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ABSTRACT A recent analysis of the normal modes of vibration of a ring formed by bringing together and sealing, with or
without the addition of twist, the ends of rods that are straight when stress free is taken as the basis for a theory of the
statistical thermodynamics of a canonical ensemble of DNA minicircles with specified linking number difference DLk and
number N of base pairs. It is assumed that N corresponds to a circumference in the range of one or two persistence lengths.
For such an ensemble, the theory yields an expression for the average writhe ^Wr&, which can be employed to calculate the
free energy, entropy, and enthalpy of supercoiling, DGsc, DSsc, and DHsc. The results obtained for the dependence of DGsc

on DLk and N are in accord with experimental observations of equilibrium distributions of topoisomers of plasmids with N '
200 bp.

INTRODUCTION

Colleagues and I recently developed a theory of small-
amplitude vibrations of circular elastic rings formed from
naturally straight, inextensible, isotropic, elastic rods, with
the possible addition of twist (Coleman et al., 1996). Here
the methods of classical statistical mechanics are applied to
the normal modes of vibration of such rings to obtain an
expression for the free energy of a ring as a function of its
linking number difference. This free energy of supercoiling
DGsc is the quantity measured in experiments on thermally
fluctuating nicked DNA plasmids (Pulleyblank et al., 1975;
Depew and Wang, 1975; Shore and Baldwin, 1983; Horow-
itz and Wang, 1984). In so far as a DNA plasmid behaves
like an elastic ring, our results are relevant to those exper-
iments. Because we treat only the case of small deviations
from circularity, application of the results we present is
limited to plasmids having;200 bp and linking differences
of magnitude not in excess of one. Measurements on such
miniplasmids have been made by Shore and Baldwin (1983)
and by Horowitz and Wang (1984). These experiments have
inspired theoretical work by Shimada and Yamakawa
(1984, 1985), who gave an analytical treatment based on an
expression for ring-closure probability, and by Frank-
Kamenetskii et al. (1985), who gave a numerical treatment.

In the next section, we assemble the mathematical con-
cepts employed to describe the nearly circular configura-
tions of a straight rod that has been twisted and bent to have
its ends joined. A discussion of the dynamical equations of
the Kirchhoff-Clebsch theory of rods (see, e.g., Dill, 1992;
Coleman et al., 1993), the form they assume upon linear-
ization, and the nature of the normal modes implied by the
linearized equations follows. Given these modes, we are
able to generate all ring configurations in which the rod axis

is slightly deformed from a circle. That makes it possible,
once we identify the energy associated with each normal
mode, to employ the methods of classical statistical me-
chanics to determine the canonical ensemble average of any
quantity of interest. Here we concentrate on the canonical
ensemble average of the writhe^Wr& of a DNA topoisomer
as a function of its linking differenceDLk. We find that for
each value ofDLk, ^Wr& is proportional to the absolute
temperature and to the number of base pairsN in the
plasmid. Our methods permit the derivation of an exact
relation between the variance in the writhe,^Wr

2& 2 ^Wr&
2,

and^Wr&/DLk, which we use to obtain an explicit formula
for ^Wr

2& for a plasmid withDLk 5 0.
The fact that the free energy, entropy, and enthalpy of

supercoiling,DGsc, DSsc, andDHsc, can all be expressed in
terms of^Wr& enables us to calculate these thermodynamic
quantities as functions ofDLk. In the last section, we com-
pare the results of our theory with experimental measure-
ments of the free energy of supercoiling of miniplasmids of
DNA. We find that the theory is in accord with the assumed
quadratic dependence of the free energy onDLk, and agrees
with the dependence ofDGsc on N implied by experimental
data obtained by Horowitz and Wang (1984) for plasmids
with N ' 200 bp.

THE CONFIGURATION OF NEARLY
CIRCULAR RINGS

At each timet the points on the axis of the rod making up
the ring form a closed curveC(t), which we describe by
giving the location of its points in space as a functionx(s, t)
of t and arc lengths. The unit tangent vectors forC(t) aret
5 t(s, t) 5 x/s [ xs. The configuration of the ring at a
given time is defined by specifying the axial curveC(t), and
a quantityg(s, t), which we refer to as theexcess twist
density. Imagine that there is imbedded in the rod, at each
point along the axis, a vectord(s, t) perpendicular to the
axis. If d̃(s) is this vector in the stress-free linear configu-
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ration, theng(s, t) is defined by the function

g~s, t! 5
1

2p
@d~s, t! 3 ds~s, t! z t 2 d̃~s! 3 d̃s~s! z t̃#, (1)

i.e., it is the difference between tangential components of
the rate of rotation with respect to movement alongC of the
imbedded vectors in the configuration in question, and this
rate of rotation in the stress-free configuration. The integral
of the excess twist density over the entire lengthL of the rod
is called theexcess twistDTw,

DTw 5 E
0

L

g~s, t!ds. (2)

To define thelinking number difference, DLk (also called
delta link), for a closed rod formed from a rod that is straight
when stress-free, let us suppose that such a rod has been
brought into a configuration in which the axial curveC lies
in a plane, and that its two end points have been brought
together in such a way thatx(0) 5 x(L), t(0) 5 t(L), with
g(s) 5 0 for 0 # s # L. If one then rotates the end withs 5
L throughw turns aboutt(L), while continuing to hold the
ends of the rod coincident with the tangents there parallel,
and then cements the ends together, one produces a closed
rod with DLk 5 w. By convention,DLk is taken to be
positive when the rotation of the cross section ats 5 L
appears counterclockwise to an observer toward whomt(L)
is pointing. It follows from a now familiar theorem (White,
1969) that the sum of the excess twistDTw for a configu-
ration, and a quantity called the writhe,Wr, which depends
only on the shape of the curveC for that configuration, is
always equal toDLk,

DLk 5 DTw 1 Wr . (3)

The writheWr of a closed curveC, to which we shall return
in a later section, can be defined as the number obtained by
averaging, over all orientations of a planeP, the sum of the
signed self-crossings occurring in the planar curves result-
ing from the perpendicular projection ofC on P (Fuller,
1971). In the case of a DNA plasmid, forDLk to be constant,
it must be assumed that the temperature remains constant,
and that the electrostatic and chemical environment of the
DNA do not change.

The configurations in which the axial curveC is a circle
Co, and, in addition, the excess twist densitygo is constant,
i.e., is independent ofs, is of particular importance, for each
of them is always an equilibrium configuration. We shall
refer to them collectively as thereference configuration.

When g(s, t) is given, the function (1/2p)[d(s, t) 3
ds(s, t) z t] depends on the arbitrary choice of (1/2p)[d̃(s) 3
d̃s(s) z t̃]. For convenience, we choose the orientation of the
vectorsd̃(s) so that (1/2p)[d̃(s) 3 d̃s(s) z t̃] is independent
of s. Given that the excess twist density is constant in the
reference configuration, and that we have chosen
(1/2p)[d̃(s) 3 d̃s(s) z t̃] to be constant, it follows that
(1/2p)[d(s) 3 ds(s) z t] in the reference configuration (call

it (1/2p)[do(s) 3 ds
o(s) z to]) is also constant. We choose this

constant to be zero, i.e., in the reference configuration thed
vectors do not twist about the axial curve. Then, from Eqs.
1 and 2, we get forDTw

o the value ofDTw in the reference
configuration,

DTw
o 5 2

1

2p E
0

L

~d̃~s! 3 d̃s~s! z t̃!ds, (4)

and, because a circle has zero writhe, from Eq. 3,

DTw
o 5 DLk . (5)

It follows from Eqs. 4 and 5 that the constant value of
d̃(s) 3 d̃s(s) z t̃ in the stress-free configuration is now fixed
at 2DLk/R, whereR is the radius ofCo.

The linking number differenceDLk; the radiusR of the
elastic ring in the reference configuration; andV, the ratio
of the coefficient of torsional rigidityC of the rod to its
coefficient of flexural rigidityA, completely parameterize
the closed elastic rod. We shall be concerned with how the
values of these parameters affect the time evolution of the
configurations through which the ring passes. It is well
known that the elastic rings we are considering have stable
reference configurations, as long as2=3/V , DLk ,
=3/V (Zajac, 1962). Here we shall only consider rings for
which DLk falls within this range.

The motions we treat are such that for alls and t, the
differencesx(s, t) 2 xo(s) andd(s, t) 2 do(s) are sufficiently
small in magnitude to permit linearization about the refer-
ence configuration of the governing partial differential
equations. We writeu(s, t) for the small deviationx(s, t) 2
xo(s), at time t, of the rod axis from a place on the circle
having an arc lengths. It will be convenient to work with the
components ofu(s, t), and of other vectors, along the
directions of the right-handed Frenet-Serret triad, (no, bo,
to), the principal normal, binormal, and tangent associated
with the reference configuration, unit vectors which are, of
course, functions ofs, but not oft. We orient the reference
configuration so that the plane of the circle is perpendicular
to a space-fixedz axis, which then becomes parallel to the
binormalbo. Thus,

u 5 urno 1 uzbo 1 uuto. (6)

The derivative ofu(s, t) with respect to arc length,us(s, t),
in terms of its components, is

us 5 Nno 1 Bbo 1 Tto, (7)

whereN 5 us
r 1 kouu, B 5 us

z, andT 5 us
u 2 kour, because

the Frenet-Serret triad obeys the equations

ts
o 5 kono ns

o 5 2koto bs
o 5 0. (8)

with ko(5 1/R) the constant geometric curvature of the
circular rod axis in the reference configuration. Ast 5 xs,

us 5 t 2 to, (9)
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and it can be shown (Coleman et al., 1996) that there is a
vectorw such that, to within terms of orderuwu2,

t 2 to 5 w 3 to (10)

and

d 2 do 5 w 3 do. (11)

Equations 9 and 10 imply that the component ofus along
to vanishes, and by Eq. 7, that

us
u 2 kour 5 0. (12)

Equations 7, 9, and 10 imply, further, thatw can be written
in the form

w 5 2Bno 1 Nbo 1 bto, (13)

whereb 5 w z to. It can be shown thatb, the component of
w along to, is a measure, in a certain sense, of a torsion
angle, i.e., of the angular rotation of the rod about the
tangent to its axial curve. In the present linear theory, a
deformation from the reference configuration is character-
ized byb andu.

EQUATIONS OF MOTION

In the Kirchhoff-Clebsch theory of the dynamics of rods, the
equations of motion, expressing balance of linear and an-
gular momentum, are

Fs 5 rSxtt

M s 1 t 3 F 5 rI@d 3 dtt 1 ~d 3 t! 3 ~d 3 t!tt#,
(14)

wherer is the density of the material of which the rod is
composed,S is the cross-sectional area of the rod,I is the
moment of inertia of a cross section, andM andF are the
resultant moments and stresses acting on a cross section. We
use units expressed in terms ofr, S, I, and the coefficient of
flexural rigidity A such that (I/S)1/2 is the unit of length,
I(r/SA)1/2 is the unit of time, and (SA/I) is the unit of force.
(In Appendix A the units of length, frequency, and energy
so defined are evaluated for the case of a rod modeling a
DNA molecule.) In these units the equations of motion (Eq.
14) become

Fs 5 xtt

M s 1 t 3 F 5 d 3 dtt 1 ~d 3 t! 3 ~d 3 t!tt .
(15)

The momentM has components only along the binormalb
and the tangentt, and, in the new units, Kirchhoff’s consti-
tutive relation for an inextensible, isotropic, elastic rod
becomes

M 5 k~s, t!b~s, t! 1 V~d~s, t! 3 ds~s, t!

z t~s, t! 1 koDLk!t~s, t!,
(16)

wherek(s, t) is the curvature of the axial curveC(t), andV,
defined previously, is the ratio,C/A, of the coefficient of

torsional rigidityC of the rod to its coefficient of flexural
rigidity A.

Coleman et al. (1996) have shown that the dynamical
equations (Eq. 15) can be linearized about an arbitrary
equilibrium reference configuration. Here, with a circular
reference configuration, they take the form

ws 3 Fo 1 DFs 5 utt (17)

ws 3 M o 1 DM s 1 to 3 DF

5 no 3 ~wtt 3 no! 1 bo 3 ~wtt 3 bo!,
(18)

where Fo and Mo, the stress resultant and the resultant
moment in the circular reference configuration are

Fo 5 V~ko!2DLkbo, (19)

M o 5 kobo 1 VkoDLkto, (20)

and

DM 5 2~Bs 2 kob!no 1 Nsbo 1 V~bs 1 koB!to. (21)

Equation 12, the condition of inextensibility, and Eqs. 17
and 18 the equations to be solved for the seven unknowns,
ur, uz, uu, b, and the three componentsDFr, DFz, andDFu of
F 2 (Fo 1 w 3 Fo), the vector denoted byDF in Eqs. 17
and 18.

The six components along (no, bo, to) of Eqs. 17 and 18
are

2V~ko!2DLk~bs 1 koB! 1 DFs
r 1 koDFu 5 utt

r

DFs
z 5 utt

z

2V~ko!2DLk~Bs 2 kob! 1 DFs
u 2 koDF r 5 utt

u

VkoDLkNs 2 ~Bss2 Vkobs! 2 ~ko!2~1 2 V!B 2 DFz 5 2Btt

VkoDLk~Bs 2 kob! 1 Nss1 DFr 5 Ntt

V~bss1 koBs! 5 2btt . (22)

Equation 12, in effect, determinesur in terms ofuu. We thus
need consider only the above six equations afterur has been
eliminated from them. One can also eliminate the compo-
nents ofDF from the equations. We are then left with three
equations for the three unknowns,uz, b, anduu,

~uuu
z 1 ~1 2 V!uz!uu 2 VDLk~uuu

u 1 uu!uu 2 RVbuu

5 R2~uuu
z 2 R2uz!tt

VDLk~uuu
z 1 uz!uu 1 ~uuuuu

u 1 2uuu
u 1 uu!uu

5 R2~uuuuu
u 1 ~2 2 R2!uuu

u 1 ~1 1 R2!uu!tt

V~Rbuu 1 uuu
z ! 5 2R3btt , (23)

with the angleu 5 s/R replacing the independent variables.
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NORMAL MODES OF VIBRATION OF THE
ELASTIC RING

First of all, we make the general observation that when
DLk 5 0, the motion of the ring in the plane containing the
circle Co, i.e., the (r, u) plane, is independent of the motion
perpendicular to that plane. Twisting the rod, before joining
its ends, serves to couple the in-plane and out-of-plane
motions. In fact, whenDLk Þ 0, there are no modes with
n $ 2 that are purely in-plane or out-of-plane vibrations;
each of the modes acquires a chiral aspect.

We now seek normal mode solutions of the linear differ-
ential equations (Eq. 23). Without loss of generality, we
take these solutions to be traveling waves; they are of the
form

uz 5 Az~6!cos~nu 6 ~vt 1 a!!

uu 5 Au~6!cos~nu 6 ~vt 1 a!! (24)

b 5 Ab~6!cos~nu 6 ~vt 1 a!!,

whereAz(6), Au(6), Ab(6) are constant amplitudes;a is a
constant phase;v is the frequency; andn is zero or any
positive integer related to the wavelengthl by the expres-
sion

l 5 2pR/n. (25)

Substitution of Eq. 24 into Eq. 23 yields three linear, ho-
mogeneous, algebraic equations in the three unknown am-
plitudesAz, Au, Ab:

a11A
z 1 a12A

u 1 a13A
b 5 0

a21A
z 1 a22A

u 1 a23A
b 5 0 (26)

a31A
z 1 a32A

u 1 a33A
b 5 0.

The coefficientsaij of the unknowns are functions ofV, R,
DLk, v, andn. They are listed in Appendix B.

The equation obtained when the 33 3 determinant whose
elements areaij is set equal to zero is the dispersion relation,
for it can be solved for the frequencyv whenV, R, DLk, and
the wavelength, as given by the integer,n, are specified. In
this problem, the determinant of the coefficients turns out to
be a cubic polynomial inv2, i.e., the dispersion relation is
of the form (Coleman et al., 1996; Goriely and Tabor, 1997)

M3v
6 1 M2v

4 1 M1v
2 1 M0 5 0. (27)

(Appendix B also shows explicitly the coefficientsMi.)
We only consider cases for which the rootsv2 of the

polynomial of Eq. 27 are positive. Generally, for each mode
numbern, there are three distinct frequenciesvni, wherei 5
1, 2, or 3. We establish the convention thatvn1 , vn2 ,
vn3. One can label any mode, therefore, by specifying the
two integers (n, i). Each mode so specified is doubly de-
generate; the traveling wave can propagate in either of two
directions around the circle. These two degenerate modes
are distinguished, when necessary, with the6 notation
introduced in Eq. 24.

The cases ofn 5 0 andn 5 1 are special. Whenn 5 0,
there is no oscillatory motion, but the ring can show a
uniform torsional motion, while the rod axis remains circu-
lar, that is, the angleb is independent ofs, but can increase
or decrease linearly with time. This type of motion, which is
excluded from consideration in the present context, because
we have limitedb to small values, we recently discussed in
great detail for the case of a ring made from an intrinsically
curved rod when the torsional motion becomes oscillatory
(Tobias et al., 1996). There is only one type of mode with
n 5 1: the rod axis still remains circular, but the circle
undergoes an oscillatory rocking motion. During this rock-
ing motion, the excess twist densityg is no longer con-
stant—it varies with both arc length and time (Coleman, et
al., 1996). However, the excess twist,DTw, remains fixed at
DTw

o 5 DLk. This mode, like the other modes of smaller
wavelength (greatern), is doubly degenerate.

Whenn $ 2, the modes are flexural: the axial curve no
longer remains circular during the motion. The term on the
left-hand side of Eq. 27, which is independent of the fre-
quency, is

M0 5 2Vn6~n2 2 1!2~n2 2 1 2 ~VDLk!
2!. (28)

We see that whenn 5 2, M0 approaches zero asVDLk

approaches the critical buckling values of6=3. Thus one
of the three modal frequencies associated withn 5 2 ap-
proaches zero as the linking number difference approaches
6=3/V.

In the case of miniplasmids of DNA,n may not be
allowed to increase without limit. There must be a maxi-
mum value ofn, call it nm, that corresponds to a wavelength
on the order of magnitude of the separationDso between
base pairs of the DNA. If the wavelength is set exactly equal
to Dso, thennm, this cut-off value ofn, equalsN, the number
of base pairs in the ring. It turns out that our final results are
quite insensitive to the precise value chosen fornm.

Of course, Eq. 24 also determines the relative magnitudes
of the amplitudes associated with a given mode (n, i). The
amplitudesAni

u andAni
b , in terms ofAni

z , are

Ani
u 5 rni

u Ani
z

with

rni
u 5

VDLkn
2~n2 2 1!

n2~n2 2 1!2 2 vni
2 R2~~n2 2 1!2 1 R2~n2 1 1!!

, (29)

and

Ani
b 5 rni

bAni
z

with

rni
b 5

Vn2

R~2vni
2 R2 2 Vn2!

. (30)

It is convenient to classify the three modes for a given
wavelength according to the nature of that mode in the limit
of zero linking number difference. In that limit, the motion
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associated with one of the modes is nontorsional and en-
tirely in the plane of the circular reference configuration,
i.e., Az 5 0, Ab 5 0, Au Þ 0, whereas the other two have a
torsional component and are entirely of the out-of-plane
type, i.e.,Az Þ 0, Ab Þ 0, Au 5 0. The two out-of-plane
modes further distinguish themselves in that for one,uAzu ..
uAbu, which means that between bending and torsion, bend-
ing is predominant, whereas for the other, torsion is pre-
dominant, becauseuAbu .. uAzu.

ENERGY OF THE DEFORMED ANNULAR ROD

If one integrates along the entire length of the rod the scalar
product of Eq. 18 with the vectorwt, and use is made of Eq.
17, it can be shown (M. Lembo, private communication)
that for any solution of those equations, a quantityH,
defined as follows, is time independent:

H 5 Ke 1 DV, (31)

where

Ke 5
1

2R ds@ut z ut 1 uwt 3 bou2 1 uwt 3 nou2#, (32)

and

DV 5
1

2R ds@ws z ~DM 1 w 3 M o! 2 ~w z to!~w z Fo!#.

(33)

We can interpretH as the constant energy associated with
the time-dependent deformation from the reference config-
uration. It is the sum of the kinetic energyKe and the
potential energy changeDV from that,Vo, in the reference
configuration, where

Vo 5 pko 1 pkoV~DLk!
2. (34)

The first term inVo is the bending energy in the reference
configuration, and the second term is the twist energy there.
The total elastic energyE is thusVo 1 H.

The energiesDV andKe, written out in full in terms of the
displacements and the torsion angleb, are

DV 5
1

2R @~Ns!
2 1 ~Bs!

2 2 ~koB!2 2 2VkoDLkNBs

1 V~bs 1 koB!2#ds
(35)

Ke 5
1

2R @ut z ut 1 ~Nt!
2 1 ~Bt!

2 1 2~bt!
2#ds. (36)

The collection of three terms in the total potential energy
Vo 1 DV of the configuration, which are proportional to the
ratio V, make up the twist energy of the configuration, the
remaining terms, the bending energy. The various contribu-

tions to the twist energy can be further distinguished. The
term pkoV(DLk)

2 in Vo is the twist energy of the reference
state. The twist energy term inDV that is proportional to
DLk arises from that part of the excess twist density that is
independent of arc length, whereas the remaining term is
associated with that part of the excess twist density that is
changing with arc length. (See the next section for further
discussion of this point.)

The energyH (5 E 2 Vo) associated with an arbitrary
deformation from the reference configuration can be ex-
pressed, it turns out, as twice the time average of either the
potential energyDV or the kinetic energyKe. (For the
calculations carried out here, the former was chosen.) In
addition,H is in the form of a sum of separate contributions
from each normal mode,

H 5 O
n51

nm O
i51

3

hni@~Ani
z ~1!!2 1 ~Ani

z ~2!!2#, (37)

where one can show with the help of Eqs. 24, 29, 30, and 35
that

hni 5
pn2

R3 @~n2 2 1! 1 ~n2 2 1!2~rni
u !2 2 2VDLk~n

2 2 1!rni
u

1 V~1 1 Rrni
b !2#. (38)

We pointed out above that asVDLk approaches6=3,
the frequencyv21 approaches zero. Here we note that, given
the significance of the buckling point, in this same limit,h21

must and, it may be readily verified, does, indeed, also
approach zero.

WRITHE OF THE DEFORMED ANNULAR ROD

The writhe is a property of a closed curve, here the axial
curvex(s, t) of the ring. We defined it in an earlier section
of the paper. It can also be defined as a Gauss integral,

Wr~t! 5
1

4p RR t~s, t! 3 t~s9, t! z @x~s, t! 2 x~s9, t!#

ux~s, t! 2 x~s9, t!u3 ds ds9.

(39)

In a later section we calculate its ensemble average^Wr&. To
proceed with such a calculation, it will be necessary to
expressWr(t) in terms of the variables introduced in the first
section. These variables, it will be recalled, lead to expres-
sions correct to terms linear in the vectorw. We are imme-
diately faced with a problem, for it can be shown that the
first term in an expansion of the writhe about the reference
configuration is of orderw2. To find the appropriate second-
order expression for the writhe, we examine that part of the
total potential energy,Vo 1 DV (see Eqs. 34 and 35), which
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corresponds to the twist energyVT,

VT 5 pkoV~DLk!
2 2 VkoDLk R NBsds

1
1

2
V R ~bs 1 koB!2ds. (40)

The significance of each term is clear. The first two are the
first two terms in the expansion

pkoV~DTw!2 5 pkoV~DLk 2 Wr!
2

< pkoV~DLk!
2 2 2pkoVDLkWr

(41)

of the expression for the twist energy of a ring in a config-
uration with constant excess twist density. The third term in
Eq. 40 is the contribution to the energy associated with that
part of the excess twist density that varies with arc length.
Comparison of Eqs. 40 and 41 implies that

Wr 5
1

2p R NBsds. (42)

We have already mentioned that whenDLk 5 0, each
normal mode is either an oscillation purely in the plane of
the circleCo defined by the reference configuration, or an
oscillation purely perpendicular to that plane. It is evident
from the expression for the writhe as given in Eq. 42 that
during the motion associated with the excitation of any such
mode,Wr is always zero.

It will also prove useful to have an expression for the
writhe analogous to Eq. 37 for the energy, i.e., in the form
of a sum over normal modes. In the case of the energy, each
mode makes a time-independent contribution to the total.
The situation is a bit more complicated here in that time-
dependent cross-terms appear. The equation for the writhe
analogous to Eq. 37 is

Wr~t! 5
1

2R2 O
n52

nm

n2~n2 2 1! O
i, j51

3

rnj
u $@Ani

z ~1!Anj
z ~1!

1 Ani
z ~2!Anj

z ~2!#cos@~vni 2 vnj!t 1 ani 2 anj#

1 @Ani
z ~1!Anj

z ~2! 1 Ani
z ~2!Anj

z ~1!#

z cos@~vni 1 vnj!t 1 ani 1 anj#%.

(43)

THERMAL FLUCTUATIONS: THE ENSEMBLE
AVERAGE OF THE WRITHE

We have now assembled the apparatus needed to apply the
methods of equilibrium statistical mechanics to a canonical
ensemble of elastic rings undergoing small-amplitude vibra-
tions. We are formally dealing here with a collection of
linear harmonic oscillators, one for each of the normal

modes. Classical, as opposed to quantum equilibrium, me-
chanics may be used for any mode of frequencyv as long
as the ratioÉv/kBT, wherekB is Boltzmann’s constant,É is
Planck’s constant divided by 2p, andT is the temperature
(not to be confused with the symbolT introduced in Eq. 7),
is small compared to 1. Because, in the present case, for the
mode of highest frequency, found among those withn 5 nm,
this ratio is;0.2 whenT 5 300 K, we use the classical
formalism.

When the energyH, in ordinary units, is expressed as a
function of all of the canonical momenta and coordinates, a
pair Pni, Qni for each normal mode, the ensemble average
^f&, at the temperatureT, of any functionf of these canonical
variables is calculated according to the formula

^f& 5
**f~P, Q!exp@2H~P, Q!/kBT#dP dQ

**exp@2H~P, Q!/kBT#dP dQ
. (44)

Although in Eq. 44 we have indicated integration only over
a single pair of canonical variables, it is understood that in
the actual calculation, one must integrate over all such pairs.
The limits of integration depend on the specific choice ofP
andQ.

When one is dealing with a linear harmonic oscillator, a
convenient choice of canonical momentum is one that is
proportional to the square of the amplitude of the oscilla-
tion. The corresponding coordinate is the phasevt 1 a (see,
e.g., Goldstein, 1981). Then the energy depends linearly on
P and is independent ofQ. The constant of proportionality
in the definition of P must be chosen so thatH 5 vP.
Because, as we have already mentioned, the normal modes
of the elastic ring are formally identical to a collection of
linear harmonic oscillators, the same choice of canonical
variables can be made. In terms of these canonical mo-
menta, Eq. 37 becomes

H 5 O
n51

nm O
i51

3

vni~Pni~1! 1 Pni~2!!, (45)

where

Pni~6! 5
hni

vni
~Ani

z ~6!!2, (46)

with hni as in Eq. 38. As expected, the average energy of
each normal mode,

^vniPni& 5

*
0

`*
0

2pvniPniexp@2vniPni/kBT#dPni dQni

*
0

`*
0

2pexp@2vniPni/kBT#dPni dQni

, (47)

is kBT.
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The dependence of the writhe on the canonical coordi-
nates is seen from Eq. 43 to be

Wr~t! 5
1

2R2 O
n52

nm O
i, j51

3

n2~n2 2 1!rnj
u $@Ani

z ~1!Anj
z ~1!

1 Ani
z ~2!Anj

z ~2!#cos~Qni 2 Qnj!

1 @Ani
z ~1!Anj

z ~2! 1 Ani
z ~2!Anj

z ~1!#cos~Qni 1 Qnj!%.

(48)

During the computation of the ensemble average of the
writhe, one integrates over these coordinates. The result of
that integration is zero for many of the terms. In fact, it is
not difficult to deduce that after the integration over all of
the Q’s, Eq. 48 for the writhe is of the form

W# r 5 O
n52

nm O
i51

3

wni@~Ani
z ~1!!2 1 ~Ani

z ~2!!2#, (49)

where

wni 5
n2~n2 2 1!

2R2 rni
u . (50)

When the canonical momenta are introduced into Eq. 49, it
becomes

W# r 5 O
n52

nm O
i51

3

~vniwni/hni!@Pni~1! 1 Pni~2!#. (51)

Finally, after integrating over the momenta, we obtain for
the ensemble average of the writhe,

^Wr& 5 2kBT O
n52

nm O
i51

3 wni

hni
. (52)

We find that in addition to being proportional to the
absolute temperature,^Wr& is also proportional to the radius
of the ringR, or, equivalently, to the number of base pairs
N in the DNA plasmid. Furthermore,^Wr& is an odd function
of the productVDLk. It vanishes only whenDLk 5 0. That
is, ^Wr& is not zero, even when the stable equilibrium state
of lowest energy, for the value ofDLk considered, is circu-
lar, and hence of zero writhe.

When uVDLku ,, 1, we have found that

^Wr& 5
s~nm!

p

kBT

A
RVDLk , (53)

where

s~nm! 5 O
n52

nm

~n2 2 1!21 5
3

4
2

2nm 1 1

2nm~nm 1 1!
.

(See, for example, Jolley, 1925.) Because the ratioA/kBT is
the persistence lengtha of DNA (;500 Å at room temper-

ature; Hagerman, 1988), we may write Eq. 53 in the form

^Wr& 5
s~nm!

2p2 SDso

a DNVDLk , (54)

whereDso 5 3.4 Å is the separation between adjacent base
pairs.

As VDLk approaches the critical buckling values of
6=3, h21 approaches zero, whereasw21 does not vanish. It
follows that Eq. 52 predicts that in this limit,^Wr& increases
without bound, clearly a nonphysical result. This is not
unexpected, because the present theory is limited to the
treatment of nearly circular configurations, and so cannot be
used to describe the buckling phenomenon correctly.

In Fig. 1 we have plotted̂Wr& versusVDLk (Eq. 52) for
values ofVDLk between21.6 and11.6 at a temperature of
298 K, with N 5 200, and withnm 5 20. The straight
broken line in the figure is a graph of^Wr& as given by Eq.
54, which is valid whenuVDLku ,, 1.

In the sum overn in Eq. 52, the terms decrease in
magnitude sufficiently rapidly that it matters little whether
the maximum value ofn, nm, is chosen to be infinity, or 20,
as has been done here, corresponding to a minimum wave-
length of 10Dso. WhenuVDLku ,, 1, the values of̂Wr& for
these two cases differ by;7%, given thats(20) 5 0.701
and s(`) 5 3/4. With increasing values ofVDLk, the
percentage difference can only be less because then, in the
sum overn, the single term withn 5 2 andi 5 1 increases
in magnitude and dominates.

We also note that it follows from the form of Eq. 44, and
from the nature of the dependence of the elastic energyH on
DLk, that

^Wr& 5
N

4p2VSDso

a DS ln z

DLk
D, (55)

where

ln z5 ln P
n52

nm P
i51

3 SE
0

`

exp@2vniPni/kBT#dPniD2

.

FIGURE 1 Graph of the ensemble average of the writhe^Wr& plotted
versusVDLk for a miniplasmid of 200 bp at a temperature of 298 K. The
straight broken line is a graph of^Wr& as given by Eq. 54, which is valid
when uVDLku ,, 1.
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Differentiating Eq. 55 with respect toDLk yields an equa-
tion for the variance of the writhe:

^Wr
2& 2 ^Wr&

2 5
N

4p2VSDso

a D^Wr&

DLk
. (56)

Hence, for the miniplasmid that is torsionally relaxed in its
equilibrium circular reference configuration (DLk 5 0), by
Eqs. 54 and 56, the root mean square writhe is given by

^Wr
2&1/2 5

1

2p2Îs~nm!

2 SDso

a DN. (57)

THE THERMODYNAMIC FUNCTIONS
OF SUPERCOILING

It has been shown that the Gibbs free energy of supercoil-
ing, DGsc, defined as the free energy of a plasmid having a
given delta link, relative to the free energy of that plasmid
when delta link is zero, has the property that its derivative
with respect to the delta link is simply related to the ensem-
ble average of the writhe (Gebe et al., 1995),

DGsc

DLk
5 4p2VS a

DsoDkBT

N
~DLk 2 ^Wr&!. (58)

(We are again using conventional units for the energy here.)
Equation 58 implies that each of the thermodynamic func-
tions of supercoiling,DGsc, as well as the entropy of super-
coiling, DSsc, and the enthalpy of supercoiling,DHsc, are
also known oncêWr& is known. That is,

DGsc 5 4p2VS a

DsoDkBT

N S12~DLk!
2 2 E

0

DLk

^Wr&dDLkD (59)

DSsc 5 4p2VS a

DsoDkBT

N E
0

DLk ^Wr&

T
dDLk (60)

DHsc 5 DGsc 1 TDSsc. (61)

In the present case, because the average writhe is propor-
tional to the temperature, we have for the entropy of super-
coiling,

DSsc 5 4p2VS a

DsoDkB

NE
0

DLk

^Wr&dDLk , (62)

and, hence, for the enthalpy of supercoiling,

DHsc 5 2p2VS a

DsoDkBT

N
~DLk!

2. (63)

From Eq. 54 it follows that whenuVDLku ,, 1,

DSsc 5 kBs~nm!~VDLk!
2. (64)

COMPARISON OF THEORY AND EXPERIMENT

The various experimental studies of thermal fluctuations in
nicked DNA plasmids lead to values for the free energy of
supercoilingDGsc, which is often written in the form

DĜsc 5 K~DLk!
2. (65)

with DĜsc 5 DGsc/kBT, and withK assumed to be indepen-
dent of DLk. Certainly in the case of plasmids with many
base pairs, the data confirm thatK is independent ofDLk.
For the smallest plasmids studied, those having;200 bp, it
is more difficult to measure directly the dependence ofK on
delta link. We have found that withN 5 200 bp andV 5
1.4, over the rangeuDLku # 1, the theory predictsK to be
constant to within 3%. Shimada and Yamakawa (1985)
similarly found the distribution ofDLk to be close to Gaus-
sian for smallN.

For plasmids having many base pairsN, all measure-
ments indicate thatNK is virtually independent ofN. For
small values ofN, the case for which the present theory is
valid, there has been some disagreement about the observed
dependence ofNK on N. The data of Horowitz and Wang
(1984) imply that, in this case,NK decreases with increasing
N, whereas those of Shore and Baldwin (1983) haveNK
independent ofN. The present theory supports the observa-
tions of Horowitz and Wang (1984). Of the two terms
making up the free energy of supercoilingDGsc, Eq. 59, the
first is positive and varies inversely withN, whereas the
second, which is negative, is independent ofN, given that
^Wr& is itself proportional toN. It follows that the theory
predicts thatNK (5 NDGsc/(DLk)

2) decreases linearly with
increasingN. For the caseuVDLku ,, 1 (see Eq. 64),

NK 5 2p2VS a

DsoD 2 s~nm!V2N. (66)

The theory of Frank-Kamenetskii et al. (1985), valid for all
values ofN, also hasNK decreasing with increasingN when
N is small. Equation 66 becomes identical to the expression
given by Shimada and Yamakawa (1985) forNK, correct to
terms linear inN, whens(nm) is set equal to3⁄4, its maxi-
mum value. The latter workers note that the decrease inNK
with increasingN whenN is small “arises from the fluctu-
ation in Wr.” The formalism of this paper suggests that the
phenomenon can also be related to the difference in theN
dependence of the enthalpic and entropic contributions to
the free energy of supercoiling. As Eqs. 63 and 64 show, the
enthalpy of supercoiling varies inversely withN, whereas
the entropy of supercoiling is independent ofN. Hence one
can also say that it is the increase inTDSsc relative toDHsc

asN is increased that accounts for the decrease inNK when
N is small.

Among the smallest of the plasmids studied by Horowitz
and Wang (1984) was one withN 5 210 bp. With this value
of N, and the values for the elastic moduliA andC assumed
by the experimenters (V 5 1.4,a 5 500 Å), Eq. 66 predicts
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thatNK is 3.83 103 at room temperature. The correspond-
ing measured value is 3910.

We also note thatNK in the limit of N becoming zero,
(NK)0, is the first term of Eq. 66, i.e.

~NK!0 5 2p2VS a

DsoD, (67)

which, with V 5 1.4,a 5 500 Å, andDso 5 3.4 Å, equals
4.1 3 103.

APPENDIX A

To present the equations of motion in the form of Eq. 15, we chose (I/S)1/2

as the unit of length,I (r/SA)1/2 as the unit of time, and (SA/I) as the unit
of force. Here we give the values of the units of length, frequency,
I21(SA/r)1/2, and energy,A(S/I)1/2, for the case of a DNA molecule mod-
eled as an elastic rod.

For any rod having a circular cross section of radiusr, the cross-
sectional areaS is, of course,pr2, and the corresponding moment of inertia
I is (p/4)r4. Our unit of length for this type of rod is thusr/2, which, in the
case of DNA, is;5 Å. When the rod is closed to form a ring, the
dimensionless radiusR of the ring must satisfy the inequalityR $ 2. The
Kirchhoff theory employed here is valid only for thin rods, so thatR
should, in fact, be considerably larger than 2.

To compute the unit of frequency, we must have a value forr, the mass
density of the DNA molecule. The sum of the atomic weights of all of the
atoms contained in a volumepr2Dso, whereDso 5 3.4 Å is the separation
between adjacent base pairs, is;660 amu. Furthermore, the bending
modulusA can be written as a productA 5 akBT of the persistence length
a, Boltzmann’s constantkB, and the absolute temperatureT. At a temper-
ature of 298 K,a is usually taken to be 500 Å. With these numbers
substituted, one finds that the unit of frequency,I21(SA/r)1/2, has a value
of 1 3 1012 Hz.

The unit of energy,A(S/I)1/2, is readily found to be (2a/r)kBT 5 100kBT.

APPENDIX B

The nine coefficientsaij that appear in Eq. 26 are

a11 5 n2~1 2 V 2 n2! 1 v2R2~n2 1 R2!

a12 5 VDLkn
2~n2 2 1!

a13 5 2n2RV

a21 5 2VDLkn
2~n2 2 1!

a22 5 n2~n2 2 1!2 2 v2R2~~n2 2 1!2 1 R2~n2 1 1!!

a23 5 0

a31 5 Vn2

a32 5 0

a33 5 R~Vn2 2 2R2v2!.

The four coefficientsMi in Eq. 27 are

M3 5 2R6~R2 1 n2!~~n2 2 1!2 1 R2~n2 1 1!!

M2 5 2~~~n2 2 1!2 1 R2~n2 1 1!!~2~n2 2 1 1 V!

1 V~R2 1 n2!) 1 2~R2 1 n2!~n2 2 1!2)n2R4

M1 5 ~~n2 2 1!2~2~n2 2 1 1 V! 1 V~R2 1 n2!!

1 V~n2 2 1!~~n2 2 1!2 1 R2~n2 1 1!! 2 2~VDLk!
2

z ~n2 2 1!2)n4R2

M0 5 2Vn6~n2 2 1!2~n2 2 1 2 ~VDLk!
2!.
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