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ABSTRACT We have determined the effects of control by overall feedback inhibition on the systemic behavior of un-
branched metabolic pathways with an arbitrary pattern of other feedback inhibitions by using a recently developed numerical
generalization of Mathematically Controlled Comparisons, a method for comparing the function of alternative molecular
designs. This method allows the rigorous determination of the changes in systemic properties that can be exclusively
attributed to overall feedback inhibition. Analytical results show that the unbranched pathway can achieve the same
steady-state flux, concentrations, and logarithmic gains with respect to changes in substrate, with or without overall feedback
inhibition. The analytical approach also shows that control by overall feedback inhibition amplifies the regulation of flux by the
demand for end product while attenuating the sensitivity of the concentrations to the same demand. This approach does not
provide a clear answer regarding the effect of overall feedback inhibition on the robustness, stability, and transient time of the
pathway. However, the generalized numerical method we have used does clarify the answers to these questions. On average,
an unbranched pathway with control by overall feedback inhibition is less sensitive to perturbations in the values of the
parameters that define the system. The difference in robustness can range from a few percent to fifty percent or more,
depending on the length of the pathway and on the metabolite one considers. On average, overall feedback inhibition
decreases the stability margins by a minimal amount (typically less than 5%). Finally, and again on average, stable systems
with overall feedback inhibition respond faster to fluctuations in the metabolite concentrations. Taken together, these results
show that control by overall feedback inhibition confers several functional advantages upon unbranched pathways. These
advantages provide a rationale for the prevalence of this control mechanism in unbranched metabolic pathways in vivo.

INTRODUCTION

Biochemical control systems have been studied for mordhis ensures that the amount of material flowing through
than 45 years. The discovery of control by molecular feedthe pathway is intimately coupled to the metabolic needs of
back inhibition in biochemical pathways was initially made the cell. Finally, the system should be temporally responsive
in unbranched biosynthetic pathways (Umbarger, 1956to changes, because, otherwise, the system is unlikely to be
Yates and Pardee, 1956). In these pathways, the most corobempetitive in rapidly changing environments. [A more
mon pattern of control is inhibition of the initial reaction by extensive discussion of these criteria and their quantifica-
the final product of the pathway (end-product inhibition or tion can be found in Savageau (1976) and Hlavacek and
overall feedback inhibition). Savageau (1997).]

There are several criteria for the functional effectiveness There have been several studies focused on the effect of
of control in such pathways that can be used to evaluate theontrol by overall feedback inhibition on the stability of
biological significance of the overall feedback inhibition unbranched pathways. In general, the first enzyme of the
mechanism. A biochemical pathway should be robust, i.e., ipathway is considered to be allosteric, whereas the others
should function reproducibly despite perturbations in theare considered to be Michaelian (e.g., Goodwin, 1963;
values of the parameters that define the structure of th&lorales and McKay, 1967; Walter, 1969a,b, 1970;
system. The operating point (state) of the system should bginiegra-Gonzalez, 1973; Hunding, 1974; Rapp, 1976; Di-
stable so that the system returns to the steady state followingrov et al., 1981). The stability of an unbranched pathway
small random fluctuations in the values of the dependenivith overall feedback inhibition and enzymes confined to
variables; if not, the system tends to be dysfunctional beone of two spatial compartments with diffusion between
cause spurious environmental fluctuations will lead to lossompartments has been studied by Costalat and Burger
of the steady state. The flux through the pathway should bg1996). They found that stability can be increased by this
responsive to changes in the demand for the final productype of compartmentation. These studies considered path-
ways with no internal feedback inhibitions.

Several other patterns involving control by inhibitory
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ture or some of the databases for metabolism that are In this paper, we consider unbranched pathways with all
burgeoning on the world wide web (e.g., KEEG: http://www. possible patterns of internal feedback inhibitions (the “fully-
genome.ad.jp/kegg/; ECOCYC: http://ecocyc.PangeaSystemaired” case) and use all of the criteria mentioned above to
com/ecocyc/server.html; PUMA: http://www.unix.mcs.anl. determine the biological significance of control by overall
gov/compbio/PUMA/Production/puma_graphics.html; EMP:feedback inhibition in such pathways. We use a technique
http://wit.mcs.anl.gov//EMP/). However, even when inter-called Mathematically Controlled Comparison that was
mediate feedback inhibition patterns exist, control by over-originally developed to determine irreducible qualitative
all feedback inhibition remains a prevalent theme in bio-differences in systemic behavior of models with alternative
synthetic pathways. regulatory designs for the same network of reactions (Sav-

Savageau (1972, 1974, 1975, 1976) studied the functioageau, 1972, 1976; Irvine and Savageau, 1985). This qual-
of various patterns of feedback inhibition and explained thatative technique requires the existence of closed-form so-
prevalence of control by overall feedback inhibition by lutions for the steady state. Such solutions can be obtained
using arguments based on selection. He assumed that thg using the local S-system representation to characterize
design of a pathway is selected to optimize certain systemithe pathway of interest. Important functional constraints are
characteristics, and then compared those systemic charaictroduced by equating relevant steady-state properties of
teristics in unbranched pathways with overall feedback inthe alternative systems being compared. The limitations of
hibition to the same characteristics in pathways with alterthis technique have been overcome by a recently developed
native inhibitory feedback designs. He showed that thegeneralization that uses numerical methods to obtain results
pathway with control by overall feedback inhibition is more that are general in a statistical sense (Alves and Savageau,
robust, i.e., less sensitive to perturbations in paramete2000a).
values than the pathway with many alternative designs
(Savageau, 1974).

The stability of cases with control by internal feedback METHODS
inhibitions has also been examined (e.g., Savageau, 197§; . . .
Thron, 1991a,b; Demin and Kholodenko, 1993). These au_ﬁiternatlve models and key systemic properties
thors found that systems with internal feedback inhibitionsConsider the unbranched pathways depicted in Fig. 1. The independent
have larger stability margins than systems without th(:)séariable}(n+1 represents the cell’s demand for the end prodq,c_tlf thg
. . . . ell requires large amounts o, then the value oK, _, will be high; if
!meracnons' They E,llsc_) ‘?'?term'”ed that, for systems Wlthouimall amounts oK, are required, then the value Xf,, , will be low. The
internal feedback inhibition, control by overall feedback gynamic behavior of such systems can be described in principle by a set of
inhibition decreases the stability margins of the pathway. ordinary differential equations. There is no generic representation of these

A
vvw- .! Wy wmv T Y Y
Xo — X4 - =X = > Xn-1 > Xn
+
>(n+1
B
w“.v | i . ‘}... W...“A b ! i
Xo > X{ o > Xj e > Xpg —— > An
+
Xn41

FIGURE 1 @) Model of an unbranched pathway with all possible inhibitory feedback interactions (reference mBpéodel of an unbranched
pathway with all possible inhibitory feedback interactions except overall feedback inhibition (alternative model). The horizontal arroest repres
biochemical reactions, whereas the vertical arrows represent inhibitory feedback interactions.
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equations that can provide a globally accurate description of the behavior The multiplicative parametersy, can be interpreted as rate constants
[see Appendix]. However, the set of equations can be approximated to thiéhat are always positive. The exponential parametgrsan be interpreted
first order in logarithmic space (Savageau, 1969), yielding ordinary differ-as kinetic orders that represent the direct influence of each intermediate on
ential equations with the canonical form of an S-system (Savageau, 1996gach rate law. IfX; is directly involved in the rate law, either as a
This representation has a solid theoretical foundation based on Taylor'substrate or a modulator, and if an increas&jicauses an increase in the
theorem. Thus, the validity of the results is guaranteed within somerateV,, then the kinetic order will be positive. If an increaseXincauses
neighborhood of the nominal steady-state operating point. The size of thia decrease ii, then the kinetic order will be negative.Xf is not directly
neighborhood cannot be specified in general, because it depends on tievolved in V,, then the kinetic order will be zero. The positive kinetic
characteristics of each individual system. orders in Egs. 1-4 arg,,; (0 = i = n) andgj,, because these are the

For pathways withn intermediates, the general case in which all kinetic orders for substrates of reactions, and, .1, which, together
possible feedback inhibitions exist (FigA} can be described in the local with X, ;, represents the demand for the end prod(ctThe remaining
S-system representation as kinetic orders, which represent feedback inhibitions, are negative.

At a steady state, the rate of production and the rate of consumption will

dx n n be equal for each intermediate, and Egs. 1-3 reduce to the following matrix
ditl = H )(‘_911 — H )(_921’ (1) equation (Savageau, 1969), which can be solved analytically.
j=0 j=1
b; — Gi0Yo ay o an|| i
dX, n n b_z G - g Y_z
H{=ml]xﬁ—mﬂﬂx%% 2) : = o) (10)
j=i-1 j=i b1 An-11" " @1 Yo-1
bn + gn+l,n+lYn+l G " Gnm Yn
dX ! e hereb, = | b = 1| - Ja). a =0 — a.... andY, =
ditn = qp 1_[ )(jgm — Qpiy 1_[ ngn+1,|. (3) where b, Og(azlal)! i 0g(a|+1 al)' aq glj g|+1,]l an i

log(X;). Eq. 10 is linear and therefore easily solved to obtain the steady-
state value for eacly;, and then the corresponding value for eaghs
obtained by simple exponentiation. Egs. 2—4 reduce to an identical matrix
9uation, except that the parameters of the first row are primed and
in —
ne1 n Two types of systemic coefficients, logarithmic gains and parameter
dx, , o @i sensitivities, can be used to characterize the steady state of such models
“at - H X, ) H Xj g (4) (Shiraishi and Savageau, 1992). Logarithmic gains measure the relative
j=0 j=1 influence of each independent variable on each dependent variable of the

o . integrated model. For example,
The rate law for each reaction is represented by a simple product of

j=n—-1 i=n

The corresponding case without overall feedback inhibition (Fig) ¢an
be described by the same set of equations, except that Eq. 1 is replaced g

power-law functions. The values for the parameters in this representation dlogX) d;
can be determined directly from conventional experimental measurements L(Xi, Xo) = dloaX) = dv. (11)
of initial rate as a function of reactant and modifier concentrations (Sav- OQ(XO) 0

ageau, 1976). The range of values for the concentrations is chosen to
. - ) m

sample the region about the nominal steady state of interest.
The parameters are defined according to Taylor's theorem as

easures the percent change in the concentration of intermeégizased
by a percentage change in the concentration of the initial substiate
Logarithmic gains provide important information concerning the amplifi-

F) Iog v oV, on cation or a_ttenuation of signals as they are _prop_agat_ed _through the system.
g = () = () (), (5) The experimental measurement of a logarithmic gain involves the deter-
alog X/, \9X/,\Vio mination of steady-states fluxes and concentrations at different values for
a given independent variable (Savageau, 1971a).
Parameter sensitivities measure the relative influence of each parameter

n
o = Vi H X‘_Bgu, (6) on each dependent variable of the model. For example,

1= d log(X) dy;
- ) N ! ) SXuP) = T = P oo
where the additional subscript zero signifies that the variables and their d log(p) dp;
derivatives are evaluated at the steady-state operating point. The definition
of these parameters allows them to be directly related to the parameters Ieasures the percent change in the concentration of intermezaased
other representations such as the traditional Michaelis—Menten represefy a percentage change in the value of the paramgteParameter

(12)

tation. In the simplest case of the Hill rate law, sensitivities provide important information about system robustness, i.e.,
how sensitive the system is to perturbations in the parameters that define
VX" the structure of the system. Because enzymes usually have a first-order

V= m (7) influence on the process they catalyze, the logarithmic gain in flux and in

M each concentration with respect to change in the concentration of each

[and the irreversible Michaelis—-Menten rate law= 1)], these relation- ~ €nZyme is the samg as the sensitivity in flux and in each cqncentration with
ships are well known (Savageau, 1971a), respe_ct to change in the rate constant of the cor_r_es_po_ndmg enzyme. The
experimental measurement of a parameter sensitivity involves the deter-
K mination of steady-state fluxes and concentrations before and after chang-

g= nm, (8) ing the value of a parameter by mutation or other means (Savageau,

M 1971b).
- Because we can calculate closed-form steady-state solutions for Egs.
a = VoXo % (9) 1-3 and 2—4, we can also calculate each of the two types of coefficients
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simply by taking the appropriate derivatives of those solutions. Althoughof known values for the reference system. This condition also makes the
the mathematical operations involved are the same in each case, it morresponding logarithmic gain in flux the same for the two designs.
important to keep in mind that the biological significance of the two types  Second, equating the concentrations for any one of the metabolites in

of coefficients is very different. the pathway,
The local stability of the steady state can be determined by applying the .
Routh criteria (Dorf, 1992). The magnitude of the two critical Routh Ya=Yg 1=1,2,....n, (14)
conditions can be used to quantify the margin of stability (e.g., Savageau, . o .
1976). which causes each of the corresponding intermediates to have the same

The use of the S-System formalism allows for an analytical study of theconcentration, specifies the value of the rate conséénfThis condition

dynamical systems at steady state. Comparisons of systems with only Or?éso_makes the qux.the same fo_r the two designs. . )
feedback inhibition to systems without feedback regulation can be done Finally, the remaining — 1 primed parameters are fixed by equating
and interpreted in a fully symbolic way. However, for comparisons involv- the rate-constant parameter sensitivities,
ing many feedback inhibitions, numerical values must be introduced for the X _ s s

) : hai)a = X, o i=1,2,....,n j=1,2,...,n,
parameters to make the comparisons interpretable. The steady-state beha§g ! ‘)A SX J)B ] (15)
ior of the alternative models is compared with respect to their flux,
intermediate concentrations, logarithmic gains with respect to changes ig,, any X, andk — 1 different rate constants,. Different results will be

initial substrate and demand for end product, robustness, and stability,ained, depending upon which of the parameter sensitivities are not used
margins. The differential equations also are solved numerically to characy, this procedure.

terize the temporal responsiveness of the alternative designs. To evaluate gq, example, consider the case in whichral- 1 intermediates feed
this, we increase the steady-state concentration of adly 20% and ek on the first step in the pathway. If the unconstrained sensitivity in Eq.

measure the time the system takes to relax back to within 1% of its original 5 g S(X,, @), then the values of the primed parameters are given by
steady state. men

: : : log(ay) = log(aw) + "~ log(aty. /e, (16)
Calculating constraints for the mathematically On+1n0 — Gnn
controlled comparison

Op=0p O0=p<n-—-1, (17)
Only the first step in the pathway is allowed to differ between the reference
model (Fig. 1A) and the alternative model (Fig.B). Therefore, to estab- , O1n
lish “internal equivalence” (Savageau, 1972, 1976; Irvine, 1991) between Oin1= 0101t 9 -9 Onn-1- (18)
the two designs, we require the values for the corresponding parameters of n+1.n nn
all other steps in the two models to be the same. If the unconstrained sensitivity in Eq. 153X, o), then the values of the
The first step of the pathway differs between the reference model an‘j!)rimed parameters are

the alternative model, and the degrees of freedom associated with this
difference must be eliminated to the extent possible. If we reason that loss On+1n Oin
or gain of an inhibitory site on the first enzyme comes about by mutation |0g(a;) = ——————log(eyy) — ————l0g(an+ 1),
and that this mutation can cause changes in all the parameters of the first h+1n ™ Gin On+1n~ Oin

(19)

reaction, then a mutation causing loss of overall feedback inhibition would

change the parametexs andg, o throughg, , in Eq. 1 to the corresponding

primed parameters in Eq. 4. Clearly, the value of the paranggtewhich Uip = Gen g O=sp=n-1 (20)
equals zero, differs from that af,,, which is nonzero. The remaining P g — g o TN :

primed parameters also will have values that, in general, are not equal to

the values of the corresponding parameters in the reference model. Becauééhe unconstrained sensitivity in Eq. 153X;, o;) where 1< j < n, then
we wish to determine those effects that are due solely to changes in th&e values of the primed parameters are

structure of the system and not simply to arbitrary changes in the values of

parameters, we shall specify values for the primed parameters that minj- no_ _ Gin

mize all other effects. This can be accomplished by deriving the mathelog(al) = log(a) On — Y10 log(ana/ay 1), (21)
matical expression for a given steady-state property in each of the two '

models, equating these expressions, and then solving the constraint equa- gip = Oip O=sp=j-1 (22)
tion for the value of a primed parameter. This process establishes an

“external equivalence” between the two designs (Savageau, 1972, 1976; O1n )

Irvine, 1991). After values for all the primed parameters have been spec- gip =O0p— 7 _—~ 9y J— 1<p. (23)
ified in terms of the known values for the reference system, the extra 9n = G+1n

degrees of freedom have been eliminated, and we can proceed with tr}fecause the objective of a controlled comparison is to minimize the

c0¢ﬁar|so?. i . ) d 1o fix th | ¢ hdif‘ferences between the systems being compared, we chose the uncon-
ree classes o constraint equatlo_ns are use to fix the values for thg »;ne g sensitivity that leads to the smallest number of systemic properties
k + 2 primed parameters when there kiateractions that feed back to the

) . . _with values that differ between the reference system and the alternative
first step of the alternative pathway. These are obtained by equatin

teady-state | ithmi ) rat d " it _t_%%stem. The systemic differences are minimized when the unconstrained
steady-state fogarithmic gains, concentrations, and parameter Sensitivitiea iiivity isg(X;, ., ,); any other choice leads to at least one additional
as described below.

A : L ) . __systemic property that differs between the two systems.
First, equating the Ioga_nt_h_mlc gains for any one of the metabolites with If only a subset of the intermediates feed back on the first step of the
respect to change in the initial substrate, pathway, and if we use the constraint set that causes the smallest number
L(Xi, XO)A - L(Xi, Xo)B i=1,2,....n, (13) of properties to be different between systems A and B, then each kinetic
order representing a feedback inhibition has the same value in both models,
which causes each of the other corresponding intermediates to have tlexcept for the kinetic order representing the last intermediate to feed back
same logarithmic gain, specifies the value of the kinetic ogjgin terms on the first step of the pathway. In general,
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Secondary density plots are constructed from the primary plots by the
24 use of moving quantile techniques with a window size of 500. The
( ) procedure is as follows. One collects the first 500 ratios from theLlist
calculates the quantile of interest for this sample, and pairs this nufiRber
with the median value of the correspondifigvalues for the reference
model, denotedP). One advances the window by one position, collects
ratios 2-501, calculatg®), and pairs it with the corresponding) value
and continues in this manner until the last ratio from thellistvas used
for the first time (for further explanation of moving median techniques see,
e.g., Hamilton, 1994).
n The slope in the secondary plot measures the degree of correlation
Xkp between the quantities plotted on tkeandy-axes. This technique also is
log(az) = log(a) + > A log(ans1/ape1),  (25)  ysed to examine correlations between ratios of interest and other magni-
p=k P tudes shared by the two systems, e.g., the correlation between the ratio of
stability margins and the magnitude of a rate constant common to the two

where g, is e|ther a fun_ctlon _Of the k.|net|c order; or z€ro. ) systems (for traditional applications of correlation analysis, see Wherry,
For the special case in which the final product is the only metabolite t°1984)

feed back on the initial step, the primed parameters are given by

On+1.n Otn

g n—1
1in
Oik=gutx [T giip

nk o_

where X, is the last intermediate to feed back on the first step of the
pathway, and\, is a positive subdeterminant of [A] that depends on the
actualX, and on the lengtim of the pathway. The kinetic ordegs, with

p < k are the same for both systems. As for the rate constgrits general
form is

log(ar) = log(ay) " —log(ensy) -,
g( 1) g( 1)gn-¢—l,n — O g( nJrl)gn+1,n — O 26 RESULTS
Mathematically controlled comparison
Qio = _ Gnean o (27)  Response to availability of substrate and demand for
On+1n— Oin end product

ThiS means thag; is always smaller th?g]'_o. (To c_ontras_t these results The responsiveness of each system to Changes in the inde-
Wlth the analogous re_sults expressed within the Michaelis—Menten formal-pendent concentration variable@;,, which represents the
ism, see the Appendix.) A L .

availability of initial substrate, an¥,,, ;, which represents

the demand for end product, is characterized by a set of
Numerical comparison logarithmic gains that provides a quantitative measure of
It is straightforward to compare analytically corresponding magnitudesSIQr]aI propa_gatlt_)n th_rOUQh the system. .
from each of the two designs. For two- and three-step pathways, the The 'Oga”thm_'c_ _ga'ns of the two _SySte_mS IN"TESPONSE tc_)
comparisons are clearly interpretable for most systemic properties. Théhanges in the initial substrate are identical at each step in
analytical results give qualitative information that characterizes the role othe pathway [i.e.L(V;, Xg)a = L(Vi, Xp)g @andL(X;, Xo)a =
overall feedback inhibition for the system in FigAl1As the length of the L(X, XO)B for 1 = i = n] because of the constraints for
pathway increases, the analytical interpretation becomes problematic. Tgxtémal equivalence described in the Methods section

determine if a given magnitude is larger in the reference system or thj_el h . fth h .
alternative system requires knowledge of actual parameter values in thesd©NC€, the responsiveness of the two systems to changes in

cases and a method, such as that found in Alves and Savageau (20008)€ availability of initial substrate is identical.
for making the numerical equivalent of a mathematically controlled In contrast, the responsiveness of the two systems to
comparison. changes in the demand for their end product is different. The

To obtain numerical information, one must |‘ntr0duce specific values forl’FltiO of the logarithmic gains in flux is given by
the parameters and compare systems. For this purpose, we have randomly

generated a large ensemble of parameter sets and selected 5000 of these

sets that define systems consistent with various physical and biochemical L(V X ) n

. oo . » Rnt1)a Oin
constraints. These constraints include mass balance, low concentrations of — R =1+ = H g1l > 1, (28)
intermediates and small changes in their values to minimize utilization of L(V, xn+1)B 4 =1 e

the limited solvent capacity in the cell, small values for parameter sensi-

tivities so as to desensitize the system to spurious fluctuations affecting its . . .
structure, and stability margins large enough to ensure local stability of thévhereZ is always a negative sum of products of the kinetic
systems. A detailed description of these methods can be found in Alves andrders,g,,, < O, andgj+1‘j >0forj=1,2,...,n— 1.

Savageau (2000c). Mathematica (Wolfram, 1997) was used for all theThese results demonstrate that the flux in the reference
numerical procedures. Pathways of up to seven steps were studied US'@%/Stem is more responsive than that in the alternative system

this numerical methodology. h in d df d duct
To interpret the ratios that result from our analysis, we use density oIIO changes In demand for end product.

ratios plots as defined in Alves and Savageau (2000b). The primary density The ratio of the logarithmic gains in concentration is
plots of the raw data have the magnitude of some property for the referencgiven by
system on the&-axis and the corresponding ratio of magnitudes (alternative

system to reference system) on thaxis. The primary plot can be viewed

as a list of 5000 paired values that can be ordered with respect to theL(X;, Xp+1)a B O1n nt o

reference magnitude, thereby forming a listin which the first pair has L(X- X, ) =1+ ? ﬂ Oj+1, i=1,2,...,n

the lowest measured value for propeRyin the reference model, the b ntlB j=1

second has the second lowest, and so on. (29)
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where £ is a sum of products of the kinetic orders that where({ is a negative sum of products of the kinetic orders.
depends on and the length of the pathwag,, < 0, and  These parameter sensitivities are related to the last enzyme

g+1;>0forj=1,2,...,n—1 Wheni =1ori=n, and reflect the design for responsiveness to changes in
Zis always positive and, thus, the reference model is alwaydemand for end product.
less sensitive to demand. When<li < n, { is positive in As the position of the last intermediate that provides

most cases. This shows that the concentrations are usuallgedback inhibition to the first reaction approaches the
less sensitive to demand in the system with overall feedbackeginning of the pathway, the number of sensitivities that
inhibition. differ between reference and alternative systems increases.
This is so because the number of primed parameters de-
creases and a smaller number of conditions for external
equivalence are needed to eliminated the extra degrees of
The robustness of any systemic property with respect téreedom. In general, if the last intermediate that provides an
perturbations in the values of the parameters that define thighibitory feedback to the first reaction ¥§ fork < n — 1,
system is characterized by a set of parameter sensitivitieghen the sensitivities of the flux to the rate constant¢o
The steady-state flux of reference and alternative systemg, ., and those to the kinetic ordegg (k=i =nandi =
has different sensitivities with respect to the parameigrs j = n) will differ between the reference and the alternative
i1y 9101 Ont 1w o @NAQ, o4 that are common to the systems. In most cases, the sensitivities will be less in the
two systems. The sensitivities are the same with respect teference system. There are exceptions to this, depending on
all other parameters common to the two systems. the length of the pathway and on the last intermediate that
The sensitivities of the steady-state flux with respect toprovides feedback inhibition to the first step, and, in the
the parameters,,, g, andg, ,,, exhibita common pattern. case of,,,; andg,,,  the sensitivities of the reference
If we take the ratio of a sensitivity in the reference systemsystem will always be greater, for the reasons we have
to the corresponding sensitivity in the alternative systemalready mentioned.
we find that the ratio of the sensitivities is always less than

Robustness of flux

1. That is,
- Robustness of concentrations
V, ~ . .
z((v p;A = ‘1 + Gin G1j| <1, (30) The steady-state concentrations of reference and alternative
+Pe Y= systems have different sensitivities with respect to many

parameters that define the systems. In some cases, the ratio
of the corresponding sensitivities is alwayd or always
>1, but, in others, the ratio is<1 for some values of the
n—1 parameters ant-1 for other values. In the latter cases, an
1< in [Tg..<o. (31) e>§e_1mination of actual numerical values for the parameters is
=1 critical.
) ) N The ratio of sensitivities for the concentration of each
Thus, the flux in the reference system is less sensitive Gyiermediate in the pathway with respect to changes in the
parameter variations, i.e., is more robust than that in thg;netic orderg, ., , is identical to that given in Eq. 32.

alternative system. _ Similarly, the ratio of sensitivities foi,, with respect to
The sensitivities of the steady-state flux with respect tochanges in the rate constanis or a,, , is always of the
the parameteg, ,, , exhibit a similar pattern. The ratio of 5, "

the sensitivities in this case is given by
gvl p)A
&Vy p)B

wherevy is a positive sum of products of the kinetic orders,
01n<0,01;>0forj=1,2,....,n-1,and

‘ _ 01rOh n-1 ‘ <1 S(Xn, ap)A
glngn,nfl - gl,nfl(gnn - gn+1,n) ’ an, ap)B
(32)
Although the function of the kinetic orders is different from _ _ N o
that in Eq. 30, the flux in the reference system is again les¥/here(, is a different positive sum of products of kinetic
sensitive to parameter variations, i.e., is more robust thagrders for eachy, p=n,n + 1, and
that in the alternative system.

<1l p=nn+1,

gln nt
1+ A [Ty

(34)

In contrast, the ratio of the sensitivities with respect to the O1n n-1
parametersy, ., andg,.  , exhibits a different pattern, -1= 7 [Tg:1;<0 p=nn+1. (35)
Pj=1
v, i . .
‘S(V Pla =1+ G Q1| > 1, (33) Thus, the reference system is always less sensitive to
SV, s { j=1 changes in these parameters.
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In contrast, the ratio of sensitivities o, with respectto  are critical for stability (Frazer and Duncan, 1929). The last
changes in the kinetic ordegs . ; ,, Oy -1, OF O, iS @lways  condition is equivalent to the condition-()"det(A) > 0,
of the form which is always true for the systems we are considering
(Savageau, 1976, Appendix B).

SXn Goga Oin s The two critical Routh conditions for a two-step pathway
‘ : =11+ H Oj+1,j|s (36) are
S(Xn. gpq)B épq j=1

Ry = F1(Qi1 — Go1) + FalGps — Qo) <
where ¢, is a different positive sum of products of the 1= Fil0u ~ G2 + FalG ~ 622 < 0 (39)

kinetic orders for each,, In this case, the ratio can bel  and

or <1. This means that the sensitivity of the reference

system will be greater than the sensitivity of the alternative e = F1F2l011(%2 — Gs2) + G21(Gz2 — 1] > 0. (40)
system for some values of the parameters and less fQ§4h these conditions are always satisfied for both system A
o.thers. S|_m|larly, the ratio of sen§|t|V|t|es for each interme- g1, < 0) and system Bg, = 0 and g}, = gy, +
diate X; Wlth.respect to changes in each parameter can b512921/(932 — g,0) < 11 < 0), S0 these systems are always
=1, depending on values of the parameters. stable. The ratio of the last Routh condition for the two

~Again, as the position of the last intermediate that pro-gysiems is equal to unity, whereas that for the penultimate
vides feedback inhibition to the first reaction approaches the qition is given by

beginning of the pathway, the number of sensitivities that

differ between reference and alternative systems increase$ia _ F10:15021
In general, if the last intermediate that provides an inhibi- R ; — 1 (F10191 — F1011020 + F101020 — F20%
tory fge_d_back to the first reaction %, then the ratio of _ + F1011032 — F102103 + 2F 202,050 — F205,)
sensitivities for each metabolite with respect to changes in
the kinetic orderg;,, is given by <1. (41)
n-1 Thus, the stability margin is larger for the alternative sys-
S(Xi, Gida Oin . B
v | =|1+>—1lg.yl<1 i=1,2,...n tem B.
S(Xis Gude Ga =1 The two critical Routh conditions for a three-step path-

(37)  way are already considerably more complex. Whereas the
. . . - . last condition is always positive, the most critical condition
In this equationf, is a positive subdeterminant of the [A] is the penultimate one that can be positive or negative,

matrix. The ratio of' sensitivities for the end product with depending upon the particular values for the parameters.
:@ipicgizrzzag?sis :2 ?Ilv(\:/g O;;hesﬂ?ﬁgf te:ﬁgorrgtrig or;fto tti%e ratio of the last condition for the two systems is equal
SYSt ways-L. Y. to 1; the ratio of the penultimate condition canbé or <1,
sensitivities for the last intermediate that feeds back to th%epending on the values for the parameters. These same
first reaction, X, with respect to the parameteg or gy conclusions are obtained for pathways of length four or

gTwSa Jssmr;)relsrglt\)ltlj ?tlst:;ﬁ I:gsélfgfngﬁige:CSeasrﬁnt]hless reater: the ratios cannot be determined analytically to be
y y 1 or <1, and we must resort to numerical methods.

cases. As for the remaining cases, the sensitivities of the
reference system will be greater than the sensitivities of the
alternative system for some values of the parameters anfransient time

less for others. . .
There is no analytical way to accurately calculate the tran-

sient times of the pathway. This must be done numerically.
Stability

The characteristic equation for Egs. 1-3 operating near thumerical comparisons

steady state can be written as ) ) ) ) )
Unlike the symbolic analysis performed in the previous

Fian— A Fiap e Fidy, section, using actual numbers for the values of the param-

F2§21 lea;z;; A o Ezzz" eters limits the absolute generality of the results. However,
: =0, it does allow us to obtain general conclusions in a statistical
0 o Fot@oine Frt@oinai— A Fogdin sense. The results described below have been obtained for
0 T 0 Fodn-1 Fodn — A pathways of up to seven intermediates. The trends in these

(38) results remain constant throughout all the tested lengths

whereF; = Vjo/Xj; anda; = g; — Gi+1; EQ. 38 can be (i.e., pathways from 2 to 7 intermediates), which suggests
expanded into polynomial form and the Routh conditionsthat they will remain so for longer pathways. The use of
for local stability determined. The last two Routh conditionsthese numerical methods allows us not only to study the
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effects of overall feedback inhibition, but also to study however, depending on the length of the pathway, this
correlations that exist between systemic properties and thaifference can increase to more significant values.
different parameters of the system. The flux (Fig. 2C) and concentrationX;, i < n, (Fig. 2,

D, E, andF) show a positive correlation between the ratio of
their aggregate sensitivities in the two systems and the
aggregate sensitivity in the reference system when its value
is low. For systems with low sensitivities, system A is, on
The logarithmic gains in concentrations of the two system&verage, much less sensitive than system B. For higher
in response to changes in the initial substiégeare iden- values of the aggregate sensitivities in the reference system,
tical at each step in the pathway because of the constraint§ere is no correlation. In the case X, the ratio is fairly

for external equivalence described in the Methods sectiorindependent of the values of the aggregate sensitivity in the
The same s true for the logarithmic gains in flux. Hence,"éference system.

the responsiveness of concentrations and fluxes in the two

systems to changes in the availability of initial substrate isStability

identical numerically as well as analytically. The last critical Routh criterion is always the same in the

The logarithmic gain in flux for system A in response 10 reference and alternative systems, as has been shown ana-
phanges in the demand for end product was shown analyf}—,tica"y_ For a two-step pathway, the margin of stability
ically to be greater than that for system B. The graph ofgetermined by the penultimate criterion is always larger in
LV, Xns Dall(V, Xoi ) versus LV, X, )a (Fig. 2A),  system B. For longer pathways, the margin of stability can
which is the moving median density of ratios plot intro- pe |arger in either the reference or the alternative system,
duced in Alves and Savageau (2000c), shows how mucRepending on the numerical values of the parameters. The
greater, on average, the response is for system A. It alsgifferences between the two systems with respect to this
shows a negative correlation between the ratio of responsggenultimate criterion are small (on average less than 2%,
and the response of the reference system. This means th@g. 2H), which implies that systems with and without overall
asL(V, X,+1)a increases, the ratib(V, X, . )a/L(V, X11)g  feedback inhibition will have comparable stability margins.
tends to decrease.

The logarithmic gain in end-product concentration for rgnsient time
system A in response to changes in the demand for end ] ] ] . )
product also was shown analytically to be smaller than thafi9- 21 shows a typical moving median density of ratio plot
for system B. The graph df(X,, X, )a/L(Xy, X, 1)g Ver- for transient time. This plot shqws that the reference system
susL(X., X..)a (Fig. 2B) shows how much smaller, on usgally responds to per'gurba'uons in the steady state more
average, the response is for system A. It also shows guickly than the alternative system. For reference systems

positive correlation between the ratio of responses and th&ith a fast response to changes, the transient times can be,
response of the reference system. on average, half that of the corresponding alternative sys-

tems. For reference systems that are sluggish, the difference
is, on average, smaller, though it still exists.

Response to availability of substrate and demand for
end product

Robustness

Figure 2 shows typical moving median density of ratiosEffects of parameter values on

plots for the aggregate parameter sensitivities of flux andyStemic properties

concentrations. The aggregate parameter sensitivity of thRate-constant effects on aggregate sensitivities
flux V is smaller, on average, for system A (FigCp
Assume thalX, is the last intermediate to feed back on the
first reaction of the pathway. The aggregate parameter se
sitivity of X, is smaller, on average, for system B (FigdDP
The average difference in aggregate sensitivities for thi
metabolite is never larger than a few percent. With regard t

the remaining intermediates, the graphsXp(Fig. 2E) and tion is positive. As for the other rate constants, witk n,

X; (Fig. 2F) represent typical plots of aggregate parametely e are no obvious correlations that are general for all the

sensitivities. In these cases, we find that random referen_c\:}‘;athway lengths studied, although, for some lengths, spe-
systems are less sensitive than the equivalent alternati

X ¢ific correlations are observed.
systems. The average differences can range from a few

percent to fifty or more percent. The individual parameter . . I
S . . Kinetic-order effects on aggregate sensitivities

sensitivities of X, were analytically determined to be

smaller in system A. In the example presented here, th€or X, the aggregate sensitivity is correlated with several

difference is, on average, just a few percent (Figs)2 parameters. There is a positive correlation between this

Assume thalX, is the last intermediate to feed back on the
Igi_rst reaction. Plotting the aggregate sensitivities as a func-
tion of o, N = |, shows that there is a correlation between
each rate constan and each of the aggregate sensitivities
ZFig. 3A). For smalla;, the correlation is either nonexistent
or slightly negative, whereas, for large values, this correla-
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FIGURE 2 Typical moving median density of ratios plots for different magnitudes. The values Krattie represent the moving median of the relevant
magnitude in the reference system. The values onvthgis represent the moving median of the ratio of that magnitude in the reference system to the
corresponding magnitude in the alternative systef).Liogarithmic gain in flux in response to changes in demand for the end prddi¥tX,,. ;). (B)
Logarithmic gain in end-product concentration in response to changes in demand for the end p(&guxt,, ,). (C) Aggregate sensitivity of the pathway

flux, S(V). (D) Aggregate sensitivity of the concentration of the last intermediate to feed back on the first rege€¢9pn(E) Aggregate sensitivity of the
concentration of any intermediate in the pathway bekre(X). (F) Aggregate sensitivity of the concentration of any intermediate in the pathway after

X S(X%)). (G) Aggregate sensitivity of the concentration of the end-prods((,). (H) The penultimate (i.en — 1st) Routh criterion; this represents the

margin of stability. () Transient time,r in normalized units, is the time the pathway takes to return within 1% of its steady state following a 15%
perturbation in the steady-state values. Each of these plots is for a specific pathway length; only the parameter values are changed randamly. Howeve
because the trends observed for different pathway lengths are the same, we have only shown a representative case.

sensitivity andg,,. Becauseg,, is always negative, this between this aggregate sensitivity amg. The correlation
means that the aggregate sensitivityxqf S(X,,), is usually  of the aggregate sensitivities of the other intermediates with
smaller for high values of overall feedback inhibition. The g,,, is usually small or nonexistent. There is a negative
same is true for the correlation betwe§(X,) andg;, when  correlation between the aggregate sensitivitiandg, ., ; ;

i < n (Fig. 3B). If i = n, there is a negative correlation or g, ; (Fig. 3C) and a positive correlation between that
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FIGURE 3 Typical moving median correlation plots between different systemic properties and different kinetic parameters of the referencéeystem. T
values on theX-axis represent the moving median of the relevant kinetic parameter. The valuesYoaxiserepresent the moving median of the relevant
systemic property.X) Aggregate sensitivity of the concentration of any pathway intermeciateersus the rate-constant parametersor «,,, . (B)

Aggregate sensitivity of the concentration of the end prodggcwersus the kinetic-order parametegs, or g, » (C) Aggregate sensitivity of the
concentration of any pathway intermedia€gversus the kinetic-order parameters , ; or g, ,—;. (D) Aggregate sensitivity of the concentration of any
pathway intermediat¥; versus the kinetic-order parametgr (E) Aggregate sensitivity of the concentration of the end prodyatersus the kinetic-order
parameteg, ., . (F) Aggregate sensitivity of the pathway flikversus the kinetic-order parametgy, ; .. (G) Aggregate sensitivity of the pathway flux

V versus the kinetic-order paramey,,_,. (H) Transient timer versus the kinetic-order parametgy. (I) Transient timer versus the kinetic-order
parameter, . , ;. Each of these plots is for a specific pathway length; only the parameter values are changed randomly. However, because the trends
observed for different pathway lengths are the same, we have only shown a representative case.

of X; andg;; (Fig. 3D). Also, the aggregate sensitivity of dividual correlations can be found for specific intermediates
eachX s negatively correlated with,., ; , (Fig. 3E). These  and specific pathway lengths.

are the correlations that are generally observed for the The correlations between aggregate sensitivities of flux
aggregate sensitivities of concentrations, although other inand the various kinetic-order parameters are less clear. The
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correlation withg, . ; ,, is positive for low values 08,,. ; , DISCUSSION

but it disappears as the value@f, ; , increases (Fig. B). hi dd . . h
The only other general correlation observed is that betweell t IS paper, We are addressing a generic property charac-
teristic of an entire class of biochemical systems: Why is the

the aggregate sensitivity of the flux and the kinetic order o .
g1 This is a negative correlation that also vanishes gDattern of overall feedback inhibition in unbranched biosyn-
n,n—1*

. . . . i ? i -
the value ofg, ,, , increases. This can be seen in Fig3 thetic pthways SO prevalent® Becausg there are innumera
’ ble specific cases that could be examined, most of which

have never arisen or may no longer exist because of natural
selection, one could never hope to answer this type of
Rate-constant and kinetic-order effects on guestion with an experimental approach. However, on a
margin of stability more fundamental level (beyond the sheer number of pos-

various parameters depends on which criterion is consigon€ must face the difficulty of performing even a single

ered. The results are pathway length-specific, and no gerfXperimental comparison under well-controlled conditions
eral trend can be found. so that the results will not be confused by extraneous

differences.
The method of mathematically controlled comparison
was developed specifically to address these issues. It allows
Rate-constant and kinetic-order effects on transient time one to examine enormous numbers of alternatives in paral-

There is no clear correlation between transient time and thiel, more than would ever be possible by experimental
various rate constants. There are, however, positive corréneans; it also allows essentially ideal controlled compari-
lations between transient time and the kinetic ordgfsfor ~ Sons, comparisons that could only be done with an enor-
i = 1 (Fig. 3H). There also are negative correlations be-mous experimental effort. In short, this is the type of ques-
tween transient time and the kinetic ordeys, ; fori > 1  tion that is more appropriately answered by means of a
(Fig. 31). These were the only observed correlations withtheoretical analysis than by the accumulation of experimen-
transient time. tal evidence for one specific system after another.
The experimental difficulty in doing the equivalent of a
mathematically controlled comparison can be seen from the
. . expressions in the Appendix. One would first have to gen-
Effects of enzyme levels on systemic variables erate a large number of feedback-resistant mutants. Each

We have determined the logarithmic gains in flux andindependent mutant would, in general, have different values
concentrations in response to changes in the level of indifor the resulting<;, andVy, parameters. One would have to
vidual enzymes. When comparing logarithmic gains in fluxmeasure th&j, for each of the mutants until one was found
and concentrations in the reference and alternative systemilat had the appropriate value, as determined by the con-
the equivalence conditions will make all correspondingstraints for external equivalence in Egs. A4—-A8. If one was
coefficients identical except the last two. We also havelucky enough to find that this mutant also had the correct
examined the correlations among the logarithmic gains. Value forVy, as determined by the constraints for external
The last two logarithmic gains in concentrations are, onequivalence in Egs. A4—A8, then one could measure the
average, lower in the system controlled by overall feedbaclgystemic differences between the wild-type and mutant to
inhibition (see also Eq. 34). However, there is no generaéxperimentally verify the theoretical results. If thg value
pattern of correlation among the logarithmic gains inwas not appropriate, one might construct a mutant strain
concentrations. with the structural gene for the first enzyme under the
The penultimate logarithmic gain in flux is always larger control of a promoter whose activity can be independently
in the alternative system (Fig. @. The last logarithmic varied. In such a construct, one might be able to adjust the
gains in flux, which is a measure of coupling between fluxpromoter activity to provide the appropriate value ¥4y,
and the demand for final product, is always larger in theAgain, one could measure the systemic differences between
reference system (Fig. ). The logarithmic gains in flux the wild-type and mutant to experimentally verify the the-
with respect to changes in each individual enzyme exceporetical results. As can be seen from this discussion of what
the last are directly correlated (FigA4 B, andC). The last it would take to do the experiments properly, it is unlikely
logarithmic gain in flux is inversely correlated with all the that anyone would undertake the task. This is especially so
others (Fig. D). This is a well-known effect of feedback when the result will only be valid for one special system,
inhibition, i.e., it decreases the sensitivity of the flux and will not contribute significantly to the validation of the
through the system to parameters (in this case enzymgeneral principle.
levels) inside the feedback loop while increasing the sensi- This discussion is in no way a criticism of the experi-
tivity to parameters outside the loop. mental approach. It simply acknowledges the fact that only
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FIGURE 4 Typical moving median correlation plots between different logarithmic gains in flux with respect to changes in individual enzyme &vels. Th
values on theX-axis represent the moving median of the logarithmic gain with respect to the first enzyme of a pathway. The valu&sasisthepresent

the moving median of the logarithmic gains with respect to subsequent enzymes in the pathway. Full lines indicate curves for the reference system, and
dashed lines indicate curves for the alternative syst@nLggarithmic gain in flux with respect to the second enzyme of the pathway versus logarithmic

gain in flux with respect to the first enzyme of the pathwdB). logarithmic gain in flux with respect to thiéh enzyme of the pathway ¢ 1, 2,n, n +

1) versus logarithmic gain in flux with respect to the first enzyme of the pathv@yl.¢garithmic gain in flux with respect to the penultimate enzyme

of the pathway versus logarithmic gain in flux with respect to the first enzyme of the pathdalyo@arithmic gain in flux with respect to the last enzyme

of the pathway versus logarithmic gain in flux with respect to the first enzyme of the pathway. Each of these plots is for a specific pathway length; only
the parameter values are changed randomly. However, because the trends observed for different pathway lengths are the same, we have only shown a

representative case.

specific theoretical predictions are amenable to direct exsummarizing our findings, we shall interlace the results of
perimental test. More general theoretical predictions thathe older analytical approach with those of the more re-
apply to an entire class of systems require experimentatently developed numerical approach. This has the advan-
information for many members of the class. The experimentage of showing how the numerical approach goes beyond
tal validation of the theory presented here is the fact that ithe analytical approach to broaden the scope of mathemat-
can account for the prevalence of overall feedback inhibidical controlled comparison.

tion in biosynthetic pathways.

By using mathematically controlled comparisons, we

In this work, we have used a numerical generalization othave ensured that the systems achieve the same steady-state
the method of mathematical controlled comparison to exflux, metabolite concentrations, and logarithmic gains with
amine systemic properties of models with and without over+espect to changes in the concentration of initial substrate,
all feedback inhibition in unbranched pathways that otherwhether overall feedback inhibition is present or not. How-
wise have an arbitrary pattern of feedback inhibitions. Inever, the alternative designs exhibit differences for many
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other systemic properties. In the following seven types ofhumerical approach gives statistical regularities in either
results, the analytical approach yields unambiguous qualisituation.

tative differences.

1.

1. The logarithmic gain in flux resulting from an increase in
demand for end product is always greater in the system
with overall feedback inhibition. This ensures a tighter
control of the material flowing through the pathway by
the demand for such material.

2. The logarithmic gain in the concentration of the first and

last metabolite resulting from an increase in demand for™

end product is always less in the system with overall

feedback inhibition. This shows that these concentrations
tend to be buffered against changes in demand for end
product.

3. The sensitivities of the flux to changes in the parameters
of the intermediate reactions for the system with overall
feedback inhibition are less than or equal to those of the
otherwise equivalent system without this inhibition. This

shows that overall feedback inhibition increases the ro-""

bustness of the flux.

4. The sensitivities of the flux to changes in the parameters
of the last reaction for the system with overall feedback
inhibition are greater than or equal to those of the oth-
erwise equivalent system without this inhibition. This is
related to the first point above.

5. The sensitivity of the end-product concentration to each
rate-constant parameter of the system with overall feed-
back inhibition is always less than or equal to that of the
otherwise equivalent system without this mechanism.
This was shown to be analytically true independent of
pathway length. The reference system is thus more ef-
fective in buffering the final product of the pathway
against parameter fluctuations.

6. The sensitivity of each concentration to the parameter
representing the last intermediate to feed back on the first
reaction is always less in the system with overall feed-
back inhibition. Again, the reference system is better
protected against fluctuations of this parameter.

The logarithmic gain in the concentration of intermedi-
atesX, to X,_, resulting from an increase in demand for
end product may be either larger or smaller in the refer-
ence system depending on the intermediate, the pathway
length, or the values of the parameters. The numerical
results show that, on average, these logarithmic gains are
smaller in the reference system.

For all concentrations, there are some sensitivities that
may be either larger or smaller in the reference system.
The numerical approach shows that, on average, these
concentrations have smaller aggregate sensitivities in the
reference system. The differences between the reference
system and the alternative system can range anywhere
between a few percent to fifty percent or more, depend-
ing on the length of the pathway and the concentration of
interest.

The stability margins for pathways longer than two re-
actions can be larger in either the reference system or the
alternative system, depending on the values of the pa-
rameters. Use of the statistical methodology shows that,
on average, overall feedback inhibition decreases the
margin of stability. However, the differences between
systems with and without overall feedback inhibition are,
on average, less than 3% and typically less than 5%.

4. The transient time of the pathways cannot be determined

analytically. Numerical results show that transient times

tend to be smaller in pathways with overall feedback

inhibition. Although a small percentage of systems with

overall feedback inhibition have higher transient times,

on average, overall feedback inhibition decreases tran-
sient times in stable systems. Systems with overall feed-
back inhibition can be, on average, a few percent faster
to twice as fast as systems without overall feedback
inhibition, depending on the length of the pathway.

In addition to resolving ambiguities in the analytical

comparisons, the numerical methods allowed us to identify

7. For the special case of pathways with two intermediatessome general effects of parameter values on systemic prop-
the alternative system has larger stability margins tharerties. We found that there is a correlation between the
the reference system with overall feedback inhibition.values ofe; (j = n, n + 1) and the values of the aggregate

The more general case is discussed below.

sensitivities for each metabolite as well as the flux. For very
low values of ¢, the aggregate sensitivities will not be
From the above results, we conclude that pathway flux istrongly affected by a change in those parameters. As these
more responsive to change in demand for the end produgtarameters becomes larger than 1, a correlation develops.
when overall feedback inhibition is present and that theAs the value ofy; increases, so does the aggregate sensi-
concentration of final product, and the magnitude of path4ivity on average. The rate constagy, , is a parameter that
way flux, is less sensitive to changes in the parameters afan be interpreted as the demandXqr This means that, as
the system with overall feedback inhibition. the demand increases, so do the aggregated sensitivities.
In each of the above results, the numerical method noWhy this happens is not clear.
only confirmed the qualitative differences, but also showed General correlations between systemic properties and ki-
how large the differences were on average. In the followingnetic-order parameters also were identified. For example,
four types of results the analytical approach yields either nave found that the transient times of the pathway are in-
results or ambiguous qualitative differences, whereas theersely correlated with the kinetic ordegs , ;. This means
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that, on average, a system will respond faster to perturbasnd that a mutation-eliminating inhibition by the end product results in the
tions if the kinetic orders for the substrates of the reactiondellowing rate law for the alternative system:
are higher. The perturbations that were given to the systems Vi X2
.. . . m

were always positive, i.e., the substrates were increased Vi=se g (A3)
above their nominal steady-state values. Higher kinetic or- Xo M
ders with respect to substrate mean that the rate will have @ general, thek,, andV,, values will be different in Egs. A2 and A3,
sharper response to an increase in the substrate, thus causitgce primes are used to indicate that the values will be different in the two
it to return to the steady-state value faster. In addition tcsystems. N _
this, there is a positive correlation between transient times If one now generates the conditions for external equivalence, one

d,f dback L itudes f he ki .obtains the following constraint relationships after some differentiation and
and feedbac paramgte_rs.. ower magnitudes for the kinetig o aic manipulation:
orders representing inhibitory feedback make the rate less

sensitive to increases in the concentrations of its inhibitors. . 1+ (XKD 1
Thus, after an increase in inhibitor concentrations, systems K = Ku X2 K2 Ky + Xeo (A4)
with lower magnitudes for the feedback interaction will 1+ sz(2)<K)
have faster rates than systems with high magnitudes. It is ! M
not clear why these correlations exist only with respect tcand
:Eg parameters representing feedback to the first reaction of K2(1+ (JK2)
pathway. X2 + .

In conclusion, it is important to note that the results [1+ zxnoKM(KMn + XnO)]
presented here are also valid for simpler patterns of feed- KZ X2 Kun
back inhibition, i.e., those that are not “fully-wired.” If a ~ Vm = Vi X2 + KZ(1 + X2JKD) : (AS)

pathway with a smaller number of internal feedback inter-

actions is considered, the qualitative results remain thélote thatX,,in these expressions has a single positive real solution given
same. To be more specific, the number of sensitivities thal

are differgnt_b_e.tween pathways with and without .overall X.0=A+ B, (A6)
feedback inhibition may be smaller for pathways with less
internal wiring, but the ones that are different remain largervhere
or smaller in the same model as in the fully-wired compar- 2 2
. ; . . 3| | ViXoKwnKi
ison. This demonstrates the generality of the fully-wireda =

et
case and the results provide a rationale for the widespread VoK
occurrence of overall feedback inhibition in nature. /\/zm XIKZ K KIVoK2 + (Vo — Vo) XEF

T ks T 22K, (A7)
APPENDIX and

One could address the generic questions in this paper because the power- i/[Vm)(g}(MHKIZ
law formalism is systematically structured and is thereby able to represerB = T 2
systems with essentially any type of mechanism, i.e., the representation is 2anKM

mechanism independent. This is in contrast to the Michaelis—Menten

) ) - 2NA2 h [3 2 273
formalism, which does not have a well-defined structure [see Savageau /VmXoKMnK| Ki [anKM + (an - m)xo]
(1996)]. One cannot address the generic questions examined in this paper — \/ 4\V2 K4 + 273 K8 : (A8)
N Do . . L . . . mn' *M mn' *M
if one insists on using the Michaelis—Menten formalism. The following is
an example illustrating why this is the case. If this solution is inserted into the constraint expressionskigrandV/,,,

Consider a special case in which one happens to know the specifigne sees that they become even more complex.
mechanisms for each reaction in the pathway. For example, assume that all These are among the simplest of assumptions regarding the Michaelis—
the reactions in common are governed by simple irreversible Michaelis-Menten formalism, and one can see how much more complicated this
Menten kinetiCS, in partiCUIar, that the rate law for the degradation of theapproach is Compared to the approach in the power.|aw formalism [Con_

end productX, is given by trast Egs. A4—A8 with Egs. 26 and 27 in the text]. The above expressions
would be different for different mechanisms, and, when the mechanisms
VX are more complex, the process would become quite impractical. Yet, one
Vp= . (A1)  obtains the same results for the local behavior.
KMn + Xn

Further assume that the first enzyme has a specific cooperative mechanisTimis work was supported in part by a joint Ph.D. fellowship PRAXIS

with the rate law, XXI/BD/9803/96 granted by PRAXIS XXI through Programa Gulbenkian

de Doutoramentos em Biologia e Medicina (R.A.), U.S. Public Health

meg Service Grant RO1-GM30054 from the National Institutes of Health
Vi =5 5 TN, (A2) (M.A.S.), and U.S. Department of Defense Grant NO0014-97-1-0364 from

X+ KM(l + (Xn/KI )) the Office of Naval Research (M.A.S.).
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