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ABSTRACT The kinetics of redistribution of lipid-like molecules between the membranes of two fused spherical vesicles is
studied by solving the time-dependent diffusion equation of the system. The effects on the probe redistribution rate of pore
size at the fusion junction and the relative sizes of the vesicles are examined. It is found that the redistribution rate constant
decreases significantly, but not drastically, as the relative size of the pore to that of the vesicles decreases (the bottleneck
effect). In general, the time scale of the probe redistribution rate is determined by the size of the vesicle that is loaded with the
probe before the activation of the fusion. For a pore size 50 A in diameter and a typical diffusion coefficient of 10-8 cm2/s for
lipids, the mixing half times for typical virus-cell and cell-cell fusion systems are <30 ms and above 200 s, respectively. Thus,
although the redistribution of lipid-like probes by diffusion is not rate limiting in virus-cell fusion, redistribution by diffusion is
close to rate limiting in spike-protein mediated cell-cell fusion.

1. INTRODUCTION

Recently fluorescent lipid-like R- 18 (octadecyl rhodamine
B chloride) molecules have been used extensively in
monitoring the kinetics of activation reactions of fusion of
cells with enveloped viruses or with hemagglutinin-
expressed cells (1-7). The principle of the method relies
upon the self-quenching properties of this dye: the inten-
sity of total fluorescence decreases when the density of the
dye increases and vice versa. Thus, upon fusing of R-18
containing membranes with membranes devoid of the
probe, the surface density of the dye decreases because of
dye redistribution, resulting in an increase in the total
fluorescence. As a result, kinetic properties of fusion can

be studied by measuring the rate of fluorescence dequench-
ing.

In general, the macroscopic dequenching signals of a

fusion system contain two kinetic components: (a) the
fusion activation reactions leading to the opening of
pore(s) and the coalescing of the membranes; (b) the
redistribution or mixing of the probes between the co-

alesced membranes. It is only when the probe redistribu-
tion is not rate-limiting that the dequenching data accu-

rately reflects the kinetics of fusion activation reactions
(8). So far as we are aware, probe mixing is always
assumed to be fast (not rate limiting); and the dequench-
ing kinetics has been used directly in the elucidation of
fusion activation mechanisms (4-7). The correctness of
this assumption has never been examined.

If R- 18 molecules diffuse like lipids with a diffusion
coefficient of 10-8 cm2/s, the half time to escape an area

of the size of a virus (0.1 ,um in diameter) on a plane is in

the order of milliseconds. The half time of a typical R- 18
dequenching curve in virus-cell fusion systems is in the
order of seconds (4-6). Thus, it seems reasonable to
assume that R- 18 redistribution is not rate limiting.
However, recent video microscopic measurements on

single virus-cell fusion complexes (9, 10) have shown that
the redistribution half time of R- 18 molecules is in the
"seconds," rather than the "milliseconds," time domain.
These findings not only invalidate the fast probe-
redistribution assumption, but also raise a question about
the nature or cause of this slow redistribution.

In the early stage of fusion, the junction between the
two fused vesicles is very small and could form a bottle-
neck for diffusion (see Fig. 1). It is natural to ask whether
this bottleneck is the cause of slow probe redistribution.
To resolve this question, we examine in this paper the
effect of the size of the bottleneck on the diffusion of
lipid-like molecules in a fused complex by solving the
time-dependent diffusion equation of the system. We find
that the size of the bottleneck does have a significant
effect on the redistribution rate. But in the virus-cell
fusion case, the bottleneck effect alone is not sufficient to
increase the redistribution half time from milliseconds to
seconds. On the other hand, the half time for redistribu-
tion of lipid-like molecules in the spike-protein expressed
cell-cell fusion case is found to be in the order of seconds,
similar to that found in dequenching kinetic measure-

ments (6, 7).
In the next section, we briefly describe the coupled

partial differential equations for the diffusion of particles
on the surface of a fusion complex and present the final
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between the center of a vesicle and the mid-point of its
bilayer and the radius of the bottleneck is denoted by d. It
is easy to see from Figs. 1, a and b that the smallest value
of d is one-half of the thickness of the bilayer membrane.
It follows from the axial symmetry of the coalesced
structure and the initial surface density that the time-
dependent density of probes is a function of only one polar
angle on each vesicle, either 0 or 0. Let n(0, t) and
N(O, t) be the surface densities of probes on the r-sphere
and R-sphere, respectively. Then each density obeys a

diffusion equation:

an D 1 / An

at r2sin a4s1n0a0) , O'0s (1)

and

aN D 1 a ad
at -2 -ine dQ3 sin e ' ° 'e0 'e 0,at R2sin OaO

(2)

FIGURE 1 (a) Schematic drawing of a fusion complex. The lipid-like
probes, shown as molecules with filled heads, are initially loaded to the
r-vesicle only. The radii, r and R, are measured from the centers of the
vesicles to the middle of the bilayer membrane. (b) The redistribution of
probes in a fusion complex as shown in a is modeled as a diffusion of
massless particles on the surface of two coalesced spheres. The size of
the bottleneck is denoted by d.

solution of the equations. The details of the derivation of
the solution are given in Appendix A. In section 3, the
results obtained are then applied to the calculation of
probe redistribution kinetics in representative virus-cell
and cell-cell fusion systems, focusing on the effect of the
size of the bottleneck at the fusion junction.

2. THE MODEL AND THE
DIFFUSION EQUATIONS

where D and 0O are the diffusion coefficients of probes in
the vesicle bilayers. The surface densities on the two
partial spheres are related to one another at the junction,
or bottleneck, bet-ween them by two continuity laws: (a)
continuity of surface density

n(0O, t) = N(MO, t); (3)

and (b) continuity of diffusive flux

D an YN

r M a= R e=e0 (4)

The minus sign in Eq. 4 is required because both angle
variables, 0 and 0, shown in Fig. 1 b increase toward the
junction. The angles 00 and 00 are the two maximum polar
angles determined by the size of the bottleneck (see
Fig. 1 b). That is, d = r sin 00 = R sin 00.

The system of Eqs. 1-4 are to be solved for the initial
condition

A fusion complex composed of two coalesced lipid bilayer
vesicles is shown schematically in Fig. 1 a. Probe mole-
cules are loaded only on the outer layer of one bilayer
vesicle; and at time t = 0 start to diffuse to the other
vesicle bilayer through the junction (the bottleneck). We
evaluate the rate of redistribution of probes as a function
of time for different relative dimensions of the bottleneck
and cell (or virus).
We neglect the nonzero size of the probe molecules and

treat their redistribution as a continuum diffusion process.
The problem under investigation involves the diffusion of
particles constrained to lie in the surface bilayer of the
portions of two coalesced spherical vesicles as shown in
Fig. 1 b, where the radii r and R refer to the distances

n(0, O) = no, Oc c00 (5)

and

N(O, 0) = 0, 0 ' <eo, (6)

where no is the initial uniform surface density of probes on
the r-sphere.
The problem of solving a single diffusion equation such

as Eq. 1 or 2 on a restricted portion of a sphere has arisen
in physical chemical studies in condensed media. For
example, in the case of restricted motion of a molecule
with cylindrical symmetry, the cylinder axis could be
confined to move within a conical volume. Such molecular
rotational motion, unrestricted or restricted, is usually
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described in terms of diffusional motion of the projection
of the axis of the molecule on the unit sphere. This
diffusion-in-a-cone model was first formulated by War-
chol and Vaughn (11) to treat dielectric relaxation of
molecules in glassy matrices and later extended by Wang
and Pecora (12) to treat time-correlation functions in
light scattering and fluorescence depolarization experi-
ments. Any of the classical methods for solving the
diffusion-in-a-cone initial value problem can be general-
ized to solve the initial value problem treated in this
paper, Eq. 1-6, by requiring that the solutions for each
partial sphere must join smoothly (satisfy Eqs. 3 and 4).
Details of the method of solution are outlined in Appendix
A. The final expressions for n(0, t) and N(0, t) are

obtained as

n 4-' n( 0, t) hnexp an rR
°()A, + AR¢ n=1nP nr

1-cos f]
2F1 a(n), 1- a (an); 1; 2 (7)

and

Ar [ (DD)"1 1

,t) + ZH ,,exp oa,,no ~ Ar+ AR n=1 rR

2F,[A(a), 1- A(o.); 1; 2 (8)

where 2F1 [...] is an associated Legendre function
expressed as a hypergeometric function (11-13) and Ar
and AR are the surface areas of the partial spheres

Ar=2irr2(1 -cos0o) (9)

and

AR = 27rR2(1 - COS °). (10)

The an's in Eqs. 7 and 8 are the zeros of the function

5(' ZO, ZO) = 2F, [a, 1 - a; 1; zo]

( 2F,[1 a, 2-a; 2;zo]
2 [A, -A;1; Z], (11)

+2F, [I1+A,2 -A;2; ZJ

where zo and Z0 are defined, respectively, in Eqs. A7' and
A8' of Appendix A. The definitions of a(o), A(o-), and hn
are given in Eqs. A- 14, A-15, and A-29, respectively. It is
readily seen in Eqs. 7 and 8 that the surface density on

each sphere approaches, at large values of the time, the
initial surface density diluted by the area fraction,
Ar(Ar + AR)'
The rate of redistribution of probes on a fusion complex

is usually characterized by a quantity defined as the
fraction of the initial amount of probes on the r-sphere

which is in excess of the final amount:

q(t) = [P(t) -P(O)]/[P(O) -P(CO
Ar\, (D))1 1/2

= 1 + A}E hnexp kn rR
t

2F1 [a(n), 1-a (on); 2; 1 Cos o] (12)

where p(t) is the fraction of probes which remain on the
r-sphere at time t and can be obtained from Eq. 7 as (see
Appendix A)

Ar_ Xh (DGo)1/2Art + Y-h,,exp on ti
P(t)=Ar AR +

I

n rR

2F1 a(an), 1 a(an); 2; 2 (13)

3. ILLUSTRATIVE CALCULATIONS

As described in the preceding section, the rate of probe
redistribution in a fusion complex depends on five param-
eters: the sizes of the fusing vesicles, r and R; the size of
the bottleneck at the junction, d; and the diffusion
coefficients of probes on the two vesicles, D and S. Rather
than explore the whole parameter space, we will examine
the effect of two relative length scales on the redistribu-
tion rate of probes: (a) the relative size of the bottleneck
to that of a vesicle; and (b) the relative size of the two
fusing vesicles. The first effect deals with the question of
whether the existence of a bottleneck will drastically slow
down the redistribution rate and the second one concerns

the difference in redistribution half times between typical
virus-cell and cell-cell fusion systems.
The main step in the calculation of n(0, t), and there-

fore p(t) and n(t) involves the evaluation of the roots of
Eq. 11 and the values of the slope of S at these roots (see
Eq. A-29). All the calculations were done with the Cray
supercomputer of the National Cancer Institute at the
Frederick campus of National Institutes of Health. For
simplicity, we have set D = 1 ,u2/s (or 10-8 cm2/s). The
results for a few typical cases are shown in Fig. 2 in which
the value of the excess fraction, v(t) in Eq. 12, is plotted as

a function of the dimensionless time, Dt/R2. As shown
by the dashed curves in Fig. 2 A, decreasing the relative
size of the bottleneck, d/r, at a constant r/R ratio
(r/R = 0.35) increases the redistribution time (from
curve a to c). However, although it is significant, the
increase in redistribution time due to the decrease in d/r
is not drastic. For example, whereas the decrease in d
from curve a to c is -100-fold (from 0.1 to 0.0014), the
increase in half time (tl/2) is only -2 (from 0.85 to 1.95).
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FIGURE 2 The 77(t), the fraction of the initial amount of probes on the
r-sphere which is in excess of the final amount, is plotted as a function of
the dimensionless quantity, t/R2, for a number of cases showing the
effect of the bottleneck size and the effect of relative sizes of the two
vesicles. The effect of the bottleneck size on the kinetics of redistribution
is shown by the three dashed curves in A for cell-cell fusion systems and
the three solid curves in B for virus-cell fusion systems. The four solid
curves labeled 1-4 in A and B show the effect of r on the rate of
redistribution at constant R and d/r.

Using these three curves, we have found that the redistri-
bution half time for this case is approximately propor-
tional to the inverse one-fourth power of the radius of the
bottleneck. The exact relation between t1/2 and d in the
limit d -- 0 is discussed in Appendix B. One must note
that the r/R value used in these curves (0.35) is approxi-
mately equal to the ratio of the radii of red blood cell
(RBC) and GP4F cell. As shown in Fig. 2 B, a similar
result is obtained for a smaller r/R ratio (0.0143)
corresponding roughly to the case of a virus and a red
blood cell.
The solid curves labeled 1 to 4 in Figs. 2, A and B

illustrate the effect of relative vesicle sizes on the kinetics
of probe redistribution. From these curves, one can see

that for fixed R the redistribution half time decreases
when the radius of the vesicle containing the probes (the
r-sphere) becomes smaller. This is not surprising because
the time for a probe to diffuse out of the r-sphere becomes
shorter when the dimension of the sphere diminishes.
Approximately, the redistribution half time is propor-
tional to the second power of r (or r/R). In Fig. 3, three of
the curves with varying r/R, but constant d/r, are plotted
(semilogarithmically) as a function of the dimensionless
time, Dt/r2. From this plot the effect of R on the
redistribution rate at constant r (and d/r) can be as-

sessed. As can be seen from the figure, t1/2 increases
slightly when R is increased from 1.67r to 70r. That is,
the rate of probe redistribution is not very sensitive to the
size of the receiving vesicle. In other words, the time scale
of probe redistribution kinetics in membrane fusion is
largely determined by the size of the r-sphere.

_ -1

0

-2

Dt
r2

40

FIGURE 3 The curves labeled as 1, 4, and a in Fig. 2 are replotted as a
function of the dimensionless quantity, Dt/r2. This plot shows the effect
of R on the rate of redistribution at constant r and d/r. The use of a
semi-log plot here is to show where x7(t) can be approximated as a single
exponential function of the time.

Another interesting result one can see easily from
Figs. 2 and 3 is that q(t) decays as a single exponential in t
when r/R is close to 1 and as a sum of many exponentials
when r/R is small. That is, the rate of redistribution of
lipid-like probes in cell-cell fusion systems can be ex-

pressed approximately with one single exponential, while
more than one exponential has to be retained when r/R is
much smaller than 1 as in typical virus-cell fusion
systems. This point is shown graphically in Figs. 4 and 5,
where the amplitude (the coefficient) of each exponential
term in Eq. 13 is plotted as a function of the root index n

for the two cases. As can be seen in Fig. 4, the distribution
of the amplitudes is sharply centered at the first root when
r/R is very close to 1 and becomes broader as the value of
r/R becomes smaller. As the ratio is reduced further to
that of the typical virus-cell value, the distribution be-
comes very broad and the maximum occurs around the
19th root as shown in Fig. 5.

4. DISCUSSION AND CONCLUSIONS

The main purpose of this study was to examine the effect
of the bottleneck of a fusion complex on the kinetics of
mixing or redistribution of lipid-like molecules between
the membranes of the two fused vesicles in virus-cell or
cell-cell fusion systems. To this end, the differential
equations describing the diffusion of particles on the
surface of two coalesced spheres were formulated and
numerical procedures for the solution of these equations
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Root Index, n

FIGURE 4 The distribution of the contribution (or the amplitude) of
each exponential term in Eq. 13 as a function of r/R. The distribution is
sharply centered at the first term (n - 1) for r/R close to unity and
shifts to larger n when r/R is decreased.

were developed. From the results of a few illustrative
calculations, a number of interesting general conclusions
were obtained in parameter ranges of interest in virus-cell
or cell-cell fusion studies. (a) Although diffusion is
retarded by the bottleneck, the reduction in the redistribu-
tion rate is not sensitive to the size of the bottleneck. We
find that the mixing half time of particles between the two
fused membranes is approximately proportional to the
inverse one-fourth power of the radius of the bottleneck.
(b) The time scale of the probe redistribution rate based
on diffusion is mainly determined by the dimension of the
r-sphere where the probe is initially loaded. Thus, for the
same r value, the redistribution half time is almost
independent of the size of the R-sphere. On the other
hand, for the same R, the half time is approximately
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proportional to the second power of the value of r. (c)
When the sizes of the two fusing vesicles are comparable,
the kinetics of redistribution can be described by a single
exponential function. In contrast, the redistribution kinet-
ics becomes multi-exponential if the sizes of the two
vesicles are quite different.

In Fig. 2 B, the kinetics of probe redistribution for the
fusion of influenza virus (r = 0.05 u) and red blood cell
(R = 3.5 I,) is obtained for three bottleneck sizes. The
redistribution half times estimated from Fig. 2 B are

tabulated in Table 1. As shown in the table, if the
diffusion coefficient is taken at 10-8 cm2/s, a typical value
for lipids in cell membranes, in both the virus and the red
blood cell membranes, the redistribution half time is -26
ms for a bottleneck of d = 25 A and decreases to 14 ms
when d is increased to 100 A. Because the thickness of a

typical cell membrane is -50 A, the smallest value of d
that a fusion complex can have is -25 A (see Fig. 1).
Thus, 26 ms seems to be the upper bound of the
redistribution half time in influenza virus-RBC fusion.
This value is quite different, smaller by several orders of
magnitude, from what has been measured experimentally
on the influenza virus-red blood cell fusion system using
R-18 molecules and video microscopy (9, 10). This indi-
cates that the transport of R- 18 molecule from the virus
membrane to the red blood cell membrane might involve a
more complex mechanism than the simple diffusion mech-
anism modeled in Eqs. 1-4. Either the existence of a

diffusion barrier at the bottleneck or a tight binding of
R- 18 to immobile molecules may have to be invoked to
explain the slow rate of R- 18 redistribution in this system.

If the radii of RBC and GP4F cells are taken as 3.5 and
10 gm, respectively, the mixing half time of R-18 in fusion
of these two cells can be estimated from the curves a-c in
Fig. 2 A. The results are also shown in Table 1. It is found
that the half time for d = 50 A is -200 s. Even when the
bottleneck is as large as 1,000 A, the half time is still

TABLE 1 The redistribution half time for lipid-like
probes as a function of the bottleneck size*

r R r/R d d/r t1/2 r1/2t

A JA M S St
3.5 10 0.35 0.005 0.00143 215 215

- -- 0.1 0.0286 125 90
- -- 0.35 0.1 87 63

0.05 3.5 0.0143 0.0025 0.05 0.026
0.005 0.1 0.02
0.01 0.2 0.014

*The diffusion coefficient is taken as 1 u2/S.
tThis half-time is calculated based on the analytic one-term exponential
expression discussed in Appendix B.
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FIGURE 5 The distribution of the amplitudes for the virus-cell fusion
case.
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larger than 100 s. These results suggest that in the virus
glycoprotein-expressed cell-cell fusion between RBC and
GP4F cells the fluorescence dequenching signal measured
in cuvette experiments (6, 7) might not be used directly to
evaluate the kinetics of fusion activation reactions be-
cause the R- 18 redistribution reaction might be rate
limiting. In this case, the procedures presented in refer-
ence 8 may have to be used to extract information on
fusion activation from macroscopic dequenching data.
We would like to emphasize that the q(t) and p(t) in

Eqs. 12 and 13 can be directly used to interpret the
kinetics of fluorescence change on the r-sphere if the
fluorescent probes are not self-quenching. In fact, these
two equations are directly applicable to any probe as long
as the signal of the probe is a linear function of the probe
concentration. For self-quenching fluorescent probes (such
as R-18 molecules), Eqs. 12 and 13 are no longer usable
due to the nonlinear relationship between fluorescence
intensity and probe concentration. In this case, the
time-dependent surface density function in Eq. 7 (or 8)
can be used to calculate the fluorescence kinetics. Re-
cently, spatial fluorescence intensities of R- 18 as a func-
tion of time have been observed in single RBC-GP4F
fusion complexes (6, 7). A detailed analysis of these
spatial fluorescence patterns using the formulae devel-
oped in this paper should yield more information about
the mechanisms of probe (R- 18) redistribution on the
surface of a fusion complex. This will be the subject of
another paper.

Finally, we mention that, in case the pore at the fusion
junction is very small compared with the radii of the two
fusing vesicles, the analytic solutions of the diffusion
problem obtained in this paper can be greatly simplified
(see Appendix B). In addition to providing a check on the
correctness of the numerical procedures presented in this
paper, these approximate analytic expressions are also
very useful in discussing related aspects of this diffusion
problem, such as the dependence of the half time for
redistribution on the various length parameters (see
values of T1/2 in the last colum in Table 1 calculated from
Eqs. B22 and B23), the estimate of the approximate zeros

(an) of 97 in Eqs. 11 and 12, the extension of the problem
to related one- and three-dimensional systems, etc. The
results of these analyses will be reported in a separate
paper.

In conclusion, we have developed a numerical proce-
dure for the calculation of diffusion of molecules on the
surface of two coalesced spheres. The procedure is new
and is useful in studying the rate of redistribution of
lipid-like probes in virus-cell or cell-cell fusion systems.
The formulae derived can be used directly to deduce the
change of fluorescence (or other signals) due to the
redistribution of the probes.

APPENDIX A

Formal solution of probe
redistribution problem
In this appendix, we outline the Laplace transform method (14), which
we have used to determine explicit expressions for the solutions of Eqs.
1-4 with the initial conditions Eqs. 5 and 6. The Laplace transforms of
Eqs. 1-4 are

D I d / d
---Indtsin-I = pn- no, 0sO< 0
r2 sinO0dO dO,

(Al)

and

D 1 d / dN
sinOE)- ==pN, 0 -<0 --00R2sin03d e d0B

h(Oo,p) = R(Oo,p)

(A2)

(A3)

and

D dnh O dN
r dO R de (A4)

where a tilde superscript on the surface density variables n and N
denotes the Laplace transform of the variable,

n(O, p) = dteP n(O, t) (A5)

and

IT(E, p) = dte-P' N(0, t). (A6)

It is convenient to introduce new independent variables

Z = '/2(1 - CSo) (A7)

and

Z = '2(1 -cosO) (A8)

in Eqs. Al-A4 and two new parameters

rR
(DD) 1/2P (A9)

and

r1()/2
RDD (AlO)

The new set of equations is

(1
d'h dhz(l - Z) - (1 - 2z) dz - ean -no D

O <sz --zo< I (Al')
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d2N dN 1

Z(1 - Z)dZ'--( - 2Z) dZ - -aN = O,

0 Z ZO<1

A(zo, ) = N(Zo, a)

and

IDdni
=

dN

r2dz R2dZ
z-zo Z=Zo

where

za,ZO, ZO) = 2F1 [a, 1 - a; 1; zo]
(AT2) + 2F, [I + a, 2 a; 2, Zo]
(A) +2,[ + A 2-A;21Z2F, [A,I- A; 1;Zo]. (A20)

The expressions for cr and CR have been simplified with the aid of the
relations

d 2F, [b, c; d;z] =
bc

2F, [1 + b, 1 + c; 1 + d; z], (A21)
(A4')

where
a-(1-a) = Ea, (A22)

Zo = 1/2 ( -COs 0O ) (A7')

Zo = 1/2 (1 - COS 00) (A8')

and we have used the relation (see Fig. 1 b)

rsin00 = RsinO0 (All)

in obtaining Eq. A4'.
The most general regular solutions of the pair of ordinary differential

Eqs. Al' and A2' are

and

A(1 -A) = -.
c

(A23)

The final expressions for the solutions of Eqs. Al' and A2', the Laplace
transforms, n(z, U) and N(Z, a), are

noir2I F,[a, 1 - a; 1; z]
,ED a1 (a, zo,7Z) (A24)

and

n(z, a) = EDU + cr2F1 [a, - a; 1; z] (A12)

N(Z,a) = noED
and

where

a = 1/2 - 1/2 [1 - 4E]1'/2,

A = 1/2 - 1/2 [1 - 4U/eI1/2,

and the hypergeometric function has the convergent expansion

2F, [b, c; d; z] = (bd) (n)znI lzl < 1. (A16)

The symbol (e)n in Eq. A16 denotes a product of n factors

(e)n = e(e + 1)(e + 2). .(e + n - 1) (A17)

with the convention that (e)o = 1. The integration constants, c, and CR,

are determined by requiring that the solutions Eqs. A12 and A13 join
smoothly at the bottleneck junction, Eqs. A3' and A4'. Substituting Eqs.
A12 and A13 into Eqs. A3' and A4' yields a pair of simultaneous
equations for cr and CR whose solution is

nO)2/ 1 \

Cr = (a 7,
,EDU 9 (aU, zZO,LO

(A18)

and

nor2 1 2F,[1+ a,2- a; 2; zo]

(A13) I2FI[A, 1-A;1;Z0] 2F,[1 +a,2-a;2;zo] \' (A5(A13) { 1(a,,zo,ZO) 2F1[1+A,2 -A; 2;Zoi)J (A )

Having derived explicit expressions for the Laplace transforms of the
surface densities in Eqs. A24 and A25, the inversion theorem for the

(A14) Laplace transformation (14) can be used to obtain explicit expressions

for the corresponding time-dependent quantities, e.g.,

(A15)

n(O, t) = -ij dp eP¼ (,p) (A26)

or

1 rc+i. (DOD)1/2
n(z, t) = -jJc_,. duexp rR tJ

no{ 2FI[a,I- a;;z]I
Of | 1(a,zO IZO) |

(A27)

where the path of integration lies to the right of all singularities of
h(z, U). The integrand in Eq. A27 has simple poles at = 0 and also at
the simple zeros = U,, n = 1, 2, ... of 9r(a, zo, ZO) which, as we will
see in what follows, lie on the negative real U-axis. Therefore, it follows
from the theory of residues (14, 15) that the contour integral Eq. A27
reduces to a sum of residues of the integrand at these poles

n(z, t) = no 1- (I z)

+ hn2F, [a(an), 1- a(an ); 1; z] exp ( n R tj (A28)
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13, pp 559 and 560, Eqs. 15.3.10 and 15.3.12):

hn = -(an da I{9Z(a, zo, z)IOr-n (A29) 00(a).(1 -a),2F1 [a, 1 - a; 1; zo] = {r(a)r(l- a)I- ._)_______)n

* [24,(n + 1) - {,(a + n)It can easily be shown that the time-independent term on the right-hand
side in Eq. A28 reduces to

1- (1+ 1-= Al
I ZO Ar + AR

(A30) and

with the aid of the identity at the bottleneck, r sin 80 = R sin 00, where
Ar and AR are the areas of the partial spheres, Eqs. 13 and 14.

In addition to the local surface density, Eq. A28, another quantity of
interest which characterizes the redistribution of probes is the fraction
of the total number of probes remaining on the r-sphere at time t

p(t) = nT(t)/nT(O)

2rr2 f0

dO sin 0 n(z, t)

4=rr2 0o

dz n(z, t), (A31)
nlT(0)i.

where nr(O) = no * Ar. Substituting Eqs. A28 and A30 in Eq. A31 and
using the identity,

ZOd 2F, [a, 1 - a; 1; z] = z02F, [a, 1 - a; 2; zo], (A32)

we obtain

2F, [1 + a, 2 - a; 2; zo] = { -(a)(a)1-'
1 (1 + a), (2 - a),

la(1 - a)(1 - zo) n-o (2)n(I)n
* [(n + 1)+4(n + 2)- t(1 + a + n)

- {(2 - a + n) - In (1 _ zo)](( _ ZO)n} (A37)

where the function A(x) is the logarithmic derivative of the gamma
function (see reference 13, pp 259, Eq. 6.3.1)

d
4x)= j- In F(x).(A

As mentioned in section 3 of this paper, we have used the Cray
supercomputer of the National Cancer Institute to perform the required
numerical calculations involving Eqs. A28, A29, A33, A36, and A37.

Ar X

p(t) = A +FA + E h,2FI [a(a,), 1 - a(a); 2; zo] APPENDIX B

(DV)1/2 \ Approximate analytic expression for
exp n rR t . (A33) p(t) (and [t])

Because the initial value of the fraction, p(t), is p(0) =1, a very useful
"sum rule" follows from Eq. A33

1 + -) E h. 2F, [a(a.), 1 - a(a.); 2; zo] = 1. (A34)

An equivalent alternate form of Eq. A33 which starts at unity and
decays to zero, instead of Ar/(Ar + AR), as t increases is

7(t) = [p(t) - p(oo)]/[p(O) -p(oo)] = 1 + A- h,

2F1 [a(a0), 1 - a(an); 2; zo] exp (n rR t)* (A35)

Numerical evaluation of n(8, t)/nO or q(t) for a particular set of
parameters r, R, D, 1), and d requires as a first step the determination of
the zeros of 9r(a, zo, Z0) in Eq. A20. The typical diameters of cells and
viruses are 5 and 0.1 o, respectively. With a pore size 0.01 in diameter
at the fusion junction, the angles and 00 are extremely close to ir

radians (see Fig. 1 b, where sin 80 = d/r and sin e0 = d/R); and the
arguments of the hypergeometric functions in 9(a, zo, Z0) are both
close to unity. Therefore, the most convenient, or numerically useful,
series expansions of the hypergeometric functions in Eq. A20 are their
analytic continuations in the vicinity of zo = 1 and Z0 = 1 (see reference

We will obtain an approximate analytic expression for p(t), Eq. A33. In
our model of probe redistribution we have assumed that the r-sphere is
loaded initially. According to Fig. 1 b, where r sin 80 = d,

cos Oo = - (r2 -dl)lllr (Bi)

and from Eq. A7,

ZO = 1/2 + 1/2 (1 2/r2)1/2 (B2)

We are particularly interested in the limit in which both r > d and R >
d. In this case, Eq. B2 is approximately

zo a 1 - (d/2r)2;

and there is a similar approximate form for

Zoa- (d/2R)2.

(B3)

(B4)

Thus, both 1 - zo and 1 - Z0 are very small compared with one in the
limiting case of small relative bottleneck size and we need only retain the
leading terms in the analytic continuations, Eqs. A36 and A37,

2F, [a, 1 - a; 1; zo] a [F(a)r(i -a)]-
* [2141))- 4t(a) - 4t(1 - a) - 2 In (d/2r)] (B5)
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where

00 a + n) In (I zo)](l ZO) n

(A38)
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and

2F, [1 + A, 2 - A; 2; Z0]

[r(A)r(i - A)]-' (2R\2 (B6

In the present case, the approximate form for 7(a, zo, Z0) in Eq. A20,
using one-term approximations such as Eqs. B5 and B6, is

(a, zo, Z0) [F(a)i(1 - a)] -1{2t(1) - O4(a) - #(1 - a)

n2r\ A(I1-A) (r2\

d) a(1 -a) (R2)

* [2(1) - (A) -#(1 - A) + 2 ln (d)](B7)

Utilizing the definitions of a and A in Eqs. A14 and A15, e in Eq. AO0,
and the reflection formulas (see reference 13, p 259, Eq. 6.3.7)

{/(x) = 4/(1 - x) - ir cot irx, (B8)

and

Combining the one-term approximations Eqs. B1O-B14, we obtain the
approximate expression for the Laplace transform of p(t),

(B1 5)

It should be noted that the reason why these one-term approximations
provide useful results is related to the fact that the psi-functions, A/(a)
and #(A), have simple poles at negative integer values of the arguments,
a and A (i.e., on the negative a-axis). All neglected terms in expansions
such as Eqs. A36 and A37 can only have poles where n + a or n + A is a
negative integer.

In the remainder of this appendix, we assume that diffusion coeffi-
cients are comparable in magnitude and vesicle sizes are comparable in
magnitude, i.e., we assume that e is close to unity. In this case, we

demonstrate the following three results for p(a), Eq. B15, which imply
altogether a dominant single exponential relaxation of p(t):
(1) There is a small negative root, a,, of taf(a) = 0, wheref(a) is given
in Eq. B12.
(2) The coefficient of the exponential associated with this root is
approximately equal to AR/(Ar + AR )
(3) The coefficient of the exponential associated with every root of
aef(a) = 0 is positive. We remark that the proof of this positivity
property is not limited to the case e - 1.

(B9)r(x)r(i - x) = X csc rx, I

Eq. B7 for 5(a, zo, Z0) reduces to

7 (a, zo, ZO) 7irlsin iraf(o),

where

f(a) = 20(1) - 21(1 - a) + r cot ra + 2 In (2r/d)
+ (D/D) [2#(1) - 2#(1 - A)
+ ir cot rA + 2 1n (2R/d) I.

A second form off (a) which we will also use is

f(a) = 21Al) +
I

- (1 + a) - (1/ - a) + 2 In (2r/d)
a

+ (D/ID) 21//(1) + -- 1/'(l + A)

(1) a, is small in magnitude and negative
To demonstrate that there is a small negative root of af(cr) = 0, we will
assume that result and then verify it a posteriori. Expand the terms in

B10) wf(a), Eq. B12, in powers of a and retain all terms up to the third order
in a. For this purpose, we use the following series expansions:

eca'- 1 - ca e2-2 2c-Y9

EUA' -Ea_2 2cla3,

(B1 1) A = (a/e) + (cr/E)2 + 2(al)3,

(B16)

(B17)

(B18)

and

cr[U/(l + a) + 4&(1 - a)] ea[2/(1) -2(3)fla2],
w[41(l + A) + #(1 - A)] U[24,(1) - 2(3)(/eC)2], (B19)

where

- 1i((1 -A) + 2In(2R/d)], (B12)

where Eq. B12 follows from Eq. B7 with the recurrence relation (see
reference 13, p 258, Eq. 6.3.5)

(x)= 01 +x)--
x

(B1 3)

instead of Eq. B8.
There is an analogous one-term approximation for the hypergeomet-

ric function (see reference 13, p 559, Eq. 15.3.11), 2F, [a, 1 - a; 2; zo],
in the numerator of the Laplace transform of p(t)

2F, (a, a; 2; zo] r l sin Ira/ea. (B14)

W3)=1.2021. (B20)

Collecting powers of co, we arrive at the following cubic equation in tC

which is written in a form suitable for obtaining a solution by iteration:

- EC = (1 + C2D/I)) {2 ln (2r/d) - 1

+ (D/I) [2 ln (2R/d) - 1]

- EU(1 + D/.De2) + 2C2E[r(3) - 1]

* (1 + D/Ce2) }'- (B21)

The zeroth, or starting, approximation for the solution of Eq. B21 is

ear(°) =- (1 + C2D/D){2 In (2r/d) -1

+ (D/D) [2 ln (2R/d) - ] 1; (B22)
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and the next is

for (1) =Ea(0)1 + [(f(0) )2
1 1

2[r(3) 1](f(O))2] (1 + D/f2D\l
I

(B23)

It is seen from Eqs. B22 and B23 that if e and D/IO are of order unity,
then e (O) and w (') are indeed small as assumed, at least for sufficiently
large values of r/d and RId (as in the case for cell-cell fusion).

(2) The coefficient of the exponential
associated with the root a () (Eq. B23)
The exact time-dependent expression for p(t) is given in Eq. A33 with hn
defined in Eq. A29. The approximate time-dependent expression which
we obtain in this Appendix in the case of cell-cell fusion is the inverse
Laplace transform of A(a) in Eq. Bi 5

1 Ic-iX
p(t) = da

(D)"1/2 1 1
exp t r-1- )'(B24)rR a aff(a) , (B4

where f(a) is given in Eqs. Bi and B12. However, for a near a = 0,

there is the approximate cubic equation related to Eq. B21

Eaf(a) = (1 + E2D/ID) + {2 ln (2r/d) -

+ (D/I) [2 ln (2R/d) II ea

- (1 + D/e2 D)h2cr2

+ 2 [t(3) - 11 (1 + D/e2 D) C3U3, ea << 1. (B25)

The contour integral Eq. B24 is a sum of residues of the integrand at its
poles. We have asserted at the beginning of this Appendix that only the
first exponential in the sum of exponentials contributes significantly. We
will assume that this is so and verify it subsequently. Thus, we assume

that the relaxation of p(t) in Eq. B24 is adequately described by the sum
of the residues of the integrand in Eq. B24 at a = 0 and a = al
Accordingly, using Eqs. B25 and B23, and the definition of e in Eq. AO0,
we obtain

P(t) 1l+/R2eexpU rR )

{ua(i)- [euf(u)Iuoj"'

r+ R2 - exp(f1 R t)
/A[2 n (2r/d) - 1 + (D/ ){2 In (2R/d) -l}]o

-2(1 + D/E2e)(eao11)2 + 6[r(3) - 1]

* (1 + D/e22D)(eo¶M))31 (B26)

A. AR (1) (DO)1/2
Ar + AR Ar + ARexp rR

4[-( 'I + D/f2-))3 (} )

- 4 [t(3) -1 ] (ea(1)) )l }I. (B27)

In transforming the denominator to arrive at Eq. B27 from Eq. B26, we
have assumed that a ') is the exact root of ea,()f(a (')) = 0 where rf(cr)
is given in Eq. B25; and we have replaced the first-order term in art') by
the negative of the zeroth-, second-, and third-order terms. Another
relation which is used above,

r2I(r2 + R2) Ar/(Ar + AR),

is obviously valid in the present case where r > d, R > d. The exact value
of p(t) at t = 0 is p(O) = 1; and the approximate value of p(O) from Eq.
B27 can be written as

~AR a [uE¶'(12
p(O) l-I A, + AR 1+a [eo4'O]2 (B28)

where

Ii + D/e2.\
a = {I -4[4(3) 1](ae)) + ( lD/)I (B29)

The second term in Eq. B28 is negligible if [e. II)]2 is negligible. Thus, if
we can show that each of the residues at the other poles of A(a), Eqs. B 15
and B24, is positive, we will have completed our program.

(3) The residue of the integrand at each
nonzero pole of 1/ f(a) adds a positive
contribution to p(t) (Eq. B24)
We have already shown in Eq. B27 that the contribution of the residue at
a (') of the integrand in Eq. B24 is intrinsically positive. To demonstrate
this positivity property at the other nonzero poles of /f(a), we use the
expression (Eq. Bi 1) for f(a). If an is such a pole (i.e., f(an) = 0,
an 0), then the contribution of the residue of the integrand at On to
p(t) in Eq. B24 is

(D=)1p 2 d
R,,(t) = -jexp R, ' 1) f(f")J (B30)

The derivative in the denominator of Eq. B30, based on Eq. BeI forf(o),
is

d f(Of) = -_(1 - 4ea)-12 [r2 csc2 ra - 2#'(1 - a)]

-(Deb)(I(- 4a/e)-1/2[7r2 CSC2 7rA - 20'(1-1A)], (B3 1)

where *'(x) denotes ((d/dx) A/(x)], and has the integral representation
(see reference 13, p 259, Eq. 6.3.21)

{'(x)= dt( text) (B32)

According to the definitions of a andA in Eqs. A14 and A15, both 1 a

and 1 - A are ; 1 if a s 0. It follows from Eq. B32 that all values on the
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negative a-axis of 2#'(1 - a) and 24'(1 - A) in Eq. B31 are less than
or equal to (see reference 13, p 260, Eq. 6.4.2)

2iP'(1) = r2/3.

Because all values of W2 CSC2 rx are greater than or equal to i.2, the
square bracket expressions in Eq. B31 are strictly positive, and therefore
the residue R (t) in Eq. B30 is intrinsically positive.
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