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ABSTRACT A Monte Carlo model for the generation of superhelical DNA structures at thermodynamic equilibrium (Klenin et al.,
1991; Vologodskii et al., 1992) was modified to account for the presence of local curvature. Equilibrium ensembles of a 2700-bp
DNA chain at linking number difference ALk = —15 were generated, with one or two permanent bends up to 120° inserted at
different positions. The computed structures were then analyzed with respect to the number and positions of the end loops of
the interwound superhelix, and the intramolecular interaction probability of different segments of the DNA. We find that the
superhelix structure is strongly organized by permanent bends. A DNA segment with a 30° bend already has a significantly higher
probability of being at the apex of a superhelix than the control, and for a 120° bend the majority of DNAs have one end loop
at the position of the bend. The entropy change due to the localization of a 120° permanent bend in the end loop is estimated
to be —17 kJ mol~' K~'. When two bends are inserted, the conformation of the superhelix is found to be strongly dependent
on their relative positions: the straight interwound form dominates when the two bends are separated by 50% of the total
DNA length, whereas the majority of the superhelices are in a branched conformation when the bends are separated by

33%. DNA segments in the vicinity of the permanent bend are strongly oriented with respect to each other.

INTRODUCTION

There is accumulating evidence that structural deformations
play a key role in mediating intramolecular interactions in
DNA. A recent review (Crothers, 1993) summarizes the ef-
fect of protein-mediated DNA bending in the assembly of
nucleoprotein complexes; many different proteins involved
in such complex formations, such as HU, IHF, HMG-1, or
TATA-binding protein, have now been shown to bend DNA.
Furthermore, in a number of cases (Bracco et al., 1989;
Gartenberg and Crothers, 1991; Goodman and Nash, 1989;
Pérez-Martin and Espinosa, 1991) it has been shown that
the action of a DNA-bending protein can be mimicked by the
insertion of a curved DNA sequence. An intriguing possible
biological role of DNA curvature is therefore the steering of
intramolecular interactions.

Torsionally stressed DNA under physiological conditions
will fold into an interwound superhelix. In such a configu-
ration, one or more end loops exist where the double helix
folds back on itself and is much more strongly bent than in
other places. There is evidence from electron microscopy
(Laundon and Griffith, 1988) and more indirectly from dy-
namic light scattering (Kremer et al., 1993) that the end loops
of a superhelix form preferentially at permanently curved
DNA segments. When the position of the end loop is fixed,
the relative orientation of DNA segments in its vicinity is also
defined. Thus, interactions between DNA segments that are
distant on the sequence can be greatly enhanced. Although
superhelicity in general is predicted to enhance intramolecu-
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lar interactions in DNA (Vologodskii et al., 1992), localiza-
tion of the end loop will have an even greater effect, as we
show here.

To understand the mechanism by which DNA-bending
proteins can change the structure of larger DNA domains, it
becomes important to have quantitative theories of the effect
of local structural transitions on the global conformation of
superhelical DNA. Considerable progress has been achieved
in recent years in computer modeling of DNA molecules
under topological constraints (Chirico and Langowski, 1992,
1994; Chirico et al., 1993; Hao and Olson, 1989; Klenin
etal., 1988, 1991; Tan and Hanvey, 1989; Schlick and Olson,
1992; Vologodskii et al., 1992; Vologodskii and Frank-
Kamenetskii, 1992). A very simple model, which has proved
to be remarkably efficient, treats DNA as a homogeneous
isotropic elastic rod characterized by three parameters: bend-
ing and torsional rigidity constants and the DNA effective
diameter. Within the framework of this model one can gen-
erate by a Monte Carlo method a statistically correct en-
semble of circular DNA chains at thermodynamic equilib-
rium, allowing for the topological constraints. From there we
could obtain reliable theoretical predictions about DNA
knotting and supercoiling (Klenin et al., 1988, 1989;
Vologodskii et al.,, 1992; Vologodskii and Frank-
Kamenetskii, 1992). These predictions have been exten-
sively used to analyze experimental data on DNA knots and
supercoils both qualitatively and quantitatively (Bednar
et al., 1994; Vologodskii et al., 1992; Shaw and Wang, 1993;
Rybenkov et al., 1993; Langowski et al., 1994). The remark-
able agreement between theoretical and experimental data
leaves no doubt that the simple model is a very good first
approximation to real DNA.

However, the inevitable limitations of the simple model
are also evident. First and foremost, it completely ignores
permanent curvature of the DNA axis, which is believed to
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play an important role in DNA functioning, as elaborated
above. Therefore, to make the model applicable to a wider
range of situations of high biological significance, we
have modified the original model to allow for bent sites.
Several attempts have been undertaken to introduce per-
manent bends into various theoretical models of super-
coiled DNA (Bauer et al., 1993; Tobias and Olson, 1993;
Yang et al., 1993) In the present paper we introduce bends
into our Monte Carlo model of DNA supercoiling (Klenin
et al., 1991; Vologodskii et al., 1992) and present some
results obtained with it. In particular, we can give for the
first time a theoretical estimate of the influence of DNA
curvature on the intramolecular interaction probability in
a superhelix. We show that sequences that are symmetri-
cal with respect to the permanent bend interact more
strongly, whereas sequences that are not symmetrical in-
teract less strongly than without the curve.

MATERIALS AND METHODS
Chain structure and energy of the model

The computational procedure used in this study is based on the algorithm
by Vologodskii et al. (1992). The DNA model described there requires five
independent parameters to define completely the statistical behavior of a
supercoiled DNA, 1) the Kuhn statistical length, b; 2) the torsional rigidity,
C; 3) the DNA contour length, L; 4) the effective diameter of the double
helix, d; 5) the linking number difference, ALk. A closed circular DNA
molecule is represented by a closed chain consisting of N = k - L/b straight
segments of equal length, where k, the number of segments per Kuhn length,
is a parameter that is chosen large enough so that the results do not depend
on its choice.

To construct a proper statistical set of DNA conformations, the classical
Metropolis Monte Carlo procedure is used (Metropolis et al., 1953). The
energy of any given chain configuration is the sum of two terms:

E=E +E, 1))

The first term is the bending energy:

N
E,=kT a3 6 )
j=1
where kg is Boltzmann’s constant, T the absolute temperature, 0,- the
angle between segments j — 1 and j, and « the bending rigidity constant.
For j = 1, the angle is taken between segments N and 1. a is chosen
in such a way that one Kuhn statistical length is divided into k segments
(Frank-Kamenetskii et al., 1985). The second term in Eq. 1 is the tor-
sional energy:

2mC
E = == (ALk - Wry 3

where Wr is the writhe of the chain (White, 1989), L its contour length,
and C the torsional rigidity. Because ALk is a given external parameter
to the model, the expression in parentheses, (ALk — Wr), can be con-
sidered as the total twist ATw of the DNA as measured from its equi-
librium value according to the well known relation ALk = ATw + Wr
(White, 1989).

An ensemble of chain configurations at free-energy equilibrium is gen-
erated in this model in the following way. Starting from a configuration
whose energy E, can be calculated through Egs. 1-3, segments of the chain
are moved using a set of rules that will be described below. After each move,
the energy of the new configuration E, | , is calculated and compared with
the previous one. If E, , | < E_, the new conformation is included in the
ensemble and its energy and other physical properties included in a running
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FIGURE 1 A part of the model chain at elastic equilibrium with the
following parameters: m = 2, I, = 1, 1, = 3, 6,* = 7/2, 6% = =/4,
Y2 = /2.

average. If E, | | > E,, the new conformation will be included only with a
probability exp(—AE/k,T), where AE = E, . | — E_; otherwise the old
conformation will be counted again. This is the standard Monte Carlo al-
gorithm (Metropolis et al., 1953).

In the model described so far the chain is isotropic: the segments are
straight and all bend directions at each joint are equally probable. To
study the influence of permanent DNA curves on the structure of the
superhelix, we have modified the basic model to represent anisotropic
chains. A permanent bend can be located at any chain joint; the maxi-
mum number of bends is thus equal to the number of segments. For m
bends, a set of three m — 1 parameters is required to describe a chain
shape at elastic equilibrium:

1) the numbers of the joints where the permanent bends are located:
1sl<L<---<I =<N;
2) the bend angles:

0<07,67, -, 608 =m;

3) the angles between the planes of subsequent bends:

< Y125 Y235 * s Vimet}m =T

These parameters are illustrated in Fig. 1.

The geometrical structure of the model is modified in the following way
with respect to the old model. Let us denote by r; (j = 1, - - -, N) the positions
of the chain joints; the vectors ¢; = r;,, — r; are the chain segments. For
each bent joint, we introduce an additional “virtual” segment v, (I = I,,
b, - -+, 1) that is defined in such a way that the angle between e, and v, is
fixed and equal to 6*,. The rotational angle ¢, of e, around v, is now a new
degree of freedom. The length of v, does not play an important role.

Using these conventions, the new expression for the bending energy
formally coincides with Eq. 2, but the 6, values have a different meaning
in the case of bent joint. Now 6, is the angle between v;and ¢;_,, not between

FIGURE 2 Introduction of a permanent bend between segments by defi-
nition of a virtual segment v; (see text). 6 is the permanent bending angle.
J, bent joint; j — 1, j + 1, non-bent joints, i = w/2 (fixed), 6; _ , 6, 6,,,,
degrees of freedom.
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e;ande;_, asbefore (j =1, 1, - * *, ). For the remaining joints the meanings
of 6, do not change (see Fig. 2 for illustration). At elastic equilibrium, when
all §,=0(j= 1,2, -, N), the angles between the segments at the bent
joints are equal to 8* (I = 1, 1,, - - -, ). This new model geometry can be
viewed as a limiting case of another possible structure, where bent segments
are used instead of straight ones but the bends are shifted very closely to
the joints.

For the torsion energy, Eq. 3 is no more valid because it was derived
assuming that all possible distributions of the twist ATw over the chain
length can be averaged. Now, the twist distribution is strongly restricted by
the mutual orientation of the permanent bends (i.e., by the ¢, angles). The
new expression for the torsional energy is

B, = 2mc 3 ATV
i=1 (i-1)i

@

where ATw_,; is the twist between subsequent permanent bends and

Lg_,y; is the length of the corresponding chain section.
In eq. (4),
ATwy, = ALk — Wr — 3 ATw;_yy; (4a)
i=2
Ly =L— X Liy (4b)
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FIGURE 3 Probability distribution of the position of the loop apex in a 2694-bp superhelix with ALk =
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and the fractional parts of the ATw;_yy; (i = 2, - - *, m) values can be cal-
culated for a given chain conformation as shown in the Appendix, whereas
the integer parts are free parameters that depend on the evolution of the chain
during the Monte Carlo simulation. For the starting configuration these
integer parts are arbitrary and taken to be 0. For each new configuration
those new values of ATwj;_,; that are closest to the old ones are taken.

Criterion for end loops

For a given chain conformation, a procedure was established that allowed
the automatic identification of end loops of the superhelix. We define a
function w(j), j being the segment number, in the following way:

fite+t (dry X dry) -1y
wo)-—f f L ©)

where the integrals are taken over the contour of the chain.

This function is a modification of the known Gauss integral usually
employed in calculating the writhe of a space curve. It gives the number of
cross-overs between the two “tails” of a segment j, each consisting of ¢
segments, averaged over all possible two-dimensional projections. We de-
fine a loop as a continuous sequence of segments for which | w(j) | = w_,,
and the apex of the loop as the segment for which | w(j) | has a maximum.
In our calculation, g was set equal to 14 and w,;, = 1.0. From an inspection
of actual configurations, we found that the identification of a loop did not
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—15. A permanent bend was introduced at position

0. The position is given as % of the total chain length. Bending angle: 30° (A), 60° (B), 90° (C), 120° (D). Thick line: chain with permanent bend, averaged
over all configurations; broken line: chain with permanent bend, averaged only over those configurations that have exactly two end loops (“straight

interwound”); thin line: control without permanent bends.
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FIGURE 4 Probability distribution of a segment being included in a loop,
as defined in Materials and Methods. The parameters were the same as in
Fig. 3; a 120° permanent bend was introduced at position 0. Thick solid line:
chain with permanent bend, averaged over all configurations; thin broken
line: chain with permanent bend, averaged only over those configurations
that have exactly two end loops (“straight interwound”). Thin solid line:
chain with permanent bend, averaged over those configurations that have
three end loops (Y-form); thick broken line: control without permanent
bends.
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depend very critically on g or on the threshold w,;,, and that the error in
identifying a loop was ~1%.

Parameters

For the simulations described here we used a circular DNA chain of a
contour length L = 916 nm corresponding to 2694 bp, a Kuhn length
b = 100 nm, and N = 96 segments. Thus, one segment corresponded to 28
bp. This set of parameters was chosen because in a parallel work we com-
pared the simulation results with hydrodynamic data from pUC18 plasmid
DNA (2687 bp), and the total chain length had to be an integer multiple of
the diameter of the hydrodynamic bead, 3.18 nm (Hagerman and Zimm,
1981). The DNA effective diameter is known to vary significantly depend-
ing on ambient conditions (Shaw and Wang, 1993; Rybenkov et al., 1993).
We assumed in our calculations an effective chain diameter equal to the
geometrical diameter of DNA of 2 nm, which corresponds to the limit of
high salt concentration (see Shaw and Wang, 1993; Rybenkov et al., 1993).
The torsional rigidity was set to C = 3.0 - 107" erg cm, and the linking
number was ALk = —15, corresponding to a superhelical density o =
—0.058. A permanent bend of bending angle 8 was defined by setting the
bending angles at three successive joints to 6/3 in the same bending plane.
The simulations were done with either one bend of 0—~120° or two 90° bends
at varying relative positions along the DNA chain.

The simulation was started from a random-walk circular chain. New
configurations were then generated using the following types of moves: 3
of the moves were rotations of small subchains consisting of 2-10 segments

= .
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FIGURE 5 Average concentration of a DNA segment in a spherical shell with given radius and 10 nm thickness around a second segment on the other
side of a permanent bend; equidistant sites, 2694-bp DNA superhelix, ALk = —15. Bending angle: 0° (O), 120° (®). Distance of the two sites from the

center of the bend: (A) 140 bp, (B) 281 bp, (C) 561 bp, (D) 1122 bp.
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around the axis connecting its end points; 5 of the moves were rotations
of large subchains consisting of 11-48 segments. The virtual segments were
rotated in the same manner as the corresponding chain segments. The last
Y4 of all moves consisted of reptational steps as described in Vologodskii
et al. (1992), where subsegments of the chain are exchanged. In this case,
for each of the segments exchanged, the virtual segment v, was rotated
around the axis e, X e, (where e, and e’, are the old and new positions of
the ith segment) by the angle (e, e’)). Before each of these moves, an “aux-
iliary move” was conducted for each virtual vector v, associated with a bend,
where v, was rotated around e, by a random angle.

For each simulation, 5 - 10° steps were done for equilibration, and then
3 - 107 steps were done for generating a sufficiently large configuration
ensemble. From calculating the autocorrelation function of the loop number
over successive Monte Carlo steps (Langowski et al., 1994), we verified that this
ensemble size corresponded to at least 60 different branching configurations for
each simulation. This and the fact that the control distribution in Figs. 3 and 4
is flat indicate that we reached convergence in our calculations. The program was
written in Fortran 77 and executed on a Stardent Titan 3000.

RESULTS AND DISCUSSION

As one could anticipate, the bends significantly affect the
conformations of supercoiled DNA. This is vividly demon-
strated by the results of our Monte Carlo computations that
follow. While discussing the results we will repeatedly refer
to our previous extensive calculations performed within the
framework of the original “homogeneous” model of DNA
(Klenin et al., 1991; Vologodskii et al., 1992; Vologodskii
and Frank-Kamenetskii, 1992).

A permanent bend is localized in the end loop of
the interwound superhelix

The results of the simulations for a chain with one permanent
bend are given in Fig. 3, A-D. Here we show the probability
that a chain segment is at the apex of an end loop, as a
function of its distance from the permanent bend. For in-
creasing bending angle the end loop formation probability for
the chain segments around the bend increases significantly.
A particularly interesting feature of the simulation is the ap-
pearance of an “echo peak” at exactly 50% of the contour length

10 3 v L L) v T v T
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Bends in Superhelical DNA 85

of the chain, which comes from the second end loop of a linear
interwound superhelix. Thus, the interwound structure becomes
highly organized by the presence of a permanent bend.

The end loop probability can also be represented as the
“integral loop probability,” i.e., the probability of finding a
particular chain segment somewhere in the loop (as defined
in Materials and Methods). This representation is better
suited to show minor features of the distribution such as
variations in loop formation probability in other parts of the
chain. In Fig. 4 we have analyzed the ensemble of chain
conformations with a 120° permanent bend and separately
displayed the contributions from superhelices with two end
loops (I-form) and three end loops (Y-form). We see that the
I-form almost exclusively has one end loop near the perma-
nent bend and the other one 50% opposite it, and the loop
formation probability of the DNA segments in between is
very low compared with the control. The Y-form has one
loop localized near the bend, and the other two loops have
maximum probability at 33% and 67% of the sequence. With
all configurations taken together, the loop formation prob-
ability reaches 50% of the unbent control for a distance of
20%, or 540 bp, to both sides of the permanent bend. Given
that in this part of the superhelix the same DNA segments are
opposite each other regardless of whether the structure is
linear or branched, we can say that the permanent bend or-
ganizes ~40% of the total DNA length.

A permanent bend defines the relative orientation
of distant DNA segments

To quantify the effect of the permanent bend on the long-
range interactions in superhelical DNA, we have calculated
the local concentration of a DNA segment in a spherical shell
of given distance around another segment located at the op-
posite side of the permanent bend (Vologodskii et al., 1992).
When the two segments are located symmetrically with re-
spect to the permanent bend, we see a pronounced increase
in the local concentration for distances =20 nm. The increase
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FIGURE 6 Relative local concentrations of two DNA segments as in Fig. 5; non-equidistant sites. Bending angle: 0° 0° (O), 120° (®). Distance of the
two sites from the center of the bend: (A) 140 and 281 bp, (B) 140 and 561 bp.
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is still visible even for DNA segments that are 1122 bp away
from the center of the bend (Fig. 5, A-D). When the segments
are asymmetrical with respect to the bend center, the inter-
action probability at short distances actually decreases with
respect to the unbent control (Fig. 6, A and B). To show more
clearly the effect of changing the bending angle, we have
plotted in Fig. 7 the average concentration within an ap-
proach radius of 10 nm for two DNA segments located sym-
metrically or asymmetrically at different distances from a
bend of varying angle. This approach radius would corre-
spond approximately to the distance spanned by a large
globular protein or a multiprotein complex that contacts
different sites on the same DNA simultaneously. It is seen
that for two symmetrical sites the local concentration in-
creases dramatically with bend angle, e.g., for two sites lo-
cated 140 bp from the center of a 120° bend by more than
a factor of 10 compared with the unbent control. On the other
hand, for asymmetrical sites 140 and 561 bp away from the
bend, the interaction probability decreases by a factor of 3
when a 120° bend is introduced. Whereas for the unbent
control all local concentrations are 56 uM, the maximum
value observed for two symmetrical sites is 100 uM, and the
minimum for nonsymmetrical sites 2 uM.

The relative position of bends determines the
global structure of the superhelix

Because the presence of one permanent bend determines the
orientation of the rest of the DNA and for an unbranched
interwound superhelix the second loop can only be at 50%
of the sequence with respect to the bent region, the thermo-
dynamically favored position for a second permanent bend
should be at that point. If the bend is inserted at another
position, on the other hand, a branched interwound configu-
ration might be the energetically favored one. We have con-
ducted simulations where two 90° bends were inserted into
the circle at different positions relative to each other and

¢, mM

.ml A A A 1 A " 1
0 50 100

Bend angle, deg

FIGURE 7 Average concentration of a DNA segment inside a 10-nm
sphere around a second segment on the other side of a permanent bend.
Equidistant sites: (O) 140 bp, (®) 281 bp, (A) 561 bp, (A) 1122 bp. Non-
equidistant sites: ((J) 140 and 561 bp.
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FIGURE 8 Probability of superhelix configurations with different num-
bers of end loops for 2694-bp DNAs (ALk = —15) with two permanent
bends. The distance between bends is given in % of the total chain length.
Number of end loops: (O) 2, (A) 3, @) 4.

analyzed the configuration ensemble with respect to super-
helix branching. Fig. 8 shows, as a function of distance be-
tween the two bends, the probability of unbranched (two-
end), respectively Y-branched (three-end) and X-branched
(four-end) configurations. While configurations with four
ends occur only at a rather low percentage, which does not
seem to vary with the position of the bends, the fraction of
two- and three-end configuration clearly does depend on
bend position. We see a maximum in the two-end configu-
ration when the two bends are exactly 50% of the sequence
apart, and a maximum in the three-end configuration when
they are 33% apart. From the preceding remarks, this result
is plausible. The control (Fig. 9), where we calculated the
fraction of unbranched and branched configurations for one
permanent bend, shows no significant dependence of the
branch fraction on the bending angle.

Probability

0.0 2 A A A 1 A Y i A 1
0 50 100
Bend angle, deg.

FIGURE 9 Dependence of the probability of chain branching on the pres-
ence of a permanent bend in the superhelix. (@) unbranched, (O) branched
configuration with three end loops.
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FIGURE 10 Definition of the ribbon associated with the DNA chain used
to calculate the twist (see Appendix).

Energetics of the localization of the end loop

The conformational properties of a chain with the permanent
bend may be also treated thermodynamically. We define a
state 1 with free energy F, corresponding to the conforma-
tions where the bend is located somewhere within the loop,
and a state 2 with free energy F, for the conformations where
the bend is located outside the loop. The fraction of DNA
belonging to the loop is equal to the width of the peaks in Fig.
4, and approximately equal to W,/(W, + W,), where W, and
W, are the statistical weights of states 1 and 2. The free
energy gain, AF = F, — F,, due to location of the bend within
the loop (state 1) as compared with state 2 may be estimated
as:

P
AF=F,—F, =RT In ,
2 ! (1-P1>

where p, is the probability of state 1, R is the gas constant,
T is the absolute temperature. From Fig. 4 we obtain p, =
0.71, so AF = 2.2 kJ/mol. The difference in the mean energy
of the two states is AE = 7.3 kJ/mol. Although the energy
used in the Monte Carlo procedure (Egs. 1, 2, and 4) depends
on the model, the AE value does not and has its usual physical
meaning (Vologodskii et al., 1992). Therefore, the entropy
of transition is AS = (AE — AF)/T = 17 J mol™! K71, As
a result, the ratio of statistical weights of states 1 and 2 is
W,/W, = exp(—A S/R) = 0.12, which is close to the width
of the main peak in Fig. 4.

CONCLUSION

Our computer simulations predict a significant effect of a
local conformational change (i.e., a bend) on the global con-
formation of superhelical DNA. The results, obtained here
for DNA circles, hold equally for topologically constrained
domains of a long linear DNA. Bends can be induced in DNA
in many ways, either by particular sequences (Diekmann,
1986; Koo et al., 1986) or by some DNA-binding proteins
(Schultz et al., 1991). Our findings open a very interesting
possibility of interplay between bends and supercoils; in par-
ticular, we would predict that the interaction probability be-
tween sequences that are located symmetrically with respect
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to a bend is increased over a rather long distance (up to at
least 1000 bp). It is now necessary to design simple experi-
mental systems that allow us to study intramolecular inter-
actions in superhelical DNA. Such systems could be based,
e.g., on DNA looping by multimeric proteins (Law et al.,
1993; Borowiec et al., 1987), or cross-linking by bifunctional
reagents. We also predict correlations between the positions
of promoters, distant regulatory sites, and bent DNA se-
quences or binding sites for DNA-bending proteins. Whether
such correlations exist remains to be established by statistical
analyses of contiguous genomic sequences. We believe that
our theoretical predictions will stimulate studies along these
lines.

APPENDIX

Calculation of the fractional part of the twist
between permanent bends

Here, for convenience, we consider the vectors v, (I = [, - - -, [) as very
short insertions between the segments e,_, and e,. Because the twist ATw;_,;
(i =1, - - -, m) does not depend on the direction along the chain, it is easier
to measure it from the ith bend downward to the (i — 1)th bend.

Let us consider a ribbon that is defined in such a way that its lower edge
coincides with the chain itself and the upper edge is obtained from the chain
by a very small upward shift. In Fig. 10 a part of the chain adjacent to the
Ith joint is shown (I = I, - - -, [)). Note that the inverted directions of the
chain segments are used and that the distance between the two points marked
by I should be infinitesimally small. The orientation of a permanent bend
is given by a rotational angle ¢," of the vector —v, around the vector —e,.
The angle ¢,' is measured from the highest possible position of —v,. The
positive direction of rotation is measured clockwise looking in the direction
of —e,. If ¢’ = 0 then —v, is in the ribbon plane corresponding to the
segment —e,. Thus, the ribbon defines a basis for measuring the bend ori-
entation.

The fractional part of ATw_,; is equal to the fractional part of

1 :
%(4’1:_, - 4’1: - 'Y(i—l)i) + TW(r:'ix)i,
where Twi , . is the twist of the ribbon between the /,_,th and /;th segments:

I
Twﬂtm = 2 3,-
j=li-1+1
where B; is the twist of the ribbon at the jth joint. The B; values are de-
termined through the Le Bret (1980) algorithm for the calculation of writhe.
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