts).

APPENDIX 1

Front velocity
Effect of plaque curvature on the velocity
Curvature effects on the propagation velocity are accounted for by
retaining both terms which arise from viral diffusion. Rewriting Eq
(2a):

a[VJ a2[V] D a[V]
= D 2 + - +f([V], [B], [I]), (Al)

where f([V], [B], [I]) accounts for the reactions which produce and
consume the diffusing virus particles. Assuming the decay length,
(DIk2)1/2 1/t is much less than r, (Dir) may be replaced in Eq. 2a by
(DIR), where R is the plaque radius. As before, we look for a
traveling-wave solution, with velocity e, in the coordinate z = r - ct
This results in a modified form of the matrix in Eq. 3:

2- C(l + )t - Ka 0 K1 + Y a
V K( 0) K-1 a2 = 0, (A2)

Kl ~~0 l)(-K_I a3)

where -y = (DIk2)112/(RC) is the correlation for plaque curvature
effects on the velocity. This system may be analyzed in the same way as
Eq. 3 leading to polynomials with corrections of the form (1 + y),
where -y becomes insignificant at large radii. Under typical experimen-
tal conditions (D = 4 x 10-8 cm2/s and c = 0.22 mm/h) the effects of
curvature are negligible for plaque radii greater than 0.1 mm.

Criteria for a positive solution to Eqs. 3 and 4
Because Y > 1 and Ki and K-1 must be positive, C2 < 0 and C3 > 0,
from Eq. 4. Furthermore, C3 = g(O) > 0 and g(-oo) = -oo, so one of
the roots of Eq. 4 is negative. For e real and positive, we require that at
least one of the other two roots be real and positive. The nature of the
three roots is determined by the discriminant of g(t), d - (r1 - r2)2
(r2 - r3 )2, where r1, r2 and r3 are the roots ofg(t). It may be verified that
if d 2 0, there are three real roots, and if d < 0, there is one real root
and a complex conjugate pair. By Descartes' rule of signs (29) there
are two positive roots for d > 0. Thus, d 2 0 is a necessary and
sufficient condition for the existence of a nontrivial solution to Eq. 3
with positive c, i, a1, a2 and a3; d = 0 is a minimal condition. As given
elsewhere (28), this minimal condition can be reformulated in terms of
the coefficients of Eq. 4: d = - 4C13C3 + C2C2 + 18C1C2C3 - 4C3 -
27 C2.
For completeness, we also check that a1, a2, and a3 have the same

sign so that a solution with positive concentrations occurs. From Eq. 3,
K1a1 = (ct + K-1 + 1)a3, so a1 and a3 have the same sign. Substituting
this expression into -Kia1 + C1a2 + K_1a3 = 0 gives Zta2 = (E + 1)a3,
so a2 and a3 also have the same sign.

Conditions for the existence of traveling
wave solutions
The existence of traveling wave profiles at velocities greater than c, the
minimum velocity, requires the connection of the desired leading front
with a trailing front. The trailing front may be analyzed by letting V=
V_. - a, exp (E), B = a2 exp (7) and 7 = a3 exp (V) to obtain
analogous expressions to Eqs. 3 and 4 where the dimensionless
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concentrations (V, B, 7) now approach 0, 0) as z -00,

-te2 - e-t -KIF Kx-1 + Y la,
0CO -KiV_ K1 ja21 =0, (A3)

and

t(t + C)[C202 - t(K-1 + 1 + KV,,) + K1Vo] = 0. (A4)
The two positive real roots of Eq. A4 allow for trajectories converging
to the stationary state atz = -oc, trajectories which are necessary for a
complete traveling wave.
A complete solution of the traveling wave equations

av -
= W

d3z

= -CW+ K1VB - (K1+ Y)I

dB
cd- =K1 VB-K_1I (AMc)

c a = -KIVB + (K_1 + 1)I (AMd)

would prove the existence of trajectories connecting the homogeneous
states (0,0, 1,0) at z = +00 to (x 0, 0, 0) atz= -o for the
components vector (T/, W, B, 7). Here the introduction ofW = adV/d
allows reduction of all equations to first order. In the absence of
explicit integrals the existence proof is not straightforward. Proofs for
somewhat simpler problems have been presented by Dunbar (30), and
Kennedy and Aris (31). We conjecture that a general existence proof
for multicomponent traveling waves, satisfying the velocity condition
such as we have derived in the leading front, will be forthcoming in a
wide class of similar models which will obviate the need for such
specific proofs. Such a proof in the one-component case was provided
by Kolmogorov (14). Nonetheless, we have been able to find one
explicit integral of Eq. A5:

W= -c[V- (Y- 1)(1 -B) +YI],

leading to the three-component system,

adV
ai = C[V (Y-1)(1-B) +YI]

-R- - -
Z-= KIVB- K1I

dlCd = K1VB + (K- + 1)I.

and b4 terms of Eq. 5 give a dominant balance:

CSA = 2[D(kifBmu)(Y - 1)]1/2. (A8)

Fast adsorption
The case where adsorption is fast relative to the host death rate can be
considered when Eq. 5 is reparametrized in terms of Ki and K_1, rather
than K and K-1. For KI large, the b2X2, b3X and b4 terms give a
dominant balance:

3D 1/2 3k2Y
CFA = (k fBmax) |2 .(A9)

(A5a)

(A5b) APPENDIX 3

Decay length
An expression for the decay length of the front, X, may be obtained by
noting that under the critical condition that a positive real root exists
for Eq. 4, the first derivative with respect to e = (DIk2)"12(1/X) must be
zero. This can be combined with Eq. 4 to obtain an expression for the
decay length as a function of the front velocity, the viral diffusivity and
the kinetic parameters:

(D 1/2 (2(C2 - 3C2)
=k2) \9C3 - C1C2

(AlO)

where Cl, C2 and C3 are defined in Eq. 4. Under the limiting conditions
previously considered, expressions for the decay length may also be
calculated.

Equilibrated adsorption

(A6)

(A7a)

2D
XEQ = c(fK+ 1)= (All)

Slow adsorption
(A7b)

2D
XSA ---CSA

(A7c)

This is sufficient to determine V_x = Y - 1 or V_x = (Y - 1)Bo; as
expected, the concentration of viruses, V_,, is readily obtained from
the viral yield per host, Y, and the host concentration, Bo.

(A12)

Fast adsorption

2CFA
FA = 3k2Y

(A13)

APPENDIX 2

Limiting cases
Slow adsorption
When the viral adsorption and desorption processes are slow relative
to the death rate of the infected host (K-1 small and fixed K) the b3X

Large yield

Yin and McCaskill Replicating Viruses Model 1547

3D
xy = 2cy. (A14)
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APPENDIX 4

Glossary of Notation
a1, a2, a3 positive constants (dimensionless);
[B] concentration variable for host bacteria (1/ml);
Bo constant concentration of host bacteria (1/ml);
Bmax maximum attainable value of Bo, value which com-

pletely fills the volume (1/ml);
c velocity of propagation (mm/h);
CEQ velocity of propagation for the equilibrated-adsorp-

tion limit (mm/h);
CFA velocity of propagation for the fast-adsorption limit

(mm/h);
CSA velocity of propagation for the slow-adsorption limit

(mm/h);
Cy velocity of propagation for the large-yield limit

(mm/h);
c c/(k2D)1/2, velocity of propagation (dimensionless);
C1 [(K1 + 1)/c - e] (dimensionless);
C2 -(Kl + K-1 + 1) (dimensionless);
C3 Kj(Y - l)/c (dimensionless);
D diffusion coefficient for the virus (cm2/s);
Deff 2(1 - f )D/(2 + f ), diffusion coefficient for virus,

accounting for the volume fraction occupied by the
host (cm2/s);

f Bo/Bm.x, volume fraction occupied by host bacteria
(dimensionless);

[I] concentration variable for infected host bacteria
(1/ml);

k, rate constant for virus adsorption to host (ml/s);
k-, rate constant for virus desorption from host (1 /s);
k2 rate constant for the death (lysis) of infected host

(1 /s);
K Kj/K_1, equilibrium adsorption constant (dimension-

less);
Kmax kiBm,,x/k-, maximum attainable value ofK (dimen-

sionless);
KI k1Bo/k2, rate constant for virus adsorption to host

(dimensionless);
K-1 kl1/k2, rate constant for virus desorption from host

(dimensionless);
X (D/k2)1/2/t, decay length or width of front (mm);
r radial-distance variable in polar coordinates

(length);
r (k2/D)1/2 r, radial-distance variable in polar coordi-

nates (dimensionless);
R plaque radius (mm);
t time variable (time);
t (k2t) time variable (dimensionless)
[VI concentration variable for virus particles (1/ml)
X c-2or c2/(k2D) (dimensionless);
e inverse of the decay length (dimensionless);
Y yield factor of viruses per infected host bacterium

(dimensionless);
z r - Ct, distance variable moving with velocity c

(length);
z (k2lD)12z or T - C-t, distance variable moving with

velocity c (dimensionless).
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