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The Forward Rate of Binding of Surface-Tethered Reactants: Effect of
Relative Motion between Two Surfaces

Kai-Chien Chang and Daniel A. Hammer
School of Chemical Engineering, Cornell University, lthaca, New York 14853 USA

ABSTRACT The reaction of molecules confined to two dimensions is of interest in cell adhesion, specifically for the reaction
between cell surface receptors and substrate-bound ligand. We have developed a model to describe the overall rate of
reaction of species that are bound to surfaces under relative motion, such that the Peclet number is order one or greater. The
encounter rate between reactive species is calculated from solution of the two-dimensional convection-diffusion equation.
The probability that each encounter will lead to binding depends on the intrinsic rate of reaction and the encounter duration.
The encounter duration is obtained from the theory of first passage times. We find that the binding rate increases with relative
velocity between the two surfaces, then reaches a plateau. This plateau indicates that the increase in the encounter rate is
counterbalanced by the decrease in the encounter duration as the relative velocity increases. The binding rate is fully
described by two dimensionless parameters, the Peclet number and the Damk&hler number. We use this model to explain
data from the cell adhesion literature by incorporating these rate laws into “adhesive dynamics” simulations to model the
binding of a cell to a surface under flow. Leukocytes are known to display a “shear threshold effect” when binding
selectin-coated surfaces under shear flow, defined as an increase in bind rate with shear; this effect, as calculated here, is
due to an increase in collisions between receptor and ligand with increasing shear. The model can be used to explain other
published data on the effect of wall shear rate on the binding of cells to surfaces, specifically the mild decrease in binding
within a fixed area with increasing shear rate.

GLOSSARY Greek symbols
a  encounter radius 6 DamkKthler number _
C.  substrate surface ligand concentration A dimensionless encounter duration
D relative diffusion coefficient v vibrational frequ.ency during encounter
D,, D, surface diffusivity of receptor and ligand T encounter durgtmn
N view length Q) angular velocity of cell
L radius of the contact region
E activation energy for reaction INTRODUCTION

Fe steric factor . , . . .
H. cut-off distance to define a reactive contact The reaqtlon of molecqles confined to'twp dlmen5|or1 Sis of
region mteregt in adhesion, tribology, and thln-fllm catal¥3|s. Thel
h separation distance between plate and cell adhe;smn between tyvo surfaces where the'lnterfamal force is
. mediated by adhesive macromolecules (ligands and recep-
ko .per.fec.t sink forwgrd rate constant tors) on two surfaces can be found in many biological
ki intrinsic association rate constant processes that depend on cell adhesion, including thrombus
ki intrinsic reaction rate constant formation (Mustard et al., 1978), the inflammatory response
kag ~ Observable adhesion rate constant (Harlan, 1975; Osborn, 1990), lymphocyte homing (Berg et
N, number of receptors in contact region al., 1989), cancer cell metastasis (Nicolson, 1988), and
Nu Nusselt number cell-mediated immune reactions (Springer, 1990). Cell ad-
P capture probability hesion requires first close contact between two cell surfaces
Pe Peclet number and then a biochemical reaction that leads to the formation
R cell radius of tethers to link the two surfaces. In many cases, cell
] translational velocity of cell adhesion occurs under conditions of flow in which one or
V relative velocity of the two surfaces both cells are in motion. During close contact, there may be

a relative motion between two surfaces, and the magnitude
of this relative motion depends on the solutions of the
equations of motion for the cells and intervening fluid. The
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ligand under flow is mathematically similar to the binding
between a free ligand and a cell-bound receptor in the
presence of convective flow. Existing theories (Purcell,
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1978; Brunn, 1981; Glaser, 1993; Model and Omann, 1995¢0agulation (Potanin et al., 1993). However, their estima-
focus mainly on solving the concentration profile for the tion of the rate of formation of encounter complexes is a
ligand molecules near the cell surface. This mathematicasum of the contribution from convection (high Pe) and the
approach may also be used to analyze the binding of solwne from diffusion (low Pe). For cases where Pe is O(1-10),
tion ligands to surface-bound receptors in diagnostic dethe estimation obtained by superposition is not likely to be
vices, such as the BlAcore machine (Myszka et al., 1998)correct. In performing calculations with convection-depen-
For the cases where the cell surfaces are partially reactivéent reaction rate, terms that depend on the relative velocity
(owing to the partial coverage of the cell surface by recepbetween surfaces are suppressed (Potanin et al., 1993). Thus
tors and finite reactivity of cell surface receptors), thesethe effect of relative motion on close-contact duration can-
theories adopt the boundary condition that the net flux intanot be revealed from their work. Our work represents an
the surface is equal to the rate of reaction at the surface. limprovement over this approach, as we explicitly calculate
these calculations, it has been assumed that the rate die effect of Pe on the rate of reaction and incorporate this
binding is first order in the local ligand concentration neardependency into calculations of adhesion.
the cell, and that the intrinsic association rate constant It is common to use flow chamber assays to study adhe-
between receptors and ligands is independent of flow. Thision mediated by cell surface receptors (Lawrence and
type of partially absorbing boundary condition was first Springer, 1991; Tempelman and Hammer, 1994; Goetz et
proposed by Collins and Kimball (1949). However, theal., 1994; Brunk et al., 1996; von Andrian et al., 1995;
Collins-Kimball treatment does not allow for the possibility Finger et al., 1996). In selectin systems, a curious phenom-
that the association rate constant depends on the relativwnon called the “shear threshold effect” has recently been
velocity of the reactants. Because the residence time needetlucidated (Finger et al., 1996). In it, the rate of tether
for a ligand to stay sufficiently close to a surface-boundformation between the traveling cell and the ligand-coated
receptor decreases with increasing velocity, the rate ofurface appears to increase with shear rate up to a critical
transport may affect the “reactivity” of receptor and ligand, value of shear rate, then decreases with further increases in
and thus the Collins-Kimball boundary condition is not shear rate. The seemingly perplexing aspect of the shear
sufficiently robust for this problem. In the case of a solvatedthreshold effect is the increase in attachment rate with shear
ligand binding to a cell surface receptor, the relative velocrate. In this paper, we explain that increasing shear rate
ity between a ligand and the surface will likely not affect the leads to an increase in the rate of encounter between recep-
probability of reaction, owing to the no-slip boundary con- tor and ligand, up to a maximum at which the collision rate
dition for a fluid near a surface (Brunn, 1981). However, inequals the departure rate. Thus if the reaction between
the case where receptors and ligands are both tethered teceptor and ligand is controlled by transport, then one
surfaces, the relative motion between ligands and receptoshould see an increase in binding with shear at low shear
is dictated by the motion of the surfaces. For a sphere imates, precisely as is seen in the shear threshold effect
shear flow near a wall in the low Reynolds number flow, (Finger et al., 1996).
solution of Stokes equations indicates a substantial slip In systems that display firm adhesion, most of the data on
velocity between the particle and the surface (Goldman eadhesion as a function of fluid velocity indicate that the
al.,, 1967). Thus with respect to wall-attached ligand, theextent of cell attachment decreases with fluid velocity
sphere-tethered receptors in the region of contact shoulfLawrence et al., 1990; Lawrence and Springer, 1991; Lus-
have a higher relative velocity than free stream ligands atinskas et al., 1994; Tempelman and Hammer, 1994;
the same flow condition. To determine the effect of thisMelder et al., 1995; Moore et al., 1995; Swift et al., 1998).
relative velocity on binding, we should compare its magni-The extent of cell attachment involves factors such as the
tude with the lateral diffusivity of receptors. Defining a intrinsic rate of association between cell surface receptors
Peclet number Pe by (radius of the receptor)(relative velocand substrate ligand, as well as the size of the field of
ity)/(lateral diffusivity), we can estimate the ratio of con- microscopic observation and the relative velocity of sur-
vection to diffusion. For a typical cell size of 0m, the  faces. Because the extent of adhesion only partially depends
relative slip velocity at a shear rate of 60—200 1/s-34—  upon the intrinsic association rate, one should not conclude
1.3 cm/min (Goldman et al., 1967). Given typical values forthat the intrinsic rate of association between molecules
the lateral diffusivity (10*° cm?/s) and radius of the recep- decreases with increasing fluid velocity. As the fluid flow
tor (10’ cm), the Peclet number is6-20. This indicates rate increases, the time needed for each cell to pass through
that the convection should be important—in fact, domi-the field of view decreases, and the duration of encounter
nant—in affecting the rate of binding for surface-boundmust be taken into account in determining the intrinsic
receptors. association rate. Furthermore, measurements of the levels of
Previous theoretical studies (Xia et al., 1993) have conassociation from the net number of cells bound must take
centrated on the effects of flow on the collision rate betweernnto consideration dissociation of cells from surfaces, which
cells and a glass surface. Little attention has been paid to theontributes to the total mass balance of binding.
microscopic factors that control receptor-ligand binding ki- We find that most experiments designed to measure the
netics after the collision. Potanin and colleagues did includéntrinsic association rate, including our own (Tempelman
the relative velocity in their rate expression to model celland Hammer, 1994), have not properly taken these factors
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into account (Pierres et al., 1994; Finger et al., 1996). ThizoncentrationC(r), of ligand molecules on surface 2 it
failure comes from two sources: 1) failing to account for therelative laterally to the position of the target receptor is
decrease in transit time through a fixed field of view as theassumed to satisfy a 2-D convection-diffusion equation,
flow rate increases, and 2) failing to properly account for the

rate of encounter between receptors and ligands when a cell DV*C(r) — V- VC(r) =0 @)
is moving relative to a fixed surface. In this paper, wewhereD is the relative diffusion coefficient, equaling to the
correct these deficiencies, which will provide a basis for thesym of the surface self-diffusivities, andD,, for the target
improved interpretation of experimental data. In addition,receptor and ligand, respectively.

we improve adhesive dynamics, a simulation method for Applying the Smoluchowski theory (1917), the fluk
cell adhesion (Hammer and Apte, 1992), by incorporatingthrough the reactive circle of radiws corresponding to a

into the method the proper expression for the rate of bindingell surface receptor is related to the forward rate constant
as a function of fluid velocity. The net effect of our effort is for encounterk,, as

a more accurate quantitative understanding of cell attach-

ment under flow. J=kC. 2
whereC,, is the average surface concentration of ligand.
THEORY We first calculate the flux that includes any particle

. . ] reaching separation distaneefor the first time. This is
Fig. 1 illustrates the coordinate system that governs oUgquivalent to assigning a perfect sink condition on the

calculation. Conceptually, surface 2 is a ligand-coated subyoyndaryr = a (appropriate for calculating the encounter
strate, and surface 1 is the bottom surface of a receptoixte). With boundary conditions

coated cell. We model receptor-ligand binding as a two-step

process, requiring encounter and reaction. During the en- Cr)=C. atr= (3)
counter, two molecules are brought to adjacent positions. =0 atr—a )
After the encounter, the molecules react, which involves '
quasivibrational adjustments of receptor and ligand configThe dimensionless flux can be described in dimensionless
urations and is assumed to be independent of transport. THerm as the Nusselt number, Na J/#DC.,

collision (transport) is caused by the relative motion of

surfaces and the lateral diffusion of each molecule on the Io(Pe/2 . |(Pe/?

surfaces. We can determine the encounter rate by solving Nu=2/ = = +22(-1)" 5 s (5)
R R ; Ko(Pe/2 Kn(Pe/2

the convection-diffusion equation with appropriate bound- n=1

ary conditions. We choose an arbitrary receptor on the cell,ere Pe is the Peclet number defined\ds/D, andl,, K
1 ne n

(surface 1) as our target molecule and locate the origin ofre mogified Bessel functions of the second kind. We plot
our coordinate system at this molecule. The separatioR;, as a function of Pe in Fig. 2. From Eq. 2 and the

distance between these two surfaces is sufficiently smallefinition of Nu, the perfect sink forward rate constant is
that the molecules on both sides can react with each othe

: , , given byk, = wDNu, with Nu given by the solution of Eq.
With respect to this target receptor, ligands on surface
behave as if they are under convective motion with a con-
stant velocityV. In addition, the reactive molecules may

diffuse on their surfaces; for example, the receptors on 254
surface 1 may diffuse in the plane of the membrane. Be- 1] 20
cause the ligands and receptors are restricted to parallel EREEINNY
surfaces, this problem is two-dimensional. Therefore the 1.0+
60— | o5

1 T T
0.0 05 10 t5 20
Pe

Nu

Relative Velocity V
Surface 1

— / 40—
{ F 4
E § E z g ? y E ’s E Surface Diffusivity Dy
X

I 3 A J ¥y . 20- .

= 7 ﬁ Surface DiffusiviyD, | e Asymptotic approximations
K /Y\ | —-— Exact solution

The target molecule
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FIGURE 1 Schematic diagram of the system. The target moleoplen( Pe

circle) is chosen to be on surface 1 and as the origin of the coordinate

system. Molecules on surface 1 and surface 2 are assumed to have lateRIGURE 2 The calculated Nusselt number as a function of the Peclet
Brownian motion, which is characterized by diffusion coefficiebtsand number. The solid curve corresponds to the numerical values of Eq. 5; the
D,, respectively. The two surfaces move parallel to each other with adashed curves correspond to asymptotic approximations at low and high
relative velocityV. Pe. The inset gives a clear view at low Pe.
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2. Fig. 2 indicates that the first encounter rate increases wital., 1980; Gardiner, 1990) gives the average timg),

the relative velocity of the two surfaces. For the case wher@eeded for a particle initially at positioninside a certain

Pe << 1, Nu is given asymptotically as 2/(In(4/Pe) ), region to reach the boundary for the first time. Because we
wherevy is Euler’s constant, 0.577. . . Careful considerationhave assumed that collisions could occur at any location
must be given to the case where there is no convection (inside the circle of radiua surrounding the receptorjs the

or Pe= 0). In this limit, the encounter is controlled purely mean value off(r), where one takes the average over the
by diffusion and Nu is given, Ner 2/In(b/a) (DeLisi, 1980; circle. We neglect changes in duration caused by molecules
Lauffenburger and Linderman, 1993), whéris one-half of  reentering the region and focus on the escape of a single
the mean distance between ligand. This alternative expresnolecule. To obtai(r) by the first passage time approach,
sion should be used to describe the encounter wherxPe we start from the backward Fokker-Planck equation,

1. For example, wheb/a = 10, the valve of Pe that makes

Nu obtained from Eq. 5 equal to 2/li@) is 0.2. Therefore  op(r’, tr, 0)
as Pe< 0.2, Nu should be the constant obtained from the ot
expression 2/Irff/a). When Pe>> 1, the asymptotic value

of Nu is 2Pefr. As one would expect, the encounter ratewhere p(r’, t[r, 0) is the conditional probability density
increases linearly with relative velocity. The asymptote atfunction, which denotes the probability of the particle being
high Pe displayed in Fig. 2 shows a poor agreement witit positionr’ given that it is atr att = 0. Then with an
values calculated from Eq. 5. From scaling analysis, theibsorbing boundary condition to characterize the disappear-
next correction term of the asymptotic approximation isance of the particle from the disk, i.@(r’, tIr, 0) = 0 at
O(P€”®), which represents a significant factor as Pe in-Ir| = a, Eq. 7 gives the probability that a particle will not
creases. This explains the discrepancy between the exaeave the circle in a timé Thus the probability(r, t) that

=V-Vp(r',t

r,0 + DVp(r',tr,0, (7)

and asymptotic solutions at high Pe. the particle is still inside the circle at tintds
Because not every encounter leads to binding, we need to
obtain the probability? that a colliding receptor-ligand pair
will ultimately react. To calculat®, we assume that during W, t) = J p(r’, tlr, O)dr’. (8)
\

r'l<a

each encounter the target receptor will take the reaction
position and establish meaningful collisions at any position _ _ ]
inside the reactive circler (= a) with equal probability. ~Ntégrating Eq. 7 with respect 1, one finds that\(r, f)
After the encounter, the fate of the engaged ligand will beSatisfies the equation

either to bind the target receptor or to pass over it. Therefore

P is the probability that a binding event occurs before the M =V - VW, t) + DVAW(, 1), (9)
ligand has left the circle. Here we use the formula at
P = ki/(kn + L/7) (6)  with the initial conditionW(r, 0) = 1 and the boundary

to approximate this probability (Moore and Pearson, 1981)cond|t|0nW(r, t) = 0 atr| = a Now let the time when the

wherer is the averaged duration of an encounter Bpds particle leaves the circle startingrabe T(r). Notice that the

the probability, per unit time, that a nearby receptor-ligand_evem {T(r) -~ 4 takes_ place if and only if the particle is stil

pair will lead to binding. This is the intrinsic reaction rate, "Sid€ the circle at timé; thus,

which depends upon the vibrational motion of the receptor

and ligand, which occurs at a frequeneyReaction occurs

when the vibrational energy exceeds the activation energKiow we can compute the mean ofr), namely the mean

for reaction,E. Thus the intrinsic ratek, is given as st passage time

vFe F*T whereF, is a steric factor an@T is the thermal

energy. Becausk,, is assumed not to depend on relative « (r,1)
(Tr) = — f :

P{T(r) >t} = W(r,t). (20)

motion, we treat it as a constant in our analysis. t t dt. (11)
There are limits in which Eqg. 6 may not strictly apply. o
The inverse of the frequenayindicates the minimum time
of close proximity for two molecules needed for a reactionAfter integration by parts, it can be shown that
to occur. Therefore if the maximum duration time, i.e.,
2al/|V|, is less than 1/, the probabilityP should equal zero
(T(r)) = J

ot

wW(r, tydt. (12)

0

identically. This corresponds to the case where the relative
velocity is so high that not a single binding event can
happen, regardless of the observation time. However, the
general dynamic feature thRt— 0 ask;, — O is retained  Hence, by further integrating Eq. 9 with respect to time, we
in Eq. 6. obtain the differential equation

To obtainP, next we need to calculate the duration of
each encounter. The first passage time approach (Szabo et V- V(T(r)) + DVXT(r)) = —1 (13)



1284

with the boundary conditiogT(r)) = 0 at|r| = a. Similar

to the methods used for solving Eqg. 1 (see Appendix A), the

solution for Eqg. 13 in polar coordinates is

r coso
\%
(14)

(T(r, 0)) = exp(—«kr cosh) >, Ajl,(kr)cosnb —

n=0

wherex = |V|/2D, 1, is the modified Bessel function of the
second kind, and\,’s are

_ alxa) 15
o= V] ig(xa) (15)
@ lya(ka) + Inia(ka) forn> 0 (16)

Y I(ka@)

Hence, the average duration of an encounter is

f (T(r, 6))r dr d6
\

r=a
T = 2

T
_ af~h(kay
V]| lo(ka)
+ i(—l)nﬂ 'n—l(Ka)ln+1(Ka)l(l(:;§Ka) + Inia(ka))
n=1 n

(17)

We also obtain the values effor two limiting values of Pe.
When Pe<< 1, 7 ~ @%/8D. As Pe>> 1, 7 ~ 8a/3|V|7. Now
introducing a dimensionless duration tim,

A = 7/(a%D)
1/[—1,(Pel2®
A= Pe(I(Pe/2)

lh-1(Pef2l . (Peld(l,-1(Pe/d + I, ,(Peld)
I,(Pel2

+ 2 (=)™

(18)

ThusA is a function of Pe only. We plok as a function of
Pe in Fig. 3.

Defining a dimensionless Darkier number, 5 =
a’k,,/D, we can express the probability of bindirf, as

P = Ad/(1+ AJ) (29)
The effective reaction rate then becomes
ki = k,P = wDNuUP. (20)
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FIGURE 3 The dimensionless duration time, is plotted as a function

of the Peclet number. The solid curve corresponds to the numerical values
of Eq. 18; the dashed curves correspond to the asymptotes at low and high
Pe. The low Pe region is shown in the inset.

Note that if Ad >> 1, the reaction is transport limited, with
P~ 1 andk =~ k,. If A8 << 1, thenP ~ A§, and the
reaction is reaction limitedk{ = 7DNuAg). With increas-

ing Pe (relative velocity) the reaction will become reaction
limited. We plot the nondimensionalized rate constafid

at different values ob as a function of Pe in Fig. 4. The
reaction rate increases with Pe (relative velocity) and then
reaches a plateau. This indicates that convection enhances
the rate of collision and hence reaction. Although the reac-
tion rate reaches a steady value at high Pe, we note that this
steady value is dictated by (the intrinsic reaction rate).
Moreover, the asymptotic value f&/D is reached at lower
values of Pe wheid is lower. In the next section we apply
our theory to cell adhesion and compare it with the exper-
iments by Pierres et al. (1994) and Tempelman (1993).

200+
8 = 1000 "’__,n
150 — P
9
l 8 = 100
wod e
Increasing8 ..
..... 5o 50
........... AT aansmanasemnanannaaTan]
s04 @ JXT e
§=10
-~
T T T | : I
20 40 60 80 100 120 140

FIGURE 4 The dimensionless forward rate constii, is plotted as a
function of Pe for four different Damkohler numbe#s,according to Eq.
20. Dashed curves are asymptotes at high Pe.
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APPLICATION TO DYNAMIC CELL ADHESION 1 for all Pe according to Eq. 18/LJ/V, is less thare/Lc.
UNDER FLOW Thus the estimated value afL. is ~0.04. ThusL/V, is a

E lis adhering to a flat surf der fi Il surf much larger time than the escape timeand thus this
or celis adhenng to a lat surtace under tiow, a cell SUNace, 0, ation is unaffected by receptor rotation through the
adhesion receptor is our target molecule on surface 1, i.e

. . ’ “~contact zone.
the cell surface. We assume that this surface in the region of

contact is locally flat, with a radius of the c&Imuch larger

than the molecular length. Surface 2 is the flat SUbStratQ:omparison to the experiment of Pierres et al.

surface. A cut-off distancéd. is assigned to define this

contact region, such that only receptors inside the contadf this work, lymphoid cells bearing CD8 molecules were

region are able to contact and bind to the ligand on the flafiiven along an anti-CD8-coated surface by a shear flow.

surface. Thus the target molecule on surface 1 becomekhe effect of shear rate on cell arrest frequency was studied

active only when it is inside the contact region. This con-in one set of experiments. The binding percentage (%

ceptualization does not require that the membrane be flaound) is found to decrease as the shear rate increases.

The “contact zone” includes all receptors at the cell surfacdecause the time needed for cells to move across the mi-

that are close enough to bind the substrate. croscope field of view decreases with increasing shear rate,
The relative velocity between the two surfacéscan be the intrinsic rate constant for adhesion must be deduced

calculated from hydrodynamic theory. Only, the compo- from the data. To compare with the theory, we first need to

nent parallel to the surface, is needed. Consider a cefxtract an overall or observable adhesion rate congignt

moving with a translational velocity in thex direction and ~ from them. Assuming the binding to be a first-order reac-

with an angular velocity in they direction in a shear flow tion, the number of bound celts, should obey the rate law,

as illustrated in Fig. 5. The relative velocity,, between the dN

target molecule and surface 2 is the slip velocity of the R k.d(No — Ny) (1)

spherelJ — RQ. Although the relative velocity depends on dt

the location of the target receptor (due to .the curv_ature O{/vhereNO is the total number of cells available to bind. With

the surfaces), here we have assumed, QUrlng the time w_h%le initial conditionN(t = 0) = 0, Eq. 21 givedy(t)/N, =

the tgrggt receptor is in thg contac_t region, that the relative exp(—k,4). In these experiments we are comparing

velocity is constant. The slip velocity of the cell before thewith, the time of observation is not given explicitly. Each

test cell was followed along the chamber floor until it exited
the microscope field. The reaction time for a typical exper-
dment should equal the time needed for each cell to pass
afhrough the microscope field. Given the view lengtf215

m) and cell velocityJ, the percentage of cells attaching to
he surface at the end of the experiment should be 1
exp(—k,4-/U). Thusk,y can be obtained by a simple ma-
nipulation of the binding percentage, i.&,y = —U/
LIn(1 — % bound). By reconstructing the % bound versus

) . .. shear rate data from the work of Pierres et al. (19R4)is
is smaller than the average time for a receptor to stay insid lotted as a function of Pe in Fig. 6. In this calculation, the

';Ee conf[aci Zone. T:e\?verar\]ge ?_urgﬂon 3: a reclept?rﬂ!na Beclet number is 0.4F4/D, where the receptor diffusivitip
Z.Con ?tch reg|otn 'tcl o W gre Culz;e(/)\r/] ne sca”e clh € is taken to be 7.0¢< 10~ cn¥s (Letourneur et al., 1990),
radius ot the contact region. beca x 1S SMARETan 414 the reactive radiusis 2.0 1077 cm (Springer, 1990).

As shown in Fig. 6, the observable adhesion rate constant

increases with relative velocity. This result should confirm

Q qualitatively the conclusion from our analysis that the rate
of adhesion can increase with increasing relative velocity.
However, to assess the approximations made in our theory,

u we should compare quantitatively with the theory. The main
objectives are to obtain the intrinsic association rate con-
stant and the effective ligand density that give results con-
sistent with adhesion data and to compare them with exper-
______ imental values determined independently. In addition, we
———————————— may elucidate whether the binding is reaction limited or
transport limited.
Using the estimated values bBfanda, the effective rate

FIGURE 5 Schematic view of a cell adhering to a flat surface underconstant for binding between receptor and ligand can be
flow. readily obtained from Eqg. 20 with one parameker The

the gap distancé and shear rate. In the experiments of
Pierres et al. (1994) and Tempelman (1993), the transl
tional velocities of cells at different shear rates were me
sured. With an estimatddR value of 0.005, hydrodynamic
theory for motion of a sphere near a wall predicts that th
ratio R(/U is 0.53 (Goldman et al., 1967). Therefore the
slip velocity is~0.47U.

Because of cell rotation, a receptor will only be in the
contact zone for a finite time. The timeis valid only if it

Surface 1

Uniform Shear Flow
——

Surface 2

V22 s e derd e s
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0.10 -] these experiments is thaté must be between 0.7 and
0.0003 to fit the data. Thereforg&d < 1 for all combina-
tions of parameters that give good agreement with experi-
ﬂﬂﬂﬂﬂﬂ ment, suggesting that binding in this system is reaction
= limited and that most collisions between receptors and li-

0.06 - - gands will not lead to successful binding.

0.08 —

Ky (1fs)

2,
0.04 - C.Nr (1/em%) ki, (1/s)

8 4
e :z:gs :gﬂ:} Comparison to the experiment of Tempelman
........... £1x10'° 27 and Hammer
0.024 4 --- 41x10"° 23

In the experiments of Tempelman and Hammer (1994),
adhesion was mediated by binding between cell-bound IgE
0-007 T T 1 n and surface antigen. Rat basophilic leukemia (RBL) cells
° s ‘P: 18 20 were preincubated with anti-dinitrophenol IgE antibody so
that antibodies are bound to RBL cell surface Feceptors
FIGURE 6 Comparison of theoretically calculated overall adhesion rate¢through the Fc portion of IgE. The substrate surface was
?%”Stt\’;‘lms "I‘_’gh the expe”m‘;f:ta' ‘_’a'utis fePO“EdCbVN Pifrzrei g;ai- 0§1994brepared by covalently attaching 2,4-dinitrophenol (DNP)
e 0 solld curves (— andx-) give the range oL N, (1.2—1. . . . .
1/cn?) for ki, = 1.0 X 1(04 1s; tht)a%ashed curvge and the(dotted curve markj[O a t.hm polyacrylgmlqle gel. ThIS. S.yStem I§ W.e” character-
the range ok, (23.0-27.0 1/s) foC.N, = 4.1 X 10 1/cn?. ized in that the kinetics and affinity of binding between
DNP and anti-DNP IgE have been measured (Tempelman
and Hammer, 1994).

In these experiments, cells were allowed to settle on to a
problem now is to relatk; of a single receptor to the overall portion of the gel without DNP, and then cells were
rate constank,q which describes the rate of binding of a counted. Then buffer flow was directed into the chamber,
single cell. We assume that there is a constant number @fnd the cells were displaced on to the antigen-coated portion
receptors inside the contact regidf), available for binding.  of the gel, after which the cells that bound to the gel were
Each receptor is assumed to be independent and identic@lounted. To obtain the overall binding rate, the percentage
The relation betweek; andk,4 can be approximated as  of binding is needed. With the batch mode perfusion pro-

Koy = kC.N, (22) cedure, there is some uncertainty in the denominator of the

binding percentage, i.e., the total number of cells that are

whereC.,, is the surface ligand concentration. Because of thevailable for binding, because some portion of the settled
absence of sufficient data ky, andN,, we use the reported cells may be disturbed by the flow to higher streamlines,
value of C,, (= 410 moleculeg/m?® and setN, = 1 to  such that they will not be in contact with the bottom surface
obtaink;, by matching with the experiment. The results areduring part or all of the perfusion. However, according to
shown in Fig. 6. Given these values©f andN,, we find  the spatial pattern of the bound cells, cells stop binding to
that values ofk;,, between 23 and 27 1/s give acceptablethe bottom surface two to three fields of view before the end
agreement with the adhesion data. These values are relef the chamber (Tempelman, 1993); we assume that all of
tively low compared to typical antigen-antibody interactionsthe bound cells are the ones have access to the bottom
(Mason and Williams, 1986). There are two possible reasurface. With this assumption we can extract the overall rate
sons for this discrepancy. Eithky, is this low, because of constant from the spatial locations of the adherent cells.
a low value ofF, the steric factor, orC,, the ligand From Eqg. 21, the cumulative percentage of binding at
concentration, is lower than reported. Low values of dath timetis 1 — exp(—k,4). Let x be the distance at which a
and C,, would have a similar origin—potential reactants cell has bound from the location of the non-DNP/DNP
present in unfavorable configurations, perhaps adverselinterface. The time can be represented adJ. Thus the
affected by flow, reducing the potential for binding. An cumulative percentage of binding up to positigrB(x), is
alternative would be to determine a value@f that gives 1 — exp(—k,g</U). A least-squares curve fit on the Inf1
an acceptable agreement with data at a fixgdf k,, = 10  B(x)) versusx plot is performed to determink,J/U. We
1/s, the essential ligand concentration is 1.2-%.610°/  have applied the same procedure to experiments at different
wm?, ~100-fold less than the reported value (Pierres et al.shear rates to obtain the corresponding values,g.
1994). Therefore to obtain good agreement between theorfhree such plots are shown in Fig. 7.
and experiment, we find that either the density of accessible Substituting the measured cell velocities at different shear
ligand is far below that reported or that the intrinsic reactionrates, we plot the calculatekl,; as a function of Peclet
rate is far below that found for typical antigen-antibody number, wher@ = 10"’ cm and the lateral diffusivity for
pairs. The idea that effective ligand density might be farthe Fc receptor is X 10 *° cn?/s (Tempelman and Ham-
below the reported value has been cited before (Kuo andher, 1994). As illustrated in Fig. 8, the calculateg also
Lauffenburger, 1993). An additional insight we obtain from increases with shear rate. Using the estimated intrinsic rate

® Data from Pierres et al. 1994
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contrast to the work by Pierres et al. (1994), the parameter
Adis> 1 and decreases from 23 to 4 as shear rate increases,
indicating that the binding is transport limited. In the trans-
port limit, the rate constant for binding increases more
rapidly with Pe than in the reaction limit.

0.0~

-0.5 -

-1.0 -

-1.5 =

In(1-B(x))

Comparison to the experiments of
Wattenbarger et al.

-2.0—

-2.5 -

shearrate  k,j/U

W () In these experiments, the adhesion of glycophorin-coated

3.0 E: 1‘; 8';‘:“;; 8335 liposomes to Whgat germ agglutinin (WGA)-coategI surfaces
A o3 0389 0997 was measured in a flow chamber. The adhesion events

3.5 displayed by individual liposomes were recorded. Lipo-
r T | l , 2 somes with low glycophorin concentration were observed to

0 2 4 6 8 stick and release many times while traveling down the

X (mm) chamber. The adhesion was quantified by using a sticking

FIGURE 7 The plots of cumulative percentage adhedgr), for three prqbablllty, the mvers_e of the number of adh§3|ve contacts
different shear rates from measurement reported by Tempelman (1993). 7@ liposome makes with the surface before it permanently
obtain the overall adhesion rate constant, Ir{1B(x)) is plotted as a adheres. The sticking probability decreases as the shear rate
function of x, the distance from the interface. Slopes give the values ofincreases from 5 1/s to 22 1/s. However, the decrease in the
Kad U. sticking probability is not equivalent to a decrease in the
binding rate. To determine the binding rate, we must know
the average time interval between adhesive contacts, which
was not given. However, after making several assumptions

> _ _ o  about how the experiments were carried out, we can come
product to be 1.4< 10°* 1/ent (N, ~ 40,C,, 3.6 x 1915 to some conclusions about the trend in the adhesion rate
1/cn?) (Tempelman and Hammer, 1994), which is>10 With shear rate

IargetrittTi?]n IE:II rceq\ljwled :O mratltcdhi;hexresr,iunlf. r:?iﬁfn:LaSt' The main assumption is that when a liposome binds
SUbSULting e VAIUE TEpOTte experme 0 the ermanently, it does so at the rear of the field of view. We

present theory, the theory is not able to match experimen 1Iso assume that the liposome is in contact with the surface

We suspect that because of the porosity of the gel, mosc]uring its entire transit during the field of view. For a

DNP molecules in the gel may not be accessible to Ce"'sticking probability less than 1, a liposome must stop at least

bound antibodies. We find that the best match of data to our . . . .
theory is fork, = 2.0 X 10° 1/s, andN,C,, = 5.0 X 107 once before adhering permanently. For a fixed field of view,

. N . . a decrease in sticking probability suggests that the lipo-
1/cnf. Thatis, both the intrinsic reaqtlon rate_ and the IIgandsomes travel farther between tethers. However, the distance
dgnsﬂy are smaller than reported in the original Paper, tcfraveled between tethers is also proportional to the shear
give good agreement between theory and experiment. IPate. Thus, the binding rate, which is the (number of sticking
events)/(mean interacting time) is proportional to the shear
rate/sticking probability. (Note that the binding rate is not
CNr (t/em) K, (1/5) always proportional to this ratio, but only when subject to
the constraint that the liposome must bind permanently by
the end of the transit through the field of view.) For the
- binding rate to decrease with the shear rate, the sticking
— probability must be increasing faster than the shear rate.
- However, at shear rates of 5, 10, and 22 1/s, the ratio of
i N shear rate to sticking probability follows the trend, 5.61,
12.5, and 48.9 1/s, respectively. Thus the apparent binding
rate is increasing as shear rate increases, consistent with the
qualitative predictions made in this paper.

Note that if the liposome is not in contact with the surface
for the entire transit, but ultimately adheres before it leaves
Pe the field of view, the liposome must bind permanently after
. . . a shorter period of contact time with the surface as the shear
FIGURE 8 Comparison of theoretically calculated overall adhesion rate . . .
constants with the experimental values reported by Tempelman (1993{.a_te increases. In other words, the adh?SIOH rate will g0 u.p
The solid curve and the dotted curve mark the rang€.gf, (2.0-2.5% with shear rate more sharply than predicted above. So this
107 1/cn) for k, = 4.1 X 10P 1/s. assumption does not adversely affect our conclusions.

constant (4.1x 10° 1/s), the fitting result gives the product
N,C.., ~20-25 X 1C° 1/cn?. The experiment reports the
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APPLICATION TO ADHESIVE DYNAMICS 90

Hammer and Apte (1992) developed a numerical method, &°
adhesive dynamics, that simulates the interaction between a ;44
single cell and a ligand-coated surface under flow. In mod-
eling adhesion, the receptor/ligand separation distance was
considered to be the only factor to affect the forward reac-2 50
tion rate explicitly. Other factors such as diffusivity, size §
and orientation of the binding site, and surrounding solution
are combined into a single parameter, the intrinsic rate of
reaction. These calculations did not consider the effect of 20+
convection on the transport of ligand and receptors. Thus
the transport was modeled assuming~8. Clearly, given

the rates of flow, Pe~ O(1-10), this effect should be 0= T T 1 T T T
incorporated into the rates of reaction. Therefore, as an ° 2 4 Shoar :ate W 8 e 12
improvement of the method, we have incorporated the cor-

rect rate expression into adhesive dynamics. Here we USe€fGURE 9 Adhesive dynamics simulation results of the total adhesion at
simpler model to describe the dependence of the forwarditferent shear rates.

rate on the receptor/ligand separation distancedLké the

separation distance between the substrate surface and the )
position on the cell surface to which recepids attached, ~€XPeriment of Pierres et al. (1994) and may thus be recog-

andH_ be a cut-off separation distance to define the reactiv&iZ€d as the signature of an increasing forward rate constant

contact region (see Fig. 5). Wheh= H,, the receptof is with increasing shear rate. The cumulative percentage of
. - - c - . g .

reactive withk, = 7DNUP (Eg. 20). Ifd, > H,, receptori binding up to positiorx, B(x), for each shear rate is pre-

is not reactive. Because the purpose of this work is to study€nted in Fig. 10. The function % B(x) tumns out to be an

the forward reaction, once a tether is formed between th&XPonential function of-x. Thus the first-order reaction
cell and the surface, the cell is defined as adherent and tHénetics is preserved in our simulations. .
simulation stops. This is valid for low shear rates, such as Finally, using the adhesive dynamics simulation data

those used by Pierres et al. (1994) and Tempelman argenerated in Figs. 9 and 10, we illustrate several methods

Hammer (1994). Otherwise, our implementation of adhef0r deducing the intrinsic adhesion rate constipf The

sive dynamics is as before (Hammer and Apte, 1992: Chanbesults are listed in Table 2. From the parameters used in the
and Hammer, 1996). Here we present a set of simulatiogimulations, an analytid,q for each shear rate can be
data from this improved method. In this set of simulations,0Ptained by multiplying\.C.. by the value ofk calculated

most of the parameters are the same as our previous wofCcording to the analytic theory presented in this paper (Eq.

(Chang and Hammer, 1996). The parameters that ar_%o)' N, is estimated as the average number of receptors

changed or important for this work are listed in Table 1. InSide the contact regiol\( = 13.1), andC.. is a known
For each shear rate, 100 cells are tested numerically. THPUt to the simulations. This analytic result fiaris given
percentage of cells that adhere to the surface is plotted as a
function of shear rate in Fig. 9. Adhesion data shown in Fig.
9 demonstrate the commonly observed trend that adhesion
percentage decreases with increasing shear rate. Thus even
as the forward rate increases with increasing flow rate, the
decrease in the passage time leads to a decrease in binding-0-5
with flow rate. Because the forward rate increases with
increasing shear, adhesion in Fig. 9 decreases only modesty
with increasing shear. A flat tail has been observed in thef

60 -

40—

30—

104

0.0 =

1.0~

shear rate

TABLE 1 The parameters used in the simulation ° (11/5) (11/;"5'2)
o x 2 1.063
Parameter Definition Value -1.5 - 5 0522
) A .4
R. Cell radius 4.5 mm o 1? 8.423
N, Receptor number 20,000
A Bond length 20 nm T 0'2 or4 0‘6 ola 1'0
H, Cut-off distance 30 nm 0.0 ’ T (m) ' ’ ’
Kin Intrinsic rate constant 1000 1/s
I 10
D Sgrface diffusivity 10 cmfs FIGURE 10 In(1- B(x)) is plotted as a function of for five different
L View length 0.1 cm shear ratesB(x) is the cumulative percentage of binding up to position
C. Ligand concentration Fforicn? P 9 guptop

obtained from simulations. Slopes give the valueg.gfU.
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TABLE 2 Simulation results

Shear rate Cell velocity Kag (1/S) Kag (1/) Ko (1/s)

(/s) (Xx10™* cm/s) % bound (Kag = —U/LIn(1-%Bound)) (fit to spatial data) (analytic)
1.0 2.19 84 4,00 103 3.83x 103 4.06x 1072
2.0 4.37 65 45% 103 4.65x 103 4.10x 102
5.0 10.93 42 5.9% 10 ° 5.70x 103 5.84x 102
8.0 17.48 37 8.0&% 103 7.78% 103 7.38x 103
11.0 24.04 37 1.1K 1072 1.08x 102 8.78x 102

in the last column of Table 2. Alternativelk,4 can be period of time divided by the total number of cells passing

extracted according to the formulag = —U/LIn(1 — %  a specific microscope field, depends on the length of the
bound) from data on “% bound” given in Fig. 9. Both setsfield. Furthermore, the dependence on the length of the field
of k,q agree well with the analytic values, except at highercannot be removed by dividing the length of the measure-
shear rates, where there is statistical error due to low levelsent field, because binding is not linearly proportional to

of adhesion. Therefore, there are several adequate methothe length. As an alternative, the overall association rate
at one’s disposal for determining the kinetics of adhesiorconstantk,y which must be carefully extracted from adhe-

accurately from experimental data, and the analytic methodion data, can serve as a proper index for the binding
proposed in this paper would also be quite accurate. between cells and surfaces (Swift et al., 1998).

In this paper we have approximated the overall reaction
of receptor and ligand as a two-step process involving
CONCLUSION AND DISCUSSION transport and reaction. Although a transport reaction equa-
A simple analysis of the motion of a cell near a surface intion can be solved analogously to obtain an alternative
a hydrodynamic shear fluid indicates that at shear rategxpression of the forward rate constant, it is not as illustra-
typically used in cell adhesion experiments-11000 1/s), tive as the two-step formalism. Nevertheless, we present it
there is a substantial convective or slip velocity in thefor completeness in Appendix B. The two-step formalism
interface between cell and surface that will affect the bind-has been used often in the past (Bell, 1978) and implies that
ing between receptor and ligand (Goldman et al., 1967). Thdistinct physical processes are involved in each step. How-
Peclet number, which compares the effects of lateral motioever, it is easy to imagine that this compartmentalized
of receptors to the diffusion of receptors in the plane of theconceptualization might break down. Specifically, one
membrane, is O(1) or greater, suggesting that convection iight imagine that convective transport may act to alter the
important or dominates the collision between cell surfaceshape and the orientation of the reactive molecules on a
receptors and substrate ligand. In this paper we calculateghicroscopic length scale in a way that alters their ability to
quantitatively the effect this convection has on the rate ofeact. In our formalism, this would correspond to a value of
collision and the overall rate of reaction of cell bound ki, that is a decreasing function &f. Calculating a priori
receptors to ligands. We illustrate that increasing the relahow ki, might depend orlJ would require sophisticated
tive velocity between surfaces increases the encounter ratgolecular dynamics techniques. In comparing our method
but decreases the collision duration, and we predict thawith adhesive data, we find that valueskpfthat are smaller
when relative velocity increases, the forward rate constanthan measured in quiescent solution (for the same freely
will go up and then reach a plateau as these two effectdiffusing ligand binding to a receptor) might be needed to
counterbalance each other. Experimental results show @xplain the decrease ik,q with shear rate (Finger et al.,
qualitative agreement with our prediction. To compare with1996), which suggests tha, is adversely affected by
experiments as a verification of the theory, we provide twoconvection.
methods to extract the rate constant for biological adhesion In the two-step kinetic scheme
from experimental data. Hopefully, those methods will be

useful at extracting a meaningful kinetic rate constant from L L
. ) R+L=R:-L=RL
adhesion experiments. K Kt

For flow chamber experiments, the quantity measured to

describe cell adhesion is usually the number of cells boundur theory presents exact solutions of the encounterkiate
per unit of time or the number of cells bound per unit time and disengagement réte = 1/ under the condition where
per unit area, which can be divided by the total amount othe molecular transport is mediated by diffusion and con-
test cells to normalize the data. However, these quantitiegection simultaneously. The previous work that considered
are not objective measures of the reactivity of the receptorthe effect of relative movement of receptors and ligand
ligand pair. They depend on the measurement method armpproximated these two rates by simply adding the contri-
only provide a relative measure within the same set obution from diffusion to the one from convection (Potanin et
experiments. For example, the percentage of cells boundl., 1993), i.e.k_ = k_ (diffusion) + k_(convection) and
obtained by measuring the number of cells bound after &, = k. (diffusion) + k,(convection). According to this
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method, we obtaik, = 2#D/In 10 + 2aV, k_ = 8D/a2 + dynamic features that affect cell rolling, including the liga-
3mV/8a, and ki = k k. /(k, + k_). We compare thé;  tion-dependent shedding of L-selectin (Walcheck et al.,
obtained from our theory with th& obtained from this 1996) and the high off-rate of L-selectin/PNAd bonds (Alon
approximate method in Fig. 11 fa8 = 50. Within the etal., 1977) and is beyond the scope of this work. However,
experimentally and physiologically relevant range of Pe, thahe calculations presented in this paper provide the expla-
approximate method gives an error 6fl0—20%. This is nation of one key aspect of the shear threshold effect—
also true for other values @& (data not shown). This error namely, that the increase in binding with shear rate is due to
is significant, and it persists for all values of Pe. Becausdransport-limited binding, in which collisions between re-
convection is dominant in this range of He,is best ap- ceptors and ligands increase with increasing shear rate.
proximated byk; under pure convectioiX= 0). Our theory
clearly presents an accurate way to add the contribution
from diffusion to the one from convection in determining APPENDIX A
the overall rate of binding. We present here the solution of Eq. 13. For convenience, we will replace
Recently Finger and colleagues observed that shear aboygr)) with Y(r) and choose/ to be in thex direction. Equation 13 then
a critical threshold is required to promote and maintainbecomes
rolling interaction through L-selectin (Finger et al., 1996). 9y
This special behavior is not seen in the neutrophil rolling on V—+DV3Y= -1 (A1)
E-selectin or P-selectin, or for lymphocyte rolling on vas- X
cular cell adhesin molecule-1, where the number of rollingrhe houndary condition becomes
cells decreases with increasing shear rate (Finger et al.,
1996). (Other laboratories have reported that the shear Yr)=0 afr/=a (A2)
threshold is seen with some of these chemistries (Lawrencg particular solution for Eq. Al can easily be found:
et al., 1997); thus, there is a controversy to sort out.) At low
shear rates, the number of rolling cells increases with shear Y, = —X/V = —r coso/V (A3)
rate, implying that reaction in this range of shear stresses iﬁow we need to obtain the complementary solutigp,which satisfies
transport-limited. Furthermore, a later study from the same '
laboratory demonstrated the effect of flow rate on transient aY,
tethering of lymphocytes to substrates coated with the ad- Vox T DV?Y, =0 (A4)
hesion molecule peripheral node addressin (PNAd) through
the lymphocyte molecule L-selectin (Alon et al., 1997). Similar to the derivation of Eg. 5, we pursue a separation-of-variables
With a lowered density of molecules on the substrate, tethsolution. LetH = cosf, x = V/2D, andG = Y, e*™". Multiplying Eq. A4
. . . . by e, we obtain
ering cells cannot convert to rolling. Tethering is the for-
mation of the first bond and hence provides the most direct’G  19G (1 — H?)9°G H oG i
test of how the rate of reaction is affected by shear. ltwas;z + 50 ¥~ 2oz ~12gg KGO0 (AS)
found that the rate of initial attachment increases, then
decreases with increasing shear rate. This is a direct progfeeking a solution in the form
that relative motion improves the binding rate. Modeling all _
of the shear threshold phenomena, including the decrease in G(r, 6) = R®(6) (A6)
tethering for higher shear stresses, requires incorporating alle obtain two ordinary differential equations,

O +AMO0 =0, rPR+rR —k*R-—NR=0

whereA is an arbitrary constant. The solution of tReequation is

® = AcosAf + BsinA6 (A7)

40

Because of symmetry and the condition tia¢p) = ©(0 + 2m), the
solution is now written as

30+

[=]
< 20 ®,=A,cosng, wheren=0,1,2,... (A8)
#° = convection-diffusion {our theory) From the condition that G is finite at= 0, we obtain the solution of the
10— AT e pure convection + pure diffusion (Potanin et al. 1993) R equ ation as
/,4 -~ - pure diffusion
e e pure convection
------------------------------------------ R, = () (A9)
o T T T
° 10 :’ 8o 40 Thus the appropriate solution of Eq. A4 is given by

FIGURE 11 Comparison of the forward rate constant from our theory to ~ercow z
the one from Potanin et al. (1993). The forward rates for pure convection Y, = e ¥ Al (kr)cosnd (A10)
(D = 0) and pure diffusion\{ = 0) are also shown. n=0
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And the boundary condition foy, is now The integration constanty, andB, can be evaluated by means of the two

boundary conditions:
Y.=alV cosfatr=a (Al11)

CO=CV até=1
To satisfy the boundary condition,

ac  oCv
. = até=1
> Aly(ka)cosnd = alV cosfees  (A12) & 0¢ ¢
"o Using orthogonality, we obtain
Using orthogonality, we obtain 1
AO — a o cos GeKaCOSBdO _ all(Ka) (A13) AO N KKl(K)IO()\) + )\Il()\) KO(K) (88)
27Vly(ka) Vly(ka)
0 An
a 2 2( - 1)n
— 0 =
AN="N1 (xa) J cos6 compe**=do k(Kpea () + Ko 2 ()15 + Alla() + 11 (0))Ki(x)
0
Al4 (B9)
a(lh-1(ka) + ln.1(xa)) (A1) : : N
= Because our goal is to obtain the total fluk,through the reactive circle,
VIn(Ka) getting the solution for the concentration field inside the circle is enough.

The forward rate is related to the flukby the expressiok = J/C... Thus

Therefore the solution for Eq. Al is we can obtain a dimensionless forward rate as

Y=Y+ Y,= e ¥os0 3 A | (kr)cosné — r cos6/V k/D = i 2W§ do — Zﬂﬂ cos6 C db
n=0 C. & D
(A15) 0 0
= 2mAM (M)l o(K) — kl1(K)Io(A))
APPENDIX B .
This appendix represents an alternative solution to the two-dimensional + 47 2 (—D)"AA(n 1) + 11 (A)1(K)
transport rate constant. We can determine a forward rate constant by n=1

solving a 2-D averaged convection-diffusion-reaction equation:
e = k(oK) + loa()I(A)
DV’C — V- = ka(rC (B1)

This work was supported by the National Institutes of Health (HL 18208).
The boundary conditions are

Crr)=C, atr=o (B2)
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